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Acoustic waves and entropy-vorticity wave

Shock wave ~~ hydrodynamic discontinuity + Rankine-Hugoniot conditions

. in the frame of the unperturbed planar shock
thickness =~ mean free path M =D/a
initial fluid shocked fluid, Neumann state
D>a, | uy <an
The flow of shocked gas in a planar wave is uniform

_—

M,>1| My<1

(pU7 pu) (p_NaﬁN)
z=0 a:"
D > a, = the upstream flow in a wrinkled shock is not perturbed

supersonic wave

Flow velocity uy is sufficiently large = the diffusive fluxes are negligible:
compressed gas:

Ds/Dt=0 <& 9s/0t+u.Vs=0

no entropy production in the compressed gas

The entropy of shocked gas is modified at the Neumann state of a wrinkled shock

= Vs(r,t) #0

entropy production inside the shock thickness: entropy jump !
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Linearized Euler equations

Y
0
(written in 2-D for simplicity. Extension to 2-D is straightforward) wT_ay
Xz
u=Tun+ou, w=ow, p=py+0p, p=DPy+Op
Y
Compressed gas '
1 D. 0 9 v =alt,y)
_ND_t6p + %5U + a—y&u = 0 Fresh mixture Cntrow}f\@
B D Suy — d 5 _ D St — d 5
D/Dt = 0/0t + un0/0x PN 0% = 5, 0P D_ w = “ oy D Shocked gas
D D
Op/0pls=cst = a D_t58 0= —5p aNDtép

isentropic: no entropy production but propagation of entropy from the shock

Wave equation for the pressure (d ’Alembert equation)

1 0 0

eliminating 6p =

D4 A VA A VA
eliminating du and dw = D2 6p — Ty (;;2 ;y > op =20

the pressure fluctuations are fully propagated by acoustic waves in the shocked gas moving at constant velocity uy
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Flow splitting

: .. 5p = op\9 . | su = du'® + su®
acoustic wave + vorticity wave b=op D= O S W

dw = dw'® +

ot

2 [a +qu] ul” = —Vp

the pressure fluctuations are fully propagated by acoustic waves in the shocked gas moving at constant velocity uy

Wave equation for the pressure (d’Alembert equation)

LD 0 00,
pnaa Dt Ox oy

eliminating 6p =

L D 0 9?
eliminating du and dw = D ——0p — (8 2t 3y > op=20

Entropy-vorticity wave (isobaric)

dou _ 06u (i) _
D 9 9 D(Su(i)/Dt —0 ot +un 9 0 out’(y,t — z/un)
= = A TUNZT S , : <> :
Droot % Dew® /Dt =0 06w® 06w _ 7| swl(y.t —w/uy)
| O B T 5
. S+ —u+ —sw =0 50, () (i) — ZS5u® = g = §a®
ﬁNGAXp—'_ . u + 3y w = = 8m5u + ayéw 0 = atéu uNaydw
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Linearized flow field

Normal-mode analysis

y Oé(y,t) — aezky—l—at

= a(t,y)

Fresh mixture

>

Shocked gas

0f(z,y,t) = f(z)ervtet

dp = py exp (il+x + iky + ot)

2nd-order algebraic eq.

iky+ot

k € Re
o€’

N RH conditions

. . L 2 2
le(o,k)  (o+ilzuy)’ +ay(i +F) =0 <= 3251’ o <aaz
No length-scale other than |k|™* li MNS +v1+ 52 with _
in the problem 1kl —
p W o i /7
D - ‘
wDiu=-Lp @ = - EIN PN il )
Dt Oz o+ili un pyUN r=0:0p=9dpn(y,t) = pne
pNB(Sw — _Q(Spj w(a) —- _ lkUN_ _pJX eilj:l’,
Dt Ay o+ il4 Uy pyUN
o) — [@N iy PN } o—ou/un 5u (y, t — /)
o +il4uUn pPNUN
ik iy | | 6wy, ¢ - o/mn)
~() _ |~ 1Kt PN —ox/uN Y, N
w = |WN I € y
g +iliuny pyun

Incompressibility condition

B
Zsul® =
ot Ny

=upN 2(511() i

Rankine-Hugoniot conditions

_(ilzo +unk®) Py

(o +iliuy) pyun

~

_ o S
un

> Sp=0  Wwave eq.




P.Clavin XIII

Lecture 13 :  Stability analysis of shock waves

13-1. Acoustic waves and entropy-vorticity wave

Linearized Euler equations

Linearized flow field

13-2. Analyses

Dispersion relation for general materials

Classification of normal modes

Spontaneous emission of sound and instability

Stability of shocks in ideal gases

Stability of reacting shocks



P.Clavin XIII

Dispersion relation for general materials

Rankine Hugoniot relations (general material)

Y

A

M =1D/a
initial fluid shocked fluid, Neumann state
Fresh mixture
D > a, uny < an
M,>1| My<1
(Pu> pu) | (PN, PN)

Linear rate

a(t,y) = ae” Y

2 parameters for the material: » and n

1/p

S | =

(

2
u)
‘N

D opn

p
PN [... \‘
Droite
z=at,y) Courbe & deRayleigh
d'Hugoniot
> X Pu |0
Shocked gas ; :
1/pn  1/pu
non-dimensional parameters
D
= _<pu 2_]_ > 07 5pN =
dpy/ dpy 9
— Py My
Pu (1 _ MN)

Quadratic equation for o* /a% k?

aS* +2b5% + ¢ =0,

2

52 =

1

ax k2 (1 — M%)

az(l—l—r)2—4ﬁ?v, bE(l—?‘Q)n—QM?V, c=(1-7r)*n?*>0.

Clavin Williams 2012

+2MNSV1+82=(1+7r)S* + (1 —7)n
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i Classification of normal modes

alt,y) = ae? T

o2 1
axk? (1 - M3)
aE(1+T)2—4M?\[, bE(l—T’z)’n—QM?V, c=(1-7r)*n?*>0.

aS* +2058% + ¢ =0, S? =

Re(o) < 0 : stable mode exponentially damped e~ [Re(a)[t \ -

Re(c) > 0 : unstable mode exponentially amplified | ,[Re(o)[t / L

5?2 <0: Re(o)=0, w=Im(o)#0 neutral oscillatory modes

Normal mode

\__---~" Non-radiative
- V - - acoustic wave
uUnN

Vorticity wave

(shear flow)

longitudinal component of the velocity (unperturbed shock) of the sound wave:

[
em.(ﬂNex —aNeK) =UN —aNW

Neutral oscillatory modes

Spontaneous generation of sound. Radiating condition: wxv/1%2 + k2 —anl >0
Non-radiating condition: uyv/12 + k2 —anl <0

tn
unstable ns 0
stable |L/t"
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D
2 non-dimensional parameters
— DN LN .
r=_ (’OUD) > () : Droite
— _ 1 ) Courbe | & de Rayleigh
de/de d'Hugoniot/g7
I Pu Lo DN
L= PN My
—_— _2 : H
Pu (1_MN> 1/[)N 1/pu 1/:0
Normal mode
Neutral oscillatory modes —
Spontaneous generation of sound. Radiating condition: uyv/ 12 + k2 —anl > 0
Non-radiating condition: wx+/12 + k%2 —anl <0
- LT Norisdake
\\‘\ uN
. .
g - o
Classification of the normal modes in the parameters space J_. ?u\m\ﬁ
V(oElicit\yf\lNav)e
UNSTABLE STABLE
oscillato}y modes |
Re(o) >0 Re(o) =0 Re(o) <0
non
radiating radiating i
| [0 4 n—\/(1—M]2\,)(1—5—;>
—(1+2My) Z; r* 1 roor= n+ 1

Clavin Williams 2012
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Stability of shocks in ideal gases

: _ un _ pu _ (Y 1)MI+2 PN _ 29Mg — (v 1) o (y=1)MZ+2
polytropic gas, v = cst. D on T (G LDME P My = M2 — (7 — 1)
B —2 —2
= _ (IOUD)21: ]‘2, nEpN MN _ Mu
dpy/dpy M, Pu (1 _ M?\f) (Mi —1)
:EQMNS\/ 1_|_SZ 1-|-r 82 1 —’I’ i :I:2SMN \/ ]. + S2 — S2 (]. + M ) —|— 1 UNSTABLE STABLE
oscillatoly modes 5
— R 0 Re() =0 R ]
M,>1, v>1 = |[m=1/n+1)<r<r« o) > <o) elo) <0,
radiatin radiatin
CoeJuemn(os) RGP e () e
L T ST T oM — 1 SR T " "

Clavin Williams 2012
Shock waves in polytropic gases have neutral modes with non-radiating acoustic waves

They are stable with a relaxation of initial disturbances in power laws 1/ £3/2

OK with experiments
Freeman 1957 Lapworth 1959

Ficure 6 (plate 1). Photographs of shGck wave at M, = [-41.

Formation of Mach stems
I (see next lecture)



Stability of reacting shocks

Clavin Williams 2009 2013

Reacting shocks = detonations considered as an hydrodynamic discontinuity

thickness = 0: no modification of the inner structure

— 1
D2 T2 1+ V o, \/ 0 — (1-=x)+ i
= =M, ——= = — = — — r=
dpy/dp;, ! 1 -3V, Vo = | M, (HX)} 2 X (1 M, ) 1QM, (1+x) + ==
——92\2 ——2\2-—22 ——2
ng<1 . . X:\/<1_Mu> _<1_MUCJ> MchMu
CJ wave overdriven regime
<ﬁb> M, 1 1
pu) 1 -3, M, —1-2V, X
1 1
=Xt e [MrEay UNSTABLE STABLE
T+ L \ntl) |1+ i oscillato}y modes :
) Y Re(o) >0 Re(o) =0 Re(o) <0
non
n—1 radiating radiating A
1 ST , | .
" —(1+2My) n—1 r* 1
n+1

Clavin Williams 2009 # Majda Rosales 1983

Overdriven reacting shocks in polytropic gases have neutral modes with non-radiating acoustic waves

They are stable with a relaxation of initial disturbances in power laws

For the CJ marginal regime the acoustic waves in the burned gas propagate in the direction

parallel to the unperturbed planar solution



Details of the calculation
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(details of the calculation)

Rankine Hugoniot relatzons ( geneml matemal ) non-dimensional parameters
D)
M =D/a __ D) 1\ 2
initial fluid shocked fluid, Neumann state PN dp N / d__l 5pN o ; % p 5PN
= a(t’ y) Droite p M2
D > a, uy < an Fresh mixture courbe o rayieig Ny 11 = PN ﬁ ~
— x d'Hugoniot 7 Pu (1 — MN)
M,>1| My<1 S““k.z?"i’; Pu ~
(pu7 pu) (pN7 pN) l T_@ .
1/pn  1/pu 1/p
Jump conditions  p.5 lecture IV
_ O
mass pn(uny — 0a/Ot — wyOa/dy) = py(D — da/Ot) = J0pNUN + py(duny — O /Ot) = —p, Ot/ Ot om Pu gy
tangential momentum wy = (D — un)ay, = dwy = (D —uy)da/dy
) 1(p,D)?6
tangent to the Hugoniot curve (geometrical construction) — _pN == (LO _) _'ON
1 1 Pn " PNPN PN
longitudinal momentum py — pu = m® (— - —) 1 — Pu
PN Pu = N _ 5 T Py ) 0a/Ot  dpn 5 (E_N B 1) r da/ot
fﬁ?_N:E(l_p—“>pa—‘“ m’dpN pv  (-r D oy T \pa (1-r) D
- — = s to——
bn M PN ot PnPn PN (;U_N_<p_N_1) 1+7r do/Ot dwy ﬁ_N_l)a_a
: un Pu (l-7) D Uy Pu Ay
Linear rate
S2 + 1ﬁ—N — lkwN
PNANUN UN |k‘|UN 1 _ —2 — +2M NSV 1 + S2=(1 + r)S%+ (1 —7r)n
~ ikuto oo
a(y,t) = aekvtat o5 =0 3y = ika &lel /1
4 2 2 o 1
taking the square aS™ + 2bS° 4+ ¢ =0, S< =

a=(1+r)?

4D,

b=(1—-7r")n— QM?V,

axk? (1 — M3)
c=(1-r)*n*>0.

Quadratic equation for o* /ax k”

14

Clavin Williams 2012
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(details of the calculation)

Dispersion relation for general materials

Compatibility condition

ilyo +ank?) p i
o HUNK) BN GEN g — g
WPNUN un

o _ oN . , [0 & Lo P S
(antuN%) op — an (@+a_y2> 5p=0 (0 +ilyun)? + a2 +k*) =0 = o +2olaty — 30 +a5 (3 +k%) =0

—(il+uno + U k) = o +ilrotuy + (a% —ux) (3 + &)

= (o +ileuy) [0 — (1 — Hi,) (o0 + il:l:ﬂN)}
= (0 +ilyan) [aﬂfv - (1 - va) iziaN}

/ —(ilxuyo + Tk?) = —W\h iy [i 11 S?] k|

ax (3 + k) = —(0 +ilpuy)?
Ay MyS+v1+ 82

1
1?: with S’E_ak
|| ay k| /TM?V

=
=

\V1— My

(ilia + ﬂNk2) DN

_ CNED PN I iy =0 =\ 1= My V14 82 [kfay =2 — o2 ki = 0
(c +iliuy) pyun un PNUN uNn
+/5% + 1_6% + S—|— 1= =0
PNONTUN un| |kfun v
— My
(Buckmaster Ludford 1988. Clavin et al. 1997)
. . . . . o
The Rankine Hugoniot relations yields an equation for S o< — 7
an
5pN dt ﬁN . (0 5UN dt ”&N . Q 5”LUN / ’lDN e A
— X —, | — xioc— —— X —, |— xic— —— X @, — x ik&
PN un Pn UN un un un un un un

Downstream boundary condition
r — 00 : bounded condition (in the unstable case, Reo > 0)

6p = py exp (il+x + iky + ot) selection of the the sign in I+ such that e"** does not diverge
I5
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| Spontaneous emission of sound and instabilityq..o kotorovicn 195457
Oscillatory neutral modes

( radiating waves: [/|k| = [MNQ A Vi 1] /\/1 — M?V,/\/l —M?\h
£2MNSV1+ 52 =(1+7)8%+ (1 -1)n IMyQVO2 —1=-0Q2(1+7)+(1—1)n >0,
neutral oscillatory mode —

: . — —2
S=iQ, Q>1 non-radiating waves: [/|k| = [MNQ +vQ2 - 1] /N 1— My,
\ 2M N2 —1=-Q*(1+7r)+(1—7r)n <0
shocked material shocked material
Transmatted or reflected sound wave D>a, | un < ay D>a, | uy <an
> 7

IR X
AR Dot

inciden transmitted -
1H)-

>\>\\\ incident

If a normal mode is radiating the response of the shock diverges when the reflected (or transmitted) waves matched the radiating normal mode

<

reflected — Br _ [2MNQVQZ —1-Q%(1+7) + (1 —1)n]
incident — Pi [-2MNOVQZ—1-Q2(1+7)+ (1 —7)n] <— denominator goes trough 0

A neutral oscillatory mode that is radiating is considered as unstable
D’Yakov Kontorovich 1954-57

Power laws of neutral modes

Square root in the dispersion relation £2MyQ/Q2 —1-Q?(147)+ (1 —7)n=0 => cut in the complex plane —=» power laws

Bates 2007
Damping (n < 0) or amplification (n > 0) involving power laws ¢"
can be described by Laplace transform not by Fourier transform
Neutral modes with non-radiating acoustic waves relaxe follc ing a power law in time " n<0

Neutral modes with a radiating acoustic wave is unstable according a power law in time t" n >0
16



