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continuum medium

' ' 1tion : ST
(Gaseous mixtures in normal conditions in local equilibrium

mean free path < macroscopic length

many microscopic particles € a fluid "particle”

relaxation time towards equilibrium

of fluid particles < macroscopic time scale

A\

internal structure of shock waves
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Lecture 2:  Governing equations

(simplified form, see de Groot et Mazur (1962) or Williams (1985) for more details)
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Conservative forms
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IT — 1) Conserved extensive quantities

ighted distributi Jt
extensive quantities Ay = / / / pad’r HIARS WEIGHEE CISVHBY 19n atr, 1)
mass density p(r,t)

conservation equation V fixed  dA/df — / / / 0(pa) /0t dPr = (dA/dt); + (dA/dt)s

1 1%
@<~ J, (dA/dt); = — / / n.J,d°c (dA/dt)s / / / e (r
)y
(dA/dt); ///VJ d’r

d(pa)/dt = —=V.J, + wq

vector field J,(r, )

conserved quantities : no production terms w, =0
(mass, momentum and energy)

conserved scalar a(r,?) d(pa)/ot = =V.J,

conserved vector a(r,t) d(pa)/0t = =V.Jq

tensor field Ja(r,?) 5
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IT —2) Conservation of mass: continuity equation

mass is a conserved scalar (classical mechanics)

dp/ot = —V.J J = pu dp/0t = —V.(pu)

D 0 1 Dp
material (convective) derivative — = — +u.V —— =—V.u
( ) Dt — Ot p Dt . .
contimuity equation
1 Duv
=V.u v=1
v Dt %
: : : convection flux
Lagrangian form of conservation equations /
: . J = / gy
d(pa)/0t = =V.Jo +wa | pDa/Dt = —V.J' + o = pal /
X,

\ diffusion flux /
A

(definition of the diffusion flux in the equation for energy is slightly different)
7 see slide 11

conserved scalar:

d(pa)/0t = —V.J, pDa/Dt = —V.J. &
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IT — 3) Fick’s law. Diffusion equation

mass fraction Y; = pi/p Z Y, =1
inert mixture mass fraction of species is a conserved scalar
/
pDY; /Dt = —V.J ZJ =0

Kinetic theory of gas (binary diffusion in an abundant species)

Fick’s law : J. = —pD;VY;
D; >0

pDY; /Dt = V.[pD; VY]

diffusion equation

archetype of irreversible phenomenon

(random walk)



PClavin Il Diffusive damping. Dissipative phenomenon

oY /ot = DAY D >0 [D] = (length)? /time
Fourier anaysis
Y(rt) =) Yi(t)e'™ k= K|

()t = ~(DDTalt)  Tielt) = ie(0)e P

Green function Self-similar solution Fourier 1824

9G/t = DAG

F=0: G(r,0)=d(r) G(r,t)= (4w1t)3/2e—?"2/4m = Ir /// Gr, t)dr = 1

probability distribution of the test particle

number density

on/ot = DAn
n(r,t) = NG(r, 1) n(r,t) = / / / (', 0)G(r — v/, £)d%r

9
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IT —4) Conservation of momentum

Momentum is a conserved vector (isolated system)

pDu/Dt — —Vg _pgezv
surface force (stress tensor) Ll =pl+ 7 V\gravity (body force)

A~

thermodynamic pressure  (isotropic)

Viscous stress tensor

—2n(Vw)®) — I(¢ — 21/3)V.u

i

Navier Stokes equations gravity
"4
pDu/Dt = =V (p + pgz) + nAu+ (£ +1/3)V(V.u)

Viscous shear diffusivity Dyis =n/p

Euler equations
pDu/Dt = —Vp

non dissipative equations
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PClavin It Il —5) Conservation of total energy

internal energy, Cint = €T + €chem

(Additive in a gas when interactions are neglected .

thermal energy, élemical energy (chemical bonds),

(kinetic + rotational & vibrational energy)

total energy eror = |U|?/2 4 er + echem + ...

total energy is a conserved scalar

8(petot)/8t = —V.Jetot pDGtOt/Dt = —V.J/etot J/etot Jetot — PE¢otU

Inviscid and inert flows

(first law of thermodynamics)

: 1 D
Euler equation = §pD—t]u]2 = —u.Vp = —V.(pu) +pV.u

J, =73, —pu pD(er + Cenem)/Dt = —V.J, — pV.u

heat flux, 7 heat work done|pV.u = pp(Dp~!/Dt)

:?Ourier ]_a,W (simplest form of heat flux) Fourier equation

J; _ ;)\VT, inert material e.pen, = cst.

no flow u =20 OT/ot = DrAT

thermal conductivify
der = cy 0T thermal diffusivity ; Dp = A/pcy [D7] = (length)? /time



Reactive flows

elementary reaction

ITA +.. +I9TA, = YA+ +0 A, +Q.

reaction rate W) = (Jf) —J9Y  and 195*7 ) = (0, G _ ﬁ:“(j )),  stoichiometric coefficient
nb/(volume X time)

conservation equation for the species

pDY;/Dt = VI + > 9P m W),
J; = —pD;VY; J
DY;

P57 = V-(pDiVYi) + S 9P mWON(T,p, . Vi)

J .
sum over the reactions

equation for the chemical energy
heat of the j th reaction

n

€chem = Z hzifz Q(j) = z;(ﬁgj)—f_ o 191(3)_>mihi(T0)7

sum over the species
enthalpy of formation per unit of mass of species ¢

pDechem /Dt = — Z V.(hJ)) — Z QW)
i J




rclvinil — Thermal balance of inviscid flow of reactive gas

€chem = Z h;Y; pDeéchem /Dt = — Z hiV. I, — Z QUi
' J ' th :
heat released by the j reaction jf \ rate of the j°* reaction

(number per unit time and unit volume)

pD(er + echem)/Dt = =V.J, — pV.u
heat flux I, =3, - ) mJ,  Jg=-AVT
der = cp,0T 7, Cy ~ cst. (for simplicity, can be easily removed)
pe,DT/Dt = V.(AVT) —pV.u+» QU

J

D D D
continuity = —pV.u = L=

= —p—op—1I(c, —c,)T
D"~ Di? thK%TC)]

ideal gas law p = (¢, — ¢,)pT.

thermal equation of an invicid fluid

pc, DT /Dt = Dp/Dt + V.(AVT) + Z QU ()

compression conduction chemistry
15
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Governing equations for inviscid flows of reactive gas

1 Dp Du
_—— = — . _— = — - v T,
D Va,  ppe=-Ve, o p=(6 s
DT Dp Ny
= . T 227,742
Porpr = pf T V.(AVT) + Ej QYWY
DY; : y
p—==V.(pD;VY;) + Y _ 0 m W,

Dt rl N

stoichiometric coefficient
Conservative form of the energy equation (inviscid approximation)

a(petot)/at — _V'Jetot Jetot — Jletot + PEtotU Jq + Z hiJ; - J/etot —pu

O(petor) /0t = =V .|puer +up +J, + Z hiJ] =[—V.[pu(ewor +p/p) + I 4 + Z h;J:]

convective flux of enthalpy diffusive flux of total energy
progress variable

pqmﬁ?p/m =) QYWY 4elo1]
el j

heat released per unit mass

etot +p/p = T + [ul?/2 — g1

16
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Viscous flow

U=pl+x
shear Viscosity\ bulk viscosity

= _277(@)(8) —I(§ —2n/3)V.u

d(petor) /0t = =V .[pu (¢, T + |u*/2 — gt)) + T, + u.z]

one-dimensional compressible flow

p=4n/3+¢
p _ _dlpu) opu) _ 0 ( o Ou
ot O ot ox \U TP T ey
(9(,06,5075) o 9, 2 oT ou

(simplest form of heat flux)
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II —6) Entropy production

s(p,T,..Y;,..)
entropy is a function of state that is not a conserved quantity

d(ps) /ot = =V.J s + ws,

2" law of thermodynamics dissipative effects = |ws > 0

Tos = dep + pov — ZMCSYZ-

_ Y ¢
ideal gas (s = 5) =In ( p/p7>
Cy po/po
TDS _ Der D(1/p) Z DY;
Dt Dt ! Dt iy
: 1 AN ()
. / / . S
iy = 3.V (f) - ;Ji.v (£)-7z: (2w

inert mixture in one-dimensional geometry

T s AOT | p (0w, A (0T
s =P T o 0=\ T2 \ Ox
DS_ 8 A@T . Ds a 8
"Dt ~ oz (T 833) s pTDt = 92 ()\&E



