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Event-driven control for reaching a steady
state in controlled Generalized Batches
Petri Nets

Ruotian Liu, Rabah Ammour, Leonardo Brenner,
Isabel Demongodin
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France (e-mail: {ruotian.liu, rabah.ammour, leonardo.brenner,
isabel.demongodin } Qlis-lab.fr).

Abstract: This paper addresses the control problem of controlled generalized batches Petri
nets. The considered problem is to reach a given steady state from an initial one by controlling
the firing flow of transitions. The proposed strategy is event-driven and the control actions are
updated only when specific events occur. It is based on an algorithm with a linear programming
problem that computes a new control firing flow vector when the considered events occur. The
convergence of the marking to its steady state marking by the proposed strategy is proved and
an example is provided to illustrate the computation steps.

Copyright © 2020 The Authors. This is an open access article under the CC BY-NC-ND license
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1. INTRODUCTION

Generalized batches Petri net (GBPN) (Demongodin,
2001) enriches the class of hybrid Petri nets (David and
Alla, 2005) by introducing a new kind of nodes, called
batch nodes. Batch transitions act as continuous ones
with finite server semantics while batch places are hybrid
ones defined by three continuous characteristics: a length,
a transfer speed and a maximal density. Based on the
concept of batches as marking, i.e., a group of entities
moves through a batch place at a certain speed, GBPNs
allow variable delays on continuous flows to be represented.
Behavior of such hybrid models is based on a switching
continuous-time and event-driven dynamics. When the
firing flows of continuous and batch transitions and the
transfer speeds of batch places are considered as control
inputs, controlled GBPNs (cGBPNs) have been defined
(Demongodin and Giua, 2012).

One problem in dynamical systems is that of determining a
stationary state, which can be maintained for an indefinite
time. In a cGBPN without discrete nodes, this stationary
state has been defined as a steady state (Demongodin
and Giua, 2012) where the markings of places and the
instantaneous firing flows of transitions remain constant.
The existence and choice of an optimal steady state has
been proposed in Demongodin and Giua (2014).

In this work, at first, we assume such a steady state is
determined from an initial marking. Our objective is to
reach this steady state from the initial one by control-
ling the firing flows of continuous and batch transitions.
Some important works have been devoted to these con-
trol problems with continuous Petri nets under infinite
server semantics, applying discrete-time control such as

1 This work has been partially supported by the CPSecurity project
(CNRS-INS2I grant).

ON/OFF controllers (Wang et al., 2014) or Model Pre-
dictive Control (Mahulea et al., 2008). As stated by Cas-
sandras (2014), the event-driven control strategies provide
an alternative to time-driven ones in hybrid systems where
events decompose state trajectories into different discrete
modes. In this spirit, Julvez et al. (2014) have proposed
an event-driven model predictive control of timed hybrid
Petri nets. In our work, dedicated to cGBPNs, the pro-
posed control strategy is a pure event-driven one where
the control actions are updated only when specific events
occur and remain constant between timed events.

Based on the assumptions that the considered cGBPN is
conservative, consistent and without discrete nodes, the
control strategy based on an ON/OFF controller, assumes
that the controlled firing flow of each transition cannot
exceed its steady firing flow. This is motivated by the
phenomenon in many physical systems where the applied
control values are limited by their nominal ones rather
than the maximal values. Moreover, a certain configuration
of the moving entities characterized by a steady state
density should be reached and the usage of the steady
firing flow allows such configuration to be generated.

The content of this paper is structured as follows. In
Section 2, we recall the basic definitions on controlled
generalized batches Petri nets (¢cGBPN) and steady state
of such models. Section 3 formalizes the control problem
and the related assumptions. In Section 4, we address the
problem of the event-driven control strategy, the developed
algorithm is detailed and its convergence is proved by
analyzing the transient behavior of the controlled net.
Finally, some conclusions and future works are presented
in Section 5.

2405-8963 Copyright © 2020 The Authors. This is an open access article under the CC BY-NC-ND license.
Peer review under responsibility of International Federation of Automatic Control.
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Fig. 1. Nodes of a GBPN.
2. BASIC CONCEPTS AND NOTATIONS

This section introduces some basic definitions on con-
trolled generalized batches Petri nets (¢cGBPN) and char-
acterizes the steady states.

2.1 Generalized Batches Petri nets

We assume the reader to be familiar with hybrid Petri nets
such as defined by David and Alla (2005). For more details
on batches Petri net formalisms, the reader can refer to
(Demongodin, 2001) and (Demongodin and Giua, 2014).

Definition 1. A Generalized Batches Petri net (GBPN) is
a 6-tuple N = (P, T, Pre, Post, v, Time) where:

e P = PP U PCU PB is finite set of places partitioned
into the three classes of discrete, continuous and batch
places.

e T = TP uUTCUTP is finite set of transitions par-
titioned into the three classes of discrete, continuous
and batch transitions.

e Pre,Post : (PP xT — N)u ((PCUPB)xT —
R>¢) are?, respectively, the pre-incidence and post-
incidence matrices, denoting the weight of the arcs
from places to transitions and transitions to places.

e PB R?;O is the batch place function. It
associates to each batch place p; € PP the triple
v(pi) = (V;,d**,s;) that represents, respectively,
mazimal transfer speed, mazimal density and length
of Di-

o Time : T — Rx>( associates a nonnegative number to
every transition:

- ift; € TP, then Time(t;) = d; denotes the firing
delay associated with the discrete transition;

- ift; € T°UT?B, then Time(t;) = ®; denotes the
mazimal firing flow associated with the continu-
ous or batch transition. |

The cardinality of the sets of places and transitions is
denoted as mY = |PY| and n¥ = |TY|, respectively, with
Y € {D,C, B}. Figure 1 shows the graphical representa-
tion of nodes of a GBPN.

The maximal capacity of batch place p;, with v(p;) =
(Vi,diP®x s, is Q; = s,d®*. To ensure a structural
bound on a batch place p; with capacity @;, a com-
plementary continuous place p; must exist such that
Pre(p;,-) = Post(p;,-) and Post(p;,-) = Pre(p;,-). Con-
sequently |P¢| > |PB].

2 We denote R>( (resp., R0) the set of nonnegative (resp., positive)
real numbers and N the set of natural numbers.

Definition 2. A batch i at time 7 is defined by a triple
5]@(7-) = (lk(T)7dk(T),(Ek(T)), where lk(T) S RZO is the
length, di(7) € R>q is the density and, zx(7) € R>¢ is the
head position. |

The marking m(7) = [mi(7) ma(7)...mu(7)]T of a
GBPN at time 7, is a function that assigns to each discrete
place a nonnegative integer, to each continuous place a
nonnegative real number and assigns to each batch place
pi, a series of batches ordered by their head positions,
m;(7) = {B1(7), ..., Br(7)}. We denote by my the initial
marking. Time 7 will be omitted in the rest of paper when
there is no ambiguity.

Another important notion in GBPNs is the definition of
the marking quantity which, for a continuous or a discrete
place, is equal to its marking while for a batch place is the
sum of the quantities within the batches it contains.

Definition 3. The marking quantity vector q = p(m) €
RY, associated with a marking m is defined as follows:

m; if p; € PP U PC,
G =9 Y l-dy ifpi e PP
BrEM;

Remark 1. p(m) is an injective mapping which associates
to a given marking m a single marking quantity vector gq.
Its inverse is not, since more than one marking m may
correspond to a given marking quantity vector q.

Every batch place, p; € PB, is associated with an output
density, denoted d$"*, representing the density of an output
batch of the place. Formally, if batch place p; contains
an output batch S3,.(7) at time 7, (i.e., z.(7) = s;), then
d"t (1) = d, (1), else d"t (1) = 0.

The dynamics of a GBPN, ruled by the firing of enabled
transitions and the hybrid dynamics inside batch places,
uses the notion of instantaneous firing flow vector. More
precisely, to a continuous or batch transition, t; € TCUTE,
is associated an instantaneous firing flow (IFF) ¢;(1) <
®;, that represents the quantity of firing of transition
t; by time unit. The IFF vector at time 7 is denoted
by (1) € R"“+7” | The input (resp., output) flow of
a batch or continuous place p; at time 7 is the sum of
all flows entering (resp., leaving) the place and can be
written, respectively, as: ¢(7) = Post(p;,-) - () and
694(7) = Pre(pi,-) - (7).

The behavior of a GBPN is based on a timed discrete event
dynamics with linear or constant continuous evolutions
between timed events. Between two timed events, the
state of the net is characterized by an invariant behavior
state (IB-state) (Demongodin and Giua (2010)), which
corresponds to a period of time such that the marking
in discrete places is constant, the firing flow of continuous
and batch transitions is constant and the output density
of batch places is constant. Note that, as ¢ is constant
in an IB-state, ¢™ and ¢°"' are also constants between
timed events. At time 7 (i.e., date of an event), the set
of admissible firing flows form a convex set described by
linear equations (see Definition 3.1 in Demongodin and
Giua (2010)). In particular, the firing flow of continuous
and batch transitions, and the input/output flow of batch
places must satisfy the following constraints: the firing flow
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of a transition that is not enabled is null; the total flow
entering batch place p; should not be greater than the
maximal flow V; - d;"** that the place can accept; the total
flow exiting batch place p; should not be greater than
the exit flow V; - d9“ generated by the output batch of
the place. Finally, the fundamental equation of cGBPNs
is expressed by:

q(r) =q(n0) + C - z(7) (1)

where z(7) € R, called characteristic vector, denotes the

firing count of each transition during time interval [rg, 7],
and C = Post — Pre.

2.2 Controlled GBPN and steady state

When the instantaneous firing flow of continuous and
batch transitions and the transfer speed of batch places are
considered as control inputs, this leads to the definition of
controlled GBPN.

Definition 4. A controlled Generalized Batches Petri net
(cGBPN) is a GBPN N for which a control input u(r) =
(o(7),v(7)) is defined. |

In this paper, we assume that the transfer speed of each
batch place is constant, i.e., v;(7) = V; for all p; € P5.
The control input is consequently restricted to the in-
stantaneous firing flow vector, i.e., u(r) = ¢(7) with
0 < wu(r) < ®. The following definition, taken from
Demongodin and Giua (2014), slightly restricts the defi-
nition of steady states when the speeds of batch places are
assigned.

Definition 5. (Steady state) Let (N, mg) be a ¢cGBPN
with PP = TP = (). The net is in a steady state at time
7s if for 7 > 7, the marking m® and the instantaneous
firing flow vector ¢® remain constant. Thus a steady state
is defined by a pair (m?®, ¢*). |

Note that this definition also implies that the output
density of batch places is constant at the steady state.

In Demongodin and Giua (2014)(see Proposition 4.5), we
characterize the steady state of a ¢cGBPN by solving a
linear programming problem that takes into account the
net structure and the initial marking. It has also been
proved, that at the steady state, the marking has one of
the following regular forms.

Proposition 6. Assume that a net (N,mg) with PP
TP = () is in a steady state (m*,¢*). The marking m
of a batch place p; € PZ— with input/output flow ¢¢ and
marking quantity ¢f = p(m?)— takes the following regular
form:

[

(1) If ¢¢ = 0, marking m{ = {fB,} contains a single
dense output batch 8, = (I, d**, s;) of length I, =
qis/d,rb_nax'

(2) If ¢ = ¢fs;/V; > 0, marking m? = {f,} contains a
single output batch 8, = (s;,d,, s;) of length equal to
the length of the place and with density d, = ¢$/V;.

(3) If Q; > ¢ > ¢fsi/Vi > 0, marking m{ = {fe, o}
contains a dense output batch 8, = (l,, d{™,s;) in
contact with one input batch 8. = (I, de,le) such
that d. = ¢7/V; and

sidPV; — @3V
d;naxv'i _ ¢:
(4) If Q; = ¢ > ¢3s;/Vi > 0, marking m{ = {$3,} con-
tains a single dense output batch £, = (s;, d"®*, s;) in
accumulation behavior of length equal to the length
of the place.

le = and [, = s; — l..

Thus from g° and ¢° the regular marking m?® can be
uniquely reconstructed. &

The following example shows a ¢cGBPN with its steady
state.

Ezxample 7. Let us consider the cGBPN shown in Fig. 2
where the characteristics of batch places are represented
and the maximal firing flow vector is ® = [4 4 4 4 4],
Let the initial marking mo = [3 0.4 3 0 {(0.2,3,1)} 0]

)

that implies the initial quantity vector equal to q°

[30.4300.60].

Fig. 2. The ¢cGBPN of Example 7.

By optimizing the same objective function f = 10- ¢4 +
05 —107%(21 + 29 + 23 + 24 + 25) in Demongodin and Giua
(2014), an optimal solution (g*, ¢®) and the characteristic
vector z® are obtained as: ¢° = [1.8 0 1.8 1.2 1 1.2]7]
p*=[41313]", 2=1[28041200]7.

From this optimal solution, and by Proposition 6, the

reachable steady state (m® ¢®) is given by: m® =

[1.80 1.8 {(3,0.4,3)} {(1,1,1)}{(2,0.6,2)}]" and ¢* =
[41313)".

3. PROBLEM STATEMENT

This paper addresses the problem of controlling the tran-
sient behavior of a cGBPN for reaching a given steady
state from an initial marking. In particular, the problem
is how to reach a target steady state (m?®, ¢*®) from a given
initial state mg, by controlling only the instantaneous
firing flow of transitions. Inspired by Aguayo-Lara et al.
(2012), the control problem is formally defined as follows.

Definition 8. Let (N, myg) be a cGBPN with PP = TP =
¢ and (m®, %) a reachable steady state. The event-
driven control problem for reaching (m?®, ¢®) deals with



Ruotian Liu et al. / IFAC PapersOnLine 53-4 (2020) 180-186

the computatmn of a timed control trajectory (u’, o),

(ul, ), -+, (ul,7), -, (u®,75) feasible in the CGBPN
from myg such that m(Tf) = m’ and u(ry) = u® =
S NTE > T

Note that when a ¢cGBPN is without discrete nodes, the
fundamental equation Eq.(1) becomes:

a(r) = q(m) + C- / " u(p)dp @)

where f p)dp denotes the sum of firing quantity of

continuous or batch transition during time interval [rg, 7].

Consequently, for the control trajectory (u®, o), (ut, 1),

,(u', 1), -+, (u®,7s) such that the controlled firing

flow vector u® is applied at date 7; and remains constant

until 741, corresponding to a timed interval of an IB-state,
u*~! - dp).

Eq. (2) becomes:
u0~dp+~~-+/
Ts—1
3)

In the rest of the paper, we consider the following assump-
tions under investigation.

A1l No discrete nodes (PP = TP = ).
A2 The steady firing flow vector is positive (¢* > 0).
A3 The net is conservative.

T1

ar) =g+ 0 ([

70

Assumption (A1) preserves the restricted class of cGBPNs
for which the steady state analysis has been studied (see
Demongodin and Giua (2014) for more details). Assump-
tion (A2) ensures that the net is consistent, i.e., there
exits a positive T-semiflow. Assumption (A3) imposes that
each place is contained in the support of a P-semiflow.
As previously mentioned, each batch place is associated
to a continuous one for respecting its structural bound.
Thus it is sufficient to state that all continuous places
are in a conservative component to ensure that the net
is conservative. More details on properties of autonomous
continuous Petri nets can be found in Julvez et al. (2003)
and Navarro-Gutiérrez et al. (2017).

4. THE PROPOSED EVENT-DRIVEN CONTROL
STRATEGY

In this part, we propose an approach for the computation
of a control trajectory from an initial state to the given
steady state. The basic idea is to set the firing flow of an
enabled transition ¢; to zero when the marking quantity of
one of its input places is lower than the steady state value
and, for the other enabled transitions, to maximize their
firing flows to the steady state ones for approaching the
steady marking quantity vector q°. We assume that the
controlled firing flow of each transition ¢; cannot exceed
the steady firing flow ¢j. The proposed control strategy

could be summarized as follows 3
o OFF: u;(7) = 0if t; is not enabled or if ¢; is enabled
with 3 pi € .tj : ql(’T) < qf
e ON: maximize u(7) to ¢*

, at time 7.

3 Fort € T,*t = {p € P | Pre(p,t) > 0}, and t* = {p € P |
Post(p, t) > 0}.

183

The controlled flow values are maintained during an IB-
state and updated when a particular event (or possibly
several events at the same time) occurs. The events con-
sidered by the controller are:

e The marking quantity of place p; reaches its steady
quantity ¢;;
e The output density of a batch place changes its value.

4.1 Computation of a timed control trajectory

Before we present the algorithm that allows one to com-
pute a control trajectory, several sets must be defined at
any marking m.

e Sp(m) = {p; € P| ¢ < ¢} be the subset of places
whose marking quantities are lower than their steady
state values.

e Se(m) = {pi € P | ¢ > ¢’} be the subset of
places whose marking quantities are greater than
their steady state values.

e Sp(m) ={p; € P| ¢ = ¢} be the subset of places
whose marking quantities are equal to their steady
state values.

e Thr(m) be the subset of transitions that are not
enabled at m.

o Tr(m) = {t; € T | 3p; € {Sr. N*t;}} be the subset
of transitions with at least one of its input places
belonging to Sp.

The following algorithm computes a timed control trajec-
tory from an initial state to a given reachable steady state.

Algorithm 1: Computation of control trajectory

Input: A ¢cGBPN (NN, mg) and a reachable steady state
(m?®, ¢°).

Output: Control trajectory (u®, 7q), (ul, 1), -

1 Initialize : ¢° = p(myg), m® =mgy, u® =0,79=0,i=0;
2 while m’ # m® do
3 Determine Ty (m?), Tr(m?), Sg(m?), Sg(m?) ;
a Solve the following LPP: max 17 - u? s.t.
(a) 0 < uégcpj vt; €T _ _
(b) uj; =0 Vt; € Ty(m') UTL(m')
(©) Clpr) ut <0 Vi € Sg(m)
(d) C(pk,-) - u' =0 Vpy, € Sg(m?)
(e) Pre (pg,-) - u' < Vi - d2"* Vp, € PP
5 Determine all the next timed events, select the
nearest in time and deduce time 7,41 ;
6 Determine the new marking m®*! and the marking
quantity vector g’*? ;
7 | i=i+1
8 ul = ¢°;

9 Return (u’,79), -

0 ) (uivTi)

Line 1 initializes the initial state as well as the control
firing flow vector. The main part (lines 2 — 7) builds
iteratively marking m® which is compared with the steady
marking m?® each timed event, and the control trajectory
is computed by controlling the firing flow vector. Line
3 determines the necessary sets for the constraints to
solve the linear programming problem (LPP). For the
LPP part, the objective is to maximize the controlled
firing flow vector at each timed event. Constraints (a)
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show that the maximal flow of each transition ¢; cannot
exceed the steady firing flow ¢3. Constraints (b) block
transition ¢; when it is not enabied or when the marking
quantity of one of its input places is lower than its steady
marking quantity. Constraints (c) are used to decrease
marking quantity to the steady marking quantity, while
constraints (d) hold the marking quantity to the steady
marking quantity. Constraints (e) require that the output
flow of a batch place should be lower than or equal to
the flow out coming from the place. Lines 5—6 consider the
nearest event and update the new marking. The procedure
is repeated until the steady marking is reached. When the
marking m’ reaches the steady value m?, the controlled
firing flow vector is also set to its steady firing flow vector
° as shown in line 8. The complexity of this algorithm is
polynomial since it is obtained by solving a LPP at each
timed step.

Remark 2. For transitions that are in structural conflict,
some constraints could be added for solving these conflicts
when there are effective ones. For instance, with a pro-
portional policy depending on the steady state value, the
following constraints could be added as u’, - p§ = uf - ©3 if
Vta,tp € T, %t N °ty # 0 and t,,t, & Th(m?) U T (m?).

4.2 Transient behavior of places in a controlled net

In this section, we address the problem of the convergence
of the marking to its steady state when the net is controlled
by the proposed strategy. First, we consider that at a
given time, the marking quantity vector is different from
the steady marking quantity vector. In this case, we show
that each place converges to its steady quantity. Next, it
is proved that when the steady quantity is reached, the
steady marking could also be reached in finite time. Let
us first introduce some notations and results that apply
for batch places.

We denote by 6™ the minimum delay required to cross
batch place p; at speed V;, defined by: 6" = s;/V;.

At the steady state, the input flow and the output flow of
place p; are equal, i.e., ¢ = Post (p;, -)-® = Pre (p;, )-¢°.

According to the proposed control strategy, a first result
on the density of created batches can be established.

Lemma 9. Consider a ¢GBPN (N, myg) that satisfies as-
sumptions (A1) — (A3) and is controlled by Algorithm 1 for
reaching its steady state (m?, ¢®). From the initial time,
any created batch S (7) = (0,dk(7),0) of batch place p;,
has its density constrained by: di(7) < df with d = ¢$/V;.

Proof. At a time 7 > 79, when a batch is created in batch
place p;, i.e., Bx(7) = (0,di(7),0), its density is given by:
d (1) = ¢!*(7)/V; = Post(p;,-) - u(1)/V;. As the proposed
control strategy imposes the firing flow to be lower than
or equal to its steady state value, i.e., u(7) < ¢*, it holds:
dr(1) < ¢3/Vi.

Let us now focus on the transient behavior of places in a
controlled net.

Lemma 10. Consider a cGBPN (N, m) that satisfies as-
sumptions (A1) — (A3) and is controlled by Algorithm 1
for reaching its steady state (m?®, ¢®). Every place p; of
marking quantity not equal to its steady marking quantity

at time 7, i.e., ¢;(7) # ¢f, converges to its steady marking
quantity ¢; in a finite time.

Proof. According to assumption (A3), every place p;
belongs to the support of a positive P-semiflow, i.e., 3X >
0 such that X - C = 0 and p; € ||X||,Vp; € P. Thus, at
time 7, the marking quantity verifies: x1 - 1 (7) +- - -+ xp, -
Gn(T) =x1-q0 4+ +Xnqp =X1- ¢+ + X0 - G5

a) For places with marking quantities strictly lower than
their steady marking quantities, i.e., ¢;(7) < ¢, the control
strategy enforces OFF to their output transitions, i.e.,
u;(7) = 0 (constraints (b)). Consequently, from time T,
their output flows remain null, ¢¢"* = 0, and their marking
quantities increase in time (i.e., ¢; = ¢!*) until their steady
quantities.

b) For places with marking quantities strictly greater than
their steady marking quantities, i.e., ¢;(7) > ¢, the control
strategy enforces their input flows to be lower than or equal
to their output flows (constraints (c)). This implies that
their quantities could not increase, as ¢; = ¢i* — ¢2"* with
@M < ¢out. As all places belong to the same P-invariant, it
must exist some other places with a lower quantity than its
steady quantity. As previously seen in case a, the quantity
of these latter places increase in time. Consequently, to be
conservative, the marking quantities of the former places
decrease in time until their steady quantities.

¢) For places with marking quantities equal to their steady
marking quantities, i.e., ¢;(7) = ¢f, the control strategy
enforces their input flows and output flows to be equal
(constraints (d)). Thus, ¢; = 0. Such places have still
reached their steady quantity. O

Lemma 11. Consider a cGBPN (N, my) that satisfies as-
sumptions (Al) — (A3) and is controlled by Algorithm
1 for reaching its steady state (m?,¢®). If at time 7,
the marking quantity vector equals to its steady marking
quantity vector, i.e., g(7) = ¢°, the marking reaches the
steady state marking m?® in a finite time.

Proof. At time 7, all marking quantities equal to their
steady marking quantities, i.e., ¢;(7) = ¢i. Due to con-
straints (d), the steady state quantities of places will
remain constant from date 7. For continuous places, their
steady state markings already correspond to their quanti-
ties. Thus, let us focus on the behavior of batch places.

For batch place p;, at the steady state it holds: ¢ =
¢ = ¢f and its steady state marking m{ has one
of the regular forms given by Proposition 6. According
to assumption (A2), it holds ¢§ > 0 and consequently,
the steady marking could not be in regular form (1). If
qi(T) = q¢ = Qs, the regular form mj = {(s;, d*,s;)} is
already reached for place p;. Thus, let us focus on the two
other forms: i): m$ = {(s;,d3,s;)} and i) m? = {(l., ds,
le), (Si - lev d;nax’ Sl)} with df = (bf/‘/l

Let us consider at date 7, the general case where
the marking of batch place p; is given by: m;(7) =
{Bi1(7),---,By(7)} ordered by their head positions with
Doy (7)) - di(T) = g

From Lemma 9, any new created batch from date 7 in p;
has a density lower than or equal to df. At date 7/ = 7 +
max,,cps{0;"}, all batches of the net have had time to
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traverse their batch place. Thus, if at time 7/, place p;
has not reached its steady marking, it has a new marking
mi(7") = {B1(7)), - ,ﬁ,’y,(T’)} such that d(7") < df for
k=1,---,(7'—1) and necessarily ﬂ;/(r’) is a dense output
batch, i.e., dy/ (7') = d"**.

From date 7/, all the input and output flows of the places
could be set to their steady state flow since the output
density of batch places is greater than or equal to the
steady state value. Moreover, we show that this steady flow
is maintained until the steady state marking is reached for
all the batch places. To do so, we show that the output
density d¢“* of all batch places will remain greater than or
equal to the steady state density df whatever the regular
form that must be reached.

a) The steady marking of p; is of form (i) m{ =
{(ss,d$, s;)}. From date 7" where the steady flow vector
is set, a new batch B{(7’) of density df is created. From
this date, all batches from {8;(7'),---,8,,_;(7")} move
inside the place, meet the output batch and are merged
with the dense output batch. As the quantity remains
constant (i.e., ¢; = 0), the dense output batch cannot be
destroyed until the length of the new created batch £
becomes s; in a delay that does not exceed 5™ and thus
the steady marking m; is reached. As a consequence, the

output density satisfies d9"* > d from date 7'.

b) The steady marking of p; is of form (i) m{ = {(l., d?,
le), (si — le, d™*,s;)}. At date 7/, the conservation law on
quantities implies: > ) _, [.(7) - dj. (7)) =l - d§ + (si — L) -
AP = ¢5. Thus, it acts that: 375" 14 (7') - d (') < I -df
and Ly (7') - d"®™ > (s; — l.) - d®*. Consequently, the
length of its dense output batch verifies: I,/ (7') > s; — l.
From date 7/, the steady state flow vector is set and a
new batch with density df is created. As in the previous
case, the dense output batch cannot be destroyed and the
new created one moves freely while intermediate batches
accumulate with the output batch. This latter ensures an
output density d¢"* = d** until reaching the regular form
m; when the created batch meets the output batch in a
delay that does not exceed 5.

According to the considered cases, all batch places have
an output density that satisfies d?"* > d$ from date 7'.
We get to the fact that the vector ¢; is maintained and
the marking converges to the steady state marking m® in
a finite delay at time 7, <7+ 2 maz,,cps {67} O

Remark 8. Another way to reach the steady state m?
from a state where g(7) = ¢°, is to proceed within two
steps (Demongodin and Giua, 2014): in the first one, from
m(7) blocking all transitions by setting the controlled flow
vector to zero until each quantities accumulates in a single
output dense batch. In a second step, setting the controlled
flow vector to the steady state one, u = ¢° and wait
until the marking m? is reached. This strategy imposes
a null control vector during the accumulation mode where
the already obtained regular forms are lost and should be
reconstructed in the second step introducing more delay,
hence this approach is not used in the present work.

Based on the above results, the convergence of the pro-
posed algorithm could be analyzed.

Fig. 3. The cGBPN of Example 7 in a steady state.

Proposition 12. Given a ¢cGBPN (N, mg) that satisfies
assumptions (A1) — (A3). Algorithm 1 computes a control
trajectory that drives the system from the initial state to
a given reachable steady state (m?®, ¢*) in finite time.

Proof. According to Lemma 10, in a finite time, the
cardinality of sets Sg(m?) and Sz, (m?) decreases while the
one of set Sg(m?) increases until Sg(m?) = P. According
to Lemma 11, Algorithm 1 converges to the steady state
in finite time. O

4.3 Ezxample

Let us consider again the cGBPN of Fig. 2 with my
= [304 3 0 {(0.2,3,1)} 0T. As previously stated,

a reachable steady state (m®, ¢°) is given by m*® =

(1.8 0 1.8 {(3,0.4,3)} {(1,1,1)} {(2,0.6,2)}]" as shown in

Fig. 3 and, p* =[4131 3]T. The steady marking quan-
tity vector is equal to ¢* = [1.8 0 1.8 1.2 1 1.2]7.

Under the proposed strategy, a control trajectory that
drives the net from its initial state to the steady state
is obtained as follows.

o At T0o = 0, T_/\[(’I’I’LO) = {tg,tg,tg,}. As q0 =
[30.4300.6 0], the subsets of places are: Sp(mg) =
0, Sa(mo) = {p1,p2,p3} and Si(mo) = {p4, ps, 6}
Thus, Tr(mg) = {t2,ts3,%4,t5}. Consequently, only
transition ¢ is enabled and ON. By computing the
LPP in Algorithm 1, the controlled firing flow vector
isu’=1[40000]T.

e At 71 = 0.3, places p; and p4 reach their steady
marking quantities. At this date, the marking is m! =
[1.8 0.4 3 {(3,0.4,3)} {(0.2,3,1)} 0] and q(r1) =
[1.8 0.4 3 1.2 0.6 0]7. This implies: Thr(m!) = {t5},
Sp(m') = {p1,pa}, Sa(m') = {p2,ps}, SL(m') =
{ps,pe} and T (m') = {t4,t5}. Transitions t1,t5 and
t3 are enabled and ON since the marking quantities
of their input places are greater than or equal to their
steady marking quantities. Since py is in Sg(m!),
constraints (d) imposes uj = u} + u}. Finally, by
maximizing all the controlled flows, the LPP gives:
ul =[41300]7.
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e At 75, = 0.7, all places reach their steady marking
quantities since g(m2) = [1.8 0 1.8 1.2 1 1.2]7 i.e.,
m? =[1.80 1.8 {(3,0.4,3)} {(0.4,1,0.4),(0.2,3,1)}
{(2,0.6,2)}]T. Thus, the subsets of places are S (m?)
= {p1,p2,P3,:P4,05,06}, Sc(m?) = Sp(m?) =
Tn(m?) = Tr,(m?) = (. The computed controlled
flow vector is: w? = [4 1 3 1 3]7. At this date, we
can remark that the steady marking quantities and
the steady flows are reached, i.e., we have (g°, ¢*).
Nevertheless, the steady state marking m?® is not
reached and next events must be considered.

e At 73 = 1.3, the output density of ps changes
from 3 to 1 (i.e., previous output batch (0.2,3,1)
is destroyed and batch (1,1,1) becomes an output
batch). Since, at this date, the marking is m? =
1.8 0 1.8 {(3,0.4,3)}{(1,1,1)} {(2,0.6,2)}]" = m*,
the steady state is reached and the algorithm ends.

Finally, the resulting control trajectory is given by
(u?,0), (u!,0.3), (u?,0.7), (u3,1.3) with,

4 4 4 4
0 1 1 1
uW=|0|, uw=|3 u’>=|3| and w®=|3
0 0 1 1
0 0 3 3

Let us recall that the sum of firing quantities of transitions
during time interval [7p, 73] is given by:

T1 T2 T3
z=/ u0~dp+/ ul-dp—i—/ u? - dp.
70 T1 T2

From the obtained control trajectory, it holds:

4 4 4 5.2
0 1 1 1
z=03-10]+04-13|+06-|3|=1{ 3
0 0 1 0.6
0 0 3 1.8

From the fundamental equation Eq.(1), the marking quan-
tity at the date of the steady state is:

3 —1 110 0] sy 1.8
0.4 0-1 0 1 0f % 0
3 0 0-1 0 1 1.8
a@3)=| g1+ 1-1-1 0 o 036 =12
0.6 0 1 0-1 0f |7 1
0 00 1 0-1 : 1.2

Let us remark that C(z — 2z°) = 0 where 2° =

2.80.41.200]7.

The firing quantity z° is the minimal quantity that must
be fired to reach the steady state quantities and (z — z*)
is the quantity fired to reach the steady state marking m?®
from the steady marking quantities.

5. CONCLUSIONS

An event-driven control strategy for generalized batches
Petri nets has been studied in this work, which could be

applied to analyze the high throughput production lines
or transportation networks. An algorithm that computes a
control trajectory for reaching a given steady state from an
initial one has been proposed. By analyzing the transient
behavior of places in a controlled net, the convergence of
the algorithm in finite time to the target steady state has
been proved. Based on the control strategy, the controlled
firing flow cannot exceed the steady firing flow. Due to this
limitation, the time optimality of the convergence cannot
be ensured. Moreover, only steady states are considered
as target markings to be reached. Our future works would
extend the presented one to the design of a minimum-
time control strategy. We will also consider the problem
of reaching any given reachable marking from an initial
one and will address the control for cGBPNs with discrete
nodes.
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