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Abstract

Inspired by the notion of critical points for DC functions and given two mappings P
and @, we introduce the concept of critical points in the fired-point context and design
and algorithm for finding such points. Connections are then made with the DC opti-
mization case. We show that the proposed Algorithmic approach coincides with the
celebrate DCA introduced by Pham Dinh Tao. The case of maximal monotone opera-
tors is also stated and investigated via a characterization of their associated resolvents.
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1 Introduction and preliminaries

DC Programming and DCA were introduced by Pham Dinh Tao in 1985 in their preliminary
form and extensively developed by Le Thi Hoai An and Pham Dinh Tao since 1994 to become
now classical, see for example [1] and references therein. Their original key idea relies on
the DC structure of the objective function in nonconvex programs which are explored and
exploited in a deep and suitable way.

A DC program is of the form :

(P) inf{f(z):=g(z)—h(z) :x € X},

with g, h two proper, convex and lower semicontinuous functions.

Such a function f is called a DC function. DC programming provided an extension of convex
programming, not too large to still allow using convex analysis and convex optimization tools
but sufficiently wide to cover most real world nonconvex problems. The convexity of the two
DC components g and h of the objective function has been used to develop appropriate tools
from both theoretical and algorithmic viewpoints. The other support of this approach is the
DC duality, which has been first studied by J.F. Toland [9]. Many authors were interested
in solution algorithms and in local and global optimality conditions, relationships between
local and global solutions to primal DC programs and their dual, namely

(D) inf{h*(y) —g"(y) :y €Y},

where Y is the dual space of X, which can be identified with X itself, and g*(-) :=
sup,ex{(z,) — 9(2)},h*(-) := sup,cx{(z,-) — h(z)} denote the conjugate functions of g
and h, respectively.
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The complexity of DC programs resides on the lack of practical global optimality conditions.
So the following necessary local optimality conditions for (P) were developed:

dg(z) N Oh(y) # 0, (1)
such a point Z is called a critical point of g — h or for (P), and
9g() C Oh(y). (2)

The condition (2) is also sufficient for many important classes of DC programs, [1] and
references therein.

Based on local optimality conditions and duality in DC programming, the DCA intro-
duced by Pham Dinh Tao generates two sequences {zx} and {yx}, candidates to be optimal
solutions of the primal and dual programs respectively and {x} (resp. {yx} ) converges to
a solution Z of (P) (resp. a solution § of (D)) verifying local optimality conditions and such
that Z € dg*(); § € Oh(T).

These two sequences {zj} and {yx} are determined by the next scheme (DCA):

Yk € Oh(x); Try1 € 09 (Y)-

We are interested, in this short paper, in developing similar ideas in the fixed-point case.

2 Critical point notion and algorithmic aspect
To begin with, let us define critical points of two mappings.

Definition 2.1 Let P and Q be two given mappings defined on a Hilbert space H, a point
T is a critical point of (P, Q) if and only if

3y such that P(Z+7) =% = Q(Z + 7). (3)
This is equivalent, using the corresponding dual mappings, to

3y such that (I — P)(z+§) =5 = (I — Q)(Z + 7). (4)

Observe that when one of the two mappings is equal to the identity, for example Q = I,
relation (3) reduces to the following classical fixed point problem:

find Z such that & = P(Z).
Now, let us made the connection with DC programming.
Proposition 2.1 Let h and g be two given proper, convex and lower semicontinuous func-

tions on a Hilbert space H, then T is a critical point of their prozimal mappings if, and only
if, T is a critical point of g — h.
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Proof: Indeed, it is clear that

proxy (T +7) =T <y € Oh(T)
and

prozy(T +9y) =& <y € 0g(T).

From which the desired result follows.

Recall that the proximity of a function f is defined by
prozy(x) = (I+0f)~"(x) = argmin{f(2) + 1/2]|x — 2|},

Of(z) :=={az* €Y; f(z) > f(x) + (z*,z — x) Vz € X} denotes the subdifferential of f at .
O

In view of the definition of critical points, we are now ready to introduce our Algorithm:

Algorithm: Given zj, compute y; by
ye = (I = P)(yx + 1); ()

then, compute x4 by
Trr1 = Q(Yk + Tht1)- (6)

Remark 2.1 In the special case of the DC Optimization, the proposed Algorithm coincides
with the celebrate DCA introduced by Pham Dinh Tao. Indeed, by taking P = prox, and

Q = prozg.
yr = (I — proxp)(yr + xx) < yr = proxp-(yr + xx) < xf € OW* (yr) < yr € Oh(zy);

and
ZTit1 = prozg(Ys + Tit1) © Yk € 09(Thy1) © i1 € 09" (Y)-

The DC decomposition of a function is not unique. Indeed, we can write

g—h=(@g+¢)—(h+¢),

o being any convex finite function. So, we without loss of generality, we can assume that
g, h to be strongly convex which amounts to saying that their subdifferential operators are
strongly monotone which, in turn, ensures the fact that their proximal mappings are Banach
contractions, see for example [2]-Lemma 2.3.

We propose, the following convergence result in the case where the mappings @ and I — P
are assumed to be Banach contractions.

Theorem 2.2 Assume that Q and I—P are Banach contractions with constants o, 7 €]0,1],
respectively and such that c+7 < 1. Then the sequence {xy} strongly converges to the critical
point T of (P, Q) and {yx} strongly converges to § which solves the dual problem (/).
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Proof: Indeed, assumption on @ yields
[zr1 = 2| < ollzesr +ye — (@ + D),
from which, we deduce that
_ o _
lzrsr =2l < 37—y — 9. (7)
Likewise, assumption on I — P leads to

lyx = gll < 7llzk +ye — (@ + D),

from which, we infer that
-

I~ 91l < 2l — 2. Q
Combining inequalities (7) and (8), we obtain
|| |l < . — 2
Tht1 — T —————|zx — T
k+1 R T k
Since, by hypothesis x := % €]0,1[, we obtain the strong convergence of the se-
quence {x} to the critical point Z of (P, Q) and by passing to the limit in (8), we obtain
that {yx} strongly converges to § which solves the dual problem (4). |

Remark 2.2 i) The hypothesis on the dual operator I — P of P can be expressed in terms
of a condition on P. Indeed, it is easily seen that I — P is a T-contraction if, and only if, P
satisfies the following relation

1-5
2

1
(Pz — Py,x —y) > lz = yll* + 5l1Pz — Py|*, 9)
Clearly, P is both %—stmngly monotone and %cocoercive.
it) We would like to emphasize that this type of hypothesis can be relazed by assuming, for
example, I — P satisfying, for some 7 €]0,1[ and k € [0, 1], the following assumption

I(I = P)(z) = (I = P)W)|| < 7llz =yl + £l|P(2) = P(y)ll Ve, y, (10)

the condition on the parameters, in Theorem 2.2 should be replaced by (1 4+ 1)k + 0 < 1.
Obviously we can do so for both operators Q and I — P with an appropriate condition on
the parameters.

In the DC optimization case, we have the following result:

Proposition 2.3 Let h and g be two given proper, convex and lower semicontinuous func-
tions on a Hilbert space H. Assume that h is k-strongly convexr and g differentiable with
L-Lipschitz gradient and 0 < L < k. Then the sequence {x} strongly converges to the
eritical point T of g—h and {yx} strongly converges to § which is a critical point of the dual
problem.
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Proof: The function h is k-strongly convex is equivalent to the fact that its subdifferential
operator dh is k-strongly monotone which is equivalent, in turn, to the fact that the associ-
ated proximal mapping, prozxy, is a Banach contraction with constant 1_%&, see for example
[4]-xi-Theorem 2.1. On the other hand, it is well known that the assumptions on g are

equivalent to the %—strong convexity of its conjugate function g* and thus to the property

of Banach contraction with constant H% of its associated proximity mapping, see for in-
stance [4]-xii-Theorem 2.1. The result follows by applying Theorem 2.2, since the condition
on the parameters is fulfilled. Indeed the assumption on the parameters in Theorem 2.2, in

this case, reduces to 0 < L < K. O

Remark 2.3 We would like to emphasize that by particularizing Theorem 2.2 to DC' pro-
gramming, we obtain in fact a more general result than proposition 2.3. We will develop it
below in the more general setting of monotone operators. We will see that assumptions on
h and g can be replaced respectively by the following weaker conditions:

— 72 1
(u—v,e—y) 2 -5l ylI* - llu— ol|* Va,y Yu € dh(z),v € Oh(y) (11)
and
—0? 1
<U—U,33—y> > 202 ||U—UH2—§H$—yH2 Vx,quE@g(m),veag(y) (12)

3 Maximal Monotone Operators

It is well known that firmly nonexpansive mappings are important in fixed-point theory,
because of the correspondance with maximal monotone operators. Let A be a multivalued
maximal monotone operator, we denote by Ja := (I + A)~! its resolvent. Observe that
when A = 0f with f a proper, convex and lower semicontinuous function, Jss is nothing
but proxy the proximal mapping of f. Recall also the following resolvent identity

I=Ja+ Js-1,

A~! being the inverse operator of A. Note also that if A = Of, then its inverse A~! =
(0f)~' = 9f* and the resolvent equation takes the following form to I = proxs + prox -.

Now, let us state a characterization, proposed in [4]-xiii-Theorem2.1, of the Banach con-
traction of the resolvent of a maximal monotone operator B in terms of a property of B:
Fact 1: The resolvent operator Jp is a Banach contraction with constant 7 €]0, 1] if, and

only, if the operator B satisfies the following relation

1— 72

1
Yo,y Vu € B(x),v € B(y) (u—v,x—y)=> lz = yl* = Sl —vl®. (13)

= 272

Observe that this class of operators is more large than that of strongly monotone ones.
Furthermore, given a maximal monotone operator A, we deduce the following dual fact:
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Fact 2: T — J4 = J4-1 is a Banach contraction with constant o €]0, 1] if, and only, if the
operator A satisfies the following relation

2

1—0 1
Y,y Vu € Alz),v € Aly) {u-v,z—y) > oo fu—ol? = Jle-yl?  (14)

clearly this class of operators is more large than that of cocoercive ones.

These classes were used to proving the convergence of some algorithms for variational and
systems of inequalities, see for instance [10] and references therein.

Now by taking P = Jp,Q = J4 with A, B two maximal monotone operator, a simple
computation shows that:

Proposition 3.1

T is a critical point of (Ja,Jg) < A(Z) N B(Z) # 0,
which is nothing but the definition of T a critical point of A — B, see for example [7].
We have the following convergence result:

Proposition 3.2 Let B and A be two given maximal monotone operators on a Hilbert space
H verifying (13) and (14), respectively and assume that T+ o < 1. Then the sequence {xy}
strongly converges to the critical point T of A — B and {yr} strongly converges to § which
1s a critical point of the dual problem.

Proof: The proof follows by using Fact 1, Fact 2 and by applying Theorem 2.2 with P = J4
and Q = Jp. m]

Remark 3.1 We can obtain the definition of critical points for two equilibrium bifunction
(F,G) by means of the well-known associated monotone operators or resolvents. A simple
computation show that a critical point T for (F,G) can be defined as

3y such that V¢ (y,£ —Z) < min (F(f,f),G(f,f)).

But it is more challenging to finding other classes of mappings R bigger than that (respec-
tively its dual) of operators satisfying for example, for some T €]0,1] and k € [0,1], the
following relation

[1R(z) = R(y)|| < olle =yl + &[T = B)(z) — (I = R)(y)|| Vo, y with 20 +r <1,

assuring the convergence of the proposed algorithm in the context of fixed-points and also in
the DC' Optimization setting. Since we have at our disposal nice mathematical concepts and
properties like essential strict convexity, Legendre functions, duality between strong convezity
and strong smoothness with their local versions, see for instance [3] and [5]. Duality between
strong convexity and strong smoothness plays a key role, for example, in applications to
logarithmic regret in strongly convex repeated games and regret bound in machine learning,
see for example [6] and [8] and references therein.
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