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Abstract The Wasserstein distances W, (p > 1), defined in terms of solution to the Monge-Kantorovich
problem, are known to be a useful tool to investigate transport equations. In particular, the Benamou-
Brenier formula characterizes the square of the Wasserstein distance W5 as the infimum of the kinetic
energy, or action functional, of all vector fields transporting one measure to the other.

Another important property of the Wasserstein distances is the Kantorovich-Rubinstein duality, stating
the equality between the distance Wi (u,v) of two probability measures p, v and the supremum of the
integrals in d(p — v) of Lipschitz continuous functions with Lipschitz constant bounded by one.

An intrinsic limitation of Wasserstein distances is the fact that they are defined only between measures
having the same mass. To overcome such limitation, we recently introduced the generalized Wasserstein
distances Wz‘f’b, defined in terms of both the classical Wasserstein distance W, and the total variation
(or L') distance, see [8]. Here p plays the same role as for the classic Wasserstein distance, while a and
b are weights for the transport and the total variation term.

In this paper we prove two important properties of the generalized Wasserstein distances:

1) a generalized Benamou-Brenier formula providing the equality between W' * and the supremum of
an action functional, which includes a transport term (kinetic energy) and a source term.

2) a duality a la Kantorovich-Rubinstein establishing the equality between W11 ! and the flat metric.

Keywords transport equation — evolution of measures — Wasserstein distance

Mathematics Subject Classification (2000) 35F25, 49Q20

1 Introduction

The problem of optimal transportation, also called Monge-Kantorovich problem, has been intensively
studied in the mathematical community. Related to this problem, Wasserstein distances in the space
of probability measures have revealed to be powerful tools, in particular for dealing with dynamics of
measures (like the transport PDE, see e.g. [1,2]). For a complete introduction to Wasserstein distances,
see [10,11].

The main limit of this approach, at least for its application to dynamics of measures, is that the
Wasserstein distances Wy (i, v) (p > 1) are defined only if the two measures p1, v have the same mass.
For this reason, in [8] we introduced the generalized Wasserstein distances WS (u,v), combining the

standard Wasserstein and total variation distances. In rough words, for W;vb (u,v) an infinitesimal mass
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dp of p can either be removed at cost a|du|, or moved from p to v at cost bW, (du, dv). More formally,
the definition of the generalized Wasserstein distance that we use in this article! is

wea a 1/
p,b (Ma V) = (Tp7b (/1'7V)) p7
with

a,b _ ~ ~ -~ o~
Ty" (pv) = a” (|u—al+ v — o) + 0"WE (i, ),

inf
fi.veM, [fil=|7]
where M denotes the space of Borel regular measures on R? with finite mass.
Recall that the “flat metric” or “bounded Lipschitz distance” (see e.g. [4, §11]), is defined as follows

) =sw{ [ 7= 1fler <11l <1}

We first show that the generalized Wasserstein distance W11 ! coincides with the flat metric. This provides
the following duality formula:
1,1 . - - _
d(p,v) =Wy (p,v) = inf —fu—p[+ v — o]+ Wi(p, D).
a,veEM, |pl=|7|
This result can be seen as a generalization of the Kantorovich-Rubinstein theorem, which provides the
duality:

Witur) =swp{ [ fatu=) 11l <1}

One interesting field of application of the generalized Wasserstein distances is the study of transport
equations with sources, i.e. dynamics of measures given by:

Orp + V- (vipie) = hy, (1)

where v; is a time-dependent vector field and h; a time-dependent source term. Several authors have
studied (1) without source term, i.e. h = 0, showing that it is very convenient to use the standard
Wasserstein distance in this framework. In particular, Benamou and Brenier showed in [3] that there is

a natural equivalence between the minimization of the action functional A [u,v] := fol dt ( f]Rd dﬂt|vt\2)
and the computation of the Wasserstein distance Ws. Their fundamental result is recalled in Theorem
4. However, the standard Wasserstein distances do not encompass the case of a non vanishing source h.
Indeed, in this case the mass of the measure y; varies in time, hence W), (1, ps) may not be defined for
t # s.

Our second goal is to generalize the Benamou-Brenier formula to this setting. On one side, we use the
generalized Wasserstein distances, so allowing mixing creation/removal of mass and transport of mass.
On the other side, we define a generalization of the functional A, taking into account both the transport
and the creation/removal of mass in (1). More precisely, we define

2

B* [, v, h] := a® (/Oldt (/Rd d|ht|)> +b2/01dt (/Rd dpi |vt|2> :

Given the generalizations both for the distance and the functional, we will then prove the generalized
Benamou-Brenier formula under the regularity hypotheses recalled in Definition 5:

(2)

. i lution of (1) with vector field v, source h
T2 (uo, = inf { B [u, v, h p15 880 ’ .
2" (ospm1) { v, 1 and pj,_, = o, pj,_, = [

The structure of the paper is the following. In Section 2 we define the generalized Wasserstein distance
and recall some useful properties, in particular estimates of the generalized Wasserstein distance under
flow action. In Section 3 we prove that Wll’1 coincides with the flat metric. Finally, in Section 4 we recall
the standard Benamou-Brenier formula and prove the generalized Benamou-Brenier formula (2).

! Observe that the definition in [8] was W (i, v) = infz sem alp — fi| + alv — | + bW, (ji, #). Clearly, the two
definitions are extremely similar, and satisfzgf similar properties: one can indeed observe that , given the vector
(alp — 1| + alv — 7|, bW, (f1, 7)) € R?, the definition in [8] is the 1-norm of such vector, while the definition given
in the present article is its p-norm.



2 Generalized Wasserstein distance
2.1 Notation and standard Wasserstein distance

We use M to denote the space of positive Borel regular measures with finite mass? on R? and M2 to
denote the subspace of M of measures with compact support that are absolutely continuous with respect
to the Lebesgue measure. When not specified, the domain of integration is the whole space
R?, or R? x R? in the case of integrals with two variables.

Given p, u1 Radon measures (i.e. positive Borel measures with locally finite mass), we write pu; < u
if p; is absolutely continuous with respect to p, while we write pq < p if g (A) < p(A) for every Borel
set A. We denote with |u| := u(R?) the norm of u (also called its mass). More generally, if p = u* — pu~
is a signed Borel measure, we define |p| := |pT| 4+ |p~|.

By the Lebesgue’s decomposition theorem, given two measures u, v, one can always write in a unique
Way [b = fhactfts Such that p,. < v and ps L v, i.e. there exists B such that ps(B) = 0 and v(R™\B) = 0.
Moreover, there exists a unique f € L!(dv) such that dug.(x) = f(z) dv(x). Such f is called the Radon-
Nikodym derivative of u with respect to v. We denote it with D, u. For more details, see e.g. [5].

Given a Borel map v : R¢ — R?, the push forward of a measure y € M is defined by:

v#u(A) = ply~H(A)).

Note that the mass of u is identical to the mass of v#u. Therefore, given two measures u,v with the
same mass, one may look for v such that v = y#u and it minimizes the cost

T[] o= |l / & — (@) du(z).

This means that each infinitesimal mass dp is sent to dv and that its infinitesimal cost is the p-th power
of the distance between them. Such minimization problem is known as the Monge problem and was first
stated in 1781 (see [6]).

If p or v has an atomic part then we may have no ~ such that y#u. For instance, the measures yu = 26
and v = J§y + 02, on the real line have the same mass, but there exists no v such that v = y#pu, since
a map 7y can not separate masses. A simple condition, that ensures the existence of a minimizing -, is
that p and v are absolutely continuous with respect to the Lebesgue measure.

A generalization of the Monge problem is defined as follows. Given a probability measure 7 on R? x R¢,
one can interpret 7 as a method to transfer a measure 1 on R? to another measure on R? as follows: each
infinitesimal mass on a location z is sent to a location y with a probability given by m(z,y). Formally, u
is sent to v if the following properties hold:

il [ dn(o.) = duta), ol [ dnn) = dvto) 3)

Such 7 is called a transference plan from p to v and we denote the set of transference plans from p
to v as IT(p,v). A condition equivalent to (3) is that, for all f,g € C2°(R?) it holds |u| [pu, pa(f(z) +

9()) dn(z,y) = [pa f(x)dp(z) + [za 9(y) dv(y).

Remark 1 One can use a transference plan m € II(u,v) also to define pairs p/ < p,v/ < v so that
is transfered to 1/ Indeed given w <, let f the Radon—Nikodym derivative f = D/, that satisfies

f<land p/'(4)=[,f A ) for all Borel sets. Define now 7', as follows:
7' (A x B) := ﬂ f(x)dn(z,y) for each Borel set A x B,
|/" | AxB
V' (B) == |yl f(z)dm(x,y) for each Borel set B.
Rex{B}

It is easy to prove that «’ € II(y/,v"). Similarly, one can define 7 € IT(u — p/,v — V') by

7"(Ax B) = % (1 - f(x))dr(x,y) for each Borel set A x B.
|l = 11| Jaxs

2 The requirement of having finite mass is a simple choice to have finite distances W:’b (1, V).




One can define a cost for 7 as follows
Tiai= [ Je-yPdn(ey
RdxR4

and look for a minimizer of J in IT(u,v). Such problem is called the Monge-Kantorovich problem. It is
important to observe that such problem is a generalization of the Monge problem. Indeed, given a ~ send-
ing p to v, one can define a transference plan m = ||~ (Id x ) #u, ie. dr(z,y) = p(R™) ™! dp(@)6y—r (2)-
It also holds J [Id x 4] = I [y]. The main advantage of this approach is that a minimizer of J in IT(u,v)
always exists.

A natural space on which .J is finite is the space of Borel measures with finite p-moment, that is
MP = {u eEM | /\m|”d,u(a:) < oo}.

One can thus define on MP? the following operator between measures of the same mass®, called the
Wasserstein distance:

Wy(u,v) = min J [x])"/P.
) = lel(_min 7 1)

It is indeed a distance on the subspace of measures in MP with a given mass, see [11]. It is easy to prove
that W, (ku, kv) = kW, (u,v) for k > 0, by observing that II(ky, kv) = II(u,v) and that J [r] does not
depend on the mass. Another remarkable property is the following optimality principle.

Proposition 1 Let m € II(p,v) be a transference plan realizing Wy(p,v). Let ¢ < p and v/ < v such
that ©’ € II(y',v'") (where 7' is defined as in Remark 1). Then ©’ realizes Wy(1', ') and it holds

Wy lp,v)  Wyl'sv')  Wolp—p'sv =)
[Pt |p' [Pt |y — p/ [Pt

(4)

Proof Denote with 7 the restriction of 7 to p/, v/ and with 7" the restriction of 7 to u — p', u — v/, as
defined in Remark 1.

We first prove that 7’ realizes W, (1/,v’), by contradiction. Assume that there exists 7’ € IT(y/,v")
such that J [#'] < J [r’]. Then define the transference plan 7 € IT(u,v) as follows:

/ R
7(A X B) := ||M||7~r’(A x B) + WW"(A x B)  for each Borel set A x B.
[ 1
A direct computation shows that
I [7w] = [T [7] + (ul = W DI < W7+ (pl = ) T[7"] = |l =],

Then J[7] < J[r] and & € II(u,v). This is in contradiction with the fact that 7 realizes W), (u, v).
By symmetry, we also have that «” realizes W,(u — i/, v — v’). Then, the proof of (4) is a direct
consequence of the fact that |u|J[7] = |¢/|J[7'] + (|u| — |¢/])J[x"]. O

2.2 Definition of the generalized Wasserstein distance

In this section, we provide a definition of the generalized Wasserstein distance, which is a slight modifi-
cation of that given in [8], together with some useful properties.

Definition 1 Let p,v € M be two measures. We define the functionals

Tyt (mv)=_inf P (lp—fl+ |y = 2)" + VWL (R, D), ()
reM, |al=|7|

and

W (1) = (Tg ()" (6)

3 Remark that in [8] we had the mass coefficient |u|'/?. The choice here helps to have estimates not depending
on p.




We now provide some properties of Wg’b and Tz‘}’b. Proofs can be adapted from those given in [§].

Proposition 2 The following properties hold:
1. The infimum in (5) coincides with

inf af (| — gl + v — o))P + bPWP(f, ),
L ) 5 1 7)

where we have added the constraint i < p,v < v.
2. The infimum in (5) is attained by some [i,D.
3. The functional WI‘}’b is a distance on M.

4. It holds WI‘}’b (14,0) < alyl.

Remark 2 One could define another metric, similar to W;’b, by replacing Tz‘j’b with

it a? (= P + | — 77) + B W, D),
A, veM, |pl=|7|

i.e. by distributing the p-th power on the two L; terms. Proofs and properties are similar to the proofs

given here. Our choice here is related to the generalization of the Benamou-Brenier formula for W;}vb.
We discuss this issue in Remark 4 below.

We also have this useful estimate to bound integrals.

Lemma 1 Let u,v € Mg, and f € Lip(R%,R) N L=(R4, R). Then

‘/fd,u—/de’ §2Tmax{W,W}W;’b(u,y). (7)

Proof Let fi < u, v < v realizing W;’b (1, V). We have

| [ran- [ra]<| [raw-p|+| [raa-5|+] [ rae-)]|<

< lloolir = Al + 1 F W (i 2) + ([ fllool 7 = v, (®)

where we have used that || = sup { [ fdu | ||f||~ = 1} and the Kantorovich-Rubinstein duality formula
Wi(u,v) =sup{ [ fd(p—v) | [|fllip = 1}. Recall that Wy (fi, 7) < Wy (i1, #) for p > 1, see e.g. [11, Sec.
7.1.2]. Then (7) is a direct consequence of (8), by using (z + y)? < 2P~1(zP +yP). O

2.3 Topology of the generalized Wasserstein distance

In this section we recall some useful topological results related to the metric space M when endowed
with the generalized Wasserstein distance.

Definition 2 A set of measures M is tight if for each ¢ > 0 there exists a compact K. such that
w(RAN\ K.) < e for all p € M.

We now recall the following important result about convergence with respect to the generalized
Wasserstein distance, see [8, Theorem 13].

Theorem 1 Let {y,} be a sequence of measures in R?, and p,, n € M. Then
W;’b (tbn, ) — 0 is equivalent to tn — o and {un} is tight.

We finally recall the result of completeness, see [8, Proposition 15].

Proposition 3 The space M endowed with the distance W;’b s a complete metric space.



2.4 Estimates of generalized Wasserstein distance under flow actions

In this section we give useful estimates both for the standard and generalized Wasserstein distances W,
and W? under flow actions. Similar* properties were already proved for measures p, v € M2 in |7, Sec.
2.1] and [8, Sec.1.5]. Generalizations of these estimates to any measures in M are obvious, by using the
Kantorovich formulation of the optimal transportation problem.

Proposition 4 Let vy, w; be two time-varying vector fields, uniformly Lipschitz with respect to the space
variable, and ¢,y the flow generated by v, w respectively. Let L be the Lipschitz constant of v and w,
i.e. |v(x) —ve(y)| < Llz—y| for allt, and similarly for w. Let u,v € M. We have the following estimates
for the standard Wasserstein distance

- WI) ((]St#/.t, d)t#y) S eLtW[) (,[L, V)7
— Wy (w, ' #1) < tlv]lcolpl, .
- W, (¢t#u,¢t#l/) < eLth (n,v) + = L_l | SUPr¢(o,¢] [[ve — wellco-

We have the following estimates for the generalized Wasserstein distance
)b L b
- W,?b(qﬁt#u, o) < MWt (),
— Wi (i, @'#1) < bt[|v]lcolpl,
a,b L a,b
— Wt (¢'#u, Y4v) < MWt (u,v) +

(iL

t_
T ! |l SUPreo,] [[ve — we|co.

Proof We first prove properties for the standard Wasserstein distance.

Property 1. Let m be the transference plan realizing W, (11, ). Observe that ¢' is a diffeomorphism
of the space R?, then ¢! x ¢! is a diffeomorphism of the space R? x R?. Since 7 is a probability density
on R? x R?, then one can define ' := (¢! x ¢*)# 7, another probability density on R? x R?. It is easy to
prove that 7’ is indeed a transference plan between ¢'#u and ¢'#v. Then we can use such transference
plan 7’ to estimate W), (¢'#pu, ¢'#v). This gives

WP (¢4, 6 4) < |ul? / & — ylP dn' (2, y) = P / 164(2) — ' )P dr(a,y) <
< / PP — ylP dn(z,y) = ePWP (1, ),

where we used the definition of the push-forward in the first equality and the Gronwall lemma in the
last inequality.

Property 2. Define the transference plan 7 such that dr(z,y) = |u|™ du(z)dy—st(z) on R x RY.
Observe that it is a transference plan between pu and ¢'# . Then we have

W (i 0ttn) < Ip [ Jo ol o) = |l [ o = 6@l dute) < P [ (ollcot) 1l o) =
= |l (lvllcot)?.
Property 3. The proof is similar to proof of Property 1. Let m be the transference plan realizing
W, (1, v). Observe that ¢' x 9" is a diffeomorphism of the space R? x R?. Since 7 is a probability density
on R? x RY, then one can define 7’ := (¢! x ¥!)#tm, another probability density on R% x R?. It is easy to

prove that 7 is indeed a transference plan between ¢'#u and v'v. Then we can use such transference
plan 7’ to estimate W), (¢'#pu, ' #v). We have

WP (o' #p, ' #v) < Iu\”/lx —y|P dr' (z,y) = Iu\”/lcﬁt(ﬂf) — Y y) P dr(x,y) <

I eLt_l P
<l [ (el o+ S sup o= wileo | dntan),
T€[0,t]

* Properties proven in [7,8] were not optimal, since we had a coefficient ¢“7 " instead of the coefficient e“* in
properties 1 and 3, and a coefficient !/ instead of 1 in property 3.



where we have used Gronwall inequality. Minkowski inequality now gives

elt —1

1/p
wgcw#uﬂw#u)<|mé¢(/Wx—ywdwuﬁn) Tl mg]vy—wmco/"mw%y>=
T€|0,t

elt — 1

= "Wy (1, v) + |l sup |lvy — wyl[co,

T€[0,t]

where we also used [ dn(z,y) = 1.
We now prove equivalent properties for the generalized Wasserstein distance.
Property 1. Let i < u,7 < v be the choices realizing T;}’b (1, v), ie.

b _ i 5 D
TS () = aP (| — fil + v — D) + PWE (i, ).

Then estimate T% (¢! #u, ¢'#v) with ¢'# [ and ¢'#0. Observe that ¢'#fa < ¢'#p, ¢'#0 < ¢'#v, and
in particular |¢p*#pu — @'#fi| = | — ji|, and similarly for the other term. We then have
Tb (0 #p, ¢'#v) < aP (@' #p — Q" #0| + |0 Hv — G'H#D)P + PWE(O' #01, 6'#0) <
< aP(|lp — fl + v = 2P + 0P WL (1, ) <
<M (aP(lp — | + v = DI)P + PWE (i, 7)) -

Computing the p-th root, we have the result.

Property 2. To estimate W (u, ¢*# 1), choose fi = p, 7 = ¢'#p. Then one has W (u, ¢'#p1) <
bW, (1, @' #1). Using Property 2 for the standard Wasserstein distance, one has the result.

Proof of Property 3 is completely equivalent to Property 1, by using 9!#0 < 9'#v and the
corresponding inequality for W, (¢'#p, ¥'#0). O

3 The generalized Wasserstein distance W' is the flat metric

In this section, we provide a dual formulation for the generalized Wasserstein ditance VVl1 ’1, proving that
it coincides with the flat metric. First define the spaces L, K, [F as follows:

L:={fe C/R,R) | [fl <1}, K:={feCORLR)||fllip <1}, F:=LNK

We also recall the following dual formulation for L' and W, distances.

Proposition 5 For all p,v € M it holds

|u—w—mm{/fau—m|fem}

For all p,v € M with |p| = |v| it holds

V%Uu0=mm{/fﬂu—W|f€K}.

The second statement of Proposition 5 is known as the Kantorovich-Rubinstein theorem, see [11, Theorem
1.14]. Recall the definition of the flat metric:

Definition 3 Let p,v € M. Define

dwwwzam{/}au—W|feF}

The functional d is a metric on M, called the flat metric.
We now state the main result of this section:

Theorem 2 Let p,v € M. Then

Wit (u,v) = d(p, v). 9)



The proof is based on some duality properties of convex functionals. For this reason, we first recall some
useful definitions and results. For a complete description, see e.g. [9]. In particular, Theorem 3 is Theorem
20.e in [9].

Definition 4 Let X be a Banach space and F : X — R a function. The conjugate function F* : X* — R
is defined by
F*(y) := sup({y, z) — F(x)).
rzeX
Recalling that a function is closed if the set {f < k} is closed for all k € R, we have:

Theorem 3 Let X be a Banach space. Let Fy, Fs : X — R U {+o00} be conver and closed. Assume that
there exists a neighborhood U of the origin in X, an open set M in X* and a constant k such that for
all sets

Vo :i={(1,y2) | yi € dom(F), y1 +y2 € M, Fy(y1) + F5(y2) < o}
it holds

sup (y1 + Yo, ) < k. (10)
z€U,(y1,Y2)€Va

Then the conjugate function F* of F = Fy + F5 satisfies
F*(y) = min (Fy'(y1) + F5(y2)) - (11)
Yy1+y2=y

Observe that we removed —oo from the codomain of Fy, Fy. This gives that Fy, Fy are both proper in
the sense of [9, p. 1].

Proof (Proof of Theorem 2.) We define the following functionals on X = (C2(R"), | - ||o0):

{o when || f]|o < 1

+00 elsewhere.

Fi(f) =

in <
and Fg(f) = {0 when ”f”sz > 1

+00 elsewhere.

The dual space X* is the space of signed Radon measures, see e.g. [5, p.49]. Then, the dual formulation
of Proposition 5 gives F;'(p — v) = |u — v| and Fy(p — v) = Wi(p,v). We now consider F = Fy + F;
and study F™*(p — v): it is easy to prove that it coincides with d(u, V), by the definition of the conjugate
function.

We now prove that F*(u — v) coincides with Wll’l(u,y), by using Theorem 3. It is easy to check
that Fy, Fy are proper, closed and convex functions, and that U := {||f|loc <&}, M = {|u| < e}, k = &2
satisfy (10). Then, condition (11) reads as F*(p —v) = min,, —p, )4 (uo—vs)=p—v (11 — V1| + Wi(p2,v2)),

that coincides with W' (,v). O

4 Generalized Benamou-Brenier formula

In this section we generalize the Benamou-Brenier formula (recalled below, see [3]) to Wi, The interest
of such formula is to relate the Wasserstein distance between two measures g, 11 to the minimization
of the functional [ |v¢|?dpy among all solutions of the linear transport equation from g to 1. We first
recall the original Benamou-Brenier formula. Observe that we deal with probability measures in M§¢.

Theorem 4 Let P§¢ := MG NP be the space of probability measures that are absolutely continuous with
respect with the Lebesque measure and with compact support, endowed with the weak-x topology.

Fiz po, p1 € P§© and let V(po, 1) be the set of couples measure-velocity field (p,v) := (¢, vt )ie[o,1]
such that p € C([0,1],P§°), v € L2(dpedt), Urepo,1jsupp(pue) is bounded, and such that they satisfy the
following boundary value problem:

Opir +V - (vppie) =0
Koo = Mo, Hemy = M1-

Define the action functional Alu,v] := fol dt (fga dpe [ve*) on V(po, pu1). Then, it holds

W3 (10, 1) = inf {A [, 0] | (11,0) € V (o, 1)} - (12)



Such result has been proven to hold also in the larger space of probability measures with finite second
order moments, see [2]|. It is also easy to prove that (12) holds for pg, 1 € M§G® with the same mass
m. Indeed, it is sufficient to use (12) for m~'ug,m~'u; and to observe that we have the same degree of
homogeneity on the left and right hand sides when multiplying by a constant.

We now prove that a similar result holds for Wy’ * and the transport equation with source. We first
define the space and the functional that we study.

Definition 5 For pg,p1 € M3® let V(uo, p1) be the set of triples (measure, velocity field, source
term) (p,v,h) := (pe, Ve, bt )iepo,1] With the following properties: p € C([0, 1], M§¢), with M§® endowed

with the weak-+ topology; v € L?(dudt); h € L*([0,1], M) in the sense that fol dt (fga d|he]) < oo
Utelo,1j5upp(4¢) is bounded; they satisfy the following boundary value problem:

Orp + V- (vipie) = hy, (13)
Mo = MO, Moy = H1-

We define the action functional on V' (ug, 111) by

1 2 1
B* [, v, h] := a® (/ dt (/dd|ht|)) +b2/ dt (/ddut|vt|2>.
0 R 0 R

Remark 8 Observe that the conditions given above also imply that Ugcpo,1j5upp(hs) C Useqo,1j5upp(pt),
and in particular h; have uniformly bounded support. Indeed, assume by contradiction that Useo,1j5upp(hs) ¢
Utelo,15upp(p¢). Looking at h as a functional on Cg° functions, this means that there exists a function ¢ €

C5° ([0,1] x R%,R) with supp(¢)) C [0, 1] x (R?\ (Uefo,1j5upp(1s¢))) and such that fol dt [oq dhyt(t, ) #

0. By construction, one has fol dt f dp (O +v - Vp) = 0, since 1 and its derivatives are identically 0
on the support of u; for each t € [0, 1]. Moreover (u, v, h) satisfy (1) in the weak sense. Choosing 1 as a

test function, one has 0 = fol dt [oq dhyt)(t, x), giving a contradiction.

We now state the generalized Benamou-Brenier formula:

Theorem 5 Let ug, 1 € MG°. Then

inf {B“" [, v, h] | (1, v,h) € V (o, 1)} = T5"" (110, pa) - (14)

The similarity between B%? and A is evident. In particular, the standard Benamou-Brenier formula can
be recovered as a particular case of Theorem 5 when h =0 and a — oo.

Remark 4 1t is possible to find a result similar to Theorem 5 by changing the definition of both Ty’ * and
B®’. In particular, one can replace T2a’b with
: 2 ~12 ~12 20172~ -
i a = + v — 7)) + b*W. v),
poennt o a® (k= B+ v = o) 3 (7, )
and B’ with

2

([ () ([ (o)) o [ )

This means that we have distributed the power 2 on the terms for creation and removal of mass, both
for Tg’b and B%?. Proofs given below for Theorem 5 can be easily adapted to this setting.

Proof of Theorem 5. We first prove the inequality B*®[u,v,h] > Tza’b (10, pt1)- The proof of this in-
equality is divided in 3 steps.
We first fix the following stronger regularity assumptions for v, h, that will be used in Steps 1 and 2:

— the vector field v is uniformly L-Lipschitz with respect to x; it has C°-norm uniformly bounded in
time, i.e. M = sup,¢joq) [|[vellco < 005
— the source satisfies h € L>([0, 1], M§°), i.e. it satisfies P := sup;c(o 1) Jga dlhe(.)] < o0



k:]|

e, |k

|20l

Fig. 1 Evolution of ||, |,u£k]| for k = 2.

Before the main steps of the proof, we state some simple remarks. First of all, since we deal with
approximations of the dynamics given by v, h, then the approximated solution u[k] could fail to be a
positive measure for some times. Then, one needs to replace u[k] with its positive part all along the
proof. For simplicity of notation, this replacement is implict all along the proof.

Second, we fix some notations that will be useful all along the proof. Given the initial datum g, we
will prove that all measures studied in the proof have bounded mass, and in particular ||, | ugk] [, | ﬂl[kk]| <
|to| + P. We define

m = |M()| + P.

We also define
M L

a:\/imax{,b}, B :=2aP + bMm.
a

Step 1: In this step, we define an approximate solution u!*!, together with v*, h¥, via a sample and
hold method. We will prove that both pl¥l — 4 and B*? [u[k],vk, h*| = B*? [u, v, h] for k — oo.

Fix k € N and define At := 27%. We discretize the time interval [0, 1] in small intervals [nAt, (n+1) At].
The idea of the discretization is first to divide each interval [nAt, (n 4+ 1) At] in three parts:

[nAt,nAt + At], [nAt+ A (n+ 1) At — A], [(n+ 1) At — A, (n+ 1)At] .

On the first part we use the negative part h™ of h, then the velocity v, then the positive part A of h.
Clearly, each term must be correctly rescaled, to have ,uEl;] 1At close to fi(n41)A¢-

We define the following vector field and the source term:

At—2At2

ok — ﬁvnAtJr#(T,Aﬁ) for T € (Atz, At — Atz],
S 0 for 7€ (0, At*] U (At — At?, At],

AR A A for 7€ (0, At?],

hfLAH_T =<0 for 7€ (At?, At — At?],
—1p+ 2

At hnAtJrAt_l('rf(Athﬁ)) for 7€ (At — At*, At).

Observe that v* and h* will never act at the same time, i.e. vF # 0 implies 2* = 0 and viceversa. A

scheme of the evolution of the mass | M,[fk]| is given in Figure 1.

We now define u*! as the solution of (1) in C([0, 1], M&¢) with velocity field v*, source h*, and initial
datum ,ugc] = po. It is evident that the measure has uniformly bounded mass, in particular | ,u)[fk]| <m
for all ¢ € [0,1].

It is also easy to prove the following property: for 7 € [0, At] it holds

Wb (W, ) < AHGaP + bAMm) = B 09

10



We now prove that ul*! is a Cauchy sequence with respect to the distance W defined as follows

W (p,v) = sup W5 ().
telo,1]

We recall that C([0, 1], M) is complete with respect to W, as a direct consequence of the completeness

of M with respect to Wg’b, see Proposition 3.
(%]

First observe that, by substitution, the following formula holds for H(n+2) At

(k] _ &k [k] k k +F .
Bint2yar = Plntnyatnt2) a0 1y ar — Plnsn)ae,(nr2) a0 FH[(n 1) At (nr2) A + Hin 1) At (nr2) A =

k —k
= Dlns1) At (n+2) a0 F (éfnm,(nH)At]# (/‘L]At - ﬂfnm,(nH)At]) + H[nAt,(n+1)At]) +
—k
~ B i1y At 2 A0 FEH (1) At (nr2) g T H{(nt1) At (ns2)Ar =
. _
= ¢FnAt,(n+2)At]#/1’£L]At - éfant,(n+2)At] #ﬂFnAt,(n+1)At] + @ﬁn+1)At,(n+2)At]#H[nAt,(n+1)At] +

k k -7k
=Pl 1) At (nt2) A0 FH (1) At (n+2) A T H[(n41) Aty (n2) Al

where
— @fth ta] is the diffeomorphism corresponding to the flow generated by v* on the time interval [ti, ts];
- ﬂﬁl,tg] = f:f h¥ dt is the mass removal given by h* on the time interval [t t,];
- ﬁﬁl’w] = ft2 Ef dt is the mass creation given by 7" on the time interval [t1,2].

1]

nt2) At by using properties of composition of ¥, H k H This gives:

We also decompose ME

k—1 [k—1 k
En+2])m = @an (n+2)At]#/J‘nAt] - @FnAt,(n+2)At] #ﬂ[nAt,(n—i-l)At] +

—k —
— B 1) At (n12) A0 F P AL (i 1) A FH i 1) an na2) a8 + Hnan 1) ag + H{(n1) At (n12) A1

We now estimate W; (MEZ;Q])A“HETLQ)M) with respect to W; (,uLkAt”,,uEf]At) i.e. the value of

Wy * at the right extreme of the interval of discretization for k£ — 1 with respect to its value at the left
extreme. We choose n even. Using estimates in Proposition 4, we have:

b [k-1 b k-1 k

W2a (l’[’En—i-?])At’MEn]-l-Q)At) < W2a (QSFnAt,(nJr?)Aﬂ#H”ELAt]7¢FnAt,(n+2)At]#u£1]At> +
a,b

+W; (¢[nAt,(n+2)At] H#HE, At (n41) 20 Pl At (nr2) A #ﬂfant,(nJrl)At]) +

a,b k k k k
+W2 (@F(n-i-l)At (n+2) At] #Qj[nAt (n+1) At] #ﬂ [(n+1)At, (TL-‘,—Q)At]’qj[(n—‘,—l)At,(n-‘r?)At] #ﬂ[(n+1)At,(n+2)At]) +

a,b a,b w5k —k
+Wy < At (nt 1) A Pl 1) At (nt2) Al #H, [nAt (n+1)At> + Wy (H[(n+1)m,(n+2)m]»H[(n+1)m,(n+2)m]) <

a,b k—1 k a,b
< eLAtWQ <M’£LAt ]v Mw[z]At) +0+ eLAth (dsant (n+1)At] #Ekn-s-l)m (n+2)At]7ﬁf€(n+1)At,(n+2)At]) +

FOALM(ALP) +0 < =AW (b))l ) + el 4 ALM (ALP) + bALM (ALP).

We apply the last inequality recursively. First recall that W' b (,u%k 1], ug‘]> = 0 and that, for a
sufficiently big k, it holds X4t < 1 + 2L At and 2L At < 1. This gives

14+ 20AH)"? —1 eZA 1
< 2MPAt———— <
1+20LAt—1 = 2L  ~

e (a2 ) < e acta asan!

L
—1
< oM P2k —,

where we have used that nAt < 1. Observe that the estimate is independent of n. Applying it recursively,
one has

20M P (el — ) 12712
ab k k+1
W, (uﬁpuim]) S— 2 (k“)m

11
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Finally, take any ¢ € [0, 1]: for each integer k, let n;, be the biggest even number such that n,27% < ¢. It
clearly holds [t — n27%| < 27%+1, One has

W2a’b (N’i[5 },/jyﬁ_l]) S W2a’b (:U‘Ek]vNL,EQ k) + W;’b ( ZﬂQ kvur,;l]k) + W;’b < szl]kvugk-‘rl]) S

20M P(e — Dot L= 2-1/2

—k
<2627+ i3 1o 1/

+2p27F,

where we have used (15) twice for the first term and 2!*! times for third term. Since the estimate does
not depend on t, one has d(ul¥, uF+1) < C127% with C} := 48 + %M%. Since the estimate
does not depend on [ and W (,u[k], ,u[k‘*‘”) — 0 for k — 0o, we have that p*! is a Cauchy sequence. Since
C([0,1], M) is complete with respect to W, then there exists a limit p* := limy_, o0 u*, with p* € M.

We now prove that p* = u. We prove it by proving that it is a weak solution of (1). By uniqueness
the result will follow. We have to prove that, for any® f; € C$°([0,1] x R9), it holds

/01 dt </Rd (dpf (Onfe + v - Vi) + dhtft)> —0. (17)

Observe that u!*l is a solution of (1) with vector field v*, and source h*. Then

1
[ ([ (@@ ot -vsy+ ) o
0 R4

One can prove (17) by proving the three following limits:

1. limy ‘ fol dt (fRd (d,u;* — du,[:k]> 8tft) ‘ = 0. This is a consequence of (7). Indeed, one has

i [ ([ (i -y an) < [ (w03 o) Vo {1001 10511 )

<W (M*vﬂ[k]) \/ﬁmax{ ||8t4£t||oo7 8tflt)||Lip} 0

2. limy, ‘ fol dt (fRd dpive - Vfy — d,&’%f . Vft) ’ = 0. We first fix k and At := 27%, and estimate

At At
/ dt </ Abgy At 44 Un Attt * anAt+t> - / dr (/ d/“l"l[f]At-‘,-TUfLAt—&-T . anAt+r> : (18)
0 Rd 0 R4

Using the definition of v¥,, ., we have that it is 0 for 7 € [0, At*] U (At — At®, At] and that for
€ (At?, At — At?] it holds vk ,,, =

T t:= (1T — At?)

At
AT 247 UnAth AL (r—As2)- Then, after the change of variable

Jiszaps We have

At
k
| ( / duLLHTv,’iAHT-mAHT):
0 R4

At At— At
- At—2At2/A dr (/ d'“nAtJrr nAt AL (1 Ar?) vant-i-'r) =

t2
At AL At —2A2 %]
T AL—2A2 J, At dt /Rd dMnAt+At2+7m 2ai2, Unatit - Vf, 1AL+ AR AZACy |

5 The index t will be useful in the following change of variable in time.
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To go back to (18), we estimate for each ¢ € [0, At] the following quantity®:

k]
du, v -V dul v -V _ <
‘/Rd HnAt+tUnAtte -V fnAvre ” MnAHAtqm_AztAﬂt nAt+t ant+At2+At a2, | S
k]
du’ v -V du v -V +
‘/Rd HpAt4tUnAt+t Jnat+t e unAt+At2+Atfft2t nAt+t frnattt

(K] ]
+ v -V — d v -V . _ 2 <
R 'unAtJrAtuiAtftAtzt nattt " Vinatre Rd MnAt+At2+7AtftAt2t nAt+t ant+At2+7At —2ai?| =

M|V felloo LIV fillLi
a,b * k t|loo t|| Lz
W2 (‘unAtth’MEL]At—‘rAtz—i,-At_jAtQ t> \/imax{ u , b p +

[k]
Jr
'unAtJrAt2+ M*T?ﬂt

(19)

M|V foaere — vant+At2+m*T2tAt2tH°°'

We estimate the first term of the right hand side of (19) via

ab [« (K] ab [« (k] ab [ [k] [K]
W, (MnAtJm Mnm+m2+m_ﬁtm2t> < W, (:unAt-i-t? Pnatet) T Wa Mo Attt lunAt_,'_Atz_,’_At?ftAtzt .

We estimate W;’b (,uLk]At_H, /JTAHM%NEM& t) by studying three cases:
t
(a) t € [0, At?]: We observe that the evolution from ,ugc]m 4 O uq[f]A ++ A2 18 given by removal of mass
k . . (k] (k] -
Hi Attt naes A while the evolution from Foarsae YOH e aczaz, is given by the push-forward
f the diff hism @ . hen h
of the diffeomorphism [nAt+At2,nAt+At2+mjff‘2t] We then have
b [k (%] b K] (K]
e <Mnm+“’unAt+At2+mAM"Qt> W2 (M”At“’M”A”AtQ) +
t
2
b (K] (k] 2 a1 At — 2At & _
+W2a <MnAt+At2“unAt+At2+AtAQfAtQt> < |t_At |At P+b At t”U ||C°m_
= |t — A?| At P + bMmt. (20)

(b) t € (At?, At — At?]: We observe that the evolution is given by the push-forward of the diffeomorphism

ok . We have
[nAt+t,nAt+At2+A‘—T2tAt2t]

At — 2A¢
a,b k k 2 k
W (“L]AW“L]Atmum—;m?t) < |t - <At + = t) 0¥ llgom <

At

< b|2tAt — AP | ————5Mm
At — 2A¢t

(c) t € [At — At?, At]: This is similar to case 1. We have

b k] (K] 2| Ap—1
W2a (MnAt+t’ll’LnAt+At2+AtA2At2t) <[t —At+ A|ALTP +
t

o pg2
+bl%t ~ (At —242%) [ Mm. (21)

(%]

. . . . 7
We estimate the second term of the right hand side of (19) via B At A4 ALZZAZ

I < m and

At — 2A¢7
t— (At2 + Att) = 19/l

||vant+t - vant+At2+At—A2tAt2t||oo S ||VftHsz 2t At — At2‘

5 Here we denote with ||V f¢||rip the Lipschitz constant for V f; with respect to all ¢, z-variables, even if for (19)
the Lipschitz constant in space is needed only.
" Here it is sufficient to use the Lipschitz constant in the time variable.
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Observe that both terms of the right hand side of (19) have a symmetry property: the value in ¢ coincides
with the value in At —t¢.
Back to (18) and, by using (19) and the symmetry described above, we have

At At
}/ dt (/ Ay At41Vn AL+ * anAt+t) */ dr </ duﬂm Up Atr * anAtJrT) } <
0 Rd 0 Rd

M V 00 L v 7 At a
< 2\f2max{ ” aftH ) ” fHL £ } / dt W, ? (/L;At-&-t’ uEf]At-i-t) +
0

M o L ; At?
+2x/§max{ ”vaft” |Vft”“’}/ dt (|t — A*| At~ P + bMmt) +

’ b 0
M|V LIV £l i At/2 At
+2v/2 max ” ftHOO, IV fillip / dtb|2t At — A |———— Mm +
a b At2 At — 2At

At/2
+2/ dt mM ||V fi|| pip| 2t At — AtQ‘ <OW (;ﬁ,u[’“]) At + CA /2 +
0

At/2 At/2
+C (At — 2A8%) AL /2 + C/ dt |2t At — At?| + C/ dt |2t At — At?| (22)
0 0

with C = Q\fmax{MvatH“’ LHV{)"HL“’, HVftHLip} - max {1, P,2bMm, Mm}. The estimate holds for

k > 2, for which it holds m < 2. We simply estimate (22) with CW (u*,u[k]) At + CAt )2 +

CAt' )2+ CAL )2+ CAE /2 < CW (p*, ulH) At + 3C AL, by using |2t At — At?| < At
Going back to our estimate, using (18) on each interval [nAt, (n + 1)At], we have

2k 1

At
/ dt ( / ) dhiy Ap41Vn AL+t - vantth) +
— /o R

hm‘/ dt(/Rddutvt Vfi— d’u[k] k Vft>‘<lil£n;

At
k
- / dr ( / ap, b anmT)
0 R4

= limCW (,u*, ;ﬂ’“l) —0.

< lim25(CW (u*,u[’“]) 2k 4 30279F) =

3. limy ‘ fol dt (f]Rd d(hy — hf)ft) ‘ = 0. We first fix & and At := 27 and, using again estimates in
Proposition 4, we have

2—21€
=0

1
lim [ a ( / d(ht—hf)ft> | <tim2. 2P fllu (1 - A)
k1Jo R¢ k

We have proved that p* is a solution of (1), with u* € C([0, 1], M). Observe now that p* — p is a
solution of (1) with initial datum 0, vector field v; and source 0. Applying standard result of existence and
uniqueness of solutions of (1) with zero source in C([0, 1], M), we have pu* = p. Since p € C([0, 1], M3°),
then p* € C([0, 1], Mg°) too.

We now prove that B? [;ﬂk],vk, hk} — B* [, v, h] for k — co. For the velocity term, we decompose

At At "
’/ dt (/ dMnAt+tUnAt+t|2) —/ dr </ dunAtJrT'UrliAt«FTlQ) ‘ < (23)
0 R4 0 Rd
At At .
’ / dt (/ dMnAt+tUnAt+t|2) - / dt (/Rd dﬂL]At+t|UnAt+t|2> ‘ +
0
At At :
+‘ / dt (/ dun4t+t|UnAt+t| > /(; dr (/]Rd dMnAtJr-rvnAtJrT'Q) ’

We can easily estimate the first term by

At 2
/ dt v/2 max { M 21;)M} Wb ( Lt uEk]) < 2MaW (u,u[k]> At.
0 a
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Fig. 2 Transformations DOWN D;, , LEFT Lz, and RIGHT Ry, .

For the second term, we apply the change of variable 7 — ¢t = (7 — Atz)_AitAt2 and find

At
At (k] At (k]
2 2
— <
‘ /0 dt (/Rd dMnAt+t‘vnAt+t| ) /O dt (/]Rd dunAt_,’_Atz_,’_Atftét2t|vnﬂt+t| > ‘ >
a b [ [kl (K]
< a, < 2.
< 2Ma/0 AW <unm+t» ’“‘nm+m2+m;ff%> < 4MaBAt

Going back to (23), we estimate the right-hand side with 2Ma W (u, ,u[k]) At+4Maf A2 < KW (u, ,u[k]) At+

KAt?, where K := max {2Ma, 4Ma}.
For the source part, the definition of k¥ easily gives

(o (L)

Summing up, we have

2 2

([ a( [ anr)) =0

B0 [, 0%, 14) = B a0, 0] | < 62K (W (1) +27+),

that gives lim;, B*® [,u[k],vk, hk] = B* [y, v, h].
Step 2: We now define a jil*!| together with o, h*. that satisfies the three following properties:

1. " drives g to "), ie. (AF, 55 B¥) € V (o, i)
9. it holds B [ﬁ[kl,@k, ﬁ’“] < B [kl o k],

3. it holds T2 (,uo, u[l’“]) < Bob [ﬂ[kh@k, B’f]

The idea is that, for each interval [nAt, (n+1)At] we move all the decreasing of mass in [nAt, nAt+ At?),
all the transport in [nAt+At?, (n+1) At — At?) and all the increase of mass in [(n+1) At —At?, (n+1) At].
We divide this step in three substeps. In the first, we define ﬂ[k]. In the second, we prove the properties

stated above. In the third, we prove the result Tg’b (po, p1) < B*® [, v, h] with the stronger regularity
assumptions on v, h recalled at the beginning.

Step 2.1: We now define fil*. With this goal, we define three transformations of measures. The
transformation induced on the mass is described in Figure 2.
Transformation DOWN D: The idea is to replace the increase-decrease of mass with the decrease-
increase. Let (u1, v, h) be given, and # be a time such that: v; = 0 on the interval [t — At* #+ At?]; hy =0
on the interval [f — At%,]; h = 0 on the interval [£, £ 4+ At?]. Then replace h with & defined as follows:

hy for t € [0, — At*J U (F+ A%, 1],
ht = ht+At2 forte(t_—At2,ﬂ,
hy_ap  for t € (£t + At?).

15



Keep v. We use the notation D; for the solution /i of (1) with v and h, i.e. Di(1) := ji. We also denote

Df(ﬂv v, h) = (,[Lv 0, h)

Transformation LEFT L: The idea is to replace the transport-decrease with the decrease-transport.
Let (i, v, h) be given, and £ be a time such that: h” = 0 on the interval [f — At + 2At%, t + At?]; hy =0
on the interval [t — At + 2At%,1]; v; = 0 on the interval [t,# + At?]. Then replace v with © defined as
follows:

v for t € [0, — At + 2A87] U ( + At? 1],
=40 for t € (t — At + 2A%, & — At + 3At?),
Vi_pp fort € (f— At 4+ 3A8 1+ At?).

Also replace h~ with h~ defined as follows:

h; for t € [0, — At + 2A8%] U (£ + At?, 1],
he = (P avsoaig) #hiya, gnp  fort e ([— At+2A%7— At + 387,
0 for t € (f — At + 3A#*, & + At?),

where &, ;,) is the flow generated by v. Keep h*. We use the notation £; for the solution fi of (1) with
o and h, i.e. Li(p) := 1. We also denote Li(p, v, h) := (ji,9, ).

Transformation RIGHT R: The idea is to replace the increase-transport with the transport-increase.
Let (u, v, h) be given, and £ be a time such that: h;” = 0 on the interval [f — At + At — 2At%]; v; = 0
on the interval [t — At? #]; b = 0 on the interval [f,f + At — 2A#*]. Then replace v with ¢ defined as
follows:

vy for t € [0,1 — At?| U (f + At — 2482, 1],
D= vpape  fort € (T— AP T+ At — 3AL%,
0 for t € (t+ At — 3A, T + At — 2A47].

Also replace h™ with A defined as follows:

hi for t € [0, — At*] U (f + At — 2A¢% 1],
hi={0 for t € (t — At T+ At — 3AH?,
P i ar—2a1#0 apione  fort € (T4 At = 3AE T4+ At — 2A¢%).

Keep h™. We use the notation R; for the solution i of (1) with & and h, i.e. Ri(u) := fi. We also denote
Rt_(uavah) = (ﬂ’ﬁaﬁ) B B _

We define D as the composition D := Df oDz _, o...0D;, 0Dz, wheret; <ty < ... < t, are all times in
the set {O, A2 248, ..., (22F — 1)At2, 1} such that Dz can be applied. We define £, R similarly. Finally,
we define RLD as the composition R o £ o D. We apply RLD iteratively to ul*l. One can observe that,
after 2F —1 iterations, the result is a fixed point for RLD, i.e. RCD(RLDEZ =1 (pulkl)) = RLDE =) (k).
We define jil¥ := RED(Qk_l)(M[k]) such fixed point.

One can observe that fil*! is the solution of (1) for a certain @*, h* (depending on v*, h¥) of this kind:

—(hF)=  fort €0, At],
oF =0 forte[0,At]U (1 — At 1], hf =140 for t € (At, 1 — At],
(hF)*+ for t € (1 — At,1].

Step 2.2: We now prove three properties of jil¥l:
1. ¥ drives po to gl ie. (ilF, 5%, hF) € V (o, u{). Indeed, transformations D, £, R do not change
initial and final times.

2. It holds B+? [[ﬂk], ok, Bk] < Bt [,u[k],vk, hk]. Indeed, it is easy to prove the following properties
B Dy, 0, h)] = B [0, h], B [Lo( v, h)] < B v, h], B [Re(,v,h)] < B [, v, h].
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3. It holds T;’b <M07 u[lk]> < Bt {[ﬂk],ﬁk, Bk} Observing the explicit structure of %! in which one has

remove of mass in [0, A¢], then transport in [At, 1 — At], then creation of mass in [1 — At, 1] one can take

il < 67 = po, il 4 < il = T and iy = Bfy g #ik) to estimate

2
75" (o) < 0@ (17 = )+ 1l = Al al) + 2w Gl il ). (24)

Using the standard Benamou-Brenier formula (12) for the last term and the change of variable 7 — t =
(1 —2A¢)T + At, we have

1 1
Wi (i) < 020 [Cao ([ alate) < [ ([ aliate).

that, applied to (24), gives T;’b <M07,u[1k]> < Bt [ﬁ[k],ﬁk, Bk}

Step 2.3: We now prove T4 (119, 1) < B [, v, h]. For each k it holds T2 <;Lo, u[lk]> < Bab {ﬂ[k],ﬁk, ﬁk] <

Bt [ (K] ok hk]. Since limy |W2a’b (M07M[1k]) - W;’b (o, p1) | < limy, Wza’b (,u[lk],ul) < limy, d(u*, p) =
0, then limy 75" (,uo, [k]) T3 (1o, p11). Then

T2a7b (MOv /’Ll) = liinT;’b (,U/(), :u[lk]) S 111?1 Ba7b [M[k]a Uk7 hk:l = Ba’b [:ua v, h] .

Step 3. We now prove that T;’b (po, p11) < B [u, v, h], with less regularity requirement. For h, we
pass from L to L' regularity. On the side of v, we pass from Lipschitz continuity with respect to space
and uniform boundedness to v; € L2(dt duy).

First, one can easily pass from the case of h in L™ to the case of h in L'. The idea is to define pl¥!
as in Step 1, and to provide similar estimates. Instead of a global constant P, one needs to define

(n+1)27F
pk = / dt|hy|,

2—k
then prove
wal (ke < 2ap* + bMmAt 25
2 nAt7'u'TLAt+T — apn+ m . ( )
and
Wi () e oy ae) < 2wt (WIS, alE, ) + el Auhpl + bALMpf,

This implies
1
Wit (s ) < sooret ([ aeing ) 2
0

hence, summing up, we have

W (u[k]’#[ku]) < dap(27FHY) £ 02k

with Cy := 4bMm + 6bMel/? <f01 dt|ht|) and ¥(e) 1= Sup;eo,1_e] fttﬁ |ht| that satisfies ¢(e) — 0 for

e — 0. Hence u* is a Cauchy sequence in C([0,1], M).

Both the proofs that the limit z* = limy, ul¥! coincides with y and that B®? [u’ﬁ vk, hk] — B* [y, v, h]
can be obtained by following the estimates of Part 1.

We now generalize our result to v € L?(dt du;). The proof is completely equivalent to the generaliza-
tion of the proof of the Benamou-Brenier formula given in [11, Theorem 8.1], Step 2. The main idea is
to introduce the variable m; := p,v;, where p; is the density of u;, and observe that pt|vt\2 = \mt|2/pt
is a convex function of p;, m;. Then, we write B%" [, m, h] with an abuse of notation, and observe that
it is convex with respect to its arguments. The presence of the term h makes no difference on this point
with respect to [11, Theorem 8.1], Step 2.
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Summing up, we have
Tg’b (po, p1) = ;im TQ“’b (MS‘,M{‘) < lim B*® [,u)‘,m)‘, h] < B** [, m, h]
—0 A—0

with h € L(dt du;) and v, € L?(dt duy).
Inequailty <. We now prove the reverse inequality inf {B“’b [, v, 0] | (p,v,h) € V (1o, ,ul)} < T;’b (10, p1) ,

by giving a sequence (u*, v¥, h¥) realizing the equality at the limit. First of all, observe that there exists®
a choice [ig, ;11 such that

T;»b (/J’Owul) = a’2 (|/1‘0 - /10| + ‘;ul - /11|)2 + b2W22(ﬂ07/7’1)7

and with fig < po, i1 < v1. Define 9 to be the optimal map realizing W3 (fio, fi1), that exists since
fio, i1 € Mg, Also define (see [11])

bi(@) = (1 =tz +tp(x),  of = —=1d)oyt, i = Peffio,
and recall that (1, v*) is the choice realizing the equality in the standard Benamou-Brenier formula (12),
ie.
W3 (o, i) = Alji, v°].
Then, write a dynamics first driving po to fip via removal of mass, then fig to fi; via push-forward

of measure, and finally fi; to p; with creation of mass. More precisely, fix an integer k, At := 27% and
define v*, h¥ as follows:

1 ~
. 0 for t € [0,A)U(1— A1), —At" (no — o) for £ € [0, A1,
oF = (1= 2A0)~10%, ., for t € (At,1— A, hi =<0 B ) for t € (At,1 — At],
T-2A% At (Ul — /J,l) for t € [1 — At, 1]

The corresponding solution z* of (1) with vector field v* and source h* satisfies (u*,v*, h*) € V (1o, 1)
and

1 1 1
/dt(/ d|hk|)=|uo—/:eo|+|m—m, W3 i) = [ d(/ dm:|2)=<1—mt>/ dt(/ dutw’:P).
0 Rd 0 R4 0 Rd

One then has
B [ 0¥ 1] = a2 (o — fiol + lia — in])? + 621 — 2407 W2 (o, fin) < (1 — 274 T8 (g, )
Passing to the limit, we have the result
inf {B [, 0. 1] | (0, h) € Vo, )} < im B [F, o, h¥] < T3 (g, ) -
O
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8 The result can be proven even without assuming the existence of fio, fi1, via a double limit and a diagonal-
ization argument.
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