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Do firms always benefit from the presence of active customers?
Didier Laussel

CNRS, EHESS, Centrale Marseille, AMSE, Aix-Marseille Univ

ABSTRACT
We study price personalization in a two period duopoly with horizontally differentiated products. In the second period, a 
firm has collected detailed information on its old customers, using it to engage in price personalization. Customers, 
when returning to buy, may choose to incur a cost in order to access the standard offer of their previous provider in 
addition to its personalized offer and the standard offer of its rival. The analysis confirms that firms’ second period profits 
are boosted when consumers are active in this sense (being equal to perfect price discrimination ones when initial 
market hares do not differ too much) but it reveals that this advantage is dissipated and possibly over-dissipated by 
the resulting fierce first-period competition for the market. Two-period aggregate profits are smaller with active customers 
provided the consumers are naive and/or the firms patient enough. Consumers’ access to both personalized and 
standard firms’ offers which benefit the oligopolists in mature markets may plausibly hurt them in emergent ones. 
The equilibrium is shown not to depend on the level of the cost as long as it is below some critical value.

KEYWORDS : Behavior-Base price discrimination; active customers; identity management

JEL CLASSIFICATION : D43, L13

I. Introduction

The increasing ability of firms to collect huge 
amounts of consumers information is now very 
well-documented as well as the way they can ana
lyse and use this information to produce very accu
rate customer profiling.1 There are more or less 
sophisticated ways of collecting data. 
Supermarkets and other large sellers for instance 
simply use loyalty cards to obtain very precise 
informations on their customers. Many firms now 
employ chief data officers to manage this increas
ingly important part of their activities.2 A large 
evidence exists3 that the information which is col
lected and treated in this way enables the collecting 
firms to use coupons, promotions, personalized 
discounts vouchers and post-sale services in order 
to engage in price discrimination based on consu
mers’ willingness-to-pay. Popular examples 
include the travel agency Orbitz proposing differ
ent offers to customers according as they were Mac 
or PC users, the Princeton Review’s ‘strategy of 

levying different prices based on zip code resulted 
in Asians being twice as likely to be charged 
a higher price’ (Mohammed 2017) or white men 
getting better deals on cars.4

There have been for at least two decades 
a plethora of papers (see for instance Thisse and 
Vives 1988; Fudenberg and Tirole 2000; Choe, 
King, and Matsushima 2018) which have shown 
that the acquisition of information on consumers, 
enabling subsequent price discrimination, may be 
detrimental to competing firms by exacerbating 
price competition. This paradoxical effect of being 
better informed has been called ‘the curse of 
knowledge’ (Laussel, Long, and Resende 2020). In 
these papers, consumers are ‘passive’, since they 
can’t avoid to be recognized by their previous sup
pliers, and have no other choice that either to 
accept the personalized offers5 they receive or to 
stay out of the market.

Consumers are however increasingly conscious 
that firms currently collect and use their personal 

CONTACT Didier Laussel didier.laussel@univ-amu.fr MEGA, 424 CHEM du Viaduc Aix-en-Provence, 13851 Aix En Provence Cedex 03, France
1See for instance Max Freedman “How Businesses Are Collecting Data (And What They’re Doing With It)”, June 17, 2020, https://www.businessnewsdaily.com/ 

10625-businesses-collecting-data.html.
2See for instance https://www.forrester.com/report/Chief+Data+ Officers+Evolve+Your+Teams+To+Accelerate+Impact+From+Data+Insights/-/E-RES163256#. 
3See Ezrachi and Stucke (2016). Mohammed (2017), Wallheimer (2018)., Mikians et al. (2012), (Mikians et al. 2013). See also Shaw and Vulkan (2012) for an 

empirical investigation.
4https://www.nytimes.com/1990/12/13/us/white-men-get-better-deals-on-cars-study-finds.html?pagewanted=all.
5Prices may be more or less finely targeted (See Liu and Serfes 2004) with in the limit fully  personalized prices.
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informations to target them offers which may often 
be less advantageous for instance than those offi
cially reserved to new customers (the prices for 
first-year subscriptions are very often much lower 
than for regular ones). Accordingly they may find 
profitable to become ‘active’, i.e. to use different 
‘identity management’6 devices to access offers 
which the firms would like to reserve to others. 
Current antivirus software may for instance be 
used to block and/or erase cookies. Chen, Choe, 
and Matsushima (2020) speak of ex ante identity 
management when firms are prevented from col
lecting information on customers and of ex post 
identity management when it allows old customers 
to access the firms’ offers targeted at new custo
mers. In the first case, the consumers do not receive 
personalized offers from their previous provider, in 
the second one they do receive them but can also, at 
a cost, access the firm’s standard offer. In 
the second case, speaking of ex post identity man
agement may be unduly restrictive. Of course, con
sumers may use different credit cards or different 
accounts with different names in order to avoid to 
be recognized when they return buying, so as to 
benefit for instance of promotional offers officially 
targeted to new customers, or they can buy anon
ymously at brick and mortar shops. But they can 
also complain to the firm in order to get access to 
its uniform price. Of course, in both cases, consu
mers willing to stay or to become anonymous have 
to spend some time and/or some money in order to 
do so. In any case, it is convenient to speak of active 
customers to refer to those who incur some cost to 
access the firms’ standard prices, the other ones 
being referred to as passive customers.7

This paper tries to investigate whether the exis
tence of active customers leads to a reversal of the 
‘curse of knowledge’ and to what extent that 
depends on the level of costs. Chen, Choe, and 
Matsushima (2020) have shown that such 
a reversal occurs in a one-period duopoly model 
with costless ex post identity management. In this 
framework, they indeed show in the full market- 
coverage case8 that when the firms’ market shares 

do not differ too much, there exists a perfect price 
discrimination equilibrium. The intuition why is 
that the firms then refrain from setting uniform 
prices which would allow them to attract some of 
their rival’s targeted customers9 lest their own 
active targeted customers would choose to buy at 
these prices rather than at the personalized prices 
designed for them. The present model shares with 
Chen et al. paper what they call the ex post identity 
management assumption but differs from it in two 
important respects. The first one is that accessing 
to uniform prices is here costly The second is that 
we consider a two-period behaviour-based price 
discrimination model in which the firms first 
ignore the consumers’ preferences but happen to 
learn them in the first period so that they can, in 
the second period, propose them personalized 
prices.

We focus mainly on the case when the privacy 
cost is not too high relative to the gross utility of the 
good, namely when the sum of the privacy cost and 
the (linear) transportation cost is smaller than the 
gross utility from consuming one unit of the good. 
In that case, we show that the second-period equi
librium analysis is the same as when the privacy 
cost is zero, i.e. the situation considered in Chen, 
Choe, and Matsushima (2020).10 There are two 
types of second-period equilibria. When the two 
firms have similar initial market shares, the equili
brium is one of bilateral perfect price discrimina
tion where the consumers are left with no surplus, 
with consequence that the first-period demand 
functions are the static ones. When one firm has 
a relatively small initial market share, it finds more 
profitable to poach some of its (big) rival’s old 
customers by offering them an attractive uniform 
price, though its own initial customers prefer 
themselves to buy at this price that at the persona
lized prices which they are offered. We show that 
the model has a symmetrical unique pure strategy 
first-period Nash equilibrium when the ratio 
between the gross utility and the linear transporta
tion cost is below a critical value. The equilibrium 
values of first-period prices and two-period profits 

6See Acquisti, 2008.
7Chen, Choe, and Matsushima (2020) call this cost a privacy cost. We can more generally speak of an “access cost”.
8This is the case when every consumer is recognized and receives a personalized offer by one or the other firm.
9In their framework, the “targeted” consumers of a firm are the consumers whose it knows the exact preferences.
10There are some, inessential, modelling differences however, since we use a standard Hotelling model with quadratic transportation costs whereas they use 

the “brand loyalty” model of Fudenberg and Tirole (2000).
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are shown to be independent of the value of the 
privacy cost. At this equilibrium, where firms have 
identical initial market shares, second-period prof
its are greater than at the static equilibrium and at 
the equilibrium with only passive customers, con
firming the result in Chen, Choe, and Matsushima 
(2020). However, the two-period equilibrium dis
counted profits are smaller than the profits from 
the repetition of the static equilibrium, showing 
that second-period extra profits are more than dis
sipated by a fiercer first-period price competition 
for the market. Even more interestingly, they are 
smaller than in the case when all customers are 
passive (Choe, King, and Matsushima 2018) when 
the consumers are sufficiently naive and/or the 
firms patient enough.

Section II reviews related literature. Section III 
sets out the model. Section IV characterizessecond- 
period equilibrium. Section V studies first-period 
price competition. Section V is devoted to payoff 
comparisons. Section VII concludes.

II. Related literature

The present paper is related to several overlapping 
strands of literature.

The first one has studied competitive persona
lized pricing in a duopoly setting. Many papers (see 
for instance Thisse and Vives 1988; Chen and Iyer 
2002, Choe, King, and Matsushima 2018) have 
argued that there is indeed in this context a ‘curse 
of knowledge’ since having an information on pas
sive consumers11 allows the competing firms to 
propose them personalized prices, leading however 
to lower firms equilibrium profits. This occurs via 
a very intuitive competition effect: instead of com
peting in uniform prices over a set of heteroge
neous customers, firms compete separately à la 
Bertrand for each type of (homogeneous) 
customers.

A second, more specialized, strand of literature 
(the behaviour-based price discrimination -BBPD- 
literature) has considered the case when firms 
acquire their information on consumers through 
an initial interaction with them: intertemporal 

price discrimination practices are based on custo
mers’ purchase history. In the seminal works by 
Chen (1997), Villas-Boas 1999, and Fudenberg and 
Tirole (2000), the information collected by the 
firms on their old customers is very crude and 
only enables subsequent third-degree price discri
mination between old and new customers. More 
recently (see Choe, King, and Matsushima 2018; 
Garella, Laussel, and Resende 2021), the firms learn 
through first-period interaction the exact prefer
ences of their previous customers, allowing second- 
period first-degree price discrimination. In this 
literature, until very recently, consumers were sup
posed purely passive, in the sense that old custo
mers cannot avoid to be recognized by their initial 
provider and have no other choice than between 
buying from it at the personalized price they are 
offered or at its rival’s uniform price. This is known 
as the no ‘leakage’ assumption: old customers can
not buy at the uniform price which their initial 
supplier targets at new customers.

A third strand of literature deals with privacy12 

in an oligopolistic framework,13 i.e. with the possi
bility that consumers protect actively their privacy 
in order either to avoid to be recognized when 
returning to buy at their previous supplier. Two 
papers in particular are somewhat related to the 
present one. Montes, Sand-Zantman, and Valletti 
(2019), consider a static duopoly model in which 
the firms may learn the consumers’ preferences by 
buying this information from a monopolistic data 
broker but consumers may avoid to be recognized 
by paying a privacy cost. They consider ex ante 
identity management since the consumers who 
pay to be anonymous do not receive personalized 
offers. Chen, Choe, and Matsushima (2020), deal 
also with a static model in which the firms target 
each an exogenous segment of consumers,14 to 
whom they may propose to buy at personalized 
prices while setting an uniform price for the other 
consumers whom they don’t target, and compare 
the case where consumers are passive to the one 
where they are active, in the sense of ‘ex post 
identity management’, i.e. they can incur a cost to 
buy at the uniform price. They show that the 

11It is not necessary for this result that each firm be informed on the preferences of all customers as it is assumed by Thisse and Vives.
12See the survey by Acquisti, Taylor, and Wagman (2016), on the economics of privacy.
13In the monopoly case see Belleflamme and Vergote (2016).
14The market is not necessarily covered and segments may also possibly overlap.
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presence of active consumers is likely to benefit 
firms by dampening competition. When a firm’s 
targeted customers can buy at its uniform price 
rather at the personalized ones, a smaller uniform 
price may allow a firm to poach more rival’s tar
geted customers but this is at the cost of having 
targeted customers preferring to buy at this price.15

The present paper draws on the three strands of 
literature. Like for instance in Thisse and Vives 
(1988), the firms exercise first-order price discri
mination. Like in BBPD models, this is only possi
ble over their old customers whose preferences 
they learn through first-period interaction. Finally 
it is assumed that consumers may access to their 
previous provider’s uniform price by incurring 
a cost.

The closest paper is Chen, Choe, and 
Matsushima (2020). Indeed, our second-period 
equilibrium is close to their one-period static one 
in the case where the market is fully covered and all 
customers are active. Our second-period analysis in 
this case is more general since (i) we don’t assume 
as they do a specific value of the gross utility 
parameter16 and (ii) more importantly, we suppose 
non-zero access cost which the consumers decide 
to incur or not to incur whereas they consider the 
case where all consumers are active. We are able to 
show the same qualitative results obtain as in the 
zero access cost provided this cost is below a critical 
value which is the difference between the gross 
utility and the linear transportation cost. 
Moreover, the second-period model is embedded 
in a two-period BBPD model so that the second- 
period market shares rather than being exogenous 
are the outcome of first-period price competition. 
This allows us to show that, if our analysis confirms 
that active consumers are good for second-period 
equilibrium firms’ profits, extra profits are at least 
partly wiped out by first-period competition, lead
ing in some interesting cases to smaller two-period 
equilibrium profits than with purely passive custo
mers. On the other hand, when comparing aggre
gate two-period equilibrium profits with their value 
at the repeated static equilibrium we obtain the 

same global outcome as Fudenberg and Tirole 
(2000), that the latter are greater than the former, 
but the per period outcomes are exactly opposite: 
in their paper second period profits are smaller 
than their static equilibrium value but, through 
a competition dampening effect, first-period ones 
are greater.

III. The model

Two competing firms 1 and 2 are located at the two 
extremes of the Hotelling line. Their marginal costs 
are normalized to 0. We consider customers who 
are uniformly distributed on the unit segment. The 
gross utility of a type x-consumer from buying one 
unit of good i ¼ 1; 2; equals v � tðx � xiÞ

2
; where 

x1 ¼ 0 and x2 ¼ 1: So transportation costs are 
quadratic and t is the transportation cost para
meter. In the following the ratio V ¼ v=t between 
the maximum gross utility and the transportation 
cost will play an important role. In particular the 
assumption below will be useful.

Assumption 1: This assumption is necessary and 
sufficient to ensure that the static duopolists cover 
the whole market. At the static Hotelling equili
brium with full coverage, it is well-known that one 
obtains equilibrium prices pHot equal to t:17 The 
minimum net utility of a type x-customer, under 
linear transportation costs, obtains at x ¼ 1=2 and 
equals v � t

4 � pHot ¼ tðV � 5
4Þ: Chen, Choe, and 

Matsushima (2020), make a stronger assumption 
that a static monopolist would just cover the mar
ket, which in this model would require that V ¼ 3:

In the first period, the two firms do not know the 
customers’ preferences. They simultaneously select 
uniform prices p1 and p1 which are commonly 
observable. Given p1 and p2; the customer of type 
zðp1; p2Þ is indifferent between buying good 1 or 
good 2 in the first period. The customers whose 
types are smaller than z will therefore buy good 1 
whereas the customers such that type is larger than 
z will buy good 2 in the first period.

15A related paper is Belleflamme, Lam, and Vergote (2020). In an extension of their paper they consider the case when the firm must publish their uniform price, 
something akin to “ex-post price discrimination”. This is however different from the present paper since buying at the uniform price does not follow from 
customers’ choices and is free.

16They take it equal to the value which ensures that a non-discriminating monopolist would just cover the market.
17The same equilibrium obtains whether transportation costs are linear or quadratic.
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At the beginning of the second period, each 
firm has learned the preferences of its first- 
period customers but continues to ignore those 
of its rival customers. The timing of the second- 
period game is as follows. First the two firms 
simultaneously select the uniform (standard) 
prices P1 and P2 of their products which are 
commonly observable. Then they choose the per
sonalized prices s1ðxÞ and s2ðxÞ at which they 
propose to their old customers to buy their pro
duct. This sequentiality assumption is standard in 
the literature (see for instance Choe, King, and 
Matsushima 2018; or Chen, Choe, and 
Matsushima 2020 among others) and corresponds 
to the observation that the choice of standard 
product prices is less frequent and made at 
a higher level of management. After observing 
the prices Pi; siðxÞ and Pj; i; j ¼ 1; 2; i�j;
a Firm i‘s type x � previous customer chooses to 
pay or not to pay an access cost c � 0: If she 
incurs this cost, she may choose one of three 
options: to buy i’s product at the uniform price, 
to buy j’s product at the standard price or to buy 
i’s product at the personalized price targeted to 
her. If she chooses not to incur the access cost, she 
can only select one of the two last options. We of 
course assume that she chooses to incur the cost c 
if this gives her the highest net utility.

In the following we shall assume that the access 
cost is not too high, namely that it is smaller than 
the difference between the gross utility v and the 
unit transportation cost t:

Assumption 2 This assumption means that there 
always exists a positive price at which all consu
mers are willing to buy a firm’s product even when 
having to incur the access cost in addition to the 
price and the transportation cost. 

Finally the firms’ and consumers’ discount fac
tors are respectively denoted δ and β: Both are 
assumed positive and smaller than 1.

IV. Second period equilibrium

Remember that the second-period game is a two- 
stage one. In the first stage the two firms choose 
their uniform (standard) prices P1 and P2: Then in 

the second stage they define the personalized price 
schedules s1ðxÞ and s2ðxÞ which they propose to 
their respective old customers. Given its rival’s 
standard price P2; the best Firm 10s personalized 
price schedule is s1ðxÞ ¼ minfmaxf0;P2 þ tð1 �
2xÞg; v � tx2g: Indeed (i) a customer will never 
pay a personalized price v1ðxÞ > v � tx2 which 
would leave her with a negative surplus and (ii) 
P2 þ tð1 � 2xÞ is the maximum price at which 
Firm 1 can secure a profitable sale to a type 
x � customer but it has to be non-negative since 
it does not want to sell at a loss. By a similar argu
ment, given its rival’s standard price P1; the best 
Firm 20s personalized price schedule is s2ðxÞ ¼
minfmaxf0;P1 þ tð2x � 1Þg; v � tð1 � xÞ2g:

Given the first-period market shares and the 
expected optimal second stage personalized price 
schedules, what are the first stage optimal uniform 
prices?

Lemma 1 below shows that, under Assumption 
2, there are only two relevant options for Firm i: 
either to set a high enough uniform price Pi �

v � c such that no customer is willing to buy at 
this price and to sell at personalized prices to all its 
old customers or to set a low enough uniform price 
Pi such that all its old customers and some rival’s 
old customers buy at this price.

Lemma 1 Under Assumption 2, there is no uni
form price Pi � 0at which Firm imay possibly sell its 
product to some of its rival’s old customers, whom it 
poaches, while selling it at personalized prices to 
some of its own old customers.:

Proof. See Appendix. ■

The best option for the firm is obviously the one 
which gives here the highest profits. Accordingly, 
under Assumption 2, there are only two types 
of second-period equilibria: bilateral perfect price 
discrimination equilibria where both firms choose 
uniform prices P1 ¼ P2 ¼ v � c and subsequently 
viðxÞ ¼ v � t x � xið Þ

2 where x1 ¼ 0; x2 ¼ 1; and 
unilateral perfect price discrimination cum poaching 
equilibria where the big firm i chooses Pi ¼ v � c 
and subsequently proposes personalized prices 
minfmaxf0;Pj þ t 2x � 1j jg; v � tðx � xiÞ

2
g to its 

old customers while the small firm j chooses some 
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Pj < v � c and serves at this price its old customers 
and some of its rival’s old customers whom it 
poaches.

At a bilateral PPD equilibrium the firms’ second- 
period profits are as follows: 

πPPD
1 ðzÞ ¼

ðz

0
ðv � tx2Þdx ¼ tðVz �

1
3

z3Þ: (1)

πPPD
2 ðzÞ ¼

ð1

z
ðv � tð1 � xÞ2Þdx

¼ tðVð1 � zÞ �
1
3
ð1 � zÞ3Þ: (2)

Remember that z is the consumer’s type which 
in period 1 is indifferent between buying at Firm 1 
and buying at Firm 2.

Let us now consider a unilateral PPD by Firm 2 
plus one way poaching equilibrium by Firm 1 such 
that: (i) Firm 1 (the poaching firm) sets a uniform 
price P1 < v � c and (ii) Firm 2 selects a uniform 
price P2 ¼ v � c; ensuring that none of its old 
customers (and by the way none of the rival’s old 
customers) chooses this standard offer, and offers 
to each x of its old customers a personalized price 
s2ðxÞ ¼ minfmaxf0;P1 þ tð2x � 1Þg; v � tð1 � xÞ2g
which is a best reply to P1: As shown in the proof of 
Lemma 1, in any equilibrium where there is some 
actual poaching by Firm 1, the optimal value of 
P1 ¼ t=2; with Firm 1 serving all customers in 
0; 1=4½ � while Firm 2 offers a price equal to zero 

to its old customers in z; 1=4½ � and a personalized 
price s2ðxÞ ¼ minftð2x � 1

2Þ; v � tð1 � xÞ2g to its 
old customers belonging to 1=4; 1½ �: The Firms’ 
profits are then 

πPo1
1 zð Þ ¼ t=8; (3) 

πPo1
2 ðzÞ ¼ 9t=16 if V � 3=2;

¼ V �
13
48
� 2V � 1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffi

V �
1
2

r

ifV � 3=2: (4)

Notice that tð2x � 1
2Þ � ðresp. � ) v � tð1 � xÞ2 

if x � (resp. � ) 
ffiffiffiffiffiffiffiffiffiffiffi

V � 1
2

q

: When V � 3=2;

s2ðxÞ ¼ tð2x � 1
2Þ for all x 2 1=4; 1½ �:

The equilibrium with PPD by Firm 1 and poach
ing by Firm 2 is described symmetrically with 
profits: 

πPo2
1 ðzÞ ¼ 9t=16; if V � 3=2; (5) 

¼ V �
13
48
� ð2V � 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi

V �
1
2

r

ifV � 3=2: (6) 

πPo1
2 ðzÞ ¼ t=8:

Let z be the unique solution 2 0; 1½ � of the 
equation 1

8 ¼ ðVz � 1
3 z3Þ and z ¼ 1 � z:18 z is the 

first-period market share at which Firm 1, when the 
small firm, is indifferent between poaching Firm 2 
and exercising first-order price discrimination on 
its old customers. z is defined symmetrically.

Lemma 2 Bilateral Perfect price discrimination 
(PPD) is a second-period equilibrium iff z 2 z; z½ �:

Proof. See Appendix. ■

The intuition for Lemma 2 is rather simple. 
A deviation from the PPD strategy has a cost for 
the deviating firm which are the benefits foregone 
on former customers: they then pay a uniform 
price which is smaller than the personalized price 
which would wholly extract their surplus. The 
small firm’s benefit from deviation is to be able to 
poach some of its rival’s old customers. The great
est the firm’s initial market share the greatest are 
the benefits foregone and the smallest the profits 
from poaching the rival’s customers. Accordingly, 
perfect price discrimination by both firms is 
a second-period equilibrium iff the firms’ initial 
market shares are close enough.

It is worthwhile to understand why PPD is 
a second-period equilibrium when customers are 
active whereas it is not generally considered as such 
with passive customers. This is related to the 
sequentiality of moves in the second-period game 
where it is assumed that the duopolists first choose 
the standard, uniform, prices of their products and 
then define the personalized prices offered to their 
old customers. The smaller firm is always able to 
successfully protect its own turf whatever its rival’s 

18Notice that given Assumption 1, this equation has one and only solution 2 0; 1½ �: Moreover it is easy to check that z< 1=4; .
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standard price so that, when all customers are 
passive, the bigger one is indifferent between all 
non-negative standard (poaching) prices. 
A ‘Bertrand competition’ argument (Choe, King, 
and Matsushima 2018), and/or an equivalent 
‘refinement’ argument (Chen, Choe, and 
Matsushima 2020) selects the equilibrium where 
the big firm chooses a price equal to its marginal 
cost. With active customers, the big firm is no more 
indifferent with respect to the price of its standard 
product since, if it is not high enough, its old 
customers prefer to reject the personalized offers: 
by choosing a dissuasive standard price it can, on 
the contrary, exercise PPD on its previous 
customers.

Lemma 3 (i) Unilateral PPD by Firm 2 and one- 
way poaching by Firm 1 is a second-period equili
brium iff z< z;

(ii) Unilateral PPD by Firm 2 and one-way
poaching by Firm 1 is a second-period equilibrium 
iff z > z:
Proof. See Appendix. ■

In Figure 1 below we picture the areas in the 
V; zð Þ-space corresponding to the three 

possible second-period equilibria.
From Lemmas 2 and 3, and Equation (1) to (5) , 

the profit of the two firms are discontinuous func
tions of z: Let us for instance consider π1 zð Þ: It 
equals t=8 when z 2 0; z

0:3em $� $
Þ; vz � 1

3 tz3; and is 

thus strictly increasing in z; when z 2

z
0:3em $ � $

;�z
� �

and 

min 9t=16;V � 13
48 � 2V � 1ð Þ

ffiffiffiffiffiffiffiffiffiffiffi

V � 1
2

qn o
when 

Figure 1. Second-period equilibria.
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z 2 �z; 1ð �: This function is continuous by construc
tion at z ¼ z

0:3em $ � $
but discontinuous at z ¼ �z 

where Firm 1’s profits jump down as z further 
increases. The reason is that, at this point, 
a further increase in Firm 1’s initial market share 
induces Firm 2 to change its strategy from P2 ¼ v 
to P2 ¼ t=2< v in order to poach Firm 1’s old 
customers. This is pictured in Figure 2 below for 
t ¼ 1 and V ¼ 3=2:

V. First-Period equilibrium

Let us begin by determining the first-period demand 
functions. In the case when z 2 z; z½ �; the 
customers’ second-period net utility is zero whatever 
the good they buy. Accordingly they only compare 
first period utilities and the first-period demand 
function for good 1 is the static demand function: 

z ¼
1
2
þ

p2 � p1

2t
: (7) 

The first demand function for good 2 is 
obviously 1 � z:

When z< z; the marginal customer in the first 
period (i.e. the z � type one) is then indifferent 
between staying with Firm 1 for the two periods 
and choosing Firm 2 in the first period and switch 
to Firm 1 only in the second one. In both cases it buys 
in the second period at Firm 1’s uniform price P1 ¼

t=2: So, once again, the comparison is between first- 
period utilities and the demand function is given by 
(7). The same conclusion obtains when z > z:

That the first-period demand function be the 
static one is a noticeable difference with existing 
BBPD models. For instance, in Fudenberg and 
Tirole (2000), the price sensitivity of the first period 
demand function is smaller than the one of the 
static demand function as long as consumers are 
not completely naive.19 In Choe, King, and 
Matsushima (2018), or in Laussel and Resende 
(2021), the reverse occurs, under the same condi
tion, along with a competition increasing effect.

Proposition 1 Iff V � V ¼ 24þ4
ffiffi
3
p ffiffiffiffiffiffiffiffi

12� δ
p

þ3δ
12δ ; there 

is a unique, symmetric, first-period Nash equili
brium such that 

p�i ¼
t
4
ð4þ δ � 4δVÞ; i ¼ 1; 2; (8) 

��i ¼ t
6þ δ

12
; i ¼ 1; 2:

At this equilibrium, both firms exercise second- 
period perfect price discrimination and their second- 
period equilibrium profits equal

π�i ¼ t
V
2
�

1
24

� �

; i ¼ 1; 2: (9) 

Proof. See Appendix. ■

Figure 2. Firm 1's second-period profits as function of initial market share,

19This gives rise to a competition dampening effect which partially compensates the effect of the decrease of second period profits on two-period ones.
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Notice that no pure strategy first-period Nash 
equilibrium exists for very great values of V 
( ¼ v=tÞ such that V >V: For such values, the first- 
period candidate equilibrium prices would be low, 
so that, given the negative candidate equilibrium 
price of its rival, it is profitable for each firm to 
deviate towards a higher price, in order to obtain 
greater first-period profits, or simply to limit first- 
period losses, even if it means having a small initial 
market and poaching its rival’s old customers in 
the second period.

A striking feature of the equilibrium charac
terized in Proposition 1 is that the firms’ two- 
period discounted profits do not depend on V:
This may look surprising since any increase in 
V results in greater second-period profits (the 
greater the customers’ reservation value for the 
good the greater the profits from perfect price 
discrimination). However, this increase 
in second-period profits is exactly wiped out by 
the resulting decrease in the first-period equili
brium prices: a greater initial market share being 
rationally expected to be more profitable in 
the second period, the firms compete more fier
cely in the first period. This phenomenon is 
reminiscent of what happens when two duopo
lists who compete in prices receive in addition 
exogenous fixed receipts proportional their 
volume of sales, whether these receipts be gov
ernment subsidies or, in the case of newspapers, 
advertising receipts.20

VI. Pay-Off comparisons

There are two benchmarks against which to use
fully evaluate the equilibrium profits, social welfare 
and consumers surplus: the static Hotelling equili
brium and the BBPD model with purely passive 
customers. In each case, we shall see that it is 
worthwhile to consider not only the two-period 
payoffs but also, separately, the first-period 
and second-period payoffs.

At the static Hotelling equilibrium, the firms’ 
equilibrium payoffs πHot

i ¼ t=2; i ¼ 1; 2; the 
social welfare equals 

wHot ¼

ð1=2

0
ðv � tx2Þdxþ

ð1

1=2
ðv � tð1 � xÞ2Þdx

¼ v �
1

12
t:

The consumers’ aggregate surplus is therefore 
the difference 

csHot ¼ wHot � 2πHot
i ¼ v �

13
12

t:

(i) The two-period discounted equilibrium prof
its are smaller than the profits from the repe
tition of the static equilibrium;

(ii) The social welfare is the same, and takes its
maximum value, in both periods in the two
cases;

(iii) Aggregate consumers’ surplus is smaller in
the second period but greater in the first
one than at the static equilibrium.

Proposition 2 (i) The second-period equilibrium 
profits are greater than their static counterpart while 
the first-period equilibrium profits are smaller that 
their static counterpart;

Proof. See Appendix. ■

Proposition 2 shows that with (potentially) 
active customers the effects of BBPD on firms and 
consumers payoffs are very contrasted according to 
the period which one considers. Since the aggregate 
social welfare is unchanged in both periods, the 
effects of BBPD are purely distributional. In the 
case of a mature market, when firms are installed 
ones with inherited market shares (second period), 
they are better off when they have been able to 
learn their old customers’ preferences than when 
they ignore them. (Old) Consumers on the con
trary are worse-off. When one considers a new 
market, the first-period firms profits are smaller 
than at the static equilibrium with no information 
collection, meaning that consumers surplus is 
greater. The two effects follow from fiercer price 
competition for new customers. Notice that while 
two-period profits are both smaller in this model 
and in Fudenberg and Tirole (2000), than at the 

20On the latter issue see for instance Gabszewicz, Laussel, and Sonnac (2005).
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repetition of the static equilibrium, this comes 
from very different, if not opposite, sources. In 
Fudenberg and Tirole, second-period profits are 
lower than at the Hotelling equilibrium but the 
first-period price elasticity of demand is smaller 
so that first-period profits are greater, without 
however compensating the second-period shortfall. 
Notice that there is in FT no competition for the 
market effect since, at equilibrium, second-period 
profits are not affected by market size. In the pre
sent model, on the contrary, second-period profits 
are greater than at the Hotelling equilibrium but 
this gain is more than dissipated by first-period 
competition for the market.21 On the other hand, 
differently from FT, the price-elasticity of demand 
is the same as in the static equilibrium.

The second benchmark is the BBPD model with 
purely passive customers such as studied by Choe, 
King, and Matsushima (2018). In this model there 
are two mirror first-period equilibria. Let us denote 
β the consumers’ common discount factor (which 
may differ from δ).22

(i) The social welfare is greater in both periods
when consumers are active;

(ii) The two-period discounted equilibrium
aggregate profits are smaller with active cus
tomers than with passive ones if consumers
are naive and/or firms are patient enough.

Proposition 3 (i) The second-period aggregate 
equilibrium profits are greater with active customers 
than with passive ones while the contrary holds true 
for first-period profits;

Proof. See Appendix. ■

From Proposition 3, the possibility for con
sumers to access their previous provider’s uni
form price is clearly beneficial to installed firms, 
confirming the results in Chen, Choe, and 
Matsushima (2020): second-period aggregate 
equilibrium profits are greater. These benefits 
are eroded by price competition: first-period 
aggregate equilibrium profits are then smaller. 
The possibility that two-period discounted 

aggregate profits are smaller when consumers 
are active appears when consumers are naive 
(i.e. β is small) and/or firms are patient (δ is 
great). The opportunity for consumers to buy at 
the uniform price may accordingly hurt the 
firms in emergent markets.

Figure 3 above shows that there is an area (in 
blue) where two-period profits are smaller when 
customers are active. Points in this area are inter
esting because they correspond to the empirically 
relevant situations where the consumers discount 
heavily future payoffs while firms give them much 
more weight. This obtains despite the fact that, in 
all cases, second-period profits are greater when 
consumers are active, a point which has been con
vincingly made by Chen, Choe, and Matsushima 
(2020). We have shown that, in a two-period model 
first-period price competition may plausibly 
reverse this result. The clue is that, when customers 
are active, the firms value more their initial market 
shares and compete accordingly more fiercely for 
the market in the first period.

VII. Extensions and robustness

Ex ante identity management

Following Chen, Choe, and Matsushima (2020), we 
have assumed, according to their terminology, that 
consumers are able to hide their identity ex post, 
once they happen to know the second-period uni
form price of their first-period suppliers. This 
assumption is crucial in this model as well as in 
Chen et al, since the fact that their old customers 
may choose to buy at the uniform price instead that 
at the personalized prices is what leads the firms to 
set in the second period a dissuasive uniform 
price.23 Would only ex ante identity management 
be possible, the second-period equilibrium out
come would never imply perfect price discrimina
tion by one or both firms. However there does not 
seem to be any good reason why gaining access to 
uniform prices would be impossible or entail pro
hibitive costs so that only ex ante identity would be 
available. So what is interesting may rather be to 
consider the case where ‘ex post identity 

21This effect appears since second-period profits are strictly increasing in the firm’s market share.
22β does not play any role in our model.
23In the case when the initial market shares are not too different.
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management’ is possible at cost c> 0 in an initial 
stage of the game, say at the beginning of period 1, 
while ex ante identity management is available at 
some cost m> 0:

A first result is straightforward. If ex ante iden
tity management is more costly than ‘expost iden
tity management’, i.e. if m � βc (what happens if 
consumers are naive enough), there is no equili
brium with active ex ante identity management. 
Suppose on the contrary that some type x- 
customers bear a cost m initially in order to buy 
in the second period Firm i‘s good at the uniform 
price Pi: Independently of x and Pi; she would 
clearly be better off not hiding her identity in the 
first period but doing that only in the second per
iod. Indeed the same desired outcome is obtained 
at a smaller cost.

Suppose then that ex ante identity management 
is less costly, i.e; m< βc: Conditional on no custo
mer choosing to pay the ex ante privacy cost m, the 
continuation equilibrium when z is close enough to 
1/2, is obviously the one described in Proposition 1 
above in which the two firms select in the second 

period a dissuasive uniform price v � c and con
sumers do not hide their identity. Given that all 
other customers choose not to hide initially their 
identity, any consumer rationally expects that 
the second-period uniform prices will be dissuasive 
and is accordingly better off not incurring the ex 
ante privacy cost. This is clearly a Nash equilibrium 
between consumers in the initial stage of the game: 
there is always an equilibrium where consumers do 
not access their initial provider’s uniform price. 
The equilibrium described in Proposition 1 is 
always part of equilibrium of the more general 
game where customers may hide their identity 
from the start.

New customers

In previous sections, we assumed that there are no 
new consumers in the second period so that the 
firms know the preferences of all their old passive 
consumers . The consequence of this assumption is 
that when figuring out what uniform price to offer 
in the second period a firm considers only the 

Figure 3. Profits comparison.
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consequences this may have on old customers (a 
low price may induce them to pay the access cost in 
order to buy advantageously at this price) and on 
rival’s old customers (which may possibly be poa
ched if the firm is small). The existence of a fraction 
μ of new customers (because, for instance, 
a fraction of old customers die and are replaced 
by an equivalent number of new ones) may change 
the picture. Since the firms try to attract new cus
tomers, they may be dissuaded to set the very high 
prices which in our main analysis result in second- 
period perfect price discrimination equilibria. This 
is likely to result in second-period equilibria which 
are closer to the perfect price discrimination one24 

when the proportion of new customers is small and 
closer to the Hotelling equilibrium when this pro
portion is important. We indeed show in Appendix 
that for small enough values of μ; if z belongs to 
a non-void interval z; z½ � which includes 1=2, 
the second-period equilibrium still implies prices 
Pi ¼ v � c; i ¼ 1; 2; i.e. (surviving) old customers 
never hide their identity and receive personalized 
offers which extract all their surplus. This estab
lishes that the existence of new customers does not 
change the qualitative properties of equilibrium, 
provided their proportion is not too important.

VIII. Conclusion

In this paper we have analysed a behaviour-based 
price discrimination model in a duopoly setting 
when (i) the firms learn in the first period the 
exact willingness to pay of their customers and 
are able to propose them in the second period to 
buy at personalized prices but (ii) the old custo
mers are active in the sense that they can incur an 
access cost in order to buy at their first-period 
provider standard (uniform) price. Our analysis 
has confirmed that, when first-period market 
shares are close enough, the existence of active 
customers allows both firms to exercise perfect 
price discrimination in the second period and 
thus to achieve greater profits than when all custo
mers are passive. In mature markets, firms clearly 
benefit from the consumers’ opportunity to hide 

their identity when they return buying (ex post 
identity management). However we have also 
shown that, in a two-period model, these extra 
profits are dissipated, and sometimes over- 
dissipated, by the induced fiercer first-period 
price competition for the market between the duo
polists. Whereas the equilibrium second-period 
profits are greater than static equilibrium profits, 
the firms two-period discounted profits are always 
smaller than the profits which would follow from 
the repetition of the static equilibrium and they are 
smaller than in the case of passive customers when 
consumers are naive and/or firms are patient. So 
the effect of ‘ex post identity management’ in emer
ging markets may well be, under reasonable condi
tions, to hurt the firms. Not surprisingly, the effects 
on consumers’ expected surplus of the possibility of 
‘ex post identity management’ are the opposite: 
negative in mature markets and possibly positive 
in emerging ones. The effects on social welfare are 
on the contrary straightforward: it is greater in 
both periods when consumers are active so that 
policies reducing consumers’ access cost to uni
form prices (for instance imposing publication of 
lists of prices) are clearly welfare-enhancing. We 
have shown that these results are robust (i) with 
respect to the introduction of positive access costs, 
provided they are not very high, (ii) with respect to 
the possibly that consumers may hide their identity 
from the start and (iii) with respect to the existence 
of a small enough proportion of new customers.

A worthwhile, but not easy, extension would be 
to consider a more general game where the firms 
would be initially able to commit not to set perso
nalized prices in period 2. We conjecture that it 
would be a subgame-perfect Nash equilibrium of 
this more general game that both firms don’t com
mit to use only uniform prices.25
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APPENDIX

Proof of Lemma 1

This is obvious when i is the big firm since, as we already saw, it 
can always protect its own turf successfully. So let’s consider the 
case when i is the small firm, say i ¼ 1 (so that z � 1=2). Firm 
2’s best reply to a uniform price P1 is s2ðxÞ ¼ maxf0;P1 þ

tð2x � 1Þg so that Firm 1 can poach some rival’s first-period 
customers iff it chooses a price P1 such that P1 < tð1 � 2zÞ: On 
the other hand, Firm 1 ‘s old type x � customers choose to buy 
at the personalized prices, which leave them with zero surplus, 
iff incurring the access cost to buy at the uniform price would 
leave them with a negative net utility, i:e:; v � tx2 � c �
P1 < 0: There is accordingly a non-void subset of such con
sumers iff P1 > v � c � tz2: For the two conditions to hold 
simultaneously at some P1, it then must be that v � c �
tz2 < tð1 � 2zÞ: Given Assumption 2, this inequality cannot 
hold at any z 2 0; 1½ �26 the RHS of this inequality is strictly 
negative so that there is no positive value of z at which the two 
conditions may simultaneously hold.þ

Proof of Lemma 2

Notice first that if z ¼ 1=2, no firm can benefit by deviating 
from the PPD equilibrium since it is unable to poach any 
rival’s customer. Suppose then without loss of generality that 
Firm 1 is the small firm, i.e. z< 1=2: Firm 2 cannot poach 
a Firm 1’s old customer and accordingly cannot benefit by 
deviating to a uniform price lower than v:

Suppose now that the small Firm 1 (i.e; z< 1=2) deviates to 
a price P01 < v � c: Firm 2’s best reply is to offer a personalized 
price schedule maxf0;P01 þ tð2x � 1Þg to its old customers 
2 z:1½ �. Remember that it has already selected a uniform price 

P2 ¼ v � c; so that no Firm 1’s old customer is willing to buy 
its product. The only deviations to consider are to prices P01 
which allow Firm 1 to poach some Firm 2’s old customers, i.e. 
such that P01 < tð1 � 2zÞ; since other deviations are clearly 
dominated by the equilibrium strategy. For such prices the 
demand for good 1 equals bx ¼ 1

2 �
P01
2t > z (Firm 1 poaches

some rival’s customers) and Firm 1’s (deviation) profit is 
1
2 �

P01
2t

� �
P01; which is a concave function of P01: This function 

either takes its maximum (equal to t=8) at P01 ¼ t=2 (interior 
solution) iff z< 1=4 or is increasing in P01 for all P01 2 0; tð1 �
2zÞÞ if z � 1=4:Only the former case is a potentially profitable 
deviation. It is indeed profitable iff t=8 > vz � 1

3 tz3; if z< z:27 

Accordingly z � z is a necessary condition for a deviation not 
to be profitable. It is also sufficient since

(i) when z 2 z; 1=4Þ the best deviation is to the interior
solution P01 ¼ t=2 but is dominated by the equilibrium strat
egy and (ii) when z 2 1=4; 1=2� the best deviation is towards 

a uniform price such that Firm 1 does not poach any rival’s 
old customer, what is obviously dominated by perfect price 
discrimination over Firm 1’s old customers.

A similar argument shows that z � z is necessary and 
sufficient to ensure that Firm 2 cannot profitably deviate 
from the equilibrium path. þ

Proof of Lemma 3

The proof is simply the mirror of the proof of Lemma 1 above. 
Let us indeed consider without loss of generality the case 
when Firm 1 is the poaching firm. Firm 2 has clearly no 
incentive to deviate. Firm 1 could possibly deviate by choosing 
P1 ¼ v � c and subsequently offering a personalized price v �
tx2 to its old customers. This would result into profits vz �
1
3 tz3 which are smaller than t=8 iff z< z: Notice that if this 
condition holds, z< 1=4, so that there is actual equilibrium 
poaching.þ

Proof of Proposition 1

(i) Let us first show that t
4 ð4þ δ � 4δVÞ corresponds to

a local maximum of �1ðp1;
t
4 ð4þ δ � 4δVÞÞ: For couples

ðp1; p2Þ such that zðp1; p2Þ 2 z; z½ �; �1 ¼ p1z þ δðvz �
t
3 z3Þ: This function is concave in p1 and from the FOC
with respect to p1 we obtain that it has a maximum at
p1 ¼

t
4 ð4þ δ � 4δVÞ: A symmetric argument shows that

t
4 ð4þ δ � 4δVÞ corresponds to a local maximum of 
�2ð

t
4 ð4þ δ � 4δVÞ; p2Þ wrt p2:

(ii) Let us now show that this also corresponds to a global
maximum.

Consider first a deviation towards a value of p1 such that 
0 � zðp1;

t
4 ð4þ δ � 4δVÞÞ< z. Over this range of values, 

�1 ¼ p1z þ δ t
8 ; which is a concave function of p1: Its uncon

strained maximum obtains at p1 ¼
t
8 8þ δ � 4Vδð Þ with cor

responding profits

�1 ¼
t

128
64þ δ 32þ δ þ 16V2δ � 8Vð8þ δÞ

� �� �
;

This is smaller than the candidate equilibrium value t 6þδ
12 iff

V � V:
Consider now a deviation towards a value of p1 such that 

1 � zðp1;
t
4 ð4þ δ � 4δVÞÞ> z; where �1 ¼ p1z þ δπPo2

1 ðzÞ
where z is given by Equation (7) and πPo2

1 ðzÞ follows from
Equation (5) . This profit function is increasing in p1 over the 
interval and has an upward jump at p1 such that zðp1;

t
4 ð4þ

δ � 4δVÞÞ ¼ z so that profits are always greater at the sym
metric equilibrium.

A symmetric argument shows that t
4 ð4þ δ � 4δVÞ corre

sponds to a global maximum of �2ð
t
4 ð4þ δ � 4δVÞ; p2Þ:

26Notice that, denoting fðzÞ ¼ ðv � c � tÞ � tz2 þ 2tz; f ðzÞ is maximum at z ¼ 1 and given Assumption 2, we have fð0Þ> 0 and fð1Þ> 0. It follows that 
fðzÞ> 0 over [0, 1].

27Notice that z< 1=4 given Assumption 1.
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(iii) Let us now show that this equilibrium is unique. Any
alternative equilibrium should be such either that z< z or 
z > z: Let us consider the second case without loss of general
ity. We should observe that p1 < p2: Now on one hand p1 

should maximize �1 ¼ p1z þ δπPo2
1 ðzÞ, so that p1 ¼

tþp2
2 : On

the other hand, p2 should maximize �2 ¼ p2ð1 � zÞ þ
δπPo2

2 ðzÞ so that p2 ¼
tþp1

2 : Accordingly we should observe
that p1 ¼ p2 ¼ t and then z ¼ 1=2< z; a contradiction. þ

Proof of Proposition 2

(i) In second period π�i ¼ t V
2 �

1
24

� �
> πHot

i ¼ t=2 (this is
equivalent to V > 13=12; which always holds true under 
Assumption 1). First-period equilibrium profits in our 
model are equal to t

8 ð4þ δ � 4δVÞ: They are smaller 
than t=2 iff V > 1=4; what is always true under 
Assumption 1.

(ii) The difference between two-period discounted equili
brium profits and the profits from the repetition of the
static equilibrium is t 6þδ

12 �
t
2 ð1þ δÞ ¼ � 5

12 tδ< 0:
(iii) Given that the market is fully covered in both cases,

welfare depends only on the market shares, and is max
imum when the firms share equally the market, what is
the case at this model equilibrium as well as at the static
equilibrium.

(iv) In each period and each case, aggregate consumers’ surplus 
equals the social welfare minus the aggregate firms’ profits. 
Then the result follows directly from (i) and (iii).þ

Proof of Proposition 3

(i) The first point is straightforward since the second-period
profits in Choe et al. are known to be smaller than the profits
at the static equilibrium (see Proposition 2, page 9) while the
latter have been shown in Proposition 2 to be smaller than at
the present model equilibrium.

In Choe et al., considering without loss of generality 
the case where Firm 1 is the small firm, z ¼ 12� 6βþδ

2ð12� 6βþδÞ ;

π�1 ¼ t
8 ð14z � 4z2Þ; π�2 ¼ t

16 ð3 � 2zÞ2: Substituting for z its
equilibrium value, we obtain the small and big firm’s 
equilibrium second-period profits as functions of t,β and 
δ: On the other hand, the two-period discounted profits 
in the Choe, King, and Matsushima (2018), model are, in 
our notations 

��S ¼ t
36ð2 � βÞ3 þ 24δð2 � βÞ2 þ ð2 � βÞδ2 þ δ3

4ð12 � 6βþ δÞ2
; (10) 

��B ¼ t
36ð2 � βÞ3 þ 36δð2 � βÞ2 þ 3ð2 � βÞδ2 � 2δ3

4ð12 � 6βþ δÞ2
:

To obtain the first-period equilibrium profits for firm 
X ¼ S;B; 28 one simply has to compute ��X � δπ�X:
Accordingly aggregate first-period profits equal 

t
18ð2 � βÞ3 � 3 δð2 � βÞ2 þ 8ð� 2þ βÞδ2 � δ3� �

ð12 � 6βþ δÞ2
: (11) 

In the present model first-period profits are decreasing in V 
so that there exist a critical value of V 

bV ¼
1 � β

δ
þ

108ð2 � βÞ2 � 176δð2 � βÞ � 23δ2

4δð12 � 6βþ δÞ2
;

such that for all V > bV the first-period profits are smaller 
than (11). It is easy to see that bV < 5=4; so that, given 
Assumption 1, first-period profits are always smaller when 
consumers are active.

(i) Compare the equilibrium profits in Proposition 1 with
(10). The difference depends only on the values of β and δ:
It is straightforward to see that profits are always greater
in the case of active customers.

(ii) The result is straightforward since in the case of passive
customers firms have different market shares in each
period whereas in the present model these market shares
are equal, minimizing transportation costs and thus max
imizing welfare. þ

New Customers

Suppose that there is in the second period a proportion μ 2
0; 1½ � of new customers and consider for the sake of computa

tional simplicity the case of linear rather than quadratic 
transportation costs.29

Let us show that there exists a range of values 0; μ�½ � of μ 
such that Pi ¼ v � c is an equilibrium of the second period 
game provided that z belongs to an interval ½z; z� which 
includes 1/2. Let us consider Firm 1 without loss of generality 
and notice that Lemma 1 still holds.30 Firm 1’s profits are the 
following function of its price: 

π1 ¼ μ
1
2
þ

v � c � P1

2t

� �

P1 þ ð1 � μÞ
ðz

0
ðv � txÞdx if ;

¼ μ
1
2
þ

v � c � P1

2t

� �

P1

þ ð1 � μÞ
ðz

v� c� P1
t

ðv � txÞdxþ P1
v � c � P1

t

" #

ifP1

2 v � c � tz; v � c½ �;

28S stands for small, B for big.
29The main model is easily solved in this case, leaving qualitatively unchanged the equilibrium properties. Results are available on demand.
30The proof is only slightly different.
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¼ μ
1
2
þ

v � c � P1

2t

� �

P1 þ ð1 � μÞ P1z½ �ifP1

2 tð1 � 2zÞ; v � c � tz�;

¼ μ
1
2
þ

v � c � P1

2t

� �

P1 þ ð1 � μÞ
1
2
þ
� P1

2t

� �

P1ifP1

� tð1 � 2zÞ:

The last case is only relevant when Firm 1 is the small firm, 
i.e. when z< 1=2: It turns out that

(i) Given Assumption 2, π01ðP1Þ< 0 for all P1 2 v � c; v�;
(ii) π01ðP1Þ � 0 for all P1 2 v � c � tz; v � c�; iff

μ 2 0; 2c
vþc� t�;

(iii) π01ðP1Þ � 0 for all P1 2 tð1 � 2zÞ; v � c � tz�; iff
μ 2 0; 2tz

v� c� t

� �
;

(iv) π1ðP1Þ is a concave function of P1 for P1 � tð1 � 2zÞ: It
takes its maximum over this range either at P1 ¼

1
2 ðt þ

μðv � cÞÞ if z � 1
4 � μ v� c

4t (unconstrained maximum) or
at P1 ¼ tð1 � 2zÞ if z � 1

4 � μ v� c
4t (corner).

When Firm 1 is the big firm, case (iv) above is irrelevant and 
for low enough values of μ; if μ 2 0;minf 2c

vþc� t ;
2tz

v� c� tg�; Firm 1 
‘s best reply to P2 ¼ v � c is clearly P1 ¼ v � c:

When Firm 1 is the small firm and μ 2 0;minf 2c
vþc� t ;

2tz
v� c� tg�, 

the only profitable deviation is towards a price P1 < tð1 � 2zÞ
where it poaches some of its rival’s old customers (see (iv) above). 
Comparing profits in that case to profits at the candidate equili
brium, one obtains that a deviation is not profitable31 iff z � z 
where, denoting C ¼ c=t;

z ¼ V �
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4V2 �
ð1 � μðV � CÞÞ2

1 � μ

s

:

From Assumption 2, V > 1þ C: We havez< 1
4 � μ v� c

4t < 1=2
iff V > ð5� μÞð1þμCÞ

8� 3μ� μ2 ; what holds always true under Assumption 
2. By a a similar argument as in the proof of Lemma 2, z � z is 
a necessary and sufficient condition for a deviation by (small) 
Firm 1 to be unprofitable.

A similar argument shows that there exists z, where 
z+z ¼ 1; such that z � z is a necessary and sufficient condi-
tion for a deviation by Firm 2 be unprofitable.

31The argument is basically the same as in the proof of Lemma 2.
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