N
N

N

HAL

open science

When do imperfectly competitive firms maximize

profits? The lessons from a simple general equilibrium
model with shareholders’ voting
Rim Lahmandi-Ayed, Didier Laussel

» To cite this version:

Rim Lahmandi-Ayed, Didier Laussel. When do imperfectly competitive firms maximize profits? The
lessons from a simple general equilibrium model with shareholders’ voting. Journal of Mathematical

Economics, 2018, 78, pp.6-12. 10.1016/].jmateco.2018.06.006 . hal-01991962

HAL Id: hal-01991962
https://amu.hal.science/hal-01991962
Submitted on 31 Jan 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial - NoDerivatives 4.0
International License


https://amu.hal.science/hal-01991962
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://hal.archives-ouvertes.fr

When do imperfectly competitive firms maximize profits? The lessons
from a simple general equilibrium model with shareholders’ voting

Rim Lahmandi-Ayed **, Didier Laussel
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b Aix-Marseille University (Aix-Marseille School of Economics), CNRS EHESS, France

Abstract

We consider a general equilibrium model with vertical preferences, where workers and consumers are differentiated, respectively, by their
sensitivity to effort and their intensity of preference for quality. We consider a monopoly of which the shares are owned by a fraction of the general
population. The price is determined through a vote among all the shareholders. We identify necessary and sufficient conditions for (i) an absolute
(relative) majority to vote for the profit maximizing price; (ii) an absolute (relative) majority to vote for a different price. We argue that the more
concentrated the ownership the more likely it is that the firm charges the profit-maximizing price.
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1. Introduction

Though its shareholders may have diverging preferences and
may pursue very different interests, it is standard in the eco-
nomic literature to assume that a firm’s unique objective is profit
maximization. This assumption is perfectly consistent with the
heterogeneity of shareholders’ objectives as long as the firm is
a price-taker. But it has long been recognized (see for instance
Marshall, 1920) that this ceases to be true when one moves to an
imperfectly competitive environment.! This has been emphasized
among others by Gabszewicz and Vial (1972), Cornwall (1977),
Hart (1985) and Bonnano (1990). The issue is that an imperfectly
competitive firm, by affecting the prices of inputs and outputs,
influences the consumption possibilities of its owners. As put by
Hart (1985, page 107): “..the owners of a firm are interested not
in monetary profits per se, but rather in what this profit can
buy. Given that a monopolistically competitive firm can influence
prices, the owners may prefer low monetary profit but favorable
prices for consumption goods to high monetary profit and unfavor-
able prices”. In addition, “If owners have different tastes, they will
have different trade-offs concerning high monetary profit versus
favorable consumption goods prices. That is, each owner will have
his own private objective function which he would like the firm

* Corresponding author.

E-mail address: rim.lahmandi.ayed@gmail.com (R. Lahmandi-Ayed).
1 Dierker and Grodal (1999) interestingly remembered that “the decision prob-

lem a multi-owner firm has to face presented a major motivation for K. Arrow to
develop his theory of social choice”.

to pursue, and the problem then is how to aggregate these into an
overall objective function”.

Despite these remarkable insights, all general equilibrium mod-
els with imperfect competition? (Gabszewicz and Vial, 1972;
Nikaido, 1975; Codognato and Gabszewicz, 1991; Gabszewicz and
Michel, 1997; Guesnerie and Hart, 1985); among others have cho-
sen to stick to the profit maximization hypothesis. However, as
put by Cornwall (1977, pp 56-58) “it is equally clear that it is not
enough to say that there are a lot of firms in a real world economy
and that therefore the assumption of profit-maximizing behavior
gives a good approximation. This is not enough of a justification
because it is not clear what or how profit maximization approxi-
mates”.

Moreover, as emphasized by Dierker and Grodal® (1999, under
imperfect competition, profit-maximization may yield very differ-
ent equilibrium outcomes, according to the “normalization rule”
which converts relative prices into absolute prices so that assum-
ing profit-maximization is not enough: one needs in addition to
precise in what units profits are to be measured, i.e. what is the
numeraire (the normalization rule).

The present note derives, from a very simple general equilib-
rium model a necessary and sufficient condition which ensures
that a monopolistic firm, whose owners’ preferences are heteroge-
neous, chooses the profit-maximizing strategy. This is more pre-
cisely a condition which ensures that there is in the firm’s board of

2 Not to speak of partial equilibrium models.

3 Dierker and Grodal (1999) is among the rare examples of papers which do not
stick to the profit maximization hypothesis.
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directors an absolute (relative) majority of shareholders who favor
maximization of profits, when profits are measured in units of a
(composite) consumption good which is neither an input nor an
output.” These shareholders rationally expect neither to consume
the product nor to work in the firm at their ideal price, i.e. the profit-
maximizing one.” If they are an absolute majority, their ideal price
will emerge from any voting method inside the board of directors.
This condition is stronger than the one which would simply ensure
that the profit-maximizing price be a Condorcet winner® (on this
concept and related ones, see for instance Persson and Tabellini
(2002), chapters 2 and 3) or from a relative majority condition
corresponding to a plurality voting system. Despite the simplicity
of the model, we shall argue that it yields rather general insights.

We use the small general equilibrium model developed in
Kahloul et al. (2017) in the monopoly case with an uniform
ownership and an exogenous quality of the product, but suppos-
ing here that shareholders determine through voting the firm'’s
price instead of assuming that the monopolist chooses the profit-
maximizing price. The economy encompasses a single firm pro-
ducing a vertically differentiated product using labor as the unique
input and a population of workers/consumers/shareholders char-
acterized by two parameters: intensity of preference for product
quality and sensitivity to effort. Each individual decides whether
to work or not and decides whether to purchase one unit of the
product or not, in order to maximize his/her utility given his/her
income. When the price is set at some given level, the salary adjusts
in order to equalize demand and supply on the labor market. The
firm is supposed to be equally possessed by a given fraction of the
population.

We identify necessary and sufficient conditions under which
(i) there is a majority (absolute or relative) of shareholders who
chooses the price which maximizes the firm'’s profit, (ii) there is
a majority (absolute or relative) of shareholders who chooses a
price which does not maximize the profit (i.e. the ideal price of
shareholders who work in the company and consume its products).

The note is organized as follows. Section 2 provides the model.
Section 3 gives the main results. Section 4 concludes.

2. The model

Consider an economy with 3 goods: labor as the input, a nu-
meraire and an indivisible “differentiated” good as the unique
output (“differentiated” in the sense that it may possibly be of
different qualities perceived differently by consumers).

There is a population of workers/consumers/shareholders. Each
individual is endowed with an indivisible unit of labor and a given
quantity e of a (composite) numeraire good’ and we denote by
A > 0 his/her uniform share in the firm’s profit. Each agent («, 0)
is doubly characterized by

e a “working parameter” @ € [0, «] which captures the
worker’s sensitivity to effort,

e a “consumption parameter” # € [0,6] which measures
the intensity of the consumer’s preference for the product’s
quality.

4 We think that this is a more natural way of defining profit-maximization when
the firm is a price-setter: profit-maximization corresponds to the maximization of
the number of units of the composite good that its pure shareholders can consume.

5 Notice that the shareholders whose ideal price is the profit-maximizing one are
a subset of the set of shareholders who choose not to consume nor to work at the
profit-maximizing price. This is made clear later on.

6 Notice that the Condorcet winner is not always elected, depending on the
voting method.

7 The relative prices of the consumption goods which compose the numeraire are
considered by the shareholders as fixed or, at least, are not influenced by the price
of the monopoly good.

Individuals are uniformly distributed over [0, @] x [0, 8] with a
density equal to 1. Each worker/consumer («, 6) chooses sequen-
tially:

e first, whether to remain idle (W) or to work (W) in the
differentiated sector,

e then to compose his/her consumption bundle, in particular
whether to consume (C) or not (C) one unit of the differen-
tiated product.

One firm produces the differentiated product. One unit of the
differentiated good requires one unit of labor.

Individuals derive their utility from the consumption of these
two goods® as follows:

Vix,t)=60qgx +t,
where

e xis the consumption of the differentiated product of exoge-
nous quality g,

e tis the consumption of the numeraire good,

e the consumption bundle (x, t) must belong to the consump-
tion set {0, 1} x R.

If the individual chooses to work, he/she receives a salary w
and must incur a training cost «q. If he/she chooses not to work,
he/she receives no salary (and does not have to be trained), his/her
revenue being limited to the initial endowment in the numeraire
and to his/her share in the firm’s profit.

We suppose that the individuals are split into two groups:
a fraction u € [0, 1] are shareholders, with A = % and a
fraction 1 — w are non-owners, for whom A = 0. A decrease in
corresponds to a more concentrated ownership. Only shareholders
vote to determine the price. Notice that, in order to isolate the
influence of the concentration of ownership, we assume that the
distributions of the parameters « and 6 are the same in the popula-
tion of shareholders as they are in the general population of agents.

The firm's price is determined through a vote by all share-
holders. The salary adjusts such that the labor’s demand and offer
equalize, so that

p

w=&(q—5). (1)

The firm’s profit is then the following function of its price®:
_ o _ - P
7T=“[P(1+§)—Ol(ﬂ[9—a]- (2)

Concerning the issue of the vote, we shall consider that the
winning price is the winner in a majority vote among the share-
holders. We shall analyze in particular the case where an absolute
majority is required'® and determine the conditions under which
the profit maximizing price is selected under this rule. But we shall
also analyze the weaker conditions which emerge in the case of a
plurality (relative majority) system.

3. To maximize the profit or not to maximize the profit?

We prove that only two prices may be chosen by shareholders
in a plurality system: the profit maximizing price, the price which
is the most preferred by pure shareholders,'! and a different price,

8 The quality parameter q and the initial endowment e do not play a role in the
present work. They are maintained to allow properly further developments.

9 For details on the derivation of the results see Kahloul et al. (2017).
10 Obviously if there is an absolute majority of shareholders who prefer some
price, it is a Condorcet winner.
1 By pure shareholders we mean shareholders who do not buy the product nor
work in the firm.



namely the price most preferred by shareholders who work in the
firm and consume its products.

We identify necessary and sufficient conditions on the model’s
parameters under which an absolute or a relative majority of
shareholders favor the profit maximizing price and necessary and
sufficient conditions under which the second price is favored by a
majority (absolute or relative) of shareholders. This is the object of
Proposition 1.

It is straightforward to calculate the ideal price of a given
shareholder, conditional on (X,Y), where X = C,Cand Y =
W, W, ie. conditional on consuming or not the firm's product
and working or not at the firm. Notice that the corresponding
conditional indirect utility functions are single-peaked.'? That does
not mean at all that the unconditional indirect utility functions
are single-peaked. Indeed, as price p varies, the individual may get
through different regimes in terms of consumption and working,
and the resulting indirect utility may be double or even triple
peaked. This is explained in the Appendix. Denote by

q0(2a + 0 — (@ +0))

. w) = LTI LELD), 3)
p(C, W) = ‘W (4
p(C, W) = W (5)
pCW) = TOHID, ©)

where p(C, W) is the price which maximizes the utility of a share-
holder who consumes the good and works in the firm, p(C, W) the
price which maximizes the utility of a shareholder who only works
in the company, p(C, W) the price which maximizes the utility of a
shareholder who only consumes the product and p(C, W) the ideal
price of a pure shareholder, i.e. the profit-maximizing price."”

It is interesting, though not surprising, to see that p(C, W),
p(C, W) and p(C, W) are decreasing in p and tend toward the
profit-maximizing price p(C, W) when u tends toward 0. This is
of course because, as their share in the firm increases, the interests
of the shareholders as consumers and/or workers become negli-
gible with respect to their interests as owners. Indeed the profit
per shareholder is increasing as u decreases (i.e. as concentra-
tion increases). Since non-profit income is fixed (for fixed prices),
profit income, whatever consumption and working decisions, be-
comes increasingly important for shareholders as concentration
increases.

In order to obtain the main proposition below, we show in the
Appendix that the ideal price of a given shareholder («, 6) , the one
which maximizes his/her unconditional indirect utility function
(which accounts for the endogenous consumption and working
decisions), is necessarily one of the four prices defined in Egs. (3)
to (6). We then determine the ideal price of a given shareholder,
depending on his/her type («, #) and summarize the resultin Fig. 2.

In Proposition 1, we first prove a stronger result than the con-
vergence of candidate prices toward the profit-maximizing one
when p tends to zero. That is: when ownership concentration
is high enough, the profit-maximizing firm’s price is the ideal
price of an absolute/relative majority of shareholders. In both
cases (absolute or relative majority), profit-maximization obtains
if the concentration of ownership is important enough and/or the
incentives to work in the firm and to consume its product are low

12 More precisely, they are strictly concave with respect to p.

13 This is the case because the pure shareholders maximize the quantity of the
numéraire which is precisely equal to their dividend, their unique revenue.
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Fig. 2. The best price from the viewpoint of each individual.

enough. The condition is obviously weaker in the case of a plurality
system.

Proposition 1 also provides a necessary and sufficient condition
for p(C, W) (a price different from the profit maximizing one) to
be the ideal price of an absolute (respectively relative) majority
of shareholders. When the majority is absolute, this price is the
Condorcet winner.

Let now y = %, and denote by

_ m(6+ )+ 128+ @24+ p(12+ )

r(u) 32— ) : (7)

s(m=ﬁ, (8)
3u(2 — 16 128 2036 — u(12+7

) = 2 E 1) +i(4_4/;5)( pa2470)

Note that all the functions defined above are increasing, as
depicted in Fig. 1.

Proposition 1. The winning price in a plurality vote is either p(C, W)
or p(C, W). More precisely, we have the following.



1. The profit-maximizing firm’s price p(C, W) is the ideal price of
an absolute majority of shareholders if and only if

y =) (10)

In this case, p(C, W) is the Condorcet winner.
2. The profit-maximizing firm'’s price p(C, W) is the ideal price of
only a relative majority of shareholders if and only if

s(u) <y < r(p). (11)

3. Price p(C, W)is preferred by only a relative majority if and only
if

t(p) <y <s(u). (12)

4, Price p(C, W) is preferred by an absolute majority of sharehold-
ers if and only if

y < t(u). (13)
In this case, p(C, W) is the Condorcet winner.

InFig. 1, all couples (u, y) above the curve y = r(u), i.e.satisfy-
ing Condition (10), are such that there is among the firms’ owners
an absolute majority (at least half) who prefers p(C, W), the profit
maximizing price, to any other possible price.

Condition (11) is weaker since it ensures that only a relative
majority of shareholders prefers the profit maximizing price. Both
conditions mean that the incentives to work in the firm and to
consume its products are limited so that a majority of the firm’s
owners are pure shareholders who, since they do not work nor
buy the firm’s products at equilibrium, seek to maximize the firm’s
profit. Indeed, the conditions imply a high & and a low 6. As «
measures the dis-utility of effort, a high @ reduces the fraction
of shareholders working in the company. And as 6 measures the
intensity of preference for quality, a low 6 reduces the fraction of
the shareholders consuming the differentiated good. Even more
interestingly, it turns out that these conditions are the more easily
satisfied the smaller is u, i.e. the more concentrated is the firm’s
ownership. Other things equal, the more concentrated is the firm’s
ownership the more likely it is a profit-maximizer.

Notice that t(x) > 0iff u > 2(+/17 — 3) =~ 0.561553.
Thus Condition (13), ensuring that p(C, W), a price different from
the profit maximizing one, be chosen by an absolute majority of
owners, never holds if © < 1(+/17 — 3) =~ 0.561553. Condi-
tion (13) is the less likely to be satisfied the greater is ownership
concentration. This condition never holds if less than one half of
the population of agents hold shares in the firm, showing the
role which is played by ownership concentration in reducing the
likelihood that a price other than the profit-maximizing one be
chosen by the shareholders.

What is the intuition for the result that greater ownership
concentration favors profit-maximization? It is useful to write a
type («, 6)-shareholder’s utility conditional on consuming (C) or
not consuming (C) the good and working (W) or not (W) as

m(pX. YY) |,

U, y) = 2% (X)[8q — pX. V)] + 1Y) [ — aq] + e
not
= TOX YD) | x)i6q - px. v))
nab
1Y) [a(q - "(X’Y))—aq} e,

where X = C,C,Y = W, W and s(C) = 1,s(C) = 0, r(W) = 1,
r(W) = 0. The first term on the RHS is the profit per shareholder,
the second one is the consumer’s surplus and the third the worker’s
surplus. Notice that the two last terms are decreasing in the firm’s
price.

Obviously the number of pure shareholders is positively linked
to the difference between U(C, W) and each of the three other
values U(C, W), U(C, W) and U(C, W). What is the effect on these
differences of an increase in ownership concentration (a decrease
in u)? We have shown that this raises the price p(C, W), thus
lowering both consumer’s and worker’s surpluses in state (C, W),
the price p(C, W), then lowering the consumer’s surplus in state
p(C, W) and the price p(C, W), thus lowering the worker’s surplus
in state (C, W). It follows that, by this channel, U(C, W), U(C, W)
and U(C, W) decrease while U(C, W) remains unchanged, so the
differences between the latter and each of the former increase.

It remains to determine how profits per shareholder in
state (C, W) change with respect to profits per shareholder in
states (C, W), (C, W) and (C, W). Let us consider for instance
w Clearly the denominator decreases when u de-
creasesl.t Hence for the same difference in aggregate profits, the
difference per shareholder increases when the fraction of the firm
owned by an individual shareholder increases. As for the numera-
tor, an increase in ownership concentration raises p(C, W) while
letting p(C, W) unchanged and decreases the numerator.'* It is
however straightforward to show that the first effect dominates
the second one: the difference in profits per shareholder increases
though the difference in aggregate profits decreases.

We can safely conclude from the two combined effects on sur-
pluses and on profits per shareholder that the equilibrium utility of
a pure shareholder increases more with ownership concentration
than the equilibrium utility of shareholders who are at the same
time consumers and/or workers. A greater concentration of owner-
ship raises the proportion of pure shareholders in the shareholders
population.

Interestingly,'® note that, when the profit-maximizing price
is selected, the number of pure shareholders (who choose not
to consume the good nor to work in the firm) is strictly greater
than the number of shareholders who have voted for profit-
maximization. The latter equals uA(p(C, W)), where (A(p(C, W))
is given by Eq. (19). That is:

[aé[(4 )@+ 20147 + (2 — p@] e’
16(6 + a@)? 8(6 +a)?
while the former (number of pure shareholders who choose at

p(C, W) not to consume nor to work), given by u(@ — 2)2EW),

obtains as oo
@0(0 + 2a?)
agrar
The difference (expression given by Eq. (15) minus the expres-
sion given by Eq. (14)) is given by

15 (14)

(15)

b

16(at + 6)?

It is strictly positive if and only if # > 0. The intuition for this
result is simply that there exist some shareholders which would
have preferred lower prices than the profit-maximizing one, and
would have at their ideal prices consumed the product and/or
worked in the firm, but who are discouraged from consuming by
the high actual price and/or from working by the resulting low
actual wage.

There is finally a point worth noticing. While the firm’s profit
is always strictly positive when the profit maximizing price is

(4T + (1 + 6)@d + 20°).

14 Remember that the firm’s profits are maximized at p(C, W).
15 we thank an anonymous referee for bringing this question to our attention.



selected, this is not always the case when p(C, W) is selected.
Indeed in the latter case, the profit given by

a(7 - w23 +a7)

A 7 B

is negative whenever u > %, i.e. when the ownership is
dispersed enough. The intuition is clear. The shareholders who
consume and work in the firm doubly benefit from a low price, as
consumers but also as workers since a low price means a high wage
(see Eq.(1)). When they hold a small enough share of the firm (dis-
persed ownership), this outweighs their interests as stockholders.

4. Concluding remarks and extensions

We introduced a simple general equilibrium model with a sin-
gle firm and agents who are vertically differentiated along two di-
mensions, their utility for the good and their dis-utility for working.
We characterized necessary and sufficient conditions under which
a majority (absolute or relative) of shareholders selects the profit
maximizing price and necessary and sufficient conditions under
which a majority (absolute or relative) chooses a different price.
The condition to have the majority choose the profit maximizing
price amounts to assume that ownership concentration is great
enough and/or that the average marginal utility of the good is small
relative to the marginal dis-utility of working, so that the fraction
of shareholders with no interest in the company as consumers or
as workers is larger than one half. We have not calculated the
Condorcet winner in all possible cases, i.e. in the cases when an
absolute majority of shareholders do not prefer the same ideal
price. However the necessary and sufficient condition for the
profit-maximizing price to be a Condorcet-winner is certainly of
the same type and cannot be stronger. The purpose of this note
was to question the profit maximizing hypothesis while ignoring
the information and manager’s control issues. The results obtained
in the note are sufficient for this object.

The main result of this note regards the influence of the degree
of concentration of ownership. A first and immediate result is
that the lower p, the more important is the weight of profits in
the shareholders’ utility functions. Accordingly, the three other
candidate prices p(C, W), p(C, W) and p(C, W) tend toward the
profit-maximizing price p(C, W) as u tends toward 0. In this first
sense, the profit-maximization hypothesis always approximates
better reality the greater is ownership concentration. But this is
also true in a second stronger sense. There is a greater proportion
of shareholders favoring profit-maximization over every possible
alternative the greater is ownership concentration. Other things
equal, there is a majority voting profit maximizing if and only if
ownership concentration is above a given threshold. A contrario,
we may conclude that profit-maximization may happen to fail
only when (i) ownership is dispersed, (ii) an important part of the
population have incentives to consume the firms’ product and/or
to work in the firm.

Appendix

To prove the proposition, we need two lemmas.
Denote by

D= {(.0) € [0, x [0, 5]/% ro,

and by
D =[0,a] x [0,0]\D.

Lemma 1. The utility of each shareholder («, 0) reaches its maximal
value necessarily at one of the following prices:

(C, W), p(

e p(C, ) over D;
e p(C, W), p(

C.W)or p(C, W
C,W)or p(C, W) over D.
Proof. Individual (¢, 6) consumes one unit of the differentiated
good (C)if and only if p < 6q.

(a, 6) works (W) if and only if

w
o< —

The salary adjusts such that the labor’s demand and offer equal-
ize, so that

w:a(q—g).

The firm’s profit is then the following function of its price®:
_ a, _ _— P
r=alp(1+ =) —aqll¥ — -1
0 q

Taking into account the expression of w as a function of p, («, 0)
works if and only if p < 6q(1 — £).
Comparing 0q(1— £)and 6q amounts to comparing %+% with 1.

Let us begin with the case: («, 6) € D.
As price p increases, the individual («, 6) gets through three
regimes:

e (C,W)whenp < 6g(1— ) with utility U(C, W) = g+ +

u% +e—aq—p.

e (C,W)whenfg(1—£) < p < 6q with utility U(C, W) =
09+ -2 +e—p.

e (C,W)when p > 0q with utility U(C, W) = = +e¢

uad :

p(C, W) maximizes the expression U(C, W); p(C, W) maxi-
mizes the expression U(C, W) and p(C, W) maximizes U(C, W).
Depending on the position of these prices relative to the intervals’
borders, these prices might be global maxima, just local maxima or
nothing at all.

1. p(C,W) < 6q(1 — £)is equivalent to
(6 + p(a +0))
o< ————(<a).
2Aa +0)
2. p(C, W) > 0q(1 — 2)is equivalent to
(1+ )b
>
2(@+0)
3. p(C, W) > q s equivalent to
0Qa+6) -
< L—i_,) < 6).
2(a + 9)
4. p(C, W) < 0q s equivalent to
8a+(1—wd), -

0> —— (< 0).
2(x +0)
We have
(1+pad a@+u@+0o) _
— < — <o
2@ +0) 2@ +0)
and
(2 + (1 — p)d) EQ&+@<§
2(a +06) 2(a +6)

16 For details on the derivation of the results see Kahloul et al. (2017).



The whole population divides into 9 zones, depending on the
position of « relative toi(;(;’j:gf and a(ezgfge)) and of 0 relative
o 0@a+(1—p)0) A2a+8)
2(@+9) 2@+9)
Denote by Iy, I, and I3 the 3 relevant intervals in terms of «
in the increasing order, that is: I; = [0, ;(“L‘jr);‘)e 1, I [(;(Z‘i);‘f
6+ u(a+6) a6 a+0)) —
o( (M+6+ )]andI = (;IM:_(;)F ))’ ]
Denote also by Ji, J» and J3 the 3 relevant intervals in terms
of 6, also in the increasing order, that is J; = [0, W],
J = L0 e ana = (5257
1. (I; x J1) N D is empty.
2. On (I; x J1) N D, the utility has two local maxima at p(C, W)
and p(C, W).
3. On (I3 x J;) N D, the utility reaches a global maximum at
p(C, W).
4, On (I} x J,) N D, the utility has two local maxima at p(C, W)
and p(C, W).
5. On (I x J;) N D, the utility has three local maxima at
p(C, W), p(C, W) and p(C, W).
6. On (I3 x J,) N D, the utility has two local maxima at p(C, W)
and p(C, W).
7. On (I; x J3) N D, the utility reaches a global maximum at
p(C, W). _
8. On (I, x J3) N D, the utility has two local maxima at p(C, W)
and p(C, W).
9. On (I3 x J3) N D, the utility reaches a global maximum at
p(C, W).

Let us consider now the case: («, 0) € D
As price p increases, the individual («, 6) gets through three
regimes:

e (C,W)whenp < 6q with utility U(C, W) = g+ w + % +
e —aq—p.

e (C,W)whenfq < p < 6q(1 —
w4+ Z +e—oaq.

o
e (C,W)whenp > 0g(1— 2), with utility U(C, W) = =5 te.

%), with utility U(C, W) =

_Depending on the position of prices p(C, W), p(C, W) and
p(C, W) relative to the intervals’ borders, these prices might be
global maxima, just local maxima or nothing at all.

We have:

1. p(C, W) < 6q is equivalent to

0[(2 — w)a + (1 — p)f]
2@ +0) '

6 >

2. p(C, W) > 6q is equivalent to
- 016 + (2 — pu)a]
20a+06)
3. p(C, W) > 0q(1 — £) is equivalent to
e77)
> .
2@ +6)
4. p(C,W) < 0q(1 — £)is equivalent to
al0 + pa]
< —.
2@ +0)
We easily prove that
@b [0 + pal
— < —
2@+0) 2Aa+0)

and

o012 —

wla +(1—p)l 6010+ (2 —pal -
— < — < 6.
2(a +0) 2(a +0)
The whole population d1v1des into 9 zones, depending on the
position of « relative to and "‘[9+“"‘] and of @ relative to

2@ +9) (@+6) '
01(2—p)ar+(1—1)0] and 010+(2—p)a]
2(a+6) 2(@+0)
Denote by A;, A; and A; the 3 relevant intervals in terms
of « in the increasing order, that is: A; = [0, 2(0l+9)] A =

@b @[0+pa) a0+pe] —
[2(a+9) 2(a+0) landA; = [ 2@+0) ’ a].
Denote also by By, B, and B; the 3 relevant intervals in terms
of 6, also in the increasing order, that is B; = [0, W]
O[2—wa+(1—u)0]  O[0+(2—u)a] _ 9[9+(2 W]
B =1 2(@+0) T 2@+0) landBs = (@+0) 01,

1. On (A; x B;) N D, as a function of p, the utility has a global
maximum at p(C w).

2. On (A x B1)ND, the utility has two local maxima at p(C, W)
andp(C,W).

3. On (A3 x By) N D, the utility reaches a global maximum at
p(C, W). _

4. On (A x B;)N D, the utility has two local maxima at p(C, W)
and p(C, W).

5.0n (A; x By) N D, the > utility has three local maxima at
p(C, W), p(C, W)and p(C, W).

6. On (As x B;)ND, the utility has two local maxima at p(C, W)
and p(C, W).

7. On (A7 x B3) N D, the utility reaches a global maximum at
p(C, W). B -

8. On (A, x B3)N D, the utility has two local maxima at p(C, W)
etp(C,W).

9. (A3 xB3)NDisempty. W

Lemma 2. The global maximum of the utility of Shareholder («, 9)

is given by one of the prices identified in Egs. (3), (4), (5) and (6) as
shown in Fig. 2.

Proof. Utility U(C, W) atp = p(C, W) is given by
q(ua@ — (1 — )9y

uic,w)= = +(0 —a)g.
4u(o +0)
Utility U(C, W) at p = p(C, W) is given by
— 0q(0(1 — n)? — 4ua
U(C. W) = 6q + q(o( f) - U)
(o + 6)

Utility U(C, W) at p = p(C, W) is given by

_ q0°

U(C, W =
4u(6 + @)
Utility U(C, W) at p = p(C, W) is given by
Q@ + p@) @ + (1 + )@ + pua@)
4u(0 +a)?
With these optimal values of indirect utilities, we have the
following. U(C, W) > U(C, W) iif

a(pe +2(1+ 1)d)
40 + )
U(C, W) > U(C, W)iif

U(C,W) = —aq+

o <ay=



U(C, W) > U(C, W) iff
(2—p)o2a +0)

6 > 6’1 = —
40 + @)
U(C, W) > U(C, W)iif
a(por +20)
a>a =——"
40 +a)

U(C, W) > U(C, W)iif
(2— o — p@® +2(1 — pyad

0—a< =
4060 4 o)

We prove easily that o; < o < @; 6; < 6, < 6 and that

2, 7,
2—p)p" — 2(1—p)ab
0]-0{1:92—(12:( 1) 4’(%0:_;—)( 1)

Cross-checking all these inequalities leads to Fig. 2. W

The remaining of the proof of Proposition 1
We calculate the relevant areas as follows.

(ay — a1)(62 — 01)

A(p(C, W) = az(6 — 67) — - (16)

@Ol + 21+ pll2ua + 2+ whl | a8 a7

N 16(60 + @)? 8(6 + @)?

AP(C, W) = @ — anyp, — 2N =) (18)

@Ol o+ 20]4T + (2 - whl | plEe (19)

N 16(6 + @)? 8(0 + @)?

A(p(C, W) = (@ — a2)(0 — 62) (20)

_ 2+ a0’ [(4— @ + (2 — 2100 1)

N 16(60 + a@)?

APC. W) =10 ) (22)

_ 902~ 123 + 8114 + 29) 23)
16(60 + o)?

The difference A(p(C, W)) — A(p(C, W)) which is of the same
signas2(2—u)y +(u?—4u+8)y?, and the difference A(p(C, W))—
A(p(C, W))which s of the same sign as 2(4—u )y 2 4+4(2— )y + 12,
are always positive. o

This means that p(C, W) and p(C, W) are never chosen by an
absolute or a relative majority.

To determine the conditions under which p(C, W) is chosen
by an absolute majority, we have to compare uA(p(C, W)) and
wa /2.

The difference A(p(C, W)) — @6 /2 is of the same sign as 2(u> —
4)y? 4+ y(3u? + 6u — 16) + 2u? + 6 + 4. The result follows
immediately from studying the sign of this expression.

To determine the conditions under which p(C, W) is chosen
by an absolute majority, we have to compare uA(p(C, W)) and
wof /2. The difference A(p(C, W)) — @62 is of the same sign as
42— p)y? — (24 p)y —2(2+ ). The result follows immediately
from studying the sign of this expression.

Now, to determine the issue of a vote by a relative majority,
we have to compare A(p(C, W)) and A(p(C, W)). The difference
A(p(C, W)) — A(p(C, W)) is given by

269 (1 + 4)
16(a + 6)?
which is of the same sign as (y + 1)(2 — u)(ﬁ —y). O

2w —2)+ 2y (p — 1)+ ul, (24)
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