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Abstract

The authorities of the standards organization International Organization of Standardization (ISO) advocate mastering any uncertainties
in all parts of the industrialization process. In the three-dimensional (3D) measurement process, uncertainty is usually obtained at the end
of a battery of tests. It is defined as a whole because it includes several types of errors, known systematic components, unknown systematic
components and random components. Automated calculations of uncertainty can be made based on statistics. This method is based on
statistical concepts, which are in accordance with “The Guide to the expression of the uncertainty in measurement” (GUM). It also enables
us to generate uncertainties on the verification of ISO specifications (or specs in the ISO directives). In the course of this article, a usage will
be presented that takes the knowledge of uncertainties into account: this usage will help the operator to take a decision on the conformance
of a mechanical part in reference to its conformance to geometric tolerance.

Keywords: Uncertainties; Propagation; I1SO tolerances

1. Introduction

One of the concerns of the ISO/TC 213 [1] work group
is to take uncertainties into account in the global industrial-
ization process. It is a question of mastering the propagation
of the uncertainty due to best-fit calculations and geomet-
ric constructions that the metrologist makes while checking
specifications. This objective must be met while respecting
the duality principle according to which it is difficult to spec-
ify a geometric function without integrating verification pro-
cedures [2].

In the past few years, the group has attempted to reduce
any deficiencies and contradictions which affected dimen-
sional and geometric tolerance. Proposals were then adapted
to the functions of the part. The tools proposed could not be
applied to mechanical specifications. Up to now, the explana-
tion of standards has been illustrated by a certain number ol
unique cases. Today, ISO/TC 213 is moving towards a uni-
vocal and generic mathematical description of the problems
of geometric specifications [3].

On a larger scale, The Geometric Product Specification
(GPS; ISO/TC 14638) matrix has been defined, and it aims
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at creating a coherent system for the elaboration of standards
for the industrialization of a product. It can coherently de-
fine a set of standards in relation to a particular problem and
to the geometric characteristics of the element. Among the
standards suggested, GPS language provides a transverse re-
sponse to the problems of checking and specifying. However,
some deficiencies are observed in tolerance formalization. In
this context, ISO/TC 213 proposes a concept based on a math-
ematical formalism, which can express any dimensional and
geometric demand on a mechanical partin a univocal manner.

ISO/TC 213 has taken the responsibility of developing a
language and methods of verification associated to each spec-
ificationacting inafunction in the product. Within this frame-
work, the notion of the generalized uncertainty principle has
appeared. It is based on the fact that generalized uncertainty
includes:

- Correlation uncertainty: it arises from the fact that the in-
tended functionality and the controlled geometric may not
be perfectly correlated.

- Specification uncertainty: it results from incorrect or in-
complete application of geometric specifications.

- The measurement uncertainties in a verification process.

Concerning the expression of measurement uncertainties,
the GUM [4] and associated standards offer methods to de-



terminate their origins and of quantifying the latter (physi-
cal and chemical phenomena, mathematical modeling of the
understood phenomena, interactions between materials and
operating conditions).

In conformance with the new directives taken by 1SO, the
setting up of calculations of uncertainties in the software ot
Coordinate Measuring Machines (CMM) is proposed. This
consists in being able to automatically display the uncertainty
associated with the result.

The range of normalized specifications generally leads ta
the calculation of a set of distances when no modifier of the
envelope condition, maximum or minimum material condi-
tion is specified. These situational characteristics are of the
following type:

- Point/point distance
- Point/plane distance
- Point/line distance

In the course of this article, the concept of the Statistical
Confidence Boundary (SCB) will be presented. This concept
enables the user to visualize the uncertainties in normal sur-
faces. Secondly, the uncertainties in the case of the study of
a coaxial specification will be propagated, conforming to the
directives of ISO/TC 213. The use of a computerized model
will allow the metrologist to provide extra information on
the acceptance of the specification. This tool which aides
in decision-making helps to define corrective actions on the
range of measurements.

2. 3D uncertainties: optimization and representation

Determining uncertainties is a great concern for re-
searchers. A number of studies refer to the GUM [4], which
shows the statistical bases that must be used.

Differentdirections, which lead to the calculation of 3D un-
certainties, are distinguished. One of them concerns the study
and best-fit of a set of measured points coming directly from
CMM. A number of projects related to the study of a set of
measured points were carried out by Henke and Summerhays
[5,6]. They suggest methods of the evaluation of geometric
errors obtained on the parts where the production process is
known. The best-fit methods used take into account the char-
acteristics of the process in order to find the best model. The
least-squares criterion has been retained as best-fit method.
It can calculate the extended zone model (EZN) coefficients
for each of the geometric defects in the retained production
method. In the same way, Kurfess and Banks [7] propose ¢
strategy for sampling the surface of the most efficient part and
a more adequate optimization with the functions of the par
in order not to reject good parts or accept bad ones. Uncer-
tainty is obtained through the knowledge of the covariance
matrix. Best-fit methods are carried out numerically by algo-
rithms which allow for different kinds of errors generated by
each process type.

Choi and Kurfess [8] put forward a method of estimat-
ing the uncertainty of the measurement on envelope surfaces.
They adopt a statistical approach in considering the measure-
ment uncertainty as the stochastic noise of a point sample.
This technique is similar to the one used in the evaluation of
extreme fit. Results are given in a particular case where sur-
faces are theoretically built using a random sample method.

A number of methods, which are sometimes divergent, are
used to associate a shape to a point sample. An analysis ol
these problems was presented by Weckenmann et al. [9]. He
clearly demonstrated that the association of a surface to &
set of measured points assumed the knowledge of the sur-
face in question completely. A criterion of evaluation must be
chosen in relation to the function of each surface in the part
being checked. However, the least-square criterion remains
the one most used because of its robustness especially when
the points are sparse in the sample. Without pre-judging the
distribution of the sample points (study of the roughness of
a surface). Mestre and Abou-Kandil [10] demonstrated that
a best-fit with the least-squares method sometimes causes
a non-negligible error in the result. They put methods of
Bayesian prediction to use for surface metrology.

Determining uncertainties using a vectorial modeling ol
surfaces based on the same model as Yau is proposed [11].
The displacement matrix obtained will allow us to use &
non-linear model and will allow us to set up an analytical
model for ascertaining uncertainties.

The geometric representation of uncertainties was the sub-
ject of a study done by Hernla [12] in 1993. He presents
the foundations of the representation of uncertainties in 2D
cases. The hypothesis retained only makes references to mod-
els where the variables are not correlated. In this case, the au-
thor wonders about the geometric shape that the confidence
boundaries of a point can have when it is the result of two
points having an interval of confidence. He thus approaches
the question of the propagation of uncertainties. The concept
of Statistical Confidence Boundaries will be presented below.
It is based on the same principal but no longer requires any
particular hypothesis (3D cases and correlated variables).

3. Uncertainties : the concept of Statistical Confidence
Boundary (SCB)

3.1. Geometric approach in surface association

This is the approach, which is used the most. It consists in
determining a theoretical surface which best passes from &
set of points following a criterion: infinite norm (Tchebichev
norm), norm 1 (least absolute deviation LAD) or norm 2
(least-squares norm). The best surface obtained is the one,
which minimizes a criterion. If the sum of the squares of the
distances of points to the plane under research is the crite-
rion retained, then, the criterion of the least-squares method
is used. The result of the association enables us to evaluate
mean values of the parameters of the associated surfaces. As
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ize the population. The surface characteristics (point, vector,
scalar) are estimated by their mathematical expectation and
by their variance. The statistical approach of surface associa-
tion and the ascertainment of their uncertainty are compatible
with the GUM proposals [4].

A set of digitized measured points contains a certain
amount of information that must be in order to express the
second statistical moment. Only in making an adequate
model can automatic calculations of this information be
had [16,17]. The uncertainty obtained is a convolution of
several state variables: including machine variability, geo-
metric error by the machine, along with the signature of the
process.

4. Vectorial description and uncertainties

In the above paragraph, it has been shown that the notion of
statistical vectors is present in 3D metrology. The following
paragraph will define the properties of this statistical vector.

A statistical vector a of dimension n belonging to R" is the
vector [ay, ay, ... ,an]". The a; components are statistical
variables. Its cumulative distribution function F of R" to R is
defined by:

F:a —»D%rob(am< uj), t(@@)eR"
F(aj) = f(u;) du;

With f probability density associated with vector a if the sta-
tistical vector has continuous components.
The classic properties in 1D statistics are still valid:

- The density of probability f has values in R+.
- The cumulative distribution function has a value of:
N O
F(ai) = F(ui)duj =1

It is assumed that the statistical vector a has continuous
components with a density of probability f which allows for
moments.

The latter is defined by:

o U
Mg, =

: uliF(u;) du;
With ki ¢ N designating the first statistical moment k of the
variable is of vector a. If the a; (statistical) components of
the vector have an expected value, the centered moments can
be calculated by:
o 0

Hi; = [uj — Eui)]“F(u;) du;

For example, in the case of an equation of a plane u - x +
v-y+w-z+h = 0, the statistical vector a has the following
components:

a=[u,v,w,h]



The first and second statistical moments can thus be defined
as:

Mo,1,0,0 = E(V),
Mo,0,0,1 = E(N)

My0,0,0 = E(U),
Mo,0,1,0 = E(W),

Mo,2,0,0 = Var(v),
Ho,0,0,2 = Var(h)

M2,0,0,0 = Var(u),
Mo,0,2,0 = Var(w),

The moments [i,1,0,05 M1,0,1,05 H1,0,0,15 M0,1,1,05 H0,1,0,15
Mo,0,1,1 define the terms in covariance between the variables
of the statistical vector.

M1,1,0,0 = Cov(u,Vv), HMi1,0,1,0 = Cov(u,w),

M1,0,0,1 = Cov(u, h)

Mo,1,1,0 = Cov(v,w), Ho,1,0,1 = Cov(v, h),

Mo,0,1,1 = Cov(w, h)

The notion of covariance matrix is useful in representing
the second statistical moments.

The above paragraph defines the different moments of
the statistical vector under the existence hypothesis. Starting
from these fundamental notions of multidimensional statis-
tics, it is therefore possible to define the expected value and
the covariance matrix of a statistical vector.

When a, an dimension statistical vector and of components

[a1, a2, ... ,an]" has first statistical moments, its expected
value is defined as
]
g E(a1)
E(a2)
E(a) =

% ) E.(an

Given a, astatistical vector of dimension n and of components
[a1, a2, ... ,an]" which admits second statistical moments,
its covariance matrix is defined as:

Cov(@ N
Var(az) Cov(az, az) Cov(az, an)
- B Cov(az, a1) Q
Eﬂ =
aH . E
Cov(an, a1) Var(an)

The covariance matrix is thus a square matrix of side n.
For example, in the case of a plane, the expected value and
the covariance matrix are:

- )
g ﬁ)@’()

E(a) =

C CX +/- Ucy Vi VX +/- Uy,
FIR Cy +/- Uc, R Vy +/- Uy,
(Point) Co 4/~ Uc; (Line) Va +- Uv:
Fig. 2. Characteristic elements.
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Y
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Fig. 3. Modeling of the plane.
Cov(
Cov(u, h
Var(u) Cov(u,v) Cov(u,w) (u.h)
_ H Cov(v,u) Var(v)  Cov(v,w) Cov(v, )
~ HCov(w,u Cov(w,v) Var(w) .
! ov(w, h
yCovin, ) Coulhy) Covthw) (

The first and second statistical moments can beV@(¢Wated,
in other words, the expected value and the covariance matrix
of each of the characteristic entities. The least-squares crite-
rion is used. The modeling used is a vectorial modeling of
surfaces (C is the characteristic point on the surface, V the
characteristic vector, R and a two scalars or intrinsic param-
eters) (Fig. 2). Determining these four entities enables us ta
calculate the set of normal surfaces in 3D metrology in con-
formance with the vectorial description.

Knowing the covariance matrix facilitates the identifica-
tion of the uncertainty, which was used in estimating the asso-
ciated derived element. This, in turn, enables us to define the
volume in which the associated derived element with given
risk is found. The limit of this volume is defined with the
SCB.

Definition of a SCB:

Theoretical envelope obtained from first and second sta-
tistical moments of the parameters of position and ori-
entation of the best-fitted surface to a given risk a.

The dimensions of the SCB of the surface in a local 3D
basis are defined by eigenanalysis of the covariance matrix.

Let us take the example of a plane surface described using
vectorial geometry by a vector and a point. The vector and
point entities are characterized by three components, which
are, in a 3D basis (x-abscissa, y-ordinate, z-coordinate) (Fig.
3). Each component is estimated using a numerical value
(mean value). The covariance matrix links these statistical
components. It is used to characterize the uncertainty asso-
ciated with each component.

5. Visualizing the results

With this concept the surface is no longer considered as
uniquely determined but rather as belonging to a spacing zone
limited by a defined envelope with a given risk. In the fol-



Table 1
Results (confidence ratio k = 2)

Ox —4.240E+01 +/— 1.818E—0¢
Oy 6.285E—02 +/— 7563E—06
Oz 1.511E-02 +/— 5062E—03
NXx 3.592E—-04 +/— 8976E—05
Ny 1.494E-03 +/— 1077E-04
Nz 1.000E+00 +/— 1639E—-07

lowing sections, the example of a simple numerical will be
considered. A plane has been drawn with 16 randomly set
points using a measuring machine equipped with a Renishaw
type TP2 touch trigger probe, in the measuring conditions
defined by the manufacturer. The characteristics of the asso-

ELS Point

ciated surface are shown in Table 1 (the six components are
linked statistically).

Table 1 displays the results of the associated surface with
a confidence ratio of k = 2 which is necessary in framing
mean values. The table is made up of two columns:

= The first one proposes an estimate of the mean (mm). The
results are typical and conform to those found with the
MMT software.

= The second one presents the uncertainty with a confidence
ratio of k = 2. This corresponds to a new piece of infor-
mation, which is not currently offered.

The limits of the zones of this surface are calculated from
the covariance matrix. This space can be visualized from data

ELS Plane

Fig. 4. Presentation of the SCB point, plane and line.



points. For the point, the envelope is elliptical. For the plane,
there are two symmetric envelopes in relation to the mean
surface. It is noted that uncertainty rises with the distance of
the point considered at the centroid (Fig. 4).

To make a representation in SCB form, the covariance ma-
trix (order 2 tensor) is used. This tensor can be characterizec
by a conical whose features do not depend on an axis system.
For instance, the point position resolution can be character-
ized by an elliptical of the following equation:

X2 Y2 z?2
+ — =
1/02

_— +
1/0x 1/GY

The standards deviation ox, oy, and oz are obtained from
the covariance matrix expressed in a local 3D axis (matrix
eigenanalysis).

The SCB characterizes the doubt with which the mean is
estimated. For the plane and the line, the associated surface
(or mean) is the functional surface. This is not the case fot
the other surfaces in general:

= For the cylinder or the cone, the mean value characterizes
the axis.

= For the sphere and the circle, the mean value characterizes
the center. Indeed, for the sphere, SCB limits the point
positions, which are characteristic of the associated surface
and in no way the associated surface.

6. The propagation of uncertainties

From the SCB to the Statistical Generated Object (SGO).
During the verification phase, a process measurement will be
established. When calculating each associated derived fea-
ture, an SCB can be determined. In order to be able to estimate
the influence of these SCB on the resulting SCB, mathemat-
ical formalism must be put in place. It is suggested to use the
SGO to this effect. The SCB are the geometric representa-
tion of the zone of uncertainty calculated from a covariance
matrix. In order to have a synthetic object, the SGO will be
defined.

For random vector of three components, the SGO is a ma-
trix of dimension (6, 4), which gathers the first and second
statistical moments.

The SGO of each elementary surface or the result of an op-
eration between two SGOs will be defined from basic SGOs
corresponding to intrinsic parameters (vector and scalar ele-
ment). Table 2 above represents the basic SGO of a point or
a vector.

Table 2

Statistical generated object

Ex 0 0 0

Ey 0 0 0

Ez 0 0 0

0 Var(X) Cov(X,Y) Cov(X, Z
0 Cov(X,Y) Var(Y) Cov(Z, Y)
0 Cov(X, 2) Cov(Z,Y)

Var(2)

In the example of the associated-derived cylinder, the SGO
is obtained during the association phase. It will be the assem-
bling of two basic SGOs of the vector type and of a basic
SGO of the scalar type.

7. Propagation

The propagation procedure uses the SGOs obtained during
the association phase. This stage is essential for initiating
propagation.

7.1. Definition of propagation

Itisthe possibility of creatinga SGO from other SGOs. The
SGO obtained in this way must be minimal (the determinant
of the covariance matrix of the propagated parameters must
be minimal).

The question is to determine the SGO resulting from the
beginning SGO for each of the calculated surfaces, i.e. to be
able to trace the SCB.

From a statistical point of view, the question is to deter-
mine the second statistical moment at the studied parameter
in relation to the entry parameters. Fig. 5 illustrates propaga-
tion by placing a sensibility factor. The studied parameter is
a scalar and only depends on a unique entry x variable. The
second statistical moment of the exit parameter is a function
of the local gradient calculated by the partial derivative of
the function at the studied point [17]. This function is gener-
ally known. It can, however, be implicit but it is at any rate
solvable thanks to numerical methods [18].

For an exit variable depending on several entry variables,
the propagation principle is identical [19].

2
Var(y): % Var(x;) i=1
ax.
=Ny
+2 ox  ox_ Cov(xi,Xj)
i

i=1j=i+1
For a scalar parameter y depending on several variables of
dimension n, variance can be obtained with:

Var(y) = Jy Cov(A)Jy

where Cov(A) represents the covariance matrix of n entries
parameters xj and Jy, the Jacobian matrix defined by:
fie {l...n}, vpe{l...n}vx

¢’
W %
Jy = gﬁ,_ v £Xz£}’z
L G oo,
¥ & o %

_21_ n'a nl"'!_n
oxg ox] Xy oxp



Y Studied value

1 yewraxx)
o a=tg(o)
Yo | :
Ko ‘
Fig. 5. Propagation.
Table 3
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di uncertainty

]
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U(di) = [3]Var()31"

ej: Surface parameters ej: Surface parameters

;Var(v) 0 0 0 DV M) 0 -
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0 0 Var(M;)

Table 3 gives an example of pr

pagation applied to the cal-

culation of three fundamental d|stances.
In 3D measurement, the stydied parameter is a vector.
Thus, the second statistical morient is homogeneous in a co-

variance matrix of dimension 3
ied parameter.

Determining the final SGO 1
Calculating a SGO from two S(

This is the SGO of the stud-

bquires setting up a process.
Os is done via a set of prop-

agation modulus, which are fynction of the constructions

needed to check a specification
Mathematical operations bety
with these modules. This corrg

een SGOs can be carried out
sponds to geometric opera-

tions, which allow for the creatiqn of a SCB from other SCBs.

For example, the Projected Poirn
enables us to create a SCB Poin

7.1.1. Example
Let us consider the case of a
tion: a coaxiality (Fig. 6).

7.1.1.1. Interpretation.
included in a cylindrical zone
axis of the referenced surface.

t SCB module on Plane SCB
(.

geometric tolerance of posi-

The specified cylinder axis must be

bf diameter t, coaxial to the

The geometric elements considered are two non-ideal sur-
faces (S1) and (S2) which are nominally cylindrical and iden-
tified by a partition and filtration operation taken froma “skin
model.”

a. A best-fitted surface of a cylindrical type (CY1) comes
from a set of points (S1) with an objective of minimizing
the sum of the squares of the distances from the S1 points
tothe cylinder (CY1). The axis of cylinder S1 is defined by
a series of the following mathematical operations (Fig. 7).

. A set of ideal constructed i planes perpendicular to the
CY1 axis is considered (Fig. 8).

te)

SI y
- S2

Fig. 4. Example of coaxiality specification.




Fig. 7. First step.
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Fig. 8. Second step.

c. Ineach of these planes (PL1i), the nominally circular lines
are considered. A best-fitted operation must be carried out
in order to obtain i circles (CELi) in each of the planes

d. Nextasurface is best fitted whose reference is a cylindrical
type (CY2) from the surface (S2).

In order to meet specifications, the greatest distance value
di (CEli, CY2) must be inferior to half the tolerance t
(max(d;) <t/2).

Inthis example, itis clearly illustrated that the calculations
of distances come after a long series of operations, which is
necessary in order to respect the directives (orders, instruc-
tions) of the ISO/TC 213 group.

Propagation of the uncertainties of any geometric speci-
fications that follow the principle of independence (without

——modifiers)-can-be-done-via-the-software-program. It is not

linked to a set of particular operations.

The following paragraph will deal with this coaxiality in
a numerical point of view. The CMM programming is initi-
ated according to the range given above. The CMM is only
used as a means of acquiring points on real surfaces. Any
3D measurement machine could have also been used such as
laser Tracker or coaxial optical captor. The data used can be
of any kind as long as it contains a series of three coordinates
XY, 2).

The result of the specification to be studied inherits the
value of the uncertainties of the beginning digitized surfaces.
Thus, first of all, the results of the uncertainties for each ol
the surfaces will be shown.

The specification requires a definition of a datum surface.
In our example, this is the axis of the cylindrical surface
(Fig. 10).

PLLi /JD PL1i

Fig. 9. Third step.

85

Fig. 10. Datum surface.

Table 4
Characteristics of the ddtum surface
Datum {mm)

Ox —192.4/4 +/— 2.602E—05

Oy —225.9/0 +/— 1.644E—03

Oz 66740 +/— 1.661E—03

NXx 0.9p99 +/— 4.052E—-07

Ny —7.2p6E—03 +/— 5.581E—05
5.774E—05

Nz 2.2B7TE—04 +/—

The axis of the gurface, after fitting, is defined by a char-
acteristic point (three coordinates and their respective un-
certainties) as well|as the directing vector of the axis (three
coordinates + their|respective uncertainties): Table 4.

As for the specified surface, four circles have been digi-
tized. Thus, an image of the real axis of the specified cylinder
has been calculatgd, as well as the geometric character-
istics of the fitted |surfaces for each of these four circles.

Table 5
Characteristics of the cifcles representing the specified surface
Circle 1 (mm)
Ox —249.4645 +/— 3.476E—05
Oy —225.5520 +/— 4.641E—03
Oz 66.7315 +/— 4.640E—03
Nx 0.9999 +/— 1.491E—06
Ny —7.475E—-03 +/— 1.992E—-04
Nz 4.244E-04 +/— 1.991E—-04
Circle 2 (mm)
Ox —229.465 +/— 3.761E—05
Oy —225.702 +/— 5.047E—03
Oz 66.738 +/— 5.046E—03
Nx 0.999 +/— 1.700E—06
Ny —7.440E—03 +/— 2.281E—04
Nz 4.229E—04 +/— 2.280E—04
Circle 3 (mm)
Ox —209.466 +/— 3.016E—05
Oy —225.847 +/— 4.048E—03
Oz 66.742 +/— 4.047E—03
Nx 0.999 +/— 1.678E—06
Ny —7.440E—03 +/— 2.2517E—04
Nz 4.170E—04 +/— 2.251E—04
Circle 4 (mm)
Ox —169.467 +/— 2.833E—05
Oy —226.139 +/— 3.814E—03
Oz 66.751 +/— 3.813E—03
Nx 0.999 +/— 1.877E—06
Ny —7.416E—03 +/— 2.528E—04
2.527E—-04

Nz 4.086E—04 +/—



Table 6
Results of the four distances with their uncertainties

Distance Uncertainty U(d) = k < uncertainty
0.00437 0.04699 0.09397
0.00101 0.03068 0.06137
0.00051 0.01421 0.02841
0:0008T 0.00318 0.00636

Table 5 groups the results of the four circles and their uncer-
tainties.

8. Results in distance

In accordance with the above paragraph, interpreting spec-
ifications requires calculating distances. Table 6 gives the re-
sult of the four point/line distances.

If only the mean value distances are considered, the pari
will be declared in conformity for any interval of a toler-
ance greater than 4.37 mm. Columns 2 and 3 present the un-
certainty and enlarged uncertainty with a confidence ratio of
k = 2. This corresponds to a unilateral risk of 97.7%.

9. Aide in decision-making

Mechanical parts have always obtained acceptance
through the knowledge of mean values. The capability of the
procedure is only generally known for CMMs, by methods
based on the experience of metrologists and on a repetition
of measurements. This uncertainty is applied in an empirical
way and is systematically a function of the precise formula
of a CMM of the form: +/— (a + bL). Knowledge of propa-
gated uncertainties on a result enables us to better define the
limits of acceptance.

The following paragraph gives evidence of the different
types of results that can be obtained on the acceptance of
a part. When having an estimation of measurement quality
is not possible, the major difficulty is in accepting defective
parts and refusing correct parts.

Let’s consider a tolerance interval defined by a greater tol-
erance Ts and a lesser tolerance Ti. The measure is accepted
when it is situated in this tolerance interval (Fig. 11).

Mean value

Ti Ts
Fig. 11. Characteristics of a tolerance interval.

If the uncertainty is estimated, it can be represented graph-
ically using a Gaussian law [20]. Indeed, the convolution of
a large number of entry parameters characterized by a given
distribution induces a Gaussian distribution of the studied pa-
rameter (Fig. 12).

Several cases (Fig. 13) can thus be presented as a function
of the value of typical difference which characterizes the law.
When the measure is contained in the tolerance interval, the
part is generally declared in conformance. The metrologist
cannot simply make a decision as to the acceptance of the
part if uncertainty is not estimated.

When the measure is not contained in the tolerance interval,
the part is usually declared in non-conformance.

The model offers an aide to the operator. From the files
of digitized surfaces, the set of distances, which influence
decisions on conformance, can be calculated. The uncer-
tainty associated with each distance can be represented graph-
ically which gives information about the chosen risk. Fig. 14
presents the results from the aide in decision-making soft-
ware program. The two right and left limits define the ares
of the tolerance zone. Four distances are calculated. For each
of these, the position of the mean value (d1, dy, d3, d4) is de-
picted. In view of the chosen interval tolerance, the coaxial-
ity specification is respected with regard to the mean values.
The user truncates the functions of distribution at a chosen
risk. (For our example, a unilateral risk of 2.5% was chosen.)
The unilateral risk is obtained with a form defect law when
the mean value of the distance is less than three times the
uncertainty of the distance. Its cumulative density remains,
however, the same than the Gaussian law’s one if the unilat-
eral condition is assumed. The latter can thus give the op-
erator quantitative information as to exceeding the interval
tolerance (Fig. 14).
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Fig. 12. Distribution of entries and exit frequency.
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The amount exceeding the upper limits of the tolerance
interval is calculated as a percentage. Thus, d4 does not pose
a problem for acceptance. However, for value d there is g
31.09% risk that the mean value goes beyond the upper limit
of the tolerance interval.

The operator can thus make his decision in consequence,
taking corrective action aiming at reducing the obtained un-
certainty. He will be able to act directly on the part checking
program, modifying it, or increasing the number of points
of the concerned surface in order to reduce uncertainty. The
software accompanies the operator in his decision. This de-
pends in fact on a number of parameters (price of the part,
cost of measuring on the CMM, software possibilities).

10. Conclusion

The article has shown how the knowledge of uncertainty
can be used. This method is based on statistical concepts,
which are in accordance with “The Guide to the expression
of the uncertainty in measurement” (GUM). It also enables
us to generate uncertainties on the verification of 1SO speci-
fications (or specs in the 1SO directives). The final result of
the specification is a direct consequence of the actions taken
by the CMM operator. Mastering the risk of acceptance or
refusal enables us to inform the operator in a quantitative
way. He can thus take one or more corrective actions relat-
ing to the characteristics of the product and of the enterprise.
This software aide lies in the scope of a process of improv-
ing quality and conforms to the directives of the authorities
of the standards organization.
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