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Abstract

This paper studies the optimal growth path of a natural resource-rich country, which can
borrow from international financial markets. I explore to what extent international borrow-
ing can overcome resource scarcity in a small open economy, in order to have sustainable
growth. First, a benchmark model with a constant interest rate and technical progress is
set up to see if the economy’s growth can be sustainable in the long run. Secondly, the case
of a debt elastic interest rate is analysed. The main finding of this paper is that borrow-
ing on international capital markets does not permit sustainable growth for a country with
exhaustible natural resources, when the interest rate is constant. Nevertheless, when the
interest rate is endogenized, the consumption growth rate can be positive before declining.
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1 Introduction

Surprisingly, oil or gas producers, even though they have important revenues due to their
natural resources, are usually facing high level of debt. For instance, Angola, which is one
of the first oil producer of Africa has to deal with an external debt of 36 billion of US dollar,
and Brazil had a debt of 340 billion of US dollar in 2015. Nevertheless, the issue of external
debt in natural resource-rich countries has been neglected by economists so far.

In this paper, I develop one of the first analysis on this critical issue, investigating
whether a natural resource dependent country with an external debt can achieve sustainable
output and consumption growth rates, thanks to its access to international financial markets.
The paper introduces international borrowing in an optimal exogenous growth model, with
exhaustible natural resources, in which the country can borrow money at a constant interest
rate and then at an endogenous interest rate. It is a one-sector model, in which the economy
extracts and produces natural resources, that it can sell on the domestic market or export
abroad. The choice was made not to explore a two-sector model, in order to focus on financial
opening and not on trade opening. The main finding of the paper is that sustainability is
not feasible when the interest rate is constant, even if there is technical progress, but when
the economy faces a debt-elastic interest rate, consumption can grow for a while before
decreasing in the long run.

This paper is at the crossroads of two literatures and fills important gaps in each liter-
ature. The first stream of literature deals with sustainable growth with natural resources.
The cornerstone of those studies is Stiglitz’s (1974) neoclassical optimal growth model,
where natural resources are essential for production. He points out that optimal growth
and a sustainable per capita consumption is feasible with exhaustible natural resource in
limited supply, if the ratio of the rate of technical change to the the rate of population
growth is greater than or equal to the share of natural resources. Solow (1974) also uses a

neoclassical growth model, where he applies the max-min principle to the intergenerational



problem of optimal capital accumulation, in general and then in particular with scarce natu-
ral resources. Dasgupta and Heal (1974) have a different approach of technical change, they
do not view it as a smooth gradual process, but as technological breakthrough. They thus
introduce a ”backstop technology”, which represents a major discovery, a new substitute
for the depletable resource. An example might be the substitution of fossil fuel energy by
solar or wind energy. It should be emphasized that this date of discovering is completely
unknown. Nevertheless, this substitution process is a way to overcome resource scarcity
and avoid a falling level of per capita consumption. Dasgupta and Stiglitz (1976) and Heal
(1978) follow this approach. More recently, Benchekroun and Withagen (2011) show that
in a Dasgupta-Heal-Solow-Stiglitz based model, the initial consumption under a utilitarian
criterion starts below the maximin rate of consumption if and only the resource is abundant
enough. They underline the fact that the present generation does not necessarily benefits
most from a windfall of resources. My paper contributes to this Dasgupta-Heal-Stiglitz-
Solow (DHSS) literature by ”opening” the economy. Indeed, in most of DHSS models,
those natural resource rich economies are closed, and the country does not have access to
debt. As a matter of fact, very few studies examine optimal exogenous growth models with
resource extraction in an open economy. There are some exceptions, as Poelhekke and Van
der Ploeg (2008), Van der Ploeg and Venables (2011) who have introduced international
finance in their models of resource-rich countries, which focus more on managing resource
windfalls. In addition, some articles decided to introduce endogenous growth with non re-
newable natural resources in this literature, as Schou (1996). In particular, Barbier (1999)
proposed a ”Romer-Stiglitz” model, where endogenous technical change can overcome re-
source scarcity. Furthermore, Grimaud and Rougé (2003) analyses the effect of intervention
instruments on the rate of resource extraction and growth rate in a Schumpeterian model.
In this paper, I focus on an exogenous technological progress that delays the depletion of
natural resources, as the main idea is to see if a resource dependent economy can have a

sustainable growth rate thanks to international borrowing, while its main source of growth



is bound to disappear. It is interesting to note that in my model technical change does not
help overcome resource scarcity, contrary to Stiglitz (1974) and the rest of this literature.
Indeed, consumption, investment and production asymptotically approach zero with the
depletion of natural resources, despite the existence of technical change, whereas Stiglitz
(1974) shows that consumption growth can be sustained thanks to technical change (at the
condition that the ratio of the rate of technical change to population growth rate is higher
or equal than the share of natural resources in production).

The second body of literature embraces extensions of the Ramsey model to an open econ-
omy. It is shown that the open economy version of the Ramsey model leads to a number of
paradoxical conclusions. Barro and Sala-i-Martin (2003) find that the speed of convergence
for capital and output is infinite, so the economy jumps into the steady state. Moreover,
consumption tends to zero, except for the most patient country. Nevertheless, Schmitt-
Grohe and Uribe (2003) display that there are different alternatives to modify the standard
small open economy model. Indeed, some attempts have been made to improve those coun-
terfactual results, by introducing a constraint on international credit or adjustment costs.
The infinite speed of convergence for capital and output does not apply to countries that
are effectively constrained to borrow, and consumption does not decrease to zero. With
adjustment costs for investments, capital and output are less instantaneous, even if capital
markets are perfect. Oxborrow and Turnovsky (2015) chose an other approach to close the
small open economy model, by replacing the infinitely-lived representative agent framework
with a general demographic structure, assuming a survival function, which enables them to
relax the knife-edge constraint. My paper fills the gap in this small open economy literature
by adding exhaustible natural resources. The resources here are essential for production,
non renewable, and can apply to oil, gas, shale gas or to different minerals as copper, gold,
diamonds.

In the next section, I set forth a general Ramsey model in a small open economy, with

exhaustible natural resources. In section 3, I focus on a particular case where the interest



rate r is constant and with a resource-augmenting technical progress, that helps raise the
efficiency of resource use. In section 4, the model is generalized with an interest rate, which

is increasing in the level of debt.

2 Theoretical framework

A simple neoclassical growth model with natural resources is considered. It is a small open
economy with borrowing capacities.
Output is produced with a constant-returns-to-scale technology, using a Cobb-Douglas

production function:

Y = F(K,R) = K*(A(1-y)R)}' *0<a<1 (1)

where K is the stock of man-made capital, R a non renewable natural resource, v the
share of the country’s natural resources that are exported abroad, A the resource-saving
technological change. A is growing at some constant exogenous rate 7 > 0, so that A = e™.
Labor is supposed to be constant, its size is thus normalized to one.

The marginal productivity of natural resources is noted as : F'(R) = Fr. The marginal
productivity of capital is defined as : F'(K) = Fx > 0 and F"(K) < 0.

I is the investment function, s the saving function, and i the financial contribution,
that the government can use, when the production of natural resource is low. I = s+ i =
Y — C'+i. The non-negativity constraint on i can enable the country to rely on this financial
contribution in difficult economic times, or when a large part of its natural resources will

have been depleted.

The man-made capital depreciates at rate ¢:

K=I-6K=Y -C+i-06K,0€[0,1] (2)



2.1 Natural resources

Let S be the stock of non-renewable resources available. The economy has an initial stock
of natural resources noted S(0).

The stock decreases over time with the rate of extraction:
S=-R (3)
with R a continuous function of time, K(0) > 0 and S(0) > 0.

2.2 The government

The economy is centralized and administered by the government, which controls the man-
agement of natural resources through a monopoly. The government has constant relative

risk aversion preferences. The intertemporal utility function is:

/ T et )

with U(C) = 0177,77_1 forn#1,7>0

1—

and U(C) = In(C) forn =1

The variable C denotes consumption, and 7 is the coefficient of relative risk aversion.
The discount rate p is assumed to be strictly positive.

The government has access to international capital markets, and can borrow or lend at
an interest rate r, which is exogenous and which depends on the level of the country’s debt
B. One part of the country’s resources yR is exported abroad, and the rest (1- v)R is sold

on the domestic market.



The government’s dynamic budget constraint is:
B=C+r(B)B+I1-Y —~vpR=7r(B)B+i—~pR (5)

where p is the price of the natural resources sold abroad, and thus ypR is the natural
resources revenue received by the government from exports.

The government maximises its lifetime utility on an infinite horizon, subject to the
capital accumulation equation (2), to the natural resources stock constraint equation (3)
and the budget constraint equation (5).

The problem to be solved is thus:

max{C’I,R}/ e PtU(C)dt
0

s.t.

B=C+r(B)B+1-Y —~pR
K(0)>0,5(0) >0

There are three state variables S, B, and K. Three control variables C, I and R to be
chosen.

The current value Hamiltonian is :
H(C, R, I, Ay, Az, A3) = U(C) + M (I —6K) - MR + A\3(C +r(B)B+I—-Y —pR)

The co-states A1, A2, A3 represent respectively the shadow price of accumulated capital,
of the resource stock and the shadow price of debt.

The optimality conditions are given by:



U'(C)=—\3 (6)

=X3(Fr +9p) = A2 (7
“A3= A\ (8)

A= M(6+p) + AsFk (9)
Xo = pha (10)

Xs = As(p —'(B)B +r(B)) (11)

At the optimum rate, the rate of return is the same at all points in time, being equal to
the social discount rate (equation 10): i—i =p
As the Hotelling rule goes, the shadow price of the resource in the ground, also called the
scarcity rent, grows at the discount rate.

The transversality conditions are:

lim e P\ K =0

t—o00

lim e "'A3S =0

t—o0

lim e "*A3sB =0
t—o0

It is not possible to accumulate capital and debt indefinitely. As in the long run, the natural

resource will be exhausted, the country cannot extract those resources indefinitely.



3 Model with a constant interest rate and technical
progress

In the literature of sustainable growth with natural resources in a closed economy, such as
Stiglitz (1974) or Dasgupta and Heal (1974), sustainability is not feasible without technical
progress. Without public debt in my model, the country cannot rely on international bor-
rowing and depends completely on its natural resources, that are essential for production. In
this case of a closed economy, growth is not sustainable in the long run, as those natural re-
source are non renewable and no technical progress can help overcome the resource scarcity.
On the contrary, when financial openness is introduced in my model, the economy can tap
financial markets, and can find a new way to support consumption. Nevertheless, despite
this access to international markets my results (without technical change) are similar to
those of the literature of optimal growth models with natural resource in a closed economy.
Therefore, in a small open economy producing exhaustible natural resources, with a con-
stant interest rate and no technical progress, all the variables output, capital, consumption,
natural resources, the level of debt grow at the same rate along a balanced growth path and
decline asymptotically towards zero (see Appendix 1).

I now consider a resource-augmenting technical progress in the model to see if the country
can reach a sustainable growth path. This assumption can be supported by the fact that
technological change can lead to the discovery of new natural resources (like the discovery
of oil fields in Brazil), or allow the exploitation of resources previously thought not to be
economically accessible (as offshore high pressure - high temperature wells for example).
Different types of technical changes have been developed in the literature. Technical change
can be seen as a gradual process, or like a major discovery. Dasgupta and Heal (1974)
view it like a backstop technology that can appear at a discrete time. Endogenous technical
change have also been introduced in the literature, especially by Grimaud and Rougé (2003),

Lafforgue (2008). This paper focuses on an exogenous technical change, which can delay



the depletion of natural resources but which is not a substitute to those resources.
Furthermore, the economy has unrestricted access to a perfect world capital market. It
is assumed that the interest rate equals a constant r and that r < p applies, because if
not the economy would eventually accumulate enough assets to violate the small-country
assumption that we made (Barro and Sala-i-Martin, 2003). This condition is justified by the
fact that small natural resource-rich economies usually exhibit high discount rates. Indeed,
as an example Adelman (1986) shows that oil-producing countries that heavily depend on
oil revenues have a higher discount rate than a diversified economy. Revenues generated
from exhaustible natural resources are highly dependent on resource price fluctuations,
contrary to more diversified economies that can rely on other sources of revenues. For
example, Saudi Arabia’s discount rate is higher than Kuwait’s discount rate, as Kuwait has
some non-oil income derived from foreign investment. Another justification supporting this
central assumption is that natural resource-rich countries are usually more subject to high
political instability. For example, Nigeria or Venezuela have high discount rates (which are
thus higher than the interest rate), since they can face many coups. If the government
knows he can be overthrown by its political opponents at any moment, its preference for
the present is even higher. Indeed, he ought to produce more now in order to keep itself
in power by buying off potential rivals (Easterly, 2002). For those reasons, governments in
natural resource-rich countries can thus calculate with short-horizon and high discount rate.
In this model, prices and the interest rate are assumed to be constant. Natural resource
prices are usually set on a world market, as it is the case for oil, or at a more regional
level like gas. Moreover, governments in small open economies do not have the power to
influence the resource price, that is crucial for their revenues. The analysis is conducted

with a constant resource price.

The marginal productivity of capital and the marginal productivity of the resource can

be expressed as:

10



) (12)

Fr=(1- a)(m)af‘l(l =) (13)

Using (8) and (11) yields that the marginal productivity of capital is equal to the depre-

ciation rate plus the interest rate:

Fr=0+r (14)
This implies that the ratio ﬁ is constant:
K (5 +7r 1

Al —-~)R = @ )= (15)

As natural resources are exhaustible, therefore the rate of extraction of those resources
tends towards zero. Since the ratio A(?KW)R is constant, this implies that the accumulation
of capital approaches zero. And as the production function is a Cobb-Douglas, therefore
output also decreases towards zero. Those results appear to be quite counterfactual, as the
economy can no longer grow in the long run.

Moreover, the modified Solow-Stiglitz efficiency condition holds:

Fr+p

:FK—(S:T
Fr+p

In other words, along the optimal path the interest rate has to be equal to the growth
rate of the marginal productivity of the resource plus the government’s revenue of exported
resources.

Using this last efficiency condition and as the ratio ﬁ is constant, therefore its

11



__ kK
growth rate g« = 2020 ig equal to zero, it yields :
A(l-v)R A(1-—7)R

Fr o AO-DR A
Fp K

This equation can thus be reexpressed as:

Fp+vp TFR
Frtap (1 —a)(1 =) (gaiag)A +p

Proposition 1: The optimal growth rate of consumption is given by:

r—p
U

gc =

Ql Q-

and along a balanced growth path, gy = gk = g1 = gc and gr <0

Concerning consumption growth, this is straightforward from equations (6) and (11),
which give the Keynes-Ramsey rule. Therefore, the consumption growth rate is negative, as
r < p. Consumption cannot be sustainable in the long run. This result confirms what has
been shown in the literature extending the Ramsey model to an open economy by allowing
for international borrowing, where consumption also tended to zero in impatient economies
(Barro and Sala-i-Martin, 2003). Nevertheless, this result is different from Stiglitz (1974),
where thanks to technical progress there is sustainability in a closed economy with ex-
haustible natural resources, if the ratio of the rate of technical change to population growth
rate is higher or equal than the share of natural resource in production. Therefore, in my

model, consumption declines despite an access to financial markets and technical change.
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This is quite counterfactual, as natural resource-rich countries, that start producing their
resources, usually have high level of consumption. Indeed, consumption increases at first
thanks to those new resource flows, and then decreases with the resource depletion, espe-
cially if the country did not diversify its economy through structural reforms, or if it has
been plagued by rent seeking instead of investing. Moreover, creditors are usually willing
to lend to those natural resource-rich countries, as they know they will have new revenues
stemming from those resources. That has been the case of many developing countries, which
have been able to borrow on financial markets thanks to their oil discoveries. For example,
Ecuador had a larger access to international borrowing in the 1970’s when it started to pro-
duce and export oil. Stylized facts show that financial openness can thus be an opportunity

to increase the country’s consumption, contrary to my model with a constant interest rate.

Moreover, a balanced growth path (BGP) is defined as a path along which the quantities
Y, C and K change at constant proportionate rates. Let g, denote the growth rate of the
variable z > 0, that is g, = £.

As the ratio A(%

IR is constant, by differenciating logarithmically:

9o = 9K ~ 9AQ-mR = 0

and ga(1—)r = 9a + ga-v)r = ga + gr, as 7y constant

This implies that:

9k =9ga +9r

Furthermore, as gk = gc, we have: gr = gc — ga

Then,
r—p
n

dr =

Therefore gr < 0, as 7 >0 and r < p.

13



The pace of the natural resource extraction is decreasing with time. In the long-term,
the natural resource is being extracted until it is depleted, even though there will still be
some resource left in the ground. Indeed R will never be completely equal to zero, but will
asymptotically approach zero.

Concerning the debt path, as output, investment and natural resources, it tends asymp-
totically towards zero. Indeed, by considering the budget constraint and the transversality
conditions, it leads to lim;—, 1, B(t) = 0.

This implies that the maximum that the debt growth rate, noted maxgpg, can reach is :

r—p
"

max gp =

In conclusion, in a small open economy with exhaustible natural resources when there
is technical progress and a constant interest rate, all the variables output, capital, con-
sumption, natural resources, and the level of debt decline towards zero. Those results are
different from Barro and Sala-i-Martin (2003), who show that extensions of a Ramsey model
to an open economy do not lead to a declining output in the long term, even though con-
sumption can be decreasing. Those results also differ from Stiglitz (1974), where optimal
growth is feasible to a certain condition on technical change, despite the limited supply of
natural resources. Surprisingly, in my model technical progress cannot overcome resource
scarcity, as the interest rate is exogenous and constant. Extending a Ramsey model to an
open-economy with natural resources, lead to counterfactual results. As natural resource
revenues dwindle away, the economy ends up with a lower level of debt and a lower level
of consumption in the long run. Moreover, along the BGP those variables do not grow at
the same rate. Therefore, contrary to Stiglitz (1974) positive growth rates for output and

consumption cannot be sustained in the long run.
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4 Model with a debt-elastic interest rate

The economy faces now limitations in its access to the world financial markets. It is indeed
more realistic than a country that can borrow as much as it wants at a fixed rate.

The interest rate r(B) depends on the level of debt. It is thus assumed that r(B) is
increasing in the aggregate level of foreign debt.

As in the literature it is more common to use an exponential interest rate, I refer to

Schmitt-Grohe and Uribe (2003) debt-elastic interest-rate premium. It can be expressed as:
r(B) ="+ 477 ~1),

where 1)(eZ~P —1) is the country-specific interest rate premium, r* is the world interest
rate, D is the steady-state level of foreign debt. r*, D and v are constant and positive
parameters. Therefore, when the level of debt reaches its steady-state, i.e. B = D, it implies
that the interest rate equals the international interest rate: r(B) = r*

Therefore the formulation of the interest rate implies r(B) > 0 and r/(B) = ve?~P > 0.

Using the optimality conditions of the general model, especially equations (8), (9) and

(11), the marginal productivity of the capital depends on the interest rate:
Fx =6+1"(B).B+r(B) (17)

As Fre = a2

W)O‘*l, we can find the ratio ﬁ:

K _ 5+ (B)BAr(B), 1 PP Bt (PP 1) 46
yTepryal - )T = ( - )T (18)

From equations (7), (10), (11) and (17), the marginal productivity of the natural re-
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Figure 1: Exponential interest rate r(B) in function of the level of debt
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This relation corresponds to the new Solow-Stiglitz efficiency condition in an open economy

with a debt-elastic interest rate.

Proposition 2: The optimal level of debt decreases and output falls to zero in the long
TUN.
This is quite a paradoxical result, as the economic policy recommended here is to pay

off its debt from the beginning and thus not to take any risks. The economic intuition is
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to avoid debt-overhang. Indeed, as resource flows will not continue indefinitely, the country
should avoid excessive borrowing.

Allowing for international borrowing should help the economy limit its dependence on
those resources, through the diversification of its economy (by developing tourism, like
in Indonesia). Nevertheless, it should avoid getting trapped in a debt spiral and try to
pay back its debt while it still receive revenues from its natural resource. Furthermore,
as this resource is exhaustible, the challenge is to save money for future generations (by
creating a sovereign wealth fund for example), and thus not to spend all those revenues in
the present. Indeed, if the country just borrows on financial markets in order to maintain
its consumption to a certain level and does not use this financial openness as a mean to
diversify its economy, the country will accumulate too much debt. Investors will not be
willing to lend to this country, whose main source of revenue (its natural resources) is
bound to disappear. A mismanagement of debt and natural resources can thus lead to
difficult economic consequences, as it is currently the case in Venezuela, which is strangled
by its debt even though it has huge oil reserves.

A numerical example is provided to illustrate the debt pattern in function of time when
the interest rate is exponential (Figure 2). More precisely, I set « = 0,32, § = 0,1, p = 1,
v=0,5,r«=0,04, D = 0,7442 and ¢ = 0,8, and plot the optimal debt path in function
of time.

According to (18) and as the level of debt is falling to zero, the ratio ﬁ also ap-
proaches asymptotically a constant. I thus find the same counterfactual results from the
benchmark model with a constant interest rate r concerning the accumulation of capital,

the level of investment, and output that decrease asymptotically towards zero.

Proposition 3: The optimal rate of consumption is given by:

Fx—6—p 1'(B).B+r(B)—p
U U

> 1 (20)

¢_
¢ -
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Figure 2: Debt path in function of time

With an exponential interest rate r(B)
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This is straightforward from equations (6) and (11). Consumption accumulates at a rate
equal to the difference between the net marginal product of capital Fx — ¢ and the discount
rate p.

Nevertheless, this time the consumption growth rate go is depending on the level of debt
B;, contrary to the model with a constant interest rate.

In fact during the transitional dynamics, the consumption growth rate is first positive:
gc > 0 when 1'(B).B + r(B) > p. The country borrows to enjoy a certain level of
consumption early on, but pays the price later in the form of low consumption growth rate.
In the long run, as the level of debt B tends asymptotically towards zero, this growth rate
becomes negative, thus go < 0, and consumption decreases. Those results are still different

from Stiglitz (1974), as consumption is not sustainable in the long run, even though this
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time the consumption growth rate is positive at the beginning.

To illustrate the consumption growth rate in function of time when the interest rate is
exponential (Figure 3), Iset « =0,32,0=0,1,p=1,~v=0,5, r+ =0,04, D = 0, 7442 and
P =0,8.

Figure 3: Consumption growth rate in function of time

With an exponential interest rate r(B)
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It can be seen that the consumption growth rate is first positive, and then declines in
the long run. Therefore, when the interest rate is endogenized, consumption can grow for
a while before decreasing. The inverted U-shape of consumption can be explained by the
fact that natural resource-rich countries usually have high level of consumption when they

start extracting their resources. But with the resource depletion, the country produces less
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and exports less its natural resources. It has thus less revenues and its consumption tends
to decrease. That is the case of some oil producing countries, that when they start export-
ing oil they have high level of consumption, but with the decrease of their oil production,

consumption is then declining.

20



5 Conclusion

This paper has developed an exogenous optimal growth model of a resource-rich open econ-
omy, where natural resources are essential for production and non-renewable.

The main finding is that sustainability is not feasible when the interest rate is constant,
even if there is technical progress, but when the economy faces a debt-elastic interest rate,
consumption can grow for a while before decreasing in the long-run.

First, it was shown that when the interest rate is assumed constant and with technical
progress, this economy is faced to decreasing consumption and production. This leads to
some counterfactual no-growth results, as all the variables approach asymptotically zero and
that natural resources and output, consumption do not grow at the same rate on a balanced
growth path. Contrary to Stiglitz (1974), resource augmenting technical progress does not
overcome resource scarcity. In the literature extending Ramsey models to an open economy,
borrowing constraints with a collateral or adjustment costs are usually added in order to
found less paradoxical results, but my approach is different. I introduce an interest rate
that increases in the aggregate level of debt. It is a more realistic assumption, as countries
usually face a risk premium. Second, when the interest rate is endogenized, the optimal level
of debt asymptotically declines, and so do the output, capital and investment. Therefore,
the country ought to pay back its debt. Nevertheless, the growth rate of consumption is
positive during the transitional dynamics before declining. The country can thus see its
consumption increase at first in the debt-elastic interest rate model, but it then decreases
in the long run. In fact, neither technical change nor financial openness enable the country
to sustain its consumption in the long-term in my model. To overcome resource depletion,
the country should switch to an economy, where natural resources are no longer essential to
production. The policy recommendation for those natural resource-rich countries is thus to
reduce their debt and to diversify their economy in order to overcome resource scarcity.

This paper can be considered as a contribution to the optimal growth models with ex-
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haustible natural resources, that focused mainly on closed economies. One way to extend
this paper would be to optimize the model according to « the share of the country’s nat-
ural resources exported abroad. Another extension would be to introduce a constraint on

international credit, where natural resources could be used as collateral.
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Appendix

Appendix 1 : Model with a constant interest rate and no technical progress
The production function can be written as : ¥ = F(K, R) = K*((1 —y)R)*!

With an interest rate r constant, the government’s dynamic budget constraint is:

B(t) = C(t) + rB(t) + I(t) — Y (t) — ypR(t) (21)

The optimality conditions remain the same as in the general model, except for equation (11)

that becomes:

As(t) = As(t)(p — ) (22)

Using (8) and (11) yields that the marginal productivity of capital is equal to the depre-
ciation rate plus the interest rate:

Fr=0+r (23)

Besides, using the production function and equation (23), the marginal productivity of

capital can be reexpressed as:

It leads to a ratio capital natural resource ~—5— which is constant, when the interest

(I-v)R
rate r is constant:
K O+r, 1
= ( )a—l
(I-7R a

From (9) and (11), the marginal productivity of natural resources depends on the price
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of those resources and on the interest rate:

Fr4vp=— et (24)

As one can note, there is an incompatibility between equation (24), which grows expo-

nentially, and the marginal productivity of the natural resources derived from the production

function, Fr +vp = (1 — a)(1 — 7)( (l_lfy)R)O‘ + 7p, which is constant.

We have to distinguish two cases: - If the country does not export its natural resources,

then v = 0, the model does not work. Equation (24) becomes:

which is not possible as Fr is constant.
- If the country exports its natural resources, equation (24) holds if and only if prices

increase at a rate r. Therefore, prices can be reexpressed as:

Using equations (23) and (24) boils down to a new Solow-Stiglitz condition:

Frtap _ o

—d=r 25
Fr+p (25)

It is shown that along the optimal path, the growth rate of the marginal productivity of the

natural resources plus the growth rate of the prices have to be equal to the interest rate.

Proposition: The optimal rate of consumption is given by

26



Proof: This is straightforward from equations (6) and (11), which give the Keynes-

Ramsey rule.

As r < p, the rate of consumption is negative, therefore consumption decreases asymp-
totically towards zero. This result confirms what has been shown in the literature extending
the Ramsey model to an open economy with international borrowing, where consumption

also tended to zero.

I shall see now what are the implications of a constant ratio capital natural resource on

output.
Proposition: The optimal path of output and stock of capital approach zero.

Proof: As the natural resources are exhaustible, therefore the rate of extraction of those

resources tends towards zero: lim; 4, R =0

Since the ratio ﬁ is constant, this implies that the accumulation of capital also
approaches zero

lim K=0

t——+oo

As K and R are falling to zero, therefore output also decreases towards zero:

lim Y=0

t—+oo
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In other words, not just the growth rate but even the level of output will vanish.

In addition, from equation (2), the level of investment is also approaching zero:

lim I=0

t——+oo

Those no-output and no-growth results appear to be counterfactual. Especially, the fact

that production also falls towards zero leads to an economy on the way to extinction.

Adding exhaustible natural resources to an open economy version of the Ramsey model
leads thus to different results from those models with no natural resources, where the speed

of convergence for capital and output is infinite.

A balanced growth path (BGP) is defined as a path along which the quantities Y, C and

K change at constant proportionate rates.

Proposition: Along a BGP, gy = gk = 91 = 9c = 9gr

Proof: Let reexpress the production function in growth rate, such as g, = %

Y = ( )R

(1-7R

Then,

gy =0g_x__ +gr

(1-7ER

As the ratio ﬁ is constant, its growth rate equals zero.

Therefore, gx = gr and gy = gr
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Then, gy =gk =gr =gr=9c =2 <0,n>1

Concerning the debt path, the budget constraint need to be considered:
B(t) = C(t) + rB(t) + I(t) — Y (t) — ypR(t):
B(t) = bie"™ + bye 7 ¢+ bgel T !
Solving this, with the transversality condition lim; ., e ?*A3(¢)B(t) = 0 and the corre-

sponding solution A\z(t) = A3(0)e?~")* yields:

lim As(0)(bre™ 4 boe 7 L+ bgel T e =

t——+oo

Xa(0) lim_(br +boe "7+ be’70) = 0

From the transversality condition, it is shown that by = 0 and as r < p, lim;—, 1 o, B(t) =

This induces that

mazrgp =

Appendix 2: Proof of lim; - B(t) =0 in the model with a constant interest

rate and technical progress

As in Appendix 1, concerning the debt path, the budget constraint is considered. Know-

ing that Y, I and R tend asymptotically towards zero, with constant prices :
B(t) = bie™ + bye 7!
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Solving this, with the transversality condition lim; ., e ?*A3(¢)B(t) = 0 and the corre-

sponding solution Az(t) = A3(0)e?~")* yields:

lim A3(0)(bre™ + bge%t)e_” =0

t——+oo

—p

M) i (0 7 =0

From the transversality condition, it leads to by = 0 and asr < p, then lim;_, ;o B(t) = 0.

Appendix 3 : Proof of Proposition 2 in the model with a debt-elastic interest

rate

Using (16) and (18), yields:

Fr+yp 1 ) ~
m == xG(B).r'(B)* B
with (
L (r"(B).B+r(B)+6) L —1)

CB) = 0B B4 r(B) +0) =)

And thus with (19), it leads to a function of B, r(B), r’(B), G(B) < 0:

This condition can be reexpressed as the following autonomous differential equation:
B = H(B)

with H(B) = (r'(B).B + r(B)) * gmas)
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As B >0, r(B) > 0 and r'(B) > 0, and G(B) < 0, H(B) = B is thus negative.

Therefore, the optimal level of debt B is decreasing with time.

Appendix 4 : Model with a debt-elastic interest rate with increasing prices

In this case, prices are no longer constant. They are now assumed to increase at a rate
0, with: p(t) = p(0)e?. The idea is to see if increasing prices, like in 2002-2008 where the

oil price went from 20$ to 1408, can help have a sustainable growth.

The equation (20) becomes:

Fr+~p _ G(B)r'(B) * B+p
Fr+p a

G(B).r'(B) B +p _

(0%

(B).B +r(B)

This condition can be reexpressed as the following non autonomous differential equation,
as p depends now on time:

B = H,(B)

with Hy(B) = 2 BLB D) =1

As it is known from below r(B) > 0, r/(B) > 0, and G(B) < 0.

Moreover, v > 0 and p > 0. Therefore, when a(r'(B).B + r(B)) < vp, then B > 0. Let us
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apply this condition in the case where B(0) takes the value of zero and when the interest rate

is exponential, this condition becomes: a(r* +¢(e™P — 1)) < vp(0). As p(0) is assumed to
be equal to one, then p('O) = . This inequality is thus verified when (e~ P — 1) < %9 —r*.
In that case, the country increases its level of debt. In the short-run, it is interesting to see
that as debt is growing, consumption grows.

But when a(r'(B).B + r(B)) > vp, then Hy(B) = B < 0, the optimal level of debt is
still decreasing, even though prices are increasing. Indeed when B(0) takes the value of zero
and when the interest rate is exponential, this condition becomes: ¥ (e~ — 1) > %9 —r*.
This means that even in a period of relative prosperity, when the price of the natural resource
is increasing, thus when the country earns more money then it used to do, the government
ought to pay off its debt in priority. In the long-run, it confirms the results from the case

with a debt-elastic interest rate and constant prices, which is quite similar to what was

found in the benchmark model, where consumption declines.
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