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1. Introduction 

Healthcare is one of the fastest growing western markets [1]. In 

this topic, the implantation of prostheses represents a non- 
negligible share of health costs. Total knee arthroplasty (TKA) is 

premature failure of the prosthesis is often related to an excess 

varus tibial bone cut. Computer Assisted Orthopaedic Surgery 

(CAOS) has therefore been developed to improve the implantation 

process [2]. 
For that purpose the cutting of biomaterials has first been 

studied and improved [3,4]. Automated optical measurements are 

already applied, now, in arthroplasty protocols to control the 
geometrical quality of the implantation process [2]. Multi-axis 

However, even with such advancements, significant angular 

dispersions are observed by surgeons in the results of arthroplasty. 

It is therefore important to control the dispersions of the anatomic 

angles (a: flexion–extension, b: varus–valgus and g: axial rotation 

angles) observed after implantation (Fig. 2). 
Fig. 1 summarizes the different sources of these angular errors 

and uncertainties. Our study will focus on the two major factors of 

uncertainty: the accuracy of the optical measurements and the 

dispersion of the anatomic landmarks selected by the surgeon. 

However, the procedures, imposed by the CAOS system, cannot be 

repeated on a real patient. Different solutions are nevertheless 

available, in applications of mechanical engineering to define 

uncertainties. These methods are based either on Monte Carlo 

simulation methods [6,7] or analytical propagation techniques 

based on the Guide to the Expression of Uncertainty in Measure-

ment (GUM) [8,9]. They will be applied now to TKA process. 

2. Geometrical model 

The optimal implantation of the prosthesis is based on an 

accurate determination of the mechanical anatomic axes of the 
tibia and the femur. 

one of the most common orthopaedic surgeries. Currently, Coordinate systems are thus constructed on both bones, based 
on the acquisition of specific landmarks found by identification of 

the desired points by visual selection and by palpation (Fig. 2). 

They include the centre of the femoral head (Ohip) defined by a 

kinematics method, the centre of distal femur (OFemur), the medial 

(C1) and lateral (C2) femoral epicondyle, the centre of proximal 

tibia (OTibia), the normal direction (VATT) of the anterior tibial 

tubirosity (ATT), medial malleolus (M1), and lateral malleolus (M2). 
Since the patient may slightly move during TKA process, optical 

CAM systems are also developed for the same purpose [2,5]. reference frames are fixed on the femur and the tibia to 
characterize theses displacement in real time. 

3. Measurement simulation 

TKA process cannot be repeated on one single patient. A virtual 

parametric model of the measurements carried out during TKA 

process has therefore been developed to estimate the uncertain-

ties. The geometry of the simulation model is described by a 

parametric skeleton characterizing the mechanical axes of the 

bones and their anatomic landmarks, and the optical reference 

frames fixed to the tibia and the femur (Fig. 3). 
These last are defined by measured points (P1,P2,P3) and 

(Q1,Q2,Q3). The coordinates of the anatomic landmarks are derived 

from the points (N1,N2,N3) of a ball tip pointer. The model allows 

setting any virtual configurations of TKA process, just changing the 

input parameters (angles) of the skeleton. This permits simulating 

the position of the points Pi, Qi, and Ni which are the digitalized 
coordinates entered in the real CAOS system. 
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In total knee arthroplasty (TKA), real time optical measurements are now carried out to improve the implantation of prostheses. 

The final alignment of prostheses is however influenced by the choice of points probed by the surgeon, and by the measurement 

accuracy. A Monte Carlo method has been developed, to simulate a whole set of measurements. To estimate the uncertainties of 

the resultant angles between the two parts of the knee prosthesis, this data has then been treated with the algorithms 

implemented in Computer Assisted Orthopaedic Surgery programs. Such results were also obtained through uncertainty 

propagations based on the GUM. 
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4. Basic procedures of TKA CAOS system 

Our study required first rewriting the basic procedures 

implemented in CAOS system software. The first step of the 

process plan of TKA is to define the hip centre. This operation is 

realized through a kinematics method (Fig. 4). 
Since points Pi are thus moving on spheres, the mean values and 

the covariance matrix of hip centre coordinates are derived by a 

nonlinear least squares method. 
Another basic procedure is also required to derive the 

coordinates Mi of each probed landmark from the set of points 

Ni acquired by the ball tip pointer. These coordinates are to be 

expressed in the local coordinate systems linked to each bone. It 

requires a real time acquisition of the optical reference frames 

points Pi or Qi, in order to account for the movements of the patient. 

The ball tip calibration lengths are also to be known. The input 

factors of this calculus are shown in Fig. 5. 
The same kind of approach is also used to determine the ATT 

direction (Fig. 6). 
All these calculation procedures allow constructing, at any time, 

coordinate systems characterizing the absolute positions and 

Fig. 1. Error and uncertainty. 

Fig. 2. Geometrical modelling of TKA. 

Fig. 3. Virtual parametric model skeleton. 

Fig. 4. Measure and calculation of hip centre. 

Fig. 5. Measured input points used to derive the real time coordinates Mi of a probed 

landmark. 

Fig. 6. Input points used to derive ATT direction. 

 



orientations of the femur and the tibia. This permits defining the 

cutting planes for arthroplasty, whose variations are the main 

source of uncertainty of the final adjustment of the prosthesis. 

5. Uncertainty evaluation: Monte Carlo simulation and 

analytical propagation 

Previous calculation procedures were implemented and applied 

to the whole process plan of TKA, in order to compute the 

uncertainties of the angles between the two parts of the prosthesis. 

This paper will focus on the two major factors of uncertainty: the 

accuracy of the optical measurements and the dispersion of the 

anatomic landmarks selected by the surgeon. For all points, the 

measurements are assumed to be uniformly scattered in a 

spherical localisation zone. The perturbations are thus assumed 

to have the same amplitude in any direction. Consequently, the 

covariance matrix of each basic measurement takes a spherical 
form. 

Monte Carlo simulation is a common tool in uncertainty 

evaluation of complex measurement processes. It is used because 

of the lack or the difficulty to express analytical solutions. In our 

study, this method was employed to calculate the mean values and 
the covariance matrixes of the angles between the two parts of the 

prosthesis, i.e. the flexion angle a, the valgus–varus angle b and the 

axial rotation angle g. For that purpose, the three coordinates of 

each measured point are first generated randomly using the 
specific implementation which will be presented below. About 
hundred points (Pi,Qi,Ni) are thus built for each simulated TKA 

process. Second, the angles (a, b, g) between the two parts of the 
prosthesis are deduced from this whole set of data, using 

geometrical calculations. From a great number of simulations, 

their mean values and covariances are finally computed through 

classical statistical analysis. 
Monte Carlo simulation is very simple to implement. The 

method requires however all input variables to be independent. A 

classical Cartesian representation of the deviations to the mean 

coordinates cannot thus be used to simulate a uniform random 
repartition of measured points in a spherical localisation zone. A 

spherical coordinate system parameterization (ui, wi, ri) of the 

deviations is thus useful to solve the problem. An accurate 
simulation of measurement data needs however accounting for the 

non-uniform distribution of the independent variables (ui, wi, ri). 

This leads to following random generation equations: 

i 
W 
2 

u P 

qffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffiffi 
r ¼ : 

3 
Rndð Þ with W : localisation zone diameter 

’i ¼ Arccosð1 ÿ 2:Rndð ÞÞ 
(1) 

i ¼ 2: :Rndð Þ 

pffi ffi ffiffi 

In these equations, Rnd( ) is the random generation of a uniformly 

distributed real variable in the interval [0,1]. Mersenne-Twister 

pseudo-random generation algorithm has been used to avoid 

sequential correlations between the different independent vari-

ables. 
The convergence rate of the Monte Carlo method is Oð1= NÞ, 

where N is the number of simulated experiments. For each 

simulation, at least 30,000 sets of points (Pi,Qi,Ni) were therefore 
built randomly in order to limit the imprecision of the final results. 

5.2. Analytical propagation 

In this method, the uncertainties are defined by the classical 

expression of the GUM [9]: 

Covða;b;gÞ ¼ J:CovðPi ;Q i ;Ni Þ:J
t (2) 

very fastidious to calculate the Jacobian matrix of the functions of 

interest. A numerical calculation of the partial derivatives was 

therefore developed and implemented. It is based on a third degree 

polynomial approximation of the evolution of the angles a, b and g 

versus each input parameter. These angles were then computed for 

four values (evenly distributed in the localisation interval) of a 

given input coordinate, keeping all other variables fixed to their 

mean value. This allowed straight evaluation of the coefficients of 

each approximation polynomial and finally of the components of 

the Jacobian matrix. 
The measured coordinates are assumed to be independent one 

of the other. The covariance matrix CovðPi;Q i;Ni Þ of the input 

parameters takes therefore a diagonal form. It consists of blocks of 
elementary diagonal spherical covariance matrixes characterizing 

the scattering of the acquisitions carried out on individual points. 
Since each measured point is assumed to be uniformly distributed 

in a spherical localisation zone, the standard deviation s of its 

coordinates is directly linked to the diameter W of its boundary: 

W 
3 

  
5.1. Monte Carlo simulation s ¼ 

2
pffi ffiffi  (3) 

For the kinematics method employed to define the hip centre, the 

diameter W just characterizes the inaccuracy of the optical CMM. 

During acquisition of anatomic landmarks, it also incorporates the 

scattering of the points probed by the surgeon. 

6. Results 

Both Monte Carlo simulation method and the analytical 

propagation technique were applied to a typical configuration of 

TKA. The manufacturer of the CMM certifies that the dispersions of 

the optical measurements are limited to 0.1 mm. However, in order 

to separate the contributions of the two major sources of 

dispersion, the calculations were performed for uncertainty zones 

of W = 0.05, 0.1 and 0.15 mm. For each value, the scattering of the 

landmarks probed by the surgeon was varying from 0.5 to 5 mm. 

The expanded uncertainty U(k = 2) of the different angles 

between the two parts of the prosthesis were then derived from 

the covariance matrixes obtained either by Monte Carlo simulation 

or analytical propagation. The two methods lead to similar results. 

Fig. 7 shows the curves obtained by Monte Carlo simulation. The 

results calculated through analytical propagation are presented in 

Fig. 8. In these plots, the curves drawn for the three different 

resolutions of the optical measurements are almost superimposed. 

It demonstrates the low impact of this source of uncertainty on the 
final adjustment of the prosthesis. 

On the contrary, the uncertainties of the different angles are 
strongly amplified with increasing scattering of the landmarks 

probed by the surgeon. The flexion angle g is most impacted by this 

inaccuracy whereas the error bars on the flexion angle a and the 

valgus–varus angle b remain low. 
By principle, the mean angles calculated by the analytical 

method do not depend on the amplitude of the measurement 

uncertainties, since they derive directly from the mean coordinates 

of the acquired points. On the contrary, as shown in Fig. 9, the 
Monte Carlo method shows small bias. This may be due to the 

Each component of the Jacobian matrix J is the partial derivative of 

angle a, b or g to a given coordinate of the numerous measured 
points (Pi,Qi,Ni). In a complex process, like our problem, it is thus Fig. 7. Uncertainties evaluated by Monte Carlo simulation. 

 



 

nonlinearity of the equations which leads to non-symmetrical 

probability densities of the calculated results. 
The quality of the TKA process is principally measured by the 

deviations of angles b and g. In fact, excess valgus–varus angle b, 

often leads to premature failure of the prosthesis. Moreover, a large 

rotation angle g gives an un-aesthetic position of the patient foot. 
From now, the scattering of the landmarks probed by the surgeon 

was selected arbitrary. To get more realistic values of uncertainties 

calculations were also performed using experimental data 
published by Yau et al. [10] (Table 1). 

The related enlarged uncertainties were thus calculated for the 

three angles a, b and g. Both values in radians and degrees are 

presented in Table 2 for the Monte Carlo simulation method and 

Table 3 for the analytical propagation. For the first estimation 
technique the bias of the mean values are also reported. 

Both methods give close results. The maximal variation of the 
valgus–varus angle (b) is limited to 0.58. The variation of the axial 

rotation angle (g) is estimated to 28. 

7. Conclusion 

This paper presents a methodology to determine the bias and 

uncertainty of the angles existing between the two implanted parts 

of knee prostheses after total arthroplasty. 
The proposed method simulates the measurement process by a 

parametric virtual geometrical model of the anatomic skeleton. It 

permits constructing sets of measurements as acquired by a 

classical CAOS system. 
A Monte Carlo simulation method and the classical analytical 

propagation technique of the GUM have been tested then to 

estimate the uncertainties of the reference frames defining the 

cutting planes for arthroplasty. 
In the second method, the Jacobian matrix of the functions of 

interest is obtained by numerical derivation avoiding fastidious 

calculations. The two methods gave equivalent results. Hoverer, 

the analytical approach has provided faster results than Monte 

Carlo simulations. 
This study permitted to demonstrate than the uncertainties of 

the optical CMM have negligible effect on the final adjustment of 
the prosthesis. On the contrary, the scattering of the landmarks 
probed by the surgeon has significant influence. It leads to 

deviations of 0.58 for the valgus–varus angle and 28 for the axial 
rotation. 
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Fig. 8. Uncertainties evaluated by the analytical method. 

Fig. 9. Mean value of angles (CMM Uncertainty = 0.1 mm and Monte Carlo method). 

Table 1 
Experimental data characterizing the scattering of the landmarks probed by the 

surgeon [10]. 
Centre of femur                                                                                                                     7.5 mm 

Medial femoral epicondyle                                                                                               6.2 mm 
Lateral femoral epicondyle 3.75 mm 

Centre of tibia                                                                                                                        8 mm 

Medial malleolus                                                                                                                  2 mm 
Lateral malleolus 6 mm 

Table 2 
Results (Monte Carlo simulations). 

a mean b mean g mean 

0.002 rad 

0.18 
0.004 rad 

0.28 
0.007 rad 

0.48 

Ua Ub Ug 

0.007 rad 

0.48 
0.008 rad 

0.58 
0.031 rad 

1.88 

Table 3 
Results (analytical method). 

Ua Ub Ug 

0.008 rad 
0.58 

0.008 rad 
0.58 

0.037 rad 
28 

 


