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Frequent measurements can modify the decay of an unstable quantum state with respect to
the free dynamics given by Fermi’s golden rule. In a landmark article, Nature 405, 546 (2000),
Kofman and Kurizki concluded that in quantum decay processes, acceleration of the decay by
frequent measurements, called the quantum anti-Zeno effect (AZE), appears to be ubiquitous, while
its counterpart, the quantum Zeno effect, is unattainable. However, up to now there have been
no experimental observations of the AZE for atomic radiative decay (spontaneous emission) in free
space. In this work, making use of analytical results available for hydrogen-like atoms, we find that in
free space, only non-electric-dipolar transitions should present an observable AZE, revealing that this
effect is consequently much less ubiquitous than first predicted. We then propose an experimental
scheme for AZE observation, involving the electric quadrupole transition between Ds,5 and S,z in
the heaviest alkali-earth ions Ca™, Sr™ or Yb™. The proposed protocol is based on the STIRAP
technique which acts like a dephasing quasi-measurement.

I. INTRODUCTION

One of the more peculiar features of quantum mechan-
ics is that the measurement process can modify the evo-
lution of a quantum system. The archetypes of this phe-
nomenon are the quantum Zeno effect (QZE) and the
quantum anti-Zeno effect (AZE) [1, 2]. The QZE refers
to the inhibition of the decay of an unstable quantum sys-
tem due to frequent measurements [3], and was observed
experimentally for the first time with trapped ions [4, 5]
and more recently in cold neutral atoms [6]. The opposite
effect, where the decay is accelerated by frequent mea-
surements, was first called the AZE in Ref. [7], and was
discovered theoretically for spontaneous emission in cav-
ities [8, 9], and first observed in a tunneling experiment
with cold atoms (along with the QZE) [10], and recently
with a single superconducting qubit coupled to a waveg-
uide cavity [11]. However, despite predictions that the
AZE should be much more ubiquitous than the QZE in
radiative decay processes [1], it has never been observed
to our knowledge for atomic radiative decay (spontaneous
emission) in free space.

Here, we investigate the case of hydrogen-like atoms,
for which the exact expression of the coupling between
the atom and the free radiative field (¢f. [12, 13]) allows
us to derive an analytic expression for the measurement-
modified decay rate. From this, we find that only non-
electric-dipole transitions can exhibit the AZE in free
space (i.e. non-dipole electric transitions and magnetic
transitions of any multipolar order), which drastically
limits the experimental possibilities to observe this effect.
We start with a brief review of the general formal results
about the measurement-modified decay rate in Sec. II,
and we then apply, in Sec. III, this general framework to
the case of electronic transitions in hydrogen-like atoms
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to derive an analytic expression of the measurement-
modified decay rate in free space. Then, we discuss the
experimental realizability of the described phenomenon
in Sec. IV, and we identify a potential candidate: the
electric quadrupole transition between Ds/5 and S5 in
Ca™, Sr™ or Yb*. Conclusions are finally given in Sec. V.

II. MONITORED SPONTANEOUS EMISSION:
GENERAL ANALYSIS

We consider a two-level atom in free space, consisting
of a ground state |g) and an excited state |e) separated
by the energy hwy, and initially prepared in |e). Due to
the coupling with the modes of the electromagnetic (EM)
reservoir, the atom will naturally decay to the ground
state |g), with a survival probability to stay in the initial
state |e) given by P(t) = exp(—I't) [14]. For the free dy-
namics (i.e. without measurements), only the EM modes
with a frequency equal to the atomic resonant frequency
wo contribute to the decay, and the decay rate I' can be
calculated by the Fermi’s golden rule (FGR) [14]. This
natural decay rate will be denoted by I'g in the following.

In Ref. [1], Kofman and Kurizki showed that frequent
measurements on an excited two-level atom, i.e. re-
peated instantaneous projections onto the state |e), lead
to a broadening of its energy level, analogous to colli-
sional broadening. Therefore, the atom probes a larger
range of EM modes in the reservoir spectrum, and these
new decay channels might modify the dynamics. Specif-
ically, it was shown that if frequent measurements are
performed at short intervals 7, the dynamics still fol-
lows an exponential decay (see Ref. [15] for a discussion
about non-exponential decay), but with a measurement-
modified decay rate given by [1]

Fsz/OOOdwFT(w—wO)R(w). (1)

In Eq. (1), the function R(w) represents the reservoir



coupling spectrum and is written

R(w)=h"2) (e, 01 Hylg. 1) Po(w —wi)  (2)
k

where |g, 1) = |g) ® |1x) is the outer product between
the atomic state |g) and the state of the EM field |1)
containing one photon in the mode labelled by k, |e, 0) =
le) ® |0) is the outer product between the atomic state
le) and the vacuum state of the EM field |0), and H; is
the interaction Hamiltonian. The function F;(w — wo),
on the other hand, corresponds to the broadened spectral
profile of the atom due to the frequent measurements at
a rate v = 1/7, and takes the form

Fr(w—wy) = T sinc? ((w - wo)z) (3)
2 2

with sinc(z) = sin(z)/z (note that the spectral profile
function can be generalized to the case where no as-
sumption is made beforehand about the state that is be-
ing repeatedly prepared [16]). A graph of F, (w — wo)
is shown on Fig. 1 (a) (orange line). Note that when
v = 0, Fr (w—wy) — d(w—wp) and Eq. (1) gives:
I' = 27 R(wp), which is the natural decay rate given by
the FGR Ty = 27 R(wg), where only the single photon
states of frequency wqy contribute to the decay.

From Eq. (1), one can see that the measurement-
modified decay rate corresponds to the overlap between
the functions R(w) and F, (w —wyp), and therefore de-
pending on the profile of R(w) in the interval around
wo, the system may experience an acceleration (I' > Ty,
AZE) or a deceleration (I' < T'y, QZE) of the decay com-
pared to the measurement-free decay. In the following,
we aim at investigating the case of hydrogen-like atoms
coupled to the free space EM field, for which the function
R(w) can be calculated analytically. This will allow us to
highlight the conditions for an AZE observation in such
systems.

III. QUANTUM ANTI-ZENO EFFECT IN
HYDROGEN-LIKE ATOMS

A. Reservoir coupling spectrum for hydrogen-like
atoms

For hydrogen-like atoms in free space, it is useful to
write the states of the atom in terms of the multipo-
lar modes |g) = |ng,ly, mg) and |e) = |ne, lo, me) where
each atomic state is described by three discrete quan-
tum numbers n;, I; and m; which are respectively the
principal quantum number, the angular momentum and
the magnetic quantum number, and to write the pho-
ton states in the energy-angular momentum basis [12-14]
1) = |J, M, A\, w) where a photon is characterized by its
angular momentum J and magnetic quantum number
M, its helicity A\ and its frequency w. By making use
of the interaction Hamiltonian in the minimal-coupling
form together with the rotating wave approximation, one

can obtain an analytic expression for the reservoir cou-
pling spectrum (2) for hydrogen-like atoms in free space
(the effects of the RWA on the QZE and AZE have been
discussed in Refs. [17, 18], showing no essential differ-
ences between the predictions made with and without
the RWA). Based on the exact calculations (in the non-
relativistic approximation) of the matrix elements ini-
tiated by Moses [12] and completed by Seke [13], the
reservoir coupling spectrum reads (see Appendix A for
details)

Ny
Dy, wnIH2r
Ry(w) = Z 3

— wnJ—i-Qr—l 27 H
r=0 X 1+ (i)

where 1y = 1 + 2J for magnetic transitions, and 7; =
—1 + 2J for electric transitions with J = 1 for a dipole
transition, J = 2 for a quadrupole transition and so on;
t=2(ng +ne—1); Dy, are dimensionless constants in-
volving the Clebsch-Gordan coefficients of the transition
under consideration; and wyx is the non-relativistic cut-
off frequency that emerges naturally from calculations
[19, 20] and reads [13]:

wx = (1+1) ‘g (5)

ng MNe/ Qg

(4)

with ag the Bohr radius and Z the atomic number.
Finally, the index at which the sum is terminated is
Ny =2Mne+ng) —4—J —1ls— 1y — e with ¢ = 0 for
electric transitions and € = 1 for magnetic transitions.
Combining Egs. (1) and (4) is possible within a two-
level treatment because, for two given levels, no photon
of angular momentum lower than the difference between
the angular momenta of the two levels can be emitted.
This is due to the selection rules, and is confirmed in
the exact coupling matrix elements [12, 13]. As a re-
sult, for instance, a dipolar process cannot intervene in a
quadrupole/octupole/etc. transition. We will discuss the
appropriateness of the two-level treatment in Sec. IV A.
For simplicity, we first consider transitions for which
Ny = 0. This corresponds for instance to transitions
between the 1S state and a state of maximal angular
momentum. In that case, Eq. (4) reduces to

D w' ; (6)

= -1
)]
wx

where we defined D = Djy and n = n;. This reservoir
coupling spectrum is sketched on Fig. 1 (a). The parame-
ters n, p and wx corresponding to the electric transitions
2P-1S (dipole), 3D-1S (quadrupole) or 4F-15 (octupole)
whose reservoir coupling spectrum is of the form (6) are
given in Table I.

B. Analytical results for wo < wx

In this section, we want to derive an analytical expres-
sion of the decay rate (1) to see how it scales with the



|e> Ihu

o —

lg) =

reservoir

FIG. 1. (a) Scheme of the broadened spectral profile F;(w — wo) (orange line) of an atom with transition frequency wo due
to repeated measurements at a rate v = 1/7 with 7 the interval between each measurement, and reservoir coupling spectrum

R(w) (blue line) of the form of Eq. (6) with a cutoff frequency wx > wo.

(b) Scheme of the broadened spectral profile

F;(w — wo) (orange line) and its resonant [F7*(w — wo) = 1/(27v) for —mv < w —wo < 7v (green dashed line)] and tail
[FEi (w —wp) = v/[m(w —wo)?] for w —wo > v (red dashed line)] approximations. The inset shows that the energy broadening
of |e), induced by the frequent measurements at rate v, changes its decay into the EM reservoir.

Transitions 2P-1S5 3D-1S 4F-1S

n 1 3 5
n 4 6 8
wx/wo  548.1 411.1 3654

TABLE 1. Parameters of the reservoir spectrum given by
Eq. (6) for the electric transitions 2P-15 (dipole), 3D-1S
(quadrupole) or 4F-1S (octupole) in the hydrogen atom.

measurement rate v when the reservoir coupling spec-
trum is of the form of Eq. (6), in the case wy < wx
which is always respected for low-Z atoms. Indeed, us-
ing the Bohr formula for wy, the ratio between wgy and
the cutoff frequency wx can be written from Eq. (5) as

“ s (). )

wx Ng  Me

with a the fine structure constant of electrodynamics of
approximate value o ~ 1/137, whence we can see that
the assumption wy < wx makes sense for atoms with Z
moderately small.

The details of our derivation are given in Appendix B,
and we present the main ideas here. In the integral
T (Eq. (1)), we start by expanding (to all orders) the
numerator w” of the reservoir function R(w) (Eq. (6))
around the transition frequency wg. This binomial ex-
pansion yields a series of terms of the type (w — wo)k
with k integers between 0 and 7. We can then consider
that the total decay rate in Eq. (1) results from two con-
tributions. (i) A ‘resonant’ contribution I'"** coming from
the £k = 0 and k£ = 1 terms of the binomial expansion of
w", for which only the part of F, (w — wp) that probes
the reservoir R (w) in a frequency range of width ~ v
around wq contributes. This amounts to making the ap-
proximation that F; (w —wp) = 1/ (27v) in the interval
—7mv < w — wo < wr and vanishes elsewhere. With the
hierarchy wy < wx in mind, the resonant contribution

can then be calculated (see Appendix B)

I''es ~ 27

wo (8)

Wi
and is found to be equal to the natural decay rate I'y =
21 R(wo) ~ 27 Dw{! /w? ™" computed by the FGR. (ii) The
‘tail’ contribution I'**', which only exists if 7 > 1, comes
from all the terms with order 1 < k < 5, for which
F'il(w — wp) o< 1/(w — wp)? probes the entire reservoir
and has a non-negligible contribution. By approximat-
ing the square sine by its mean value 1/2, we can then
compute the tail contribution (see Appendix B)

e

r“l~pyB <1
2
where B refers to Euler’s Beta function and is a simple
numerical prefactor (roughly of the order of unity). Fi-
nally, the measurement-modified decay rate I' = '™ +
I'*ail normalized by the natural decay rate Iy yields the
result (partially obtained in Ref. [1]):

1 forn=1,
T n—1
— 1w (w 1— 1— 10
I 1*%70(7’5) B (43 +pu—t5n) (10

for n > 1.

In Appendix C, we show how this expression can be ex-
tended to the general form of R(w) given by Eq. (4):
the result is similar in terms of scaling with the different
parameters 7, v, wy and wy; and the Beta function is
simply replaced by a more complex numerical prefactor
(see Eq. (C3)).

C. Comparison between numerical and analytical
calculations and discussion

Before commenting on the scope of this result, we
first compare in Fig. 2 the analytical approximation of



I given by Eq. (10) to the numerical computation ™™
of Eq. (1) (using (3) and (6)) for three different reser-
voir coupling spectra R(w) corresponding to the electric
dipole (n = 1, in green), quadrupole (n = 3, in red) and
octupole (7 = 5, in blue) transitions whose parameters
are given in Table I. We can see a very good agree-
ment for the quadrupole and octupole transitions up to
v < 100 wg, and for the dipolar transition up to v < wg.
Note that in practice, it may not be feasible to reach such
high measurement rates as v ~ wp (particularly for opti-
cal transitions, c¢f. Sec. IV), and moreover, for v > wy,
the RWA is not valid anymore. Therefore, the analytical
results are revealed to be excellent in the regime of in-
terest v < wp with a relative error (™™ —T) /T™™™ Jess
than 2% for v/wg < 1072 in the three cases represented
on the plot.

Concerning the AZE, we can see that in the case of
the electric dipole transition, the AZE trend (I' > T')
appears only for v > wq (green curve) — which is not in-
teresting for experimental observations as just discussed,
whereas for the other transitions (red and blue curves),
the AZE is obtained already for v <« wg and can be
very strong. This has been overlooked in the past and
constitutes our main result: within the natural hierar-
chy wy < wx, we predict from our general Eq. (10) that
electric dipole transitions (n = 1) will not exhibit the
AZE, whereas the AZE can be expected for all other
types of electronic transitions (1 > 1). On the one hand,
as electric dipole transitions are arguably the most stan-
dard and studied type of electronic transitions in atoms,
these predictions make the AZE much less ubiquitous
than what had been stated in Ref. [1]. On the other
hand, we see from Eq. (10) that for all other transitions,
the ratio wx/wp > 1 may give rise, despite the ratio
v/wy < 1, to a strong anti-Zeno effect I' > T'g, partic-
ularly for high-order multipolar transitions. The goal of
the next section is to identify realistic systems suitable
for an AZE observation.

IV. EXPERIMENTAL PROPOSAL
A. Transition choice

The search for a possible candidate to observe the AZE
is framed by experimental constraints. Even if the AZE is
expected to be observable on magnetic dipolar transitions
and even more effective on electric octupolar transitions,
the very long natural lifetime (of the order of one year or
more) of the excited states involved in these transitions
makes them very inappropriate to lifetime measurement.
Therefore, in what follows, we focus on demonstrating
the AZE on an electric quadrupolar transition. The first
choice candidate to confirm the predictions derived for
hydrogenic atoms is the hydrogen atom itself, by trans-
ferring the atomic population to the lowest D state (the
3D state would play the role of the excited state |e)),
and frequently monitoring the excited state. A major
limit lies in the level scheme of hydrogen which allows

-5 L L L L L L
104 10 102 10" 10° 10’ 102 10% 10
v / wo

FIG. 2. Comparison between numerical (full lines) and an-
alytical (dotted lines) calculations of In(I'/Ts) as a function
of the normalized measurement rate v/wg for three differ-
ent electric transitions: dipole (n = 1, in green), quadrupole
(n = 3, in red) and octupole (n =5, in blue). The associated
parameters used for the function R(w) corresponding to these
transitions are displayed in Table I.

an atom in the 3D state to decay to the 2P states by a
strong dipolar transition. The lifetime of the 3D state is
then conditioned by its dipolar coupling to 2P and is not
limited by its quadrupolar coupling to 1.S. Therefore, no
measurable reduction of the lifetime due to the AZE is
expected. The same problem arises with Rydberg states,
which were originally proposed as promising candidates
[1] for AZE observation due to their transitions in the
microwave domain that favor the scaling in (1/wg)" of
Eq. (10) compared to optical frequencies. To circumvent
this problem of unwanted transitions, it is then essen-
tial to identify a metastable D state, which has no other
decay route to the ground state than the quadrupolar
transition. This can be found in the heaviest alkali-earth
ions like Ca™, Sr*, Yb* where the lowest D level is lower
in energy than any P level. The order of magnitude of
the lifetime of these D levels ranges from 1 ms to 1 s.

B. Measurement scheme and read-out

Concerning the measurements of the frequently moni-
tored excited state, ideal instantaneous projections on |e)
are not strictly required. Indeed, they amount in effect
to dephasing the level |e), that is, make the phase of state
le) completely random [1]. Different schemes were pro-
posed to emulate projective measurements in [1, 21, 22]
and performed in Ref. [11], for which Eq. (1) still holds.
Here, we propose an alternative protocol in the same
spirit of the “dephasing-only measurement” of [11]. In
this scheme, state |e) is the metastable state D5/, and
the dephasing measurement is driven by the transition
from D55 to D3 /o, by two lasers through the strong elec-
tric dipolar transitions to the common excited state Ps/o
(see Fig. 3) using a stimulated Raman adiabatic passage
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FIG. 3. Dephasing measurement and read-out schemes for
AZE observation in *°Ca™. The transition used for the AZE
is the electric quadrupole transition at 729 nm (red solid ar-
row). The dephasing measurement can be performed using a
STIRAP process between the D5,5 and D3/, states via two
strong electric dipole transitions D5/ — P3/2 at 854nm and
D3/ — P3/3 at 850 nm, both detuned from resonance (brown
dashed arrows) [24]. The read-out consists in observation
of laser induced fluorescence if the atom has decayed to the
ground state [25] (purple solid arrows).

(STIRAP) process [23]. If the two-photon Raman con-
dition is fulfilled (identical detuning for the two transi-
tions), the intermediate P/, state is not populated and
the population is trapped in a coherent superposition of
the two states Ds/o and D3/p. By changing the laser
power on each transition with appropriate time profile
and time delay, the atomic population can be transferred
between the two metastable D-states, like demonstrated
in Ref. [24]. After one transfer and return, state |e) thus
acquires a phase related to the phase of the two lasers.
By applying a random phase jump on one laser between
each completed STIRAP transfer, the phase coherence
of the excited state |e) is washed out, and a “dephasing”
measurement of the level |e) is performed.

To measure the effective lifetime of the Ds/o state,
the read-out of the internal state must be based on elec-
tronic states which do not interfere with Ds /5. For that
purpose, the electron-shelving scheme first proposed by
Dehmelt can be used [25]. It requires two other lasers,
coupling to the 51/2 — P]_/Q and to the D3/2 — Pl/g
transitions (see Fig. 3). When shining these two lasers
simultaneously, the observation of scattered photons at
the Sy /o — Py /o transition frequency is the signature of
the decay of the atom to the ground state [26]. This
read-out scheme is switched on during a short time com-
pared to the lifetime of the Dy, state, at a time when
the STIRAP process has brought back the electron to

D5/2.

C. Calculation for “°Ca™

We now try to see whether the AZE might be observ-
able in Ca™, which is not strictly speaking hydrogenic,
but is alkali-like in a sense that it has a single valence
electron, and can be seen as a single electron orbiting
around a core with a net charge +2e. Ca™ is the light-
est of the alkali-earth ions having the appropriate level-
scheme required for the proposed experimental protocol
(see Fig. 3). Therefore, we assume that it still makes
sense to use Eq. (10) (derived for hydrogen-like atoms)
and we apply it to the electric quadrupole (n = 3) tran-
sition 3D5/5 — 452 to find

F_Fozxxy(“’x)2 (11)

Iy wo \ wo

where the numerical pre-factor A cannot be computed for
such an electronic system (see Appendix C for calculation
in the simpler case of hydrogen-like atoms).

To be observable, the AZE must induce a lifetime re-
duction larger than 1%, the best precision reached in re-
cent 3D; jo-lifetime measurements in Ca™ [26]. We eval-
uate wx using Eq. (5) with ny = 4 and n. = 3 and by
replacing the atomic number Z by the effective number
of charges Z.g = 2. Using the frequency of this transition
wo = 27 x411 THz, this gives a ratio (wx /wg)? ~ 6.6-10°.
If the unknown pre-factor A is assumed to be of the or-
der of unity, one would need v ~ 4MHz to meet the
observation requirement.

The transfer between the states D5/, and Ds/o has
been demonstrated in *°Cat with a STIRAP process
[24], where a complete one-way transfer duration of
5 us was observed for 420 mW/mm? on the 850 nm
3D3/5 — 4P/ transition and 640 mW/mm? on the
854 nm 3D5/5 — 4P5,5 transition, with both lasers de-
tuned by A = 600 MHz from resonance (see Fig. 3).
To reduce the duration of the dephasing measurement to
time scale smaller than 1 us, one can increase the laser
intensity by stronger focusing and/or larger power, but
one can also consider that a complete STIRAP trans-
fer is not required to achieve a dephasing of the excited
state. Furthermore, a close inspection of Tables I and
IT in Ref. [13] suggests that the pre-factor A could be
much larger than unity, making the constraint on a high
measurement rate less stringent for AZE observation.

Even if the experimental requirements for AZE ob-
servation on quadrupole transition in Cat are more de-
manding than today’s best achievements, realistic argu-
ments show that they can be met in a dedicated experi-
mental set-up. This experimental challenge would bene-
fit from theoretical insight concerning the still unknown
pre-factor scaling the lifetime reduction.

V. CONCLUSION

Based on well established results for hydrogen-like
atoms, we derived an analytical expression of the decay



rate modified by frequent measurements which allows us
to highlight the main condition for an observable AZE
in atomic radiative decay in free space: all transitions
except electric-dipole transitions will exhibit an AZE un-
der sufficiently rapid repeated measurements. This an-
alytical formula also indicates how the AZE scales with
the measurement rate. We then identified a suitable level
scheme in the heaviest alkali-earth ions Ca™, Sr™ or Yb™
for AZE observation, involving the electric quadrupole
transition between D5/, and S} /o, and using a new “de-
phasing” measurement protocol based on the STIRAP
technique. Other suitable experimental schemes might
exist, and we encourage further proposals in this sense.
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Appendix A: Form of the reservoir coupling
spectrum for hydrogen-like atoms in free space

Using the notations introduced in Sec. IIT A, the reser-
voir coupling spectrum (2) for given photon quantum
numbers is given by

Ryma(w) = h%p (w)
X | (e, Loy Me; O] H; Ing, lg, mg; J, M, A\, w) 1>, (A1)

Here, the density of states is p(w) = 1, on ac-
count of the normalisation (J, M, A\ w | J', M' /N ') =
87700 0xn0 (w—w') (this can be understood by di-
mensional considerations). In the non-relativistic ap-
proximation, Seke calculated in [13] the exact ma-
trix elements (ne,le,me;0|ﬁ1 |ng, lg, mg; J, M, \,w) for
hydrogen-like atoms in free space, using the interaction
Hamiltonian (in ST units)

(A2)

with e the elementary electric charge, m. the electron
mass, X and P the position and the linear momentum
operators of the electron respectively and A the vector
potential operator of the quantized EM field. By employ-
ing these exact matrix elements (Egs. (17-19) in [13]) in
Eq. (Al) and by making the RWA, we find the following

analytical form for the reservoir coupling spectrum

RJ(w) — Z h71(71)2J+26a4mec2
M\

X (lg, J,mg, M|lg, J,le,me)

2J+2¢—1 9
<

2r
x 9 2(ng+ne—1) Z di}T (;:() (AS)
IS

Sl

wx

where ¢ the speed of light in vacuum, « is
the fine structure constant of electrodynamics,
(lg, J,mg, M|lg, J,le,me) are the  Clebsch-Gordan
coefficients of the transition of interest, and wy is the
non-relativistic cutoff frequency given by Eq. (5). The
coefficients d’;,. are numerical coefficients that have been
calculated for certain transitions in [13] (note that the
coefficients d’;, here correspond to the coefficients dood,
in Eq. (18) in Ref. [13]). The index at which the sum is
terminated is N} = ne +ng —2 — (1/2)(J —lc — lg — €)
with € = 0 for electric transitions and € = 1 for magnetic
transitions. Finally, Eq. (A3) can be recast in the form

RJ(w) — Z h—l(_i)2J+2ea4meC3
M\

X (lg, J,mg, M|lg, J, e, me)”

2J4+2e—1+42r
Ny ( w )
wx

(A4)

27 2(ng+ne—1)
wx

S

where Ny =2(ne +ng) —4—J —1lo —l; — € and d, are
combinations of the previous d’;, coefficients.

Appendix B: Derivation of the AZE scaling in the
simple case of the reservoir (6)

Here we derive an analytical form of the integral of
Eq. (1) with the simplified form of the reservoir (6).
Keeping in mind the hierarchy wy < wx, we will pro-
ceed to derive an approximate analytical expression of
the general integral

-

+oo W )
I, (1) = 7-/0 dw - sinc® ((w — wp) 5)

[1 + (;;()2]
(B1)

in terms of which the measurement-modified decay rate
(1) is straightforwardly expressed: I'; = DI, (1) Jwi
Using the binomial expansion of w”, we first rewrite our



integral as

i !
Z Uk n—k
IUM (T) =T k! (nik)|w8

k=0

x/o+mdwmsinc2 ((w—wo)z). (B2)

The &k = 0 and k£ = 1 terms in the sum may be treated in
a specific way. Namely, we make the following approxi-
mation of the square cardinal sine function in F; (w), that
is illustrated in Fig. 1 (b):

) 1 1forwg—mv<w<wy+nr,
sinc ((w — wp) > ~
2v 0 otherwise.

(B3)
This approximation is sufficient for £k = 0 and & = 1 only,
as the integrand in (B2) decays sufficiently fast when one
moves away from wg so that the frequency ranges outside
the door function (B3) can be ignored. In addition to
this, in the frequency range of interest here (that is, a
small range of width ~ v centered on wy), we can consider
that w/wx ~ 0 (which is justified by the hierarchy wy <
wx ). Using these approximations, we can write the low-k
contribution to the integral as

=2rw]. (B4)
Now we turn to the terms for which k& > 2 and that
will only exist if n > 1. For these terms, replacing the
square cardinal sine by a rectangle function is no longer
is not overridden by
the decrease of (w — w0)72 that comes from the square
cardinal sine, and therefore we must consider the whole
frequency range. We therefore need to find another way
to approximate the integral (B2), and we may simply
replace the square sine by its mean value 1/2 here to get

1 202
ine2 _ i R
sinc <(w wo) 2y> ~

(w—wp)?

valid, as the growth of (w — wo)k

(B5)

Also note, that we should not have wq /v excessively large,
lest the square cardinal sine converges to the Dirac § dis-
tribution, and replacing the square sine with its average
value is no longer valid. We then compute the resulting
integral, which, in the limit wy/wx — 0, acceptable for

the transitions that interest us, reads

k—2

o (w =)
fow i (;zﬂ“

1 . 1-k 1—-k
220,);“(13( 5 + i, — 5 ) (B6)

where B refers to Euler’s Beta function. As can be
checked from (B2) and (B6), of all the contributions for
k > 2, the one for which k = 7 is easily the largest (this
is due, again, to the hierarchy wy < wx). As such, we
can rewrite (B2) as

1- 1-—
Iw(t)QQWng—H/oJ;(_lB( 2n+u,— 2”) (B7)
where the second summand on the r.h.s. of (B7) will only

exist for n > 1. Comparison with the natural decay rate
Ty = 21 R(wo) =~ 277Dw6’/w§7<_1 (as wy < wy) yields

n—1
wx 1—n 1—n
— B — . (B8
X(w()) ( 5 T ) (B8)

Note that this result had been (partially) obtained in [1],
where the authors found that for a reservoir of the form
R(w)  w" with > 1: T  vw ', in the approximation
wil JwTt < v < wx (¢f. Eq. (20) in Ref. [1]).

Appendix C: Derivation of the AZE scaling in the
complete case of the reservoir (4)

In this section, we extend the previous result found for
a reservoir of the simple form (6) to the general form (4).
For a general transition of determined initial |e) and final
|g) states, we have to sum not only over r as prescribed
by Eq. (4) but also over the angular momentum J of the
emitted photon. Indeed, as made clear by our notations,
the index N in Eq. (4) (at which the summation over r
stops) depends on J, and, for a transition determined by
the initial |e) and final |g) states, the angular momentum
of the photon can take all values |lo —lg| < J < lo + I,
[12]. Let us first sum over r, and then over J. In the
generic case, the FGR decay rate will be, for the reservoir
coupling spectrum (4), given by

ns

“o__. (C1)

WUJ
X

FOJ = DJ027T

This is true unless D jo vanishes. This is the case for
instance of the electric dipole transitions (e = 0, J = 1)
between levels sharing the same principal quantum num-
ber (see Table I in Ref. [13]), due to the special properties
of these dipolar transitions. That D j; vanishes can be
shown rather easily by using the orthogonality properties



of the Gegenbauer polynomials (see Ref. [27] for a deriva-
tion of the momentum-space wave functions of hydrogen
in terms of these polynomials). However, we do not focus
on this special case here. In the generic case (D ;g # 0),

the decay rate under frequent observations for a specific
J will be

Iy~ 27TD10

3
‘l—VXZDJT (nJ+2r—2)

1-— —2 1-— —2
xB(";uu,_";’“). (2)

with 6 the Heaviside step function. It thus appears that,
for given J, all terms in the sum over r in (4) have a con-
tribution to the modified decay rate that is of the same
order of magnitude. All that remains to be done is to sum
over J. This sum is resolved quite differently for the free
decay rate on the one hand, and the modified decay rate
on the other. Namely, for the former, we see from (C1)
that the hierarchy wy < wx ensures that the contribution
from the smallest possible J is dominant. This value is
equal to |lo — lg| = Jmin, and we will write Pmin = 17,
For the latter, however7 we are forced to keep the double
sum over J and Ny: all (sufficiently large) powers of the
frequency in the coupling contribute to the modified de-
cay rate on the same level, with numerical prefactors as

the sole difference. Namely, writing I'g = Zl;i_‘l r | r
=|lo—1lg

and I', Z{]ﬂll I, 7, we have obtained
le+ly N
1'\ 1 Nmin—1 J D
;~1+2”(°”X) > Y g
0 m wo wo J= ll —1 ‘ r=rg Jmiuo
1-— -2 1-— -2
op (L2 ) (o

where we have introduced

ro = max §_777J 0p.
4 2|’

(C4)

Despite the more complicated appearance of this expres-
sion, we see that the parametric dependence of the ratio
of the decay rates is independent of the details of the ma-
trix elements: the important parameter is 7y, —1. There
is a competition between v/wy < 1 and wx/wy > 1
but, for nmmm > 3, we can expect that the second fac-
tor will dominate, especially for low values of Z [see
Eq. (7)]. This second factor becomes all the more domi-
nant for higher values of 7, that is, for transitions with
high difference between the orbital angular momenta of
the initial and final levels. Only for transmons where
|le —lg| = 1 does the second factor (wx/wo) =1 fail to
play a role, so that they verify I, ~ I'y. These tran-
sitions are often called “electric dipole transitions” (in-
cluding by us in our Sec. I), although in most cases they
are accompanied by emission of photons of angular mo-
mentum J > 1 (as well of course as J = 1). Indeed, as
we have recalled with Eq. (C1), it is always the photons
with the smallest allowed value J,;, of J that dominate
the spontaneous emission in an electronic transition.
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