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Spin-transfer torque and topological changes
of magnetic textures
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Aix-Marseille Université, IM2NP, Campus St Jérôme, service 142,
13387 Marseille, France

Abstract: The electric manipulation of magnetic textures in nanostructures, important for
applications in spintronics, can be realized through the spin-transfer torque mechanism: a
spin-polarized current can modify the magnetization of skyrmions and magnetic vortices, and
eventually change the topology of the magnetization. The spin-transfer torque and the intrinsic
space and time scales of the topological changes are essentially quantum mechanical. We model
the interaction between itinerant and fixed spins with a simple tight-binding hamiltonian in a
square lattice. The dynamics is described by the Schrödinger equation for the electrons and
the Landau-Lifshitz equation for the evolution of the magnetic texture. We investigate the
phenomenology of the topological change of a Belavin-Polyakov skyrmion under the action of
a spin-polarized current and show that adding an exchange dissipation term, regularizes the
transition towards a ferromagnetic state.
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1. INTRODUCTION

The equilibrium magnetization field in ferromagnetic nan-
odots and in helical metals, often possesses a nontrivial
topology. Magnetic vortices in permalloy [Van Waeyen-
berge et al. (2006)] and skyrmion lattices in transition
metal compounds [Muhlbauer et al. (2009)] were exper-
imentally observed. These configurations are interesting
because a change between states having different topolo-
gies (switching of the vortex core, motions and annihila-
tion of skyrmions), can be used as basic states in non-
volatile memories and spintronic devices [Romming et al.
(2013)]. The basic physical mechanism that can trigger
these topological changes, without magnetic fields, is the
spin-transfer torque [Ralph and Stiles (2008)]. It describes
the interaction between itinerant spins s, produced by
a spin-polarized current js, and the magnetic moments
(fixed spins S) of the magnetic material, when the un-
derlying magnetization is non-uniform. Within the frame-
work of micromagnetism, to account for the spin-transfer
torque one has to extend the usual Landau-Lifshitz equa-
tion [Landau and Lifshitz (1935)] with terms proportional
to the current and the magnetization gradients js · ∇S
[Zhang and Li (2004)]. However, this approach neglects
strong non-adiabatic effects, such as the generation of
current inhomogeneities due the scattering of electrons
on the magnetization gradients. In order to investigate
these effects, we recently proposed a self-consistent model,
where electrons obey to quantum dynamics [Elías and
Verga (2014)]. Here we develop further this model, and
investigate the influence of dissipation.

In this paper we are interested in the skyrmion-ferromag-
netic transition induced by a polarized current. The basic
magnetic texture is taken to be a stabilized lattice version
of the Belavin-Polyakov [Belavin and Polyakov (1975)]
skyrmion in a periodic system. After a presentation of the

basic equations coupling the Schrödinger equation for the
itinerant spins (electrons) to the Landau-Lifshitz equation
for the ferromagnetic spins (fixed classical magnetic mo-
ments), defined on a square lattice, we present a qualitative
model to show the basic mechanism of the transition. The
transition from the skyrmion state to the ferromagnetic
state implies a change in topology, and thus a violation
of the topological charge conservation. This is possible
because of the large fluctuations of the electron spin field
(it acts a stochastic perturbation to the magnetization
field) and because of the discreteness of the system (the
lattice constant introduces a microscopic length cutoff).
We performed a series of numerical computations to study
the phenomenology of the transition and to identify the
mechanism of the topological change.

2. MODEL

The motion of an electron in a lattice of step a and size
L2 is given by the Heisenberg equation for the two com-
ponents (for the spin up and down) annihilation operator
ci at site i,

iċi(t) = He(t, Si)ci(t) , (1)
where He is the time dependent hamiltonian,

He = −ε
∑
〈i,j〉

eiφi,j(t)c†i cj − Js
∑
i

Si · (c†iσci)

−Bp ·
∑
i

c†iσci (2)

where the fixed Si and itinerant spins c†iσci (σ is the
vector of Pauli matrices) are coupled by the exchange
constant Js; ε is the energy to jump from site i =
(xi, yi)/a = xi/a to its neighbor j. The system is subject
to a constant electric field E in the x-direction, responsible
of the phase factor appearing in the kinetic energy term,
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Figure 1. Skyrmions of topological charge Q = 1 and size λ defined by the stereographic projection on the complex plane
w = w(z), for (left) w = z/λ, (center) w = (1 + i)z/λ, and (right) w = (1− i)z/λ. Arrows give the magnetization
in the plane, and color, from blue to red, gives its z-component: at the center S = (0, 0, 1). A constant z-polarized
current induces the precession of the skyrmion magnetization and tends to reduce it core size.

φi,j(t) = (i− j) · x̂ eaEt
~

(with−e the electron charge). The last term in (2) contains
the current polarization effective magnetic field Bp in
energy units.

The magnetic texture follows the dynamics given by the
Landau-Lifshitz equation,

∂

∂t
Si = Si × (fi − αSi × fi + Jssi)− β∇2fi , (3)

where the effective field,

fi = −δHS

δSi
, (4)

is derived from the coarse-grained free energy,

HS =
J

2

∑
i

(∇Si)2 +
K

2

∑
i

S2
zi−

D

2

∑
i

Si · (∇×Si) (5)

J is the Heisenberg exchange constant,K is the anisotropy
(easy-plane if positive, and easy-axis if negative), and D is
the Dzyaloshinski-Moriya spin-orbit coupling energy. The
term in β represents a dissipation of the magnetization re-
lated to the exchange energy (proportional to the gradients
∇Si) [Baryakhtar et al. (1997)]. This equation is coupled
to the equation for the electrons through the torque in
Js, where the electron spin is computed by the formula
si(t) = 〈c†i (t)σci(t)〉 where the braket is for the quan-
tum mean value. We use periodic boundary conditions in
order to have a well defined topology. Note that ∇ is a
difference operator acting on the lattice sites. In practice,
the difference operators are computed in Fourier space
and transformed to the lattice space. In units such that
ε = a = ~ = e = 1, typical parameters are: Js = 1,
J = 0.4, K = D = 0 (for the Belavin-Polyakov skyrmion),
Bp = ne = 0.1, L = 128.

Without the dissipation term, the system (1-5) conserves
the magnetization modulus |S| = 1, and the topological
charge Q = Q(t),

Q =

∫
dx

4π
q(x, t), Q+ =

∫
dx

4π
|q(x, t)|,

q = S · ∂xS × ∂yS , (6)

where the integration is over the lattice; Q+(t) is a rough
measure of the number of vortices.

3. SKYRMION

To study the skyrmion-ferromagnetic transition it is con-
venient to work in the continuous limit, and to transform
the magnetization field (which has only two independent
components) by the stereographic projection:

Sx =
w + w̄

1 + |w|2
, Sy =

1

i

w − w̄
1 + |w|2

, Sz =
1− |w|2

1 + |w|2
, (7)

with

w =
Sx + iSy
1 + Sz

. (8)

When Sz = 1, w goes to zero, and in the opposite pole,
Sz = −1, w goes to infinity. This projection maps the
vector field over the unit sphere S = S(x, t) to the field
over the complex plane w = w(z, z̄, t) (where z = x+ iy).
The Landau-Lifshitz equation, in absence of dissipation,
becomes,

i∂tw = −J∂∂̄w +
2Jw̄

1 + |w|2
∂w∂̄w

− 1
2s+ + szw + 1

2s−w
2 , (9)

(only the exchange field is considered here) where we
defined the complex derivative ∂ = ∂/∂x − i∂/∂y an its
complex conjugate ∂̄. The second line in (9) corresponds
to the spin-transfer torque term, where s± = sx ± isy.
Equilibrium solutions of (9) are arbitrary analytic func-
tions w = w(z) and s = 0. The simplest one is the simple
zero, w = z/λ, the Belavin-Polyakov skyrmion of charge
Q = 1, centered at the origin and of characteristic size
λ ∈ R (spin up at the origin and spin down at infinity).

In order to investigate how the spin torque perturbs the
skyrmion state w = z/λ, we focus on two simple limiting
cases: first, small deviations from the skyrmion state by
a uniform polarized current s = (0, 0, sz); and second, a
small circular region around the skyrmion core relevant
to track the transition towards the ferromagnetic state
|w| → ∞.
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Figure 2. Topological charge Q as a function of time (in adimensional units) for different values of the exchange
dissipation parameter: (left) β = 0.1, (center) β = 0.01, and (right) β = 0.001. The red line is for Q+. The initial
skyrmion charge is Q = −1, and the current is polarized in the −z direction. The change from Q = −1 to Q = 0
corresponds to a transition from the skyrmion to the ferromagnetic sate. Decreasing the dissipation strength results
in an increase of the time necessary to reach the transition: t =1236, 1748 and 5936, for β =0.1, 0.01 and 0.001,
respectively. The electric field is E = 10−3.
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Figure 3. Phenomenology of the topological transition. Contours of Sz (fixed spins), arrows of (sx, sy) (itinerant spins),
and color density of the topological b-field. The dissipation is (left) β = 0.1, (center) β = 0.01, and (right)
β = 0.001. The transition towards the ferromagnetic state is correlated with the appearance of intense b-field
structures possessing a topological charge opposite to one of the skyrmion texture.

In the first case, we linearize (9) around the skyrmion
state, w = z/λ+ f(z, z̄, t):

i∂tf = −J∂∂̄f +
2Jz̄

λ2 + |z|2
∂̄f +

sz
λ
z , (10)

the spin torque appears as a source term in this approxi-
mation. An interesting particular solution is readily found:

f = f0(z, t) = −i
szt

λ
z .

The pure imaginary factor has the effect of changing the
orientation of the magnetization field around the center
of the skyrmion, passing successively in time from left to
right chirality (as shown in Fig. 1). A sequence observed
in the numerical simulations, in addition to the fact that
the effective size of the core reduces: λ → λ/

√
1 + (szt)2

(even if, for long times, the perturbation analysis ceases
its validity).

We turn now to the second case, for which we assume that
the collapse of the skyrmion core is radially symmetric
w = w(r, t), with r the polar radius. We are interested

in the asymptotic limit of very large |w|, and propose a
self-similar form [Zakharov (1972)]:

w(r, t) =
1

(t∗ − t)α
f

(
r

(t∗ − t)β

)
(11)

to describe the approach of w to infinity (when t→ t∗, t∗
is the collapse time). Equation (9) becomes,

i∂tw(r, t) = −J
r
∂r(r∂rw) +

2J

w
(∂rw)2 + 1

2s−w
2 (12)

Inserting ansatz (11) into (12) one obtains, two conditions
that determine the unknown exponents:

α = 1 , β = 1/2 . (13)

It is worth noting that the exchange interaction, which is
scale invariant, do not permit to select the α exponent;
its value is determined by the coupling term with the spin
polarized current. A crude estimation of the finite time
singularity is t∗ ∼ λ/s0a, where s0 ∼ neBp is the typical
itinerant spin strength per site.



4. RESULTS

We investigate now, the role of dissipation in the transition
towards the ferromagnetic state, using the numerical com-
putation of equations (1) and (3). The first effect of the
dissipation is to break the invariance of the topological
charge. We observe in particular that the exchange dis-
sipation term favorises the transition from the skyrmion
state to the ferromagnetic state. Indeed, we plot in Fig. 2
the evolution of the topological charge as a function of
the dissipation strength. In addition to the increasing
stability of the skyrmion state, it is worth noting that
the characteristic transition time sharply increases with
dissipation. This is, as expected, a regularization effect. In
the limit of vanishing dissipation the transition produces,
ultimately, by the change of a single spin.

A quantitative explanation of the mechanism behind the
transition is based on the behavior of the electron spins.
As we can observe in Fig. 3, although the electrons
dynamics is almost stochastic (due to multiple scattering
and interference effects), their spins organize near the
skyrmion core. This can be verified by measuring the
topological b-field, defined in a similar way as the density
q of topological charge, but substituting s to S:

b = n · ∂xn× ∂yn, n = s/|s| ; (14)

represented in figure 3 by the color density. We verify
that the transition is associated with the nucleation of a
well localized electron vortex having a topological charge
density opposite to the one of the background skyrmion
(the white spots that appear near the skyrmion core at
times t = 1100, 1748, 5936 for the three values of the
dissipation, respectively). We remark, that in spite of
the dissipation, the characteristic length scale of these
structures is comparable with a few lattice steps.

5. CONCLUSION

We investigated the transition between a skyrmion state
and a ferromagnetic state driven by a spin polarized elec-
tron current. We demonstrated that the torque exerted by
the itinerant spins modifies the distribution of the mag-
netization around the skyrmion core, and tends initially
to reduce its size. When the system is dominated by the
exchange interaction, a self-similar collapse of the core in a
finite time produces, changing the topology of the system.
In addition, this topological change strongly depends on
the dissipation mechanism. In absence of dissipation the
collapse time explicitly depends on the lattice cutoff. At
variance, in the case where dissipation is effective, the
singularity tends to regularize, and the life time of the
skyrmion state reduces with increasing dissipation. How-
ever, the microscopic mechanism of topological change is in
the dissipative case, similar to the nondissipative one (even
if the time and length scales may differ). It is related to the
appearance of a peculiar electronic structure possessing
a net charge opposite to the one in the skyrmion. The
synchronization of the fixed spins with this electron vorti-
cal structure, leads to the annihilation of the topological
charge, which pass from its initial value Q = −1 (skyrmion
state) to zero (homogeneous ferromagnetic state).
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