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VIlI-1) Rayleigh criterion

Acoustic waves 1n a reactive medium

Ideal gas Lord Rayleigh 1878
cp Dp Dp DT
= (cp — ¢y)pT P = ¢, T— i D/Dt =09/0t +u.V
=6 —culp —o Dt D TPy / /
a® = (cp/cv)(ep — )T 2T = Bp B a22

'OCth _cp—cUDt Cp — Cy Dtp

: DT _ Dp )y )
Energy conservation — reopy; = o, +V-(AVT) + Z QYW

elimination of T

<

=V.(AVT) + ) QUWH)
J

> . 1sentropic acoustlc
Dp/Dt — a®Dp/Dt = g, 5p = a26p

Gy =(y—1) [V.(AVT) + Z QUWU) V= /o

J
¢y(r,t) = heat transfer + heat release

(rate of energy transfert per unit volume)



Dp/Dt — a*Dp/Dt = g,

Q,YE(’}/—l)

V.()\VT)JrZQ(j)W(j)] Y= cp/cy
j
Linearization around a uniform state Va =0,

p=p+p, p=D+p, u=u+u, ¢ =4, +¢

Mean flow velocity neglected in front of the sound speed @V a0

1D D
; DI: —V.a, p Dltl ~Vp = 09p'/ot=—-pV.u, pou’ /ot =-Vp',
: 0%p' Jot* = Ap/
Approximations & P

o/ot  op' /ot —adp' Jot = ¢,

a, Cp, Cy; constant

elimination of p’ 0%’ Jot* — @’ Ap' = ¢, /ot

Sound emission by a localized heat source in free space sl problen

of acoustics

acoustic wavelength > size of the combustion zone 0ny(r, t)/0t =06 (r)Q(t) Q(t) = o0(t) /o, | Qt) = / / / ¢ (x', t)d’r’

Green’s retarded propagator  (1/@*)0*G/ot* — AG = 6(r)6(t), G(r,t) =ad(r —at)/4nr

: t—r/a)
spherical geometr "(r.t d3r = (— r=|r
b & y [pet) = Ara? /// r Ot qu —r/a) ATa’r |
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Liner growth rate Singing flame
Sound generation Bunsen
burner
/\ (> hOt
. ) wire
retro-action loop: Unsteady Acoustic
heat release waves
Rocket engines, gas turbines... Retroaction Higsings 1502 Rijike 1850

Simplest retro-action mechanism: pressure coupling + 1-D geometry

8¢y = b 6P/ Tins op(x,t) = > pr(t)e™  k=2mn/L
2= = k=—o0
82p//8t2_62Ap/:aq;/at i dpk o b dpk —|—62]€2]5k;20
dt2 Tins dt 1
ﬁkz = eat 20Tins = b= \7%— 462]{27'1-2”5, _ L W = ak

b > 0 fluctuations of heat release and pressure|in phase: instabilit
Im(o) = wy + .., | Re(0) = b/(2Tinst) + - :>{ P P Y

b < 0 fluctuations of heat release and pressure|lout of phase: stability]

More general retro-action mechanism |s¢! (z,t) =

/ " bt — )8 (o, )0

Ti?’LS — 00

+o00
b(t) = / r(w)e“@elTdy 4 c.c. r(w) >0 wTtg(w) is the phase lag

— o0

—m/2 < wiTa(wg) < +7/2 : Instability

Nonlinear study: limit cycles in the unstable case
5
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Admittance & transfer function

Flame propagating in a tube

:,E A
thickness of the flame brush < acoustic wavelength burned gas
gas expansion = jump of the fluctuations of the flow velocity (acoustics) I ou
(Sup, — duy) /UL = O(1) [

fresh mixture

laser tomography (Boyer 1980)
jump of pressure across the flame brush is negligible

acoustic pressure

op = padu (6py, — 0pu)/p = O(UL /a) dpf¢ : fluctuation of the pressure at the flame
p/pa® = O(1)

averaged (per period) flux of combustion energy transferred to the acoustic waver

E = (0up — duy, )Opy

_1DT _¢,/(v=1) _ ¢

mass conservation (quasi-isobaric combustion V.au= =
(a ) T Dt pcpT pa?

53,
(Oup — duy) = / de
flame brush



P.Clavin VIII

: 50 burned gas
E = (5Ub — 5uu)(5pf (5Ub _ 5Uu) — %da: T ouy
flame brug}? T Oty
. fresh mixture
Pressure coupling
laser tomography (Boyer 1980)
Definition of the admittance function Z(w)
Ju(t) = Re [d(w)e™"] 5p(t) = Re [p(w)e™’] (U — ) = Z(w) pr/ppar | < (Rayleigh: d¢y v.s. dp)
& = ! (ZpsD% + Z7DsD%) = 1[Re Z(w)] i instability : Re(Z) >0
4dppap ! d 2 Pyay

Analytical study of a planar flame submitted to a fluctuation of pressure (3 — o0)

Ta

2] = O(Mp)

—e—ZFK, Le=038
——ZFK, Le=14
---m--- 2-step, Le = 0.8
~-&--2-step, Le = 1.4

gaseous flame

Clavin et al. 1990

ns kBTb

coeff depends on

the position in the tube
as dps does

3

Clavin Searby 2008

0.1 1 10
Reduced frequency wT,

Solid propellant

100

weak coupling

Ta/Tins < 1

/\ C avin),l/waimi 1992

//Zeldowéh 1942

0:8
tube
1.0
—— Unsteady calculation
=== Quasi steady-state
—» Re(2)
~ ~ 0.5
. pf7 Up
Solid
propellant —
Reaction 0.0
Zone
—_—>
-0.5
0.01

Clavin Lazimi 1992

0.1 1
Reduced frequency wT,

0Ty /Ty o< ops/ps



P.Clavin VIII du(t) = Re [a(w)e' ] dp(t) = Re [p(w)e’’]
Velocity and acceleration coupling |

burned gas

T (5’LL1,

T Oy,
fresh mixture

fluctuating velocity = modification to flame geometry
— fluctuation of heat release through the flame surface

Transfer function for a flame in a tube 7,(w) | (4p — @) = T (W)t | & = (1/4)(TtvupF + T,y Py)

Upy = —0"py & = Im T, (w) (it,p}) /2
phase quadrature (acoustic mode of a tube) / "“\Real number (sign depends on position)

Weakly cellular flame propagating downward in an acoustic wave

acceleration of a curved flame = modulation of the flame surface S = / dy,/1+ a2

R/5q' de = p,Urcy (Ty — T) 05/5, dup — Oy = / —dx dup — duy, = (Tp/ Ty, — 1)ULIS/S,

pa’

ctuation of heat release rate/ cross-section aera
Consider a curved front slightly perturbed unperturbeds perturbation

r=ay,t) ayt)=a(t)cos(ky) a(t) = ao + et + c.c

kg <1 |a1] < éo (linear response ok) = | 85/S, = (k*/2)a,a1e™" + c.c.

Qq VS Uy ! g'(t) = Re [iwa,e“] g>0
2~ -
oy \ d°a da [ pu Ob / 5 k .
. (1 CY U k) X (P 1)k / k(1- - )]a=
lecture IV <+p>d (UL)dt (Pb ) [ u[g+g()]+UL )l 0
7;(&)) 0.5 \
(kcao>2 Im(7;)

0.0

Analytical expression (k = k)

(Pelcé Rochewerger 1992) 05F
Re(T;)

ok for the primary instability

1.0 ‘ ‘
9 0.001 0.01 0.1 1 10
Reduced frequency wT,
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primary instability + re-stabilisation + parametric instability

VIlI-3) Vibratory instability of flames

10000 L Case (c) Cellular flame // 10
- Flatflame ™S >08
g « S 06 2
¥ ¥ N '@ 5000 | Curved flame //-/ s
Acousticiinstability s~ 04 £
in g _ ~ 02 %
. 2 9 00 8
Premixed Elames g ot
© IRPHE 0.4
G. Searby 5000 L+ L MR M
-0.5 0.0 0.5 1.0 1.5
Time (secs)
Acoustic re-stabilisation and Earametric instability
Markstein 196
Ug, =0
T =t/m, T=1/(Urk), w=wn,=(wry)/(kdy) r=kdr 4 e e
'(t) = wu,Ur cos(wt ; Untae
d26( dd ) / g ( /) - aYL ( )
+2B— + |-D + @w’Ccos(wr’)| @ =0 (s A
dr’2 dr’ N 1 VZSRN R >
— Up / = Yp — % \‘ /\\ Stable
Uy = pu/pp > 1 B:”Ub+1 v, +1) @’ ‘
- Vp — 1 N . 9 1 9
D=, (vb%—l)E N(k)=—Go+Kk— K" /km Go=v, |gldr/Uj
Mathieu’s equation. Kapitza pendulum ,
t = wr’ Y(t)EeBT/d % Q:_(D+B ) h=C
—— +{Q+hcos(t)} Y =0 w?

dt?

Kapitza 1951
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Mathieu’s equation. Kapitza pendulum

2
Y
(ji?Jr{QJrhcos(t)}Y:O

Faraday 1831 Kapitza 1951

Q > 0 : Oscillator whose frequency Vv is modulated ~Prametric instability (Faraday 1831) . ®
(2 < 0 : Re-stabilization of an unstable position of a pendulum by oscillations (Kapitza 1951) :
Ap ()
M
\ [
Parametric instability %
Re-stabilization tongue Uy = 0
Unstable situation |~ mete)] agceas e e

v

0 1/4 1 9/4 4

:| unstable wavelengths

Stability limits of the solutions to Mathieus’s equation —¢
White regions: stable. Grey regions unstable

Flame propagating downward

2 e / g (t) = wu,Ur cos(wt) 15—
2 + 25@ + [-D + @w*Ccos(wr’)] @ =0 ua /ULt
Markstein 1960

10}
Parametric instability -

%9 (Ub + 1) Ur. k}k 10U, I
Uy R 20 1- , S . . who L 1
(vp — 1) UL km 2 UL upr < Ug < Uppg a[I[TTTTTTTTTTTTTTTTT
iy = 2/ (vy — 1) Re-stabilization tongue !
alt
Bychkov 1999 Clavin 2015 unstable wavelengths | ——q-

ok with experiments Searby Rochewerger 1991 12
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Rich Bunsen methane flame

ca ] 0
0.3 0.4 K— R
Reduced Wavenumber x = kdj,

+ intense axial acoustic field

140 Hz

13
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Sensitivity of the acoustic instability to the Markstein number an the acoustic frequency

Flattening of Bunsen flames in an acoustic field (Hahnemann Ehret 1943, Durox et al. 1997, Baillot et al. 1999)
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acoustic equipotential surface



