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ABSTRACT statistic for any Likelihood Ratio Test for detection of pres-
ence of the input signal. A complete specification of signal
This paper deals with signal-to-noise ratio (SNR) max- and second-order statistics of noise is necessary to derive
imization in a subspace. This criterion can be applied to the corresponding matched filter.
estimation or detection of a stochastic signals embedded Derived methods have been proposed to face this prob-
in additive noise. Both signal and noise are considered tolem when the signal to detect is no longer perfectly known,
be realizations of random functions whose statistics are asdue to channel nonlinearities, timing jitter, nonstationari-
sumed known up to second-order. The proposed methodies, modeling uncertainties, etc. For example, the minimax
leads to a filter we call "constrained stochastic matched fil- robust matched-filter [4][5] optimizes the worst-case perfor-
ter” (CSMF), optimal in the sense that it maximizes the mance over an uncertainty class. The problem of detecting

SNR in a subspace whose dimension is chasenori. It a transmitted signal when one bf known signals is trans-
is an extension of the stochastic matched filter (SMF), itself mitted (e.g. in digital communications [6][7]) leads, when
an extension of the matched filter. the additive noise is white and gaussian, to an optimal de-
tector consisting in a bank of matched filters followed by
1. INTRODUCTION a detector which chooses as the detected signal the one of

which the output is maximal.

The study presented in this paper is concerned with detec- The stochastic matched filter (SMF) was introduced to
tion or estimation of stochastic signals embedded in noise.take into consideration the problem of detecting a stochas-
The available information is the covariance matrices of sig- tic signal whose second-order statistics are known [8]. It
nal and noise. extends the matched filter approach because it gives an op-

When key quantities like the probability density func- timal filter in the sense that it makes maximum the output
tion of the signals studied are not available, it is legitimate SNR expressed in the form of Rayleigh’s quotient. This
to try to use methods based on energetic criterion. Henceproblem is a generalized eigenvalues one with suitable ma-
the output SNR maximizatiori,e. after a filtering opera-  trices, say the covariance matrices of signal and noise. Fil-
tion, seems a natural way to attack problems of detectiontering consists of a projection onto an optimal subspace with
or estimation. It requires the knowledge of second-order direction of the eigenvector associated to the largest eigen-
statistics of both signal and noise. value, which indeed can be interpreted as the output SNR.

In this scope, several approaches can be considered, two A natural extension is to take into account more eigen-
main of which are the matched filter [1][2][3] and derived vectors deduced from this method: this could be called Ex-
approaches [4][5][6][7][8] and classification techniques as, tended SMF (ESMF). Actually, it has been shown [8] that
for example, the Fisher linear discriminant analysis applied other eigenvectors (associated to the largest eigenvalues)
to the particular case of a two-classes problem [9][10]. The can statistically contribute to improve detection.
method proposed is derived from the first approach in the  The method proposed in this paper is a natural exten-
sense that it shares the same philosophical framework: asion of the SMF method, naturally inferred from the remark
SNR maximization. above concerning a projection onto a subspace of dimension

For example, it is well known that the linear filter that two or higher; it aim is to make maximum the output SNR
has maximum output SNR at some instant of time when in an aptly chosen subspace. This is why we call this opti-
input is a deterministic signal embedded in an additive cor- mal filter ‘Constrained Stochastic Matched Filter’ (CSMF).
rupting random noise is the matched filter [3]. When noise It takes place in the class of the subspace projection meth-
is Gaussian, the output of this filter provides a sufficient ods whose interest is increasing [11][12][13].



2. NOTATIONS AND CLASSICAL METHODS The maximal SNRp,,.... is obtained for the filteh = uy,
say the eigenvector associated with the largest eigenvalue
Throughout this paper each signal is discrete and then rep-\; of B~'A; thenp,,.. = \;: this filtering comes down
resented by a vectarof Ey. Moreover, we will suppose  to projecting the signal onto a one-dimensional subspace,

thatsis zero mean. which was the initial objective. Calculations lead to the
eigenvectors 0B 'A, one of them being optimal. Using
2.1. Notations and basic developments all the eigenvectors oB~'A, we perform a simultaneous

diagonalization oA andB.

Made from intuitive arguments, experiments show that
the use of more than one eigenvector could improve the
S— Z%Vi —Va detection of the signal of interest. But even if this basis

maximizes the SNR in a one-dimensional subspace, there is
no reason that it would do it also ingadimensional sub-
space. This is why the approach of the constrained stochas-
tic matched filter has been developed.

A N-dimensional random vectarcan be expressed as fol-
lows:

where thex; are random variables, thev;} linearly inde-

pendent unit vectors/ = [vi...vy] anda = [a;...an] "

As we are interested in calculating the power of signals in

ap-dimension subspacg,, quantity that must not depend

on the basis used to described this subspace, we can withouB. THE CONSTRAINED STOCHASTIC MATCHED

loss of generality assume that the } are orthonormal. FILTER

Covariance matriA = E (ss' ) and the poweP;, after

a projection onto the subspace spanned by the Ve\i&pﬁs There is no reason why the eigenvectorsBo‘flA should

[Vi,V2,...v,] are related by: span a subspace of dimensjon- 1 where the SNR is max-
imum. We propose here to define and find such a subspace

whose dimension is setpriori.
Py =tr (V] AV,) ZVTAV (1) P

Similar calculations can be performed for the noise veator 3.1. SNRin ap-dimensional subspace

with covariance matriB. From (1) it comes that the output SNR after projection onto
E, spanned by orthonormal vectorgv; } is:
2.2. The matched filter

p
If sis a known deterministic signal, the objective is to find r (VTAV ) E v Av;
a linear filter (a vectorh so as to maximize the output SNR p= Lb == . 2)
defined by: tr(V, BV,) S v By;
(sTh)2 ~ h'ss'h =
h'Bh  h'Bh’ Our objective is to maximize this ratio. That meapsee-

It is well established that the optimal filter is a correlation ing chosera priori, find thep-dimensional subspadg, in
filter called the "matched filter’h = B~'s and that the  Which this value is maximum: this optimal subspace will be
output SNR iss" B~ 's, notedE;.
Without loss of generality, we can state thed = trB = 1.
That means that the initial SN% is 1 and therp appears
to be a gain on the SNR.
This approach was developed [8] to take into consideration
the case whers is a stochastic signal uncorrelated with
noise in lieu of the deterministic one. The output SNR can
be written like a Rayleigh quotient: p is given and the unknowns of the problem are the SNR
T p defined by (2) and the;’s which must be calculated to
h T'sh maximizep. The constraints can be expressedvpy, =

J
h'Bh d;;. This optimization problem with constraints is usually
solved with a Lagrange multipliers method. Hence let’s de-
fine the function:

p p
L(Vi,wij) = p+ > > wij (Vi v — ;)

I';h = ABh. i=1 j=1

2.3. The stochastic matched filter

3.2. Properties of the optimal subspacé,

whereh is the filter,i.e. a N-dimensional vector. This is a
stationary-value problem which can be resolved by solving
the so-called generalized eigenvalue problem:



or
_tr(V,AV,)

L(Vp, Q)= ——2 P/
Ve =4 (V)BV,)

+ir (R(V, V= 15))
whereQ2 = [w;;] is ap x p symmetric matrix. This value is
maximum when2- = 0. Calculation leads to:

P

(A —=pB)V, =V, (3)

whereQ is ap x p real symmetric matrix. There exist a
p x p real orthogonal matrixp and ap x p real diagonal
matrix such as\ such that2, = ®A® . Then equation
(3) becomes:

(A —pB)V,® = V,®A. (4)

As @ is invertible,V, andV,® span the same subspace.
Then'E; is spanned by vectorsv; among theV satisfying
the eigenvalue equation (4).

(A — pB) is a symmetric matrix depending pndiago-
nalizable, of unitary eigenvectors matfix= [t;...ty]:

As p is unknown, this is not a common eigenvalue problem.
Let's choose a subsétof {1, ... N} satisfyingcard(I) = p;
then

Z tzTAti Z 12

iel el

LI SR 1 S 5
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el el

In the subspacé, the left expression is null. Hence the
p optimal vectors{t;};c; which spanE; are those for

which:
Z pi = 0.
el
Thet;, u; andp are unknown. In fact, the solution is
directly calculable only for the particular cases= 1 and
p = N — 1. An algorithm to reach the solution is proposed
in section 3.3.

Remarks

1. If p = 1, the eigenvalug:; to take into account is null.
Hence,(A — pB)t; = 0i.e. Aty = pBt;. piis
the largest eigenvalue & 'A andt; its associated
eigenvector. Naturally we find in this case the SMF.

2. From simple examples, it is possible to infer two signif-
icant conclusions. First, the optimal subspdggis
not necessarily spanned by the eigenvectoBdfA,

Relations on the eigenvectors and eigenvalues

A study of the behavior of the; w.r.t. p shows thaj;(0) =
pt > 0 (eigenvalue ofA) and forp — oo ui(p) —
—puP — —oo. Infact,

. O
Vi, 9 —t/Bt; <0

(6)

the curvesu;(p) are decreasing with a linear slope at infin-
ity.

3.3. Algorithm to find E;
3.3.1. Presentation

Let’s take an initial value op (a reasonable value is the
largest eigenvalue @~ 'A) denotedp,; we obtain the ma-
trix A — poB. One can calculate th& eigenvectors of it,
t;(po), and choose among them thenes for which

>t (po)At;(po)

i€ly

Xt (po)Bti(po)

i€l

P1 ()

is maximum. Thesg vectors span a subspaEJéo).

At last, one can calculat® — p; B, I; and the new subspace
Ezf,l) and iterate the process unfilp,, = pp1+1 — pn < €. It
remains to prove that this algorithm converges to the good
solutionp,,qz -

3.3.2. Study of convergence

Noting ;. = pi(pn), tin = ti(pn) and for the optimal
valuesu? = u;(pmaz), l€t's demonstrate that the algorithm
proposed converges when starting near from the solution.
We know that forp,,, ..., there exists a subs&t C {1,...N}
such thatard(I) =pand ) pf =0.

iel*
At stepn, from (5) and (7),(6), the variation @fis:
Z Hin Z Hin
Ap s Pril — pn = i€l, _ i€l
n n+ n Z t;rnBtiyn _ Z agi’"
i€l i€l, p

Note thatif >~ w;n = > pf =0, thenAp,, = 0. pimay IS
iely, el
an attractive fixed-point of the algorithm.
If we note f(p) = > u;, this equation can be written
i€l
_ f(pn)
f'(pn)

Apn = Pn4+1 — Pn =

and even though this is the case, the eigenvectors arerpig gigorithm is nothing else than the Newton-Raphson

not necessarily associated with the largest eigenval-

ues. Secondly, it is no use thinking of a recursive
formulation onp to find £;.

method applied tg twice differentiable, which owns a zero
(Pmaz) With f(pmaz) # 0. It is known that such an algo-
rithm converges with a quadratic speed.
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