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Pareto solutions as limits of collective traps: an inexact
multiobjective proximal point algorithm

G. C. Bento'® - J. X. Cruz Neto?(® - L. V. Meireles3 - A. Soubeyran®

Abstract

In this paper we introduce a definition of approximate Pareto efficient solution as well as a
necessary condition for such solutions in the multiobjective setting on Riemannian
manifolds. We also propose an inexact proximal point method for nonsmooth
multiobjective optimization in the Riemannian context by using the notion of approximate
solution. The main convergence result ensures that each cluster point (if any) of any
sequence generated by the method is a Pareto critical point. Furthermore, when the problem
is convex on a Hadamard manifold, full convergence of the method for a weak Pareto
efficient solution is obtained. As an application, we show how a Pareto critical point can be
reached as a limit of traps in the context of the variational rationality approach of stay and
change human dynamics.

Keywords Multiobjective proximal method - Riemannian manifold - Approximate
solution - Variational rationality - Worthwhile move - Trap

Mathematics Subject Classification 90C29 - 90C30 - 49M30

1 Introduction

In this paper, we present an inexact proximal point method for multiobjective optimization
in the Riemannian setting based on the concept of approximate Pareto solution.
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It should be noted that vector optimization models had found a lot of important applica-
tions in decision making problems such as in economics theory, management science and
engineering design. Owing to these applications, a lot of literatures have been published to
study optimality conditions, duality theories and topological properties of solutions of vec-
tor optimization problems (Chen et al., 2005; Jahn, 2004; Luc, 1989). It is worth noticing
that Bonnel et al. (2005) constructed a vector-valued proximal point algorithm to investigate
convex vector optimization problems in Hilbert spaces extending the convergence analysis
from the scalar case [see, for instance, Rockafellar (1976)] to the vectorial case. For others
references dealing with variants of the algorithms considered in Bonnel et al. (2005) for
convex vector or multiobjective problems; see, for instance, (Ceng & Yao, 2007; Ceng et
al., 2010; Choung et al., 2011; Gregério & Oliveira, 2011; Villacorta & Oliveira, 2011). An
approach for the R’}'-quasi-convex case was discussed in Bento et al. (2014), Apolindrio et
al. (2016). More recently, in Bento et al. (2018) the authors present a new (scalarization-
free) approach for convergence analysis of the exact proximal point method considered in
Bento et al. (2005) where the first-order optimality condition of the scalarized problem is
replaced by a necessary condition for weak Pareto points of a multiobjective problem. As a
consequence, this allowed to consider the method without any assumption of convexity over
the constraint sets that determine the vectorial improvement steps. In Bento et al. (2018) the
authors extended the necessary condition for weak Pareto points of a multiobjective problem
[(see Minami (1983) for a version in the linear setting] as well as the approach presented
in Bento et al., (2018) to the Riemannian context, which allowed to authors to consider the
proximal point method for locally Lipschitz functions in multiobjective programming on
Hadamard manifolds. For an approach of the proximal method for convex vector problems
on Hadamard manifolds via scalarization see Bento et al. (2018b); Tang and Huang (2017).

Motivated by the definition of approximate Pareto efficient solutions introduced by Loridan
(1984, Definition 4.1), in this paper we present that definition in the Riemannian setting and
establish a necessary condition for this type of Pareto efficient solution, see Theorem 2, which
plays an important role in the course of this paper. Besides, we present an inexact version
of the proximal algorithm given in Bento et al. (2018), where each term of the sequence
generated need not be an exact solution of the vectorial proximal optimization subproblem,
but just an approximate solution of it by considering a relative error criteria as introduced in
Solodov and Svaiter (1999). Note that the inexact versions of the proximal methods developed
in the Riemannian context for vector optimization, see Bento et al. (2018b), Tang and Huang
(2017), were developed, as in Bento et al. (2005), via scalarization by considering the same
error criteria whose measure of the relative error is constant or has summable square. In
our approach, we show that the accumulation points, if any, of each generated sequence are
Pareto critical points and, in the convex case, we show full convergence of any generated
sequence to a weak Pareto point. As an application, we show how a Pareto critical point can
be reached as a limit of traps in the context of the variational rationality approach of stay and
change human dynamics; see Soubeyran (2009, 2010, 2021a, 2021b, 2021c, 2021d).

In the rest of the paper is organized as follows. Section 2 provides some basic definitions
and auxiliary results. In Sect. 3, we formulate definition of approximate Pareto solution
and necessary conditions for characterizing this solutions for a multiobjective optimization
problem on Riemannian manifolds. Section 4 is devoted to presenting and to analysing an
inexact version of the proximal point algorithm. Section 5 provides an application showing
how a Pareto critical point can be reached as a limit of traps in the context of the variational
rationality approach of stay and change human dynamics. In the last section we present
perspective future of works.



2 Preliminaries

In this section, we present some pertinent concepts and results related to Riemannian geom-
etry. For more details see, for example, (Do Carmo, 1992; Ledyaev & Zhu, 2007; Li et al.,
2011; Sakai, 1996).

Assuming that M is a complete and connected Riemannian manifold, from Hopf-Rinow
theorem it is known that any pair of points in M can be joined by a minimal geodesic.
Moreover, (M, d) is a complete metric space, where d denotes the Riemannian distance, and
bounded closed subsets are compact. Given x € M, the exponential map exp, : TxM — M
is defined by exp, v := y,(1, x), where y, (-, x) denotes the geodesic determined by its
position x and velocity v at x.

A complete, simply connected Riemannian manifold of nonpositive sectional curvature is
called a Hadamard manifold. The following result is well known [see, for example, (Sakai,
(1996), Theorem 4.1, p. 221].

Proposition 1 Let M be a Hadamard manifold and x € M. Then, exp, is a diffeomorphism,
and for any two points x,y € M there exists an unique normalized geodesic joining x to y,
which is, in fact, a minimal geodesic. In particular, d(x, y) = || exp;l vl

From now on, M is assumed to be a finite-dimensional Hadamard manifold. One impor-
tant property is described in the following proposition, which is taken from [Sakai (1996),
Proposition 4.5, p. 223] and will be useful in our study. Recall that a geodesic triangle A (xyz)
of a Riemannian manifold is a set consisting of three points x, y and z and three minimal
geodesics joining these points.

Proposition 2 (Law of cosines) Given a geodesic triangle A(xyz) in a Hadamard manifold,
it holds

d*(x,2) +d*(z, y) — 2(exp; ' x, exp; ' y) < d*(x, ),
where expz_1 (+) denotes the inverse of exp, (-).

Now, we introduce some elements of nonsmooth analysis on Riemannian manifolds which
will be useful throughout the paper.

We denote the extended real line by R := R U {+o0}. For an extended-valued function
fM— R the domain of f is defined by

dom(f):={x e M: f(x) < +o0}.
We recall that f is said to be proper if dom( f) # @.

Definition 1 (Ledyaev & Zhu, 2007) Let f : M — R be a proper and lower semicontinuous
function. The Fréchet subdifferential of f at x € dom(f) is defined by

or f(x):={dgx): g€ CI(M) and f — g attains a local minimum at x},

where dg(x) is the differential of g at x. The (limiting) subdifferential of f at x € M is
defined by

Af(x) = {v e TeM : A(x*, v¥) € Graph(3F ), (¥, v%) = (x,v), F(x5) = F0)),
where Graph(0r f) := {(y,u) € TM :u € or f ()}.
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It follows directly from Definition 1 that o f(x) C 9 f(x). Note further that 97 f (x) may
be empty, but if f attains a local minimum at x, then 0 € 9r f(x). A necessary (but not
sufficient) condition for x € M to be a minimizer of f is that

0edf(x).
Two next propositions have appeared in Meireles (2019).

Proposition3 Let f : M — R be a locally Lipschitz function. Consider a sequence
M) ¢ dom(dr f) which is bounded. If the sequence (V) is such that v* € dr £ (x5), for
each k € N, then (v¥) is also bounded.

Proposition4 If f : M — R is a locally Lipschitz function, then the limiting subdifferential
is not empty.

For further details and properties on (limiting) subdifferentials on Riemannian manifolds
see, for example (Ledyaev & Zhu, 2007).

For a general closed subset C C M and a point xg € C, the Fréchet normal cone and
(limiting) normal cone of C at xo were defined in Ledyaev and Zhu (2007) as

Ng(xo) = dFdc(x0); Nc¢ (x0) := 98¢ (x0),

respectively, where ¢ : M — R is the indicator function of C. As remarked by Li et al.
(2011), when C is convex, i.e., for any x, y € C there exists a minimizing geodesic of M
connecting x, y is contained in C, then Ng (x0) = N¢(xg).

Proposition5 Let C C M be a not empty and closed set. If x € C, then
dpdc(x) C By N Nc(x), 2.1
where dc (x) :=inf{d(y,x) : y € Cland B, :={£ e Ty M : ||&|| < 1}.

In the particular case where M is a Hadamard manifold and C is a convex set, it follows
from [(Li et al., (2011), Lemma 5.2 and Theorem 5.3], that the expression (2.1) of the last
proposition takes the form

ddc(x) =B, N Nc(x).

As noted previously, (M, d) is a metric space. Hence, the result below is valid in our
context and they will be useful in next section.

Theorem 1 Let (M, d) be a metric space. Take a set C C M and a function f : M — R.
Assume that f satisfies a Lipschitz condition on M with Lipschitz constant L. Let X be a
minimizer for the constrained minimization problem,

min f(x), xeC. 2.2)
Choose any t > L. Then, X is also a minimizer for the unconstrained minimization problem,
min{ f(x) + tdc(x)}, x € M. 2.3)

If t > L and C is a closed set, then the converse assertion is also true: any minimizer X for
the unconstrained problem (2.3) is also a minimizer for the constrained problem (2.2) and
so, in particular, x € C.

Proof See [(Vinter (2000), Theorem 3.2.1]. ]



3 e-quasi-weakly Pareto optimality

In this section, we consider a multiobjective program and give necessary condition for e-
quasi-weakly Pareto solutions, which will play a very important role during the analysis of
the our method later on.

Let h;, i € {1,2,...,m}, gj, j € {L,2,...,1}, be real-valued functions on a finite
dimensional Riemannian manifold M, C C M a not empty and closed set and §2 := {x €
C|lgix) =0, j=1,2,...,1}. We consider the problem of finding a weakly Pareto

solution of H := (hy,..., hy) in £2, i.e., a point x* € §2 such that there does not exist
another point x € £2 with z; (x) < h; (x™) foralli € {1, ..., m}. We denote this constrained
problem as

min, H(x) s.t. x € 2, 3.1

and the set of all its weakly Pareto solutions by

S®(H, §2) := argmin, {H (x) : x € 2}.

Definition2 Lete € R’}. Apointx* € £2 is an e-quasi-weakly Pareto solution of the problem
in (3.1) if there does not exist another point x € §2 such that

hi(x) +ed(x, x™) < h;j(x™), i=1,2,...,m,
where d is the Riemannian distance.

We denote the set of e-quasi-weakly Pareto solutions H in £2 by Sg’q (H, 2).
Remark 1

(1) Note that Definition 2 is a natural extension of that introduced in the linear setting in
Loridan (1984). See also Chuong and Kim (2016) and references therein;
(2) Itis easy to see that, even in the linear context, in general, S*(H, £2) C Sg’q (H, £2) and

SC(H, 2) = S¢,(H, 2) for e = 0.

Next, we present an illustrative example in the Riemannian context where it is possible
to notice that an e-quasi-weakly Pareto Solution is different from a classical weak Pareto
Solution.

Example1 Let H := {p = (x,y) € R*> : y > 0}, H : H — R? given by H(p) =
(v, x2y~1 4+ 1) and let us consider G(p) := (gij(p)), where

1
g11(p) = gn(p) = 2 g12(p) = g21(p) = 0.

It is known that H?> = (H, ((, ))), with ((u,v)), := vT G(p)u, is a complete Rieman-
nian manifold of sectional curvature -1, called the Poincaré plane. Note that the coordinate
functions of H are locally Lipschitz, but not convex functions on H2. It can be shown that
the geodesics in H? are the semi-lines and the semicircles orthogonal to the line v = 0;
see [(Udriste (1994), page 20]. The Riemannian metric G(-) induces the hyperbolic distance
between the points p = (x, y) and p = (z, w) given by:

(z—x)%+w - y)z)
2yw ’

dp(p) :=d(p, p) = arccosh (1 +
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Let’s denote 6§ := 1 + [(Z — )2+ w— y)z]/Zyw. Thus,
wx — wz yz—wz—i—(z—x)z)

yWOZ =1 2y/02—1

Take 2 = C :={(x,y) € H?:x > 1, y > 1}. In this case,

exp(’z}w)(x’ y) = arccosh(@)(

SY(H,2)={(1,w):w>1}U{(z, 1) : z > 1}.

Given €] = €y = € < 1, Definition 2 says us that (x*, y*) € SQI(H, £2) iff there does not
exist another point (x, y) € §2 such that
* 2 * 2
e.arccosh (1 + % < y*—y,
* 2 * 2
e.arccosh (1 + % < (x2(y*) 7 = 2y~
For € sufficiently small, it is not difficult to see that P* := {(1 + %, Yyt > 1+ %} is
a set that is contained in Sg’q (H, $2) \ S®(H, §2) and, as noted in item ii) of Remark 1, it
follows that S”(H, §2) C S;‘;(H, 2).
From now on, we assume that h;, i € {1,2,...,m}, g;, j € {L,2,...,1} are locally
Lipschitz functions. Define
x> M ¢(x) = max {h;j(x) —hi(x*) +€d(x, x¥), gj(x) }. (3.2)

i=1,..., m

The next result presents a Fritz-John type necessary condition for e-quasi-(weakly) Pareto
solutions associated to the problem in (3.1). For a version of this result in the linear setting,
see Chuong and Kim (2016).

Theorem 2 Letx* € Sé"q(H, $2). Then, there existt > 0and&; > 0,i =1,...,m, u; >0,

J=1 . lwithY ! & + le‘:l wj =1, such that

m 1 m
0€ &ohi(x") + Y pujdgi(x*) + Y &eiBye + Tdde(x¥).
i=1 j=1 i=1
Proof From the definition of ¢ in (3.2), it is easy to see that ¢ (x*) = 0 and ¢ (x) > 0, for all
x € C and, hence,

¢ (x™) = inf $(x).

Since h;,i € {1,2,...,m}, gj, j €{1,2,...,1} are locally Lipschitz functions, then ¢ (-)
is also a locally Lipschitz function. Let us suppose that L is a Lipschitz constant of ¢ () at x*.
From Theorem 1 follows that x* is a local minimal for ¢ (-) + 7d¢ (), whenever T > L. From
the first-order optimality condition and using the sum rule for the limiting subdifferential,
see [Ledyaev & Zhu, (2007), Theorem 4.13(A.1)], we obtain

0€dp(x*) +1ddc(x™). 3.3)
By the definition of ¢ in (3.2), [Ledyaev & Zhu, (2007), Theorem 4.16(A2)] applied to
¢ implies that there exist non-negative real numbers &;, u; with i € {1,2,...,m} and

je{l,2.... I} suchthat Y0 & + Y, ju; = 1 and

P C Y &I (M) +ad(xN) @+ Y g ().
{i | &#0} {J | mj#0}



Hence, using again [(Ledyaev & Zhu, (2007), Theorem 4.13(A.1)] and [(Ledyaev & Zhu,
(2007), Theorem 5.2], we get

I C Y &G+ Y EaBe+ Y pjdgi(x"), (3.4)
{i | §#0} {i | §#0} {J | pj#0}

and the desired result follows by combining (3.3) with (3.4). O

Remark 2 From the last result it is possible retrieves the Fritz-John type necessary condition
for weakly Pareto solutions which was introduced, in the Riemannian context, by Bento et
al. in (2018).

Definition 3 Let £2 C M be a not empty, closed and convex set. A point X € £2 is said to be
Pareto critical of H in £2 iff for any y € £2, there are anindexi € {1, ..., m}andu € dh;(X)
such that

(u, exp;' y) > 0.

Remark 3 (1) Note that, when M is a Hadamard manifold and 2 = M, the last definition
retrieves the Pareto critical point notion introduced in Bento and Cruz Neto (2013);

(2) If x is not a Pareto critical point of H in £2, then there exists y € £2 such that for all
ie{l,2,...,m}andu’ € 3h; (%), (u', expz ' y) < 0.

4 Inexact proximal algorithm for multiobjective and convergence
analysis

In this section, we introduce an inexact proximal point method for the multiobjective frame-
work and we show that the accumulation points, if any, of each generated sequence are Pareto
critical points. Moreover, in the convex case, we show full convergence of any generated
sequence to a weak Pareto point.

Throughout this section, we assume that C C M is a nonempty, convex, closed set and
F = (f1,..., fu) : M — R™ such that each component function f; : M — R,i €
{1,...,m}, is a locally Lipschitz function. For x, y € R}, x < y means that y —x € R
and x < y means thaty —x € R}, .

4.1 Inexact proximal point algorithm

In the following, we formally state an inexact proximal point algorithm for solving a con-
strained optimization problem as in (3.1).

Algorithm 1 (Inexact Proximal Algorithm)

Initialization: Take (A¢)r, C Ry, (cF)r C R% ., such that <kl = 1 forallk € N, and
choose x° € C.

Stopping rule: Given x*, if x* is a Pareto critical point, then set x**7 = x* forall p € N.

Iterative step: Start with x°, x!, ..., x*. Take x**! as any x € C such that there exists
e R% satisfying:
X € Sé‘;q(Fk, ), 4.1
A
¢ <o Tk x5k, 42)



where Fi(x) i= F(x) + 2d?(x*, )¢, 2 := {x € C | F(x) = F(x)}, and (o) C
[0, 1).

It is worth mentioning that for e¥ = 0 we recover the proximal method proposed by
Bento et al. in (2018). We note that some proposals for an inexact proximal point method for
multiobjective optimization have also appeared, for example, in Souza (2018), Quiroz et al.
(2020). In both references the authors consider a scalar iterative scheme and an approach fully
based on scalarization to find possible weak Pareto of the original multiobjective problem.

We now make the following assumption on the map F which is common when dealing
with non-convex problems:

Al: F > 0.
There is no loss of generality in considering assumption .41 since the vectorial functions
F() and €fO .= (N0 .. e/mO)) have the same set of Pareto critical points, where e*

denotes the exponential map valued at « € R. This fact was first observed by Huang and
Yang in (2004) and, in the Riemannian context, it can be verified in a similar way.

Proposition 6 The Algorithm 1 is well defined.

Proof From [Bento et al. (2018), Proposition 4.1], we have S®(F}, §2¢) # . Therefore, the
desired result follows from Remark 1 item ii). O

Note that if Algorithm 1 terminates after a finite number of iterations, then it terminates at
a critical Pareto point. From now on, we will assume that (), (€x)r and (xk)k are infinite
sequences generated by Algorithm 1.

4.2 Convergence analysis
The nextresult plays an important role in our subsequent considerations and our prove follows

straight as application of Theorem 2.

Proposition 7 For all k € N, there exist of, ¥ € R%, u vk, wk e TuM and v, € Ry
such that

m
Z(a{‘—i—ﬁ{‘)u — M 1expk ! k= 12(1" k= 1+vk2ak k= l—i—‘ckwk:O, 4.3)
= i=1

where Z;":l(af + ,Bik) =1, eBy, uf.‘ € 3 f; (xX), and w* € ddc (xY).
Proof Let us denote Fj_; (x) Gi—1(x) two functions defined by
Fioi() o= F(@) + = f(kkwﬁ* and Gy_1(x) := F(x) — F(x*™")

As F is alocally Lipschltz functlon, it follows that the coordinates functions

GkMO—ﬁO+ f@k‘xkkaM(mqmo=ﬁo—ﬁM”)

of Fr—1 and Gy_1, respectlvely, are locally Lipschitz functions.

Therefore, since x¥ is an €1 -quasi-weak Pareto efficient for the problem min Fj_1(x)
s.t. Gx—1(x) < 0, applying Theorem 2 with H(-) = Fy_1(-) and g;(-) = (Gx—1);(-), there
exist real non-negative numbers al]f, ﬂik, i =1,2,...,mand a positive number 1, for every
k, with

> e+ phH=1
i=1



and such that

m m m
0e Z(O‘l{( + ﬂik)afi(xk) — Ak—1 exp;kl Kkl Zaf‘gik_l + Za,’»‘e{‘_IIB%xk + rkadc(xk).

i=1 i=1 i=1
Thus, there exist ui‘ € dfi(xh), vk e B« and wk € ddc (x*) satisfying the desired result. O

As an immediate consequence of Proposition 7 we get the following stopping rule for
Algorithm 1:

Corollary 1 Let ko € N be such that «®0 = 0. Then, x*0 is a Pareto critical point of F.

Proof If there exists kg € N such that «*0 = 0 then, from (4.3), we have

m
ko, k
X:/sioui0 + 7w =0,

i=1

where wh0 € B i, NN (x%0),uf € 3 f; (x*0) and Y, SR = 1 with g% € R”. Suppose that
x*0 is not a Pareto critical point of F. Then there exists y € C so that, foralli € {1,2, ..., m}
and ufo € 3 f; (x), (uf.q’, exp;kt y) < 0. Since, k0 e R™, 3" | ﬂiko = 1 it holds

m

k ki -
Zlgi()(”,'oa eXkat y) <0,
i=1

which contradicts the fact that — Z:‘n:1 ﬂf "ufo € N¢(xk0), Hence, x*0 is a Pareto critical
point of F. O

Corollary 2 If x**1 = x¥, then x* is a Pareto critical of F.

Proof Suppose that x**! = x*, then the error condition implies € = 0. Furthermore, from
expression (4.3) it follows

m
Kl | pktly K+l k1
i=1

ie, =Y, (ozf‘Jrl + ,8ik+1)uf+] € Nc(x**t1), and the desired result follows by using argu-
ments similar to those used in the proof of Corollary 1. O

Remark 4 Since the sequences (Ak)g, (€x)x and (xk )i were assumed to be infinite sequences,
then % # 0 and x**! £ x* for all k € N, in view of Corollary 1 and 2, respectively.

In the sequel, we present and prove the main theorem of the section.

Theorem 3 Assume that Al holds and there exist scalars ay, az, az, as € Ry such that
a) < A < ap, a3 < gl.k and oy < ag < 1, forallk € Nandi = 1,...,m. Then, every
cluster point of (x*)x, if any, is a Pareto critical point of F.

Proof Since x*t1 ¢ S:“kq(Fk, £2¢) (this follows from (4.1)) there does not exist another
decision pointx € §2 such that (Fy); (x)+efd (x, x¥T1) < (F); (x*+1), fori = 1,2,...,m.
Hence, for any k, there exists some index i := i(k) such that (Fo)i (K < (Foi (x5 +
elkd (x*, x¥*1) and, using the definition of Fy, the last inequality takes the following form

Ak
fiK Ty + Edz(x", KGR < £k 4 efa (k.
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Now, after some algebra, we obtain
Ak
A5 DG — et T < PG = FEhL

which, combined with (4.2) yields
Ak
(1= o) S, Al < PO = FHh).

From the iterative step (4.1) combined with the definition of £2;, it follows that (F' @Ry is
nonincreasing. Hence, by assumption .41 and taking into account that 0 < oy < a4 < 1 and
(A)k» (gk)k are bounded sequences, we conclude that (d (K, XK1y, converges to zero as
k goes to infinity.

Take X a cluster point of (x¥)x. Thus, there exists K C N such that the sequence (Meex

converges to x as k goes to infinity. Therefore, applying Proposition 7 for every k € K we
have existence of sequences

@i C 8fi(x"), i€ {1,2,....m};
@ (B CRY: (wk C Ry
WA c TaM ;5 (W € Bu,
satisfying
m
wh € By NN, Y @ +pH=1
i=1
and
m m m
Z(ozf + ﬂf)uf-‘ — Ai—1 exp;,(l xk1 Zaf»‘gik*l + o Za?‘efﬁl + gwk =0. (4.4)
i=1 i=1 i=1
From the convergence of (x*);cx we obtain boundedness. Using the locally Lipschitz con-
tinuity of F, Proposition 3 and previous conditions, it follows that sequences (uf.‘ Ve, V),
(@), (BO%, (wb)y are bounded. Thus, equality (4.4) implies that (t3)x is also bounded. In
this case, we can assume, without loss of generality, that these sequences converge to u;, v,
o, B, w and 7 (take subsequences, if necessary), respectively. Note also that the sequence
(Ak Z;":l al{‘ gik )k is bounded and, letting k goes to infinity in (4.4), we obtain

> (e + Biui +Tw =0, (4.5)

i=1

because (€¥)x converges to zero due condition (4.2) combined with the fact that (d (xk, xktly),
converges to zero as k goes to infinity. Since w € B; N N¢ (X), from (4.5) it follows that

— ) (@i + Biui € By N Ne(®). (4.6)

i=1

Assume by contradiction that X is not a Pareto critical point of F. Then, there is y € C such
that foralli € {1,2,---,m}and u; € 9 f;(x) it holds (u;, exp;1 y) < 0. Therefore,

D (e + Bi)(ui,expy ' y) <0,

i=1
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because r, B € R and Z;":l (a; + B;) = 1. But this contradicts (4.6) and the desired result
is proved. O

4.3 Full convergence

In this section, under the convexity assumption on F' and assuming that M is a Hadamard
manifold, we establish the full convergence of the inexact proximal method point.
The function F is said to be convex on C iff for every x,y € C

Fly®) 20 -nFx)+tF(y), 1€][0,1],

where y : [0, 1] — C is the geodesic segment joining x to y. In the particular case where
C = M, this definition coincides with the notion of convexity introduced in Bento et al.
(2012). In the particular case where F is convex, it is known that the limiting subdifferential
coincides with the classical subdifferential for convex analysis and that criticality is equivalent
to weak optimality; see Bento et al. (2018).

We now make the following assumption:

A2 2 =02 # 0.

The assumption A2 is naturally verified when assuming the known R’} - completeness
on (F(x% —R") N F(C), for each x° € C [see (Luc, (1989), Section 19]), which was also
made in various studies on proximal algorithms; see, for instance, (Bonnel et al., 2005; Bento
et al., 2018; Ceng & Yao, 2007 for references in the linear setting and (Bento et al., 2018,
2018b) for references in the Riemannian context.

Theorem 4 Let M be a Hadamard manifold. If F : M — R™ is convex, Z,fio ox < +00
and assumption A2 holds, then, for all x* € U:

(i) d?(x*, x* 1y < d?(xk, x*) + 8 where 8 > 0.and 332 | 8 < +00;
(i) () converges to a weak Pareto efficient solution of F.

Proof Take x* € 2 (this is possible from the assumption A2). Consider the geodesic triangle
A(ckxk1x*y, By the law of cosines, we have

d* (K T Pt M — 2(expll o expll ) < PR @)
On the other hand, Proposition 7 tells us that for each k € N, there exist

1 1 . . k—+1 1.
oL BT e R gy € Ry it € 3 fi (kD
vkt e B k+1 and wktl e Bk+1 N Ne (xkty,

which verify the equality

m
Xz(othrl + ,BkJrl)ukJrl A exp k+1 X Z k+1 k + ofH! ZakH ky tk+1wk+1 0.
i=1 i=1

Hence, this last identity combined with inequality (4.7) yields

AkZa"“ Fla2ek xt) — a2k, 6 — P, ] 2 —2m (b expl )

m

k1 phtly, k1 -1 kL kg k1 -1
-2 Z(ai + B ) exp iy xT) — 2 Zai € (VT exp oy xT).
i=1 i=1

11



The characterization of normal cone, i.e., (w**!, exp;,lrl x*) <0, jointly with the convexity
of F,x* € U and uf "' € 3 f; (x**1) imply

m
Akby [a’z(xk, %) — d> (K, K — @2, xk'H)] > —220[?‘“6!‘(1}“1, exp;,cl+I x*Y,
i=1
where by = Y /L lotkH k. Since r + s > 2/rs holds for r,s > 0, taking s :=
d2(xk kY = dz(x xk‘H) after some algebraic manipulations and using (4.2), we
get:
@20k, ) = P E ) @ ) = <T@ ) a2
Thus,
d*(x*, x* ) < (1 + 57 )dz(x x*) — d?(xF, . (4.8)
ok

Since Y p2 ok < 00, it follows that

oo o0
— Ok ._ gj
Ko = E 2_Gk<c>o and Kl._l_[(1+2_a><oo.
k=ko Jj=ko

By (4.8), observe that for all k > kg

d2(x*7xk+l) < ( 4 o o )dZ(x X )
O —
(1 + #) (1 + 5 —kok) d*(, x*1 x%)

k

IA

IA

Jj=ko

(1 + >d2(xk° x*)
2—aj
o0

2 ¢ ki
]‘[(1+2 UJ)d(xox)

Jj=ko

IA

This shows that (x*) is bounded. Set K = sup, d(x¥, x*). Then again from (4.8), we obtain

A2t XKy < 2k 1) + 5 K2, (4.9)

Ok

o
and the item (i) follows for considering §; = k

K2
k

Let us now prove item (ii). Since (x%)x is bounded, from the Hopf-Rinow’s Theorem this
sequence has some accumulation point x € M. It follows from the definition of the iterative
stepin (4.1) that F (xk'H) < F (xk) for all k and, consequently, we can conclude that x € 2.
Given n > 0, there exists k; € N such that

> 1 1
> < 5;72 and d2(x", %) < 5"2' (4.10)
k=ki

12



For k > ki, using (4.9) it yields

o0
P =D+ Y b
Jj=ki

Combining the inequality above with expressions in (4.10) we have d(x¥, ¥) < n, for all
k > k. Therefore, the item (ii) follows as consequence of Theorem 3 jointly with the
assumption of convexity of the function F'. O

Next it is considered an ilustrative example for Algorithm 1 in Poincaré plane.

Example 2 Let us consider H? = (H, ((, ))), with ((u, v))p = vIG(pu, F:=H :H —
R? given by F(p) = (y, xzy_1 4+ Dand C = {(x,y) € H2:x >1, y > 1} as introduced
in Example 1. Thus, H? = (H,((, ) isa complete Riemannian manifold of sectional
curvature -1, called the Poincaré plane, the coordinate functions of F are locally Lipschitz,
but not convex functions, on H2 and C is a convex set. Take gk = (1, 1), forallk € {1,2,...}
and (x°, y0) € C.If (x¥, y¥); is a sequence generated from Algorithm 1 with x, y0 > 1,
then (x**1, y¥*1) is determined as follows:

(LYY € 8% (Fi 20,

k
ek < crkjd((xk, ¥O), Ry oK,

where 2 = {x € C | G(x) = Ok Gu(x.y) = (y = a2yl = 200 1),
(o1)r C [0, 1) and

Fite ) = (Fin )+ a2 (@), e )+ By ).

From Proposition 7, there exist ak+1 ,BikJr1 eRy,i =12 wt! e dde(x*+!, y*1) and

Tk+1 > O such that Zizl(af‘H + ﬁl-kH) = 1and

2
Z (al{(+l 4 ,3ik+l>gradﬁ(xk+l, yk+1) 4
i=1
2
-1 k+1 k+1
—Mk eXp(ka’ka)(xk, yk) Zai * T Z(x + Ek + Tk—}—lwk-i_1 =0,
i=1

where vFt1 ¢ B(yk+1 ykt1). Note that
{wneR w2+ <1}, x=y=1,

ddc(x,y) = { {(w,0): =1 <w <0}, x=1, y>1,
{(0,0)}, x>1, y>1.

Due to the vector improvement steps, characterized by the constraint set 2%, it follows that
(F(x*, yk))k is decreasing. For each (x9, yO) € C fixed £2 is bounded. Besides, .41 holds
and, hence, for oy < Ay := 1/2 Theorem 3 implies that each cluster point of (xk, yk)/< is a
Pareto critical point of F in C.
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5 Application: weak pareto points as limits of traps in behavioral
sciences

At the application level the main message of this paper is that weak Pareto points of a
multidimensional optimization problem can be reached as limits of traps of a perturbed
multiobjective proximal point algorithm.

5.1 The variational rationality approach

The concept of trap is one of the building block of the recent (VR) Variational rationality
approach of stay and change human dynamics; see Soubeyran (2009, 2010, 2021a,b,c,d).
This recent theory provides, in the context of Variational analysis in mathematics, a general
and formalized reformulation of the theory of motivation, emotion and behavior in psychol-
ogy. The general problem of motivation theory is why, how and when individuals do what
they do. Why, how and when, they stop, continue and start doing things each day of their
lives. Why, how and when they disengage, reengage or engage in different goals and activ-
ities. This new approach is driven by only one concept. This is the concept of worthwhile
move which provides a new and generalized formulation of sufficient descent conditions in
a lot of different and recent optimizing algorithms including proximal algorithms. Thus, the
VR approach is, both, able to illustrate and to generalize almost all of the main concepts
of variational analysis in mathematics and, to provide a general and mathematical theory of
motivation, emotion and behavior in psychology.

5.1.1 Making a worthwhile move

To save a lot of space, and to directly meet the concept of worthwhile move, we start our
presentation starting from the proof of Theorem 3 which is one of the main result of this
paper. For each k, it exists i = i (k) such that

[GR) = LG > /)@ (o, x ek — efd R, xF . (5.1)

Let g;(x) be the utility of member i € Z of an organization or group of individuals Z :=
{1,2,...,m}. Given that x € X = M is a vector of collective activities done by all members
of this group, let g = sup {g; (x), x € X} < 400 be the aspiration level of member i € 7.
That is, the highest level of utility he can hope to get as a member of the group. Then, the
difference f; (x) = g/ —&; (x) > 0 models the frustration, or unsatisfacton feeling, of member
i, relative to the collective action x. Suppose that this organization moves from having done
the collective action x¥ in the previous period k to doing the collective action x**! in the
current period k + 1. Then, given that f;(x) — fi(y) = gi(y) — gi(x), inequality in (5.1)
becomes:

M — 5 () = /)@ (K, X eE — efa ek, . (5.2)

Note that the inequality in (5.2) is a direct consequence of the condition (4.1), while condition
(4.2) requires that

ef <o(/2d(x" Xk, e,
ie., efd(xk, XD < op (A /2)d? (x%, xk+1)§ik. This implies the fundamental condition

[G5 — O = g6 = 5 6R) = (1 — o /)@ (K ek (5.3)
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5.1.2 Assimple VR structure

Using the (VR) variational rationality approach, we are now in a good position to gives a clear
interpretation of condition (5.3) in term of a worthwhile move. The VR approach compares,
each current period k + 1, two alternatives: to stay or to change, i.e.,

(1) to stay at the status quo x*, making the stay x* ~ x*+1 = x*;

(2) to change, making the change x* ~ xk*1 xk+1 £ xk

Then, the VR approach defines the following list of concepts relative to a move m* = xk ~

xktL,

(a) advantages to move (change rather than stay) are, for each member i of the group,
A (K, XMy = g (D — g (k) = f;(x%) — £ (x*T1). These advantages refer to the
difference between the utility to change from x* to x**! and the utility to stay at x¥;

(b) inconveniences to move I; (x¥, x**1) = C; (xk, xkt1) — ¢;(xk, xkF) > 0 represent the
difference between costs to change C; (x*, x**+1y and costs to stay C; (x*, x*). The con-
struction of such costs to move is complex and requires a lot of justifications; see
Soubeyran (2021a, b, c,d). Costs to move are not symmetric. Thatis, C; (y, x) # Ci(x, y).
In the present paper inconveniences to move /; (x*, x¥*1) are higher or proportional to
the Riemannian distance between x* and x**!, namely, d (xk R xk"'l). Then, we will sup-
pose that /; (xk, xk+1y > g“ikd(xk, x¥*t1) for all k € N. This means that inconveniences
to move must be high enough in the large, i.e., when the length d(x*, x¥t1) of moves
are high enough;

(c) motivation to move is M; (x¥, x¥T1) = U; [Ai(xk, xk+1)], where U; [A;] is the utility
of advantages to move;

(d) resistance to move is R; (x*, x¥™1) = D; [I;(x*, x**1)], where D; [I;] s the disutility of
inconveniences to move. Resistance to move is strong when D; [I;] = 1 iﬁ ,0<B<I1.1t
is weak when 8 > 1.

(e) a worthwhile balance B;(x*, x*T1) = M; (x¥, x¥*1) — & R; (x*, x¥*1) is a weighted
difference between motivation and resistance to move. The importance that member i
gives to resistance to move is the weight & > 0.

Then, for member i, a move is worthwhile if B; (x*, x¥*1) > 0. This condition means that
motivation to move is high enough relative to resistance to move. Thus, condition in (5.3)
defines a worthwhile move.

This paper supposes implicitly a linear -quadratic variational structure where U; [A;] = A;
and D; [I;] = I? forall A;, I; € Ry.

5.1.3 Worthwhile stop and go group dynamics

Starting from the status quo x°, these group dynamics can be:
(a) over one period (the current period),

e A collective stay at a weak desired collective end x* = x% € X (collective desire) if
there does not exist an other collective action y € X such that A; (x*, y) > 0 for all
i el

e A collective stationary trap x* = x e if there does not exist an other collective
action y € X such that B; (x*, y) > O foralli € Z;

e A collective worthwhile move going from x° to y if B; (x°, y) > O forall i € 7.
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(b) over two periods,

e A collective variational trap x* # Ve Xxif, starting from Ve x,
(1) Bi(x*,x% > 0 foralli e I in the current period and, i.e., it is collectively
worthwhile to change from x° to x* for all members of the group;
(2) x*is acollective stationary trap in the future period, i.e., it is not worthwhile to
move from x*.

5.2 Interpretations of the main concepts and results
5.2.1 e-quasi-weakly Pareto solutions as global traps

In the context of the VR approach, the concept of e-quasi-weakly Pareto solution introduced
in Definition 2 models a trap when resistance to move is strong (8 = 1, see above the
definition of resistance to move). That is, there is no way to make a collective worthwhile
move x* ~ x, x # x* such that h; (x*) — h; (x) > €;d(x,x™), forall x # x*,i € Z, where
€ :=(€1,...,€y) € RY is taken a priori.

5.2.2 Succession of traps of successive perturbation functions

Each period, the proximal point algorithm introduced in Sect. 4 considers functions A; (-) =
(F)i() = fi()+ (0 /2)d*(x*, )¢k . They can be seen as perturbations of the initial functions
fi(+), i € 7. This means that, each period, (4.1) models a succession of moves mk o xk A
xk+1 going from a trap x¥ to a next trap relative the vectorial perturbation function (F;)(-).
This algorithm is a specific instance of the algorithm given by inequality in (5.3). This last
algorithm defines a succession of worthwhile moves, for at least, each period, one member
of the group i = i(k). Condition x*¥ € §2; requires that, each period, the payoff f;(-) of
any other member of the group i # i(k) improves or be the same as before. Condition
(4.2) requires that each worthwhile move must be large enough to accelerate convergence:

d(x*, x**1) large enough.

5.2.3 Succession of large enough worthwhile moves

The main result of Sect. 4, namely, Theorem 3, shows that every cluster point of a succession
of large enough worthwhile moves (see (4.1) and (4.2)) is a Pareto critical point of the initial
function F (-). As noted earlier, full convergence to a weak Pareto optimum of F'(-) is obtained
in Theorem 4 when the problem is assumed to be convex.

5.2.4 An illustration of Lewin’s change management model

Moving from one trap to an other one refers to the famous Lewin’s unfreezing, change,
refreezing model of change; see Lewin (1952, 1959). Lewin believed a successful change
project involved three steps:

1. Unfreezing. For Lewin, human behavior was based on a quasi-stationary equilibrium sup-
ported by a complex field of forces. Before old behavior can be discarded (unlearnt) and
new behavior successfully adopted, the equilibrium needs to be destabilized (unfrozen).

This first stage of change involves preparing the organization to accept that change is
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necessary, which involves breaking down the existing status quo before you can build up
a new way of operating;

2. Change. After the uncertainty created in the unfreeze stage, the change stage is where
people begin to resolve their uncertainty and look for new ways to do things. People start
to believe and act in ways that support the new direction;

3. Refreezing. This seeks to stabilize the group at a new quasi-stationary equilibrium in
order to ensure that the new behaviors are relatively safe from regression.

It is worth mentioning that the present paper and Bento et al. (2021) provide two variants
of such Lewin’s model when resistance to move is weak, with two different formulations of
resistance to move. Then, both papers give an application to the theories of collective desires,
showing how a group must escape to a succession of temporary traps to be able to reach, at
the end, his desires.

6 Conclusions

We have given a definition of approximate Pareto efficient solution and a necessary condi-
tion for such solutions in multiobjective optimization on Riemannian manifolds. We also
propose an inexact version of the algorithm given by Bento et al. (2018) using the notion of
approximate solution. We have presented a convergence analysis, which proves that every
accumulation point, if any, is a critical Pareto of the problem. Furthermore, under the assump-
tion of convexity one has convergence to weakly Pareto of the problem. As an application,
we show how a Pareto critical point can be reached as a limit of traps in the context of the
variational rationality approach of stay and change human dynamics.

As future perspectives we intend to extend our convergence analysis by considering the
subproblem of the iterative process presented in Bento et al. (2018) regularized by a Rie-
mannian version of the proximal distance introduced in Auslender and Teboulle (2006). In
the linear context an approach of the proximal method for multiobjective optimization with
proximal distance was considered in Bento et al. (2018a).
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