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PLANAR SHOCK WAVE

INERT GAS
SUPERSONIC
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FRONT PISTON
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- -—
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Un = D — Up
Supersonic Subsonic

thickness: few mean free paths

Poisson 1808, Stokes 1848, Riemann 1860, Rankine 1869, Hugoniot 1889, Rayleigh |910



SHOCK WAVE AS A SINGULARITY OF THE EULER EQUATIONS
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shock wave & discontinuity in the solution of the Euler equations

Model of hyperbolic equations for the formation of discontinuities

a(u) Ou/0t + a(u)Ou/dx = 0

t=0: u=u,(x) u=u(x,t)?

Simple case: linear equation

U = U (T — ayt)

a = a, = cst. :

propagation at constant velocity without deformation

Nonlinear equation a(u) da/du # 0
Method of characteristics

Riemann 1860

The solution is conserved along any trajectory dx/dt = a(u) in the phase plan (x,1).

u=wu(x(t),t) du/dt =0

u(x,t) is constant along the straight lines |x = aot + x,|: u = u, Uo = u(ay)

Finite-time singularity
5
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Nonlinear equation | Ou/0t 4 a(u)ou/0z =0

t=0: u=u,(r) u = u(x,t)?

Method of characteristics &
trajectories z(t) : dx/dt =a(u) w=wu(x(t),t) du/dt=0

Riemann 1860
u(x,t) = cst. = a(x,t) = cst.

u(x,t) is constant along the straight lines; t=0: x = a,t + x,, u = u,

T = a,t + x, Uo = ula,)
U A Ao\
Speed increases with increasing u, |da/du > 0 /\ A

= |formation of singularities after a finite time

A larger values run faster

ufN u/

t>1p i

ufg ((i)ti 0) :7\ ﬂ\ ‘/Z\ .

t > t, : characteristics intersect

t > tp : multivalued solution. Wave breaking
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ou/0t + a(u)0u/0x =0

U A aoA
Speed increases with increasing u, |da/du > 0 _/\ A
= |[formation of singularities after a finite time X X
t
A A A larger values run faster
u(x,t =0) o
x) x) x) = ; -
t > t;, : characteristics intersect
t > tp : multivalued solution. Wave breaking

w(z,t) = up(o(z,t)), |x(x0,t) = ao(xo)t + 0,

trajectory

02/0z, =1+ t(dao/dz,)  dz,/0z = [1 + t(day,/dz,)] ™

ou Oz, du, Ou du, /dz, 4 4 ; 1
= = : iverges at time -
Or  Ox dz, Oxr [1+t(da,/dz,)] e —da,/dz,

where da,/dz, <0

t, = time of wave breaking (shortest time for the divergence of 0u/dx)

1

t =
* 7 max |dag /dzg|

7
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Discontinuous solutions

Ou/0t + a(u)du/Ox =0  conservative form  OQu/0t + 0j/0r =0
ju) dj/du=a(u) ju) z/ a(u')du!

Are step functions u, # u_propagating at constant velocity D solutions ?

Ut
u(§) {=x—Dt U_
D
0/0t = —Dd/d¢  0/0x =d/d¢ —
—Dd—u + 4 =0 j—Du is a conserved scalar
d¢  d¢ . .
j(uy) = Duy = j(u) —Du_  p =) ZI)
Uy —U—
Infinite numbers of solutions !! {Ill posed problem
du djy
_p L) =
1) (DG + gg) =0
_ _ Gluy) —G(u-) dF' _ dG _
G—DF = cst. D= Flus) — Flu) where du = f(u) du — f(u)a(u)
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Discontinuous solutions
ou/0t + a(u)Ou/0zx = 0

Are step functions u. # u_propagating at constant velocity D solutions ? up
ue) E=a-Di
—_
Infinite numbers of solutions !! |Ill posed problem
adding a dissipative term makes the problem well posed up «ia
uw() E=z-Dt Ou /Ot + a(u)Ou/Ox = ed*u/dx>,| € >0 D,
9/0t = -Dd/d¢  9/0x = d/d¢ dimension € = length? /time
d | du du ¢ u du DY PN
A prjw—e 20 M —up et S i = [ au)du
T A T: €qe ~Jw muDFest 2 /0 (u) — uD + cst u_

£ =+400: du/d§ =0 = 2 expressions of the cst that should be equal = a single value of D
]<U+) — U_|_D +cst =0

; — i(u_ Jjlu—) —u_D+cst=0
D= Jluy) = jlu-) independent of € !

U4 —U—

u(€) continuous function lin% u = step function
€E—

a(u) = u : Burgers equation. Analytical solution to the initial value problem
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Riemann invariants (1860)

d p d d d d d
Euler equation + constant entropy + ideal gas: a* = P fy]—9 T e e N, R (v — 1)—'0
do p P a p p a
A 0 + 0 + 9 = 0 fﬁ 2u +u—u=0
ot T or T Pa " T p o’ Tt T o o
0 a?\ 0 0 0
A= A —p+ = A —u=0
atp+(“+ )8:13 Tt e tugu &
choose A such that  Au+4a?/p= X Ap+u), = A==a/p A\p Riemann 1860
0 (‘9
A=+ (A —
{87& + (o +u) 0 ] t .
Mt+u=uta e C.
L. dx
2 characteristics : Cy priall + a, !
invariarats : Cy 4 p+du=0 i
Mp+du=0 +£—-dp+du=0 p Yo X o
p 2 2 Jy = 2 a+u J_ = 2 a—u
Ji = a+u= cstsur Cy J_ a—u= cstsur C_ [ r-1
-1 gl
Simple waves t
T t (' are straight lines
_(_ Trajectory
ey of piston =
Chf ™ C,
A y Cs Fluid at rest /
Trajectory s /

of piston

.
. .
. N
A Fluid at rest
.\s AN

X moving piston
gp

—

Rarefaction wave
10

Compression wave

formation of a singularity: shock wave
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Centred waves

t <0: piston velocity =0
t >0: piston velocity = cst #0

Sel-similar solutions x/t

i rarefaction
compression &
t I Centred ,
! rarefaction
| wave 7
] 4
1 .7
Trajectory 1;? jeig:grr]y ! -
of piston p 1)/,
1
1/ ’
Trajectory Y X
of shock
Uniform flow ; .
Shock x at piston | arefaction i,
: speed wave
Uniform flow\ﬁ Fluid
at piston Absolute fluid velocit
speed at rest Y y+1 )
u
Fluid velocity up| 2 r
lup |
P 0 X
apt
0 x ‘

no discontinuity of u

shock wave at constant velocity > piston velocity
discontinuity of du/dx propagating at the local sound speed

fully unsteady process: thickness / Up t



JUMP CONDITIONS ACROSS A SHOCK WAVE



Shock waves

.ﬁ%,

ol

ﬁ Rankine-Hugoniot conditions for shock waves

M (1870 — 1880)

Rankine 1870 Hugoniot 1880

Eqs for the conservation of mass, momentum and energy

o dpu) dpu) _ 0 , Ou\  Opew) O 2o 0T
% o =0 at——ax<p+pu _M8x> 5 = 5m [pu(h+u/2)—)\8x—/m
Initial state Shocked gas
Pu  Pu PN DN m2 m2
0 " m=p O =pNun pu+—=pn+—  hy—h,+(uy —D?)/2=0
Pu PN
written in the moving frame of the shock at velocity D
steady problem
1 1 m? [ 1 1
pu—pN:m2[———] hu_hN:_[T__2]
PN  Pu 2 |py P
1 /1 1
"(puspu) = hpn, o) + 5 ( —= 4 —— | (pv = pu) =0
Pu PN

Hugoniot curve (p—1/p) Michelson-Rayleigh line

1/1 1 1 1
h(pvp)_h(puapu)_§(p_‘F;)(p—pu):O p—pu:_m2<;_p_>
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Ideal (polytropic) gas v =c,/c,

p = (¢p — ¢u)pT, h:CpT:LZ_9 _ __m2(1_1>
1/1 1 v—1lp P Py
h(p, p) = Mpu, pu) = 5 (pu + p) (P—pu) =0 ]
2
_(y+D (p _(v+1) [ pu P+1(V+1) =1 P=-M)y
P = —2’7 p_ - , V= 9 ? - Hugoniot curve Michelson-Rayleigh line
“ quadratic equation for V, 2 solutions: V =0,V = Vy
Shocked gas (Neumann state) vs M,
uv  pu (1M 2 py  2yM2—(y—1) Ty [29M2—(y—1)][(y—1)M2 +2]| mitiaistate | Shooked gas
D oy (YH1M P (y+1) T, (v + 1)2M2 Pu Pu PN PN
2 _ (y—DMZ+2 2772 2 2 _ D uy
N—27M5_(7_1) ~ QVMuMN_(7_1)<Mu+MN>_2_O
General comments Py N |slope| < [slope|
pN_ / My = uN/aN <1
A Initial state Shocked gas
\ Pu Pu PN PN

The HugonZOt curve 7:3 ta/ngent tO the ’[JS@nt'f’OpZ'C
T “\ Michelson- D N
_— —_—

the entropy change along the Hugoniot curve is of third order = M, =D/a, > 1 - Rayleigh line
1 1 82 1 IO | ‘l\-jcuugr?lgis?
Ss=s—s. Op=p-pa 55:@?(%) ep?| | WY N e
(58/5]9/ L S » J 1/p M,=D/a, > 1
: . . : . u Upw | RV slope| > [slope]
The Hugoniot relation is not an iso-function of state “
h(p, p) — h(Pus pu) — % <IOi + %) (p—pu) =0 cannot be written in the form  H(1/p,p) = H(1/pu, Pu)
1/1 1 1/1 1
h —h T\, T - =0 h = h(pu,pu) — 5 | —+ = —pu) =0
o) = howp) = (-2 =) =0 A= hlpap) = (42 ) (0=
Rarefaction shock does not exist. The entropy of the fluid increases through the shock (Irreversibility)

can be proved for weak shock by the entropy balance puﬁ - i ( i d_T) T, )
or by the H-theorem using the Boltzmann equation dz  dz \T dv

14
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Inner structure of a weak shock

% + ag’;‘) =0 a(g’;‘) = ’a% <p + pu? - ugZ) 3<P@€;ot) _ *a% [pu(h +u?/2) - Ag% - uugﬂ
(P, pN)
Formulation (p M
( reference frame attached to the shock wave ) 7 L
du u? dT du «~>
_ 2 _ 27 h+ — | — \A\— — — = cst. shock thickness
pu = m, P+ pu /de cst. m( + 2) e ,uudx cs
r— —00: P=Pu, P=pPu, U=D r—oo: dp/dx=0, dp/de=0,, du/dz =0
m=pD L=(y-1)eT _ 0
p v—1p
Two coupled equations for p and v =1/p,m given (u=mv, ¢, T =pv/(y—1))
9 dv
(p _pu) +m (U - Uu) = 'um£7
gl 1 _ 7 A dlpy) pm, o dv
N — 1(pU puvu> 9 (p pu)(v + Uu) - N — 1 me, da + 9 (’U Uu)dle
1(u2 —u?) = m—Z(U + vy) (v — vy)
r—oo: dp/dr=0, dv/dz=0 2 v YL
=Wt vn) | =(p—pu) +pm

Dimensional analysis

speed of sound 9 V>< du
e U _
u/d=O(1), P H i

mean free path
p/p = viscous diffusion coefficient ~ ¢/a = thickness of shock waves ~ mean free path
kinetic theory of gases
macroscopic equations not valid ?

ok for weak shock !
16
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M,=D/a, >1 Analysis for|le= M, —1 < 1| (weak shock) | D/a, =1+¢
2 dv _
(p = pu) +m*(v —vu) = pm -, ) m = puD
O(e’)
1 . A Jd(pv)  pm dv
- - (pv = puva) = 5 (P = pu) (v +0u) = | o R (%)dx

T —> —O0 P =Dy, V= "7y

r — o0 :dp/dx =0, dv/dx =0

Non-dimensional equations

v=1/p

v=(v—vy)/ vy = O0(e)

dv/d¢ = O(€?)

T = (p—pu)/pu = O€) dr/de = O()

anticipating {

A/mey = Dru/(puD) = Dru/(putu)

mean free path

g
E=a /L \K = Dry/ay

T+ (14 2€)v = Pr% + O(€%),

Pr = p/(puDru)

Ay =V 7pu/pu

M?2 =14 2¢+..

1
Y d¢§ valid up to order €
1 1
<7+ >7r1/+—7r+1/— d—ﬂ+%+0(63),
2y gl ¢~ d§ : :
Rankulle—Hugomot
1 dv 5 v+1 dv _dmdy 3 _ 4 — 4
;W—FVZPI‘d—g—QEV—l-O(E); = ( 2 >7TV—|-PI‘d—§—261/ d_§+d_£+0(€)’ VN E’Y-l'l €7+1
AU
x
5 dv v+1 : >
T=—w+0(), = [(v = 1) + P1] @ 2 v+2e|v oy = e L
v+1 PR
shock thickness
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M,=D/a, >1 Analysis for|le= M, — 1< 1| (weak shock)
dv [~y +1
[('7—1)+Pr]d—§_< 5 V—i—26>y
—[(’y—l)—i—Pr]d—V:I/(V—y )<0 tv
= —o0 : initial state, v = 0, = +00 : shocked , Vv=vn=—4 +1 : >
3 oo : initial state, v 3 oo : shocked gas, v = vy /(7 )_ . ‘
NS LT N i
shock thickness
_(+1 _ _ 2 z _of %
v=Uv e | G s mryemes |0
dY
d_C:Y(Y+1)<O
(=-:Y =0, (=4x:Y=-1
o dy e 1
C/Y(YH) V) =—a1

shock thickness = mean free path/(M, — 1)

microscopic length if M, —1 = 0O(1)

macroscopic length if (M, — 1) < 1
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OVERDRIVEN DETONATION
REACTING GAS

PISTON SUPORTED SUPERSONIC WAVE

SUPERSONIC

MOVING
FRONT PISTON
D > a, Up
< —
FRESH MIXTURE UNIFORM FLOW /
AT REST OF BURNED GAS ;

FIRE

D > au‘ Uy < Qp C-J REGIME Up,., = ap,,,

lead shock / \ reaction zone

Abel 1870, Berthelot et Vielle 1881, Mallard et Le Chatelier 1881, Mikhel’son 1893, Chapman 1899, Jouguet 1904,
Vielle 1900, Zeldovich 1940, von Neumannl942, Doring 1943,



JUMP ACROSS A DETONATION



P.Clavin X Mikhelson condition for the CJ detonation (1893)

REFERENCE FRAME OF LABORATORY

< Detonation wave < Piston dp  O(pu) d(pu) 0 _Ou d(petot) B 0 us N ou
<P % ow o e (“W “ax>’ o ax[f’“tcp”7 V)~ A gr ~H
eactive mixture urnt gas
at rest at piston speed
puD = pupy  up < ap Cp(Tb _Tu> + (uz _D2)/2 = dm
Ap N
_ PN |-
nnd . (1& - @> B 1(pb — Du) (i i i) =qm [ kot
v — 1 Pb Pu 2 Pu Pb Michelson-
REFERENCE FRAME OF SHOCK WAVE Rayleigh line
N CJ Michelson-
_ () (p _ (vt (pu R _ N¢ Rayleigh line
gDz vt (s ) [ER] [PrOvTO=TRe) |
P — —M V Hugoniot
L of shock”
Du b~ i ; S—
. . 919 ) O UNT, b, U
quadratic equation for V MYV +(M;-1)V+Q=0
supersonic combustion wave M, =D/a, >1
Lower bound of propagation velocity D = D¢
(called Chapmann-Jouguet 1899 — 1904)
(Mi — 1)2 = 4QM,3 M, > M,., = \/@ +vO+1, Mikhelson (1893)

In the CJ wave the velocity of the burned gas is sonic in the frame of the wave uycs = apcs (self-sustained wave)
(Rayleigh line is tangent)
In the overdriven detonations D > D¢y the velocity of the burned gas is subsonic in the frame of the wave up < ay
(piston-supported detonation)

Vieille conjecture (1900)

detonation = inert shock wave followed by a exothermal reaction zone
U—N—DB

(large Arrhenius factor) !

2 Paul Vieille (1900)




Planar detonation

Overdriven regime / Self sustained wave

Marginal solution

the so called Chapman-Jouguet wave

Detonation
Front
N~
D Shock —» End of heat
< release zone
Detonation Piston
velocity velocity
K// Zoom AN -
A A
D Uy Ty
> > T _
TN Us
U b — Qyp
O'\ .
Shock_| Neumann ¢ %, Reaction
state 'I “</ rate
Iy /' ‘\
_——' \\
a r‘- L _ .. B N O N ) ;

thickness ~ few mms

o—E/ksT E

Teoll kBT

reaction rate ~

elastic collisions /

~ Detonation thickness

Arrhenius law ¢ E/kBT

Mikhel’son
(1893)
Ap N
b ! BH f
& ugoniot after
Po rd he%t release
/ Michglson-
PR
i ) ® ichelson-
subsonic Ny Rayleigh line
B/
prJ o
Hugoniot u
of shock”
Pu t- i v

7/1.,/ u i

supersonic without shock
non physical
under ordinary conditions

Mic

1910)

10

Sonic condition

C-J detonation
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ZND structure of detonations

Zeldovich (1940) Neumann (1942) Déring (1944)

Combustion = large activation energy

Orders of magnitude Zeldovich
1 e B/kBTN 1 uy
>1 = ~ < — =0(1), dy=un7(N)> anTconu ~ ¢
kTN 7-(TN) Teoll Teoll anN

thickness of the reaction zone > thickness of the lead (inert) shock

structure of the detonation: inert shock followed by a much larger reaction zone

conjectured by Vieille (1900)

Detonation
Front
2 —FE/kgT
D _ ANTcoll _ Teoll € /kBTN < 1 N—l .

2 ~ 2 ~ 2 ~ ShOCk nao eat

dN dN (7-7" (TN )) Tr (TN ) Tr (TN ) 2—_> “release zone
Detonation Piston
velocity velocity

diffusion rate < reaction rate = diffusion terms are negligible

Kl A SA
D Uy T
—_— T —
Ty Us
N .
Neumann ¢ % Reaction
Shock—>} \
state 'I \‘4/ rate
\Y
T, . J \
————— - \~ e e o
:@ZNEH?(TQOO
24 Detonation thickness )
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ZND structure of detonations

Zeldovich (1940) Neumann (1942) Déring (1944)

structure of the detonation: inert shock followed by a much larger reaction zone

D 2 —E/kpT .
T AN Teoll Teoll e B/kBTN 1 Zeldovich
~ ~ << Detonation
J ron

&7 & T manr T nw) (i)

diffusion rate < reaction rate = diffusion terms are negligible

Formulation
Reference frame of the lead shock (z = 0) -
dlow) _ Dy
dr do Pz T
vy d (p du dy dy _ w(T,9)
— (£ g =0 bk _
v—1dzx <p> Tl T I g pTT(TN) W e [0,1] U.)(T’w 1)=1
w(T, ¢ =0)

xr=0: wu=un, p=pn, P=pn, V=1 w=1

. detonation thickness dy = un7.-(T
L— 0 U=1Uy, pP=pPb; P =DPb ¢:07 w =0 N v (Tv)

2_. P Elimination of p and p

a”=v=

p
d /p d /1 1dp pdu 1dp a?du du ~v d <p> du 1 5 o du
_ — — n— — i - = - R - _I_ — = — _—
dz (p) Pax (,0) * pdr  pudz - pdr  ~yudz Yz = y—1dz \p Yz (v - 1)u(a B )dx

o

du da 2 2
, (@@ —v?)— = (v - Dgmu—o, duw” oy U
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Phase portrait in the plan ¢ - u>

du? u?

w = 2(y — 1)Qmm

Initial state ¢y =0: u® =D? a® =a’
Neumann state ¢y = 0:  u® = u%, a® = a%
energy eq.
1 1 1 1 zero reaction rate
1a2—|—§u2—qm¢: 1ai—|—§D2
7 7 no supersonic wave without a leading shock
Cp,T
Non physical branch
A u2
p D2 TKU(InitiaI state)
PN e
Db Hugoniot after "
heat release Te-a
Michelson-
Rayleigh line
CJ Michelson-
N¢ Rayleigh line
B/
Poc g |- /
Hugoniot &Y
of shock” \7;
Pu | § i a A — (0
0 on7 Yo s Uy ”

OK with the Vieille’s conjecture
26



P.Clavin X

Lecture 10 :  Supersonic waves

10-1. Background

Model of hyperbolic equations for the formation of discontinuity

Riemann tnvariants

Rankine-Hugoniot conditions for shock waves

Mikhelson (Chapman-Jouguet) conditions for detonations

10-2. Inner structure of a weak shock wave

Formulation

Dimensional analysis

Analysis
10-3. ZND structure of detonations

10-4. Selection mechanism of the CJ wave

27



C-J Detonation = self-propagating wave

ub:D—Ub
—_

Ubga

UbCJ = Qpoy Ubey; = DC.] — Qb y ® D >

Selection mechanism

Rarefaction wave in the burnt gas when the piston is suddenly stopped

vitesse des discontinuités
dans le repére du laboratoire

Speed of discontinuities in lab. frame

Vo=D—-U, o D+ap,—U, D
o> o—> > > a Dgy
: > : O; H
overdrlven U, < ab Gas speed ! D
vitesse du 932 wtesse du gaz in lab. frame | ﬂ
dans le repére idans le repére : : A : ' :
du laboratoire: idu laboratoire i ! L
H H H 1 I I
| o | Dcy—uNgylemnn--- e .
E E e i . !
D —Un- AR T 5 ; Rarefaction
V,=D-U, E e i _ wave '
g 5 Doy —apoy pommmmmmba 22 S
g e} H —
=N N ©
gi Y c
t=1, Si 'qg) : t > to -9
3 o a T
0 i SItSton Shock
piston en position  piston a position
mouvement duchoc  l'arret du choc

leading edge of the rarefaction wave = speed of sound /gas flow



Clavin, Denet JFM (2018) 845
Doy — apo)t A
t ABurnt < (Do — apo) < Tfoo ~/ &9,
gas i .
at rest Rarefacti wave ?f/ .
in the bfirnt gas S . O,@f’
,’/ Z P .
Y ) Axy AL e
: Lo
t: Axy P
1 S < L LT ey
RN X X,
Q /4
@Q, % XQ:‘O\?( 0)\00\ 8
Ctrail WY \“‘0 ‘\)J‘OO: v(s)
o+ T Q 7 Ox ¢ X,
lead v, N
Cof™ Q
; . fFresh mixture at irest
>
0 Az fod x
u A |
Ube, = Doy — ape,

>
X

, 170 — 202

x
o o

Doy X — -+ constant
X f (t) — cht
thm z¢(t) = Dc st + constant
— 00



