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On homogeneous Sobolev and Besov spaces on the whole and

the half space.f

Anatole GAUDIN?

December 14, 2022

Abstract

In this paper, we propose an elementary construction of homogeneous Sobolev spaces of
fractional order on R™ and R’ . This construction completes the construction of homogeneous
Besov spaces on 8, (R") started by Bahouri, Chemin and Danchin on R™. We will also extend
the treatment done by Danchin and Mucha on R , and the construction of homogeneous Sobolev
spaces of integer orders started by Danchin, Hieber, Mucha and Tolksdorf on R™ and R .

Properties of real and complex interpolation, duality, and density are discussed. Trace results
are also reviewed. Our approach relies mostly on interpolation theory and yields simpler proofs
of some already known results in the case of Besov spaces.

The lack of completeness on the whole scale will lead to consideration of intersection spaces
with decoupled estimates to circumvent this issue.

As standard and simple applications, we treat the problems of Dirichlet and Neumann Lapla-
cians in these homogeneous functions spaces.
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1 Introduction

1.1 Motivations and interests

We want to give an appropriate construction of homogeneous Sobolev spaces as subspaces of tem-
pered distributions instead of a quotient space of distributions by polynomials. This construction
is motivated by the fact that one would make sense of (para)products laws, stability under global
diffeomorphism, or to look at boundary conditions, and therefore traces, when one restrict those
spaces on a domain. This could be somewhat difficult if we work with tempered distributions up to
a polynomial. Indeed, it is not clear that one can perform previous operations in a way that does not

depend on a choice of a representative u + P € 8'(R™) of [u] € S'(R") / C[z] - This is inconvenient

when one comes to study non-linear partial differential equations, or partial differential equations
on a domain with boundary conditions. However, the interested reader could consult, for instance,
the book written by Sawano [Saw18, Chapter 2, Section 2.4] for such a construction.

To circumvent those issues, the idea of Bahouri, Chemin and Danchin in [BCD11, Chapter 2] was
to introduce a subspace of 8'(R™) such that we get rid of polynomials, see [BCD11, Examples, p.23].
The aforementioned subspace of 8'(R™) is

8 (R") = {u € 8'(R")

v € CFR"), [00D)uly~ gy 7 o} (1.1)

The condition of uniform convergence for low frequencies in above definition ensures that for u €

85, (R™), the series
Z A]‘U

Jj<0
converge in L (R™), and then, [BCD11, Proposition 2.14], the following equality holds in 8'(R™)

u = Z Aju,
JEZ
where (A;)jez is the homogeneous Littlewood-Paley decomposition on R™. With 8} (R™) as an

ambient space, Bahouri, Chemin and Danchin gave a construction of homogeneous Besov spaces
B, ,(R"™) which are complete whenever (s,p,q) € R x (1, +0c) x [1, +00] satisfies

{s<ﬂ] or {qlandsgﬂ}
p p

Later, this has also led Danchin and Mucha to consider homogeneous Besov spaces on R’} and
on exterior domains, see [DM09, DM15], and Danchin, Hieber, Mucha and Tolksdorf [DHMT21]
to consider homogeneous Sobolev spaces H™? on R and R%, for m € N, p € (1,+00). Each
iteration led to various important applications in fluid dynamics, such as Navier-Stokes equations
with variable density in [DM09,DM15], or free boundary problems as in [DHMT21]. This highlights
the needs of stability under global diffeomorphism, and (para)product laws that do not rely on a
choice of a representative up to a polynomial.

We want to summarize, complete and extend the given construction of Besov spaces in [BCD11,
Chapter 2] and the one of homogeneous Sobolev spaces started in [DHMT21, Chapter 3]. We are
going to discuss in Section 2 their construction and said usual and expected properties, and especially
their behavior through complex and real interpolation. The whole space case is treated first, then
the case of the half-space will follow.

Due to the lack of completeness, for homogeneous Sobolev (and Besov) spaces with high regularity
exponents, one will need to consider intersection spaces Hso-ro NHs1-P1 | with either, Hs0:Po or Hst Pt



known to be complete (i.e. s; < n/p;). Therefore, one will then have to check boundedness of
operators with decoupled estimates.

In Section 3, we will review the meaning of traces on the boundary. As an application, in
Section 4, we treat the well-posedness of Neumann and Dirichlet Laplacians on the half-space with
fine enough behavior of solutions. The said "fine enough behavior" have to be understood in the
sense that the decay to 0 at infinity is given a very precise sense.

1.2 Notations, definitions usual concepts

Throughout this paper the dimension will be n > 2, and N will be the set of non-negative integers.
For two real numbers A, B € R, A < . B means that there exists a constant C' > 0 depending

on a,b,c such that A < CB. When both A <¢. B and B S, A are true, we simply write
Ar~gpe B.

1.2.1 Functions spaces

Denote by 8(R™, C) the space of complex valued Schwartz function, and 8'(R™, C) its dual called the
space of tempered distributions. The Fourier transform on 8'(R™,C) is written J, and is pointwise
defined for any f € L'(R",C) by

Ff) = f(x) e~ ™8y, £ e R™.

R
Additionnally, for p € [1 4 oo], we will write p’ = ﬁ its Holder conjugate.
For any m € N, the map V™ : §(R",C) — 8'(R",C"") is defined as V™u := (0°U)|a)=m -

1
We denote by (em)go and (e‘t(_A)2 )t>0 respectively the heat and Poisson semigroup on R™. We
also introduce operators V’ and A’ which are respectively the gradient and the Laplacian on R*~!
identified with the n—1 first variables of R", i.e. V' = (04,,...,04,_,) and A =82 +...+92 _

When  is an open set of R™, for p € [1,+00), LP(£, C) is the normed vector space of complelx
valued (Lebesgue-) measurable functions whose p-th power is integrable with respect to the Lebesgue
measure, 8(Q,C) (resp. CX(Q,C)) stands for functions which are restrictions on Q of elements
of §(R™,C) (resp. C°(R™,C)). Unless the contrary is explicitly stated, we will always identify
LP(Q2,C) (resp. C°(92,C)) as the subspace of function in L?(R™,C) (resp. C°(R"™,C)) supported
in Q through the extension by 0 outside Q. L>(£,C) stands for the space of essentially bounded
(Lebesgue-) measurable functions.

For s € R, p € [1,400), ¢2(Z,C), stands for the normed vector space of p-summable se-
quences of complexes numbers with respect to the counting measure 2**Pdk; ¢2°(Z,C) stands for
sequences ()rez such that (25°xy)rez is bounded. More generally, when X is a Banach space, for
p € [1,400], one may also consider LP(€, X) which stands for the space of (Bochner-)measurable
functions u : @ — X, such that t — |lu(t)||x € L?(€2,R), similarly one may consider ¢£(Z, X).

1.2.2 Interpolation of normed vector spaces

Let (X, ]| x) and (Y, ||-|[y/) be two normed vector spaces. We write X < Y to say that X embeds
continuously in Y. Now let us recall briefly basics of interpolation theory. If there exists a Hausdorff
topological vector space Z, such that XY C Z, then X NY and X +Y are normed vector spaces
with their canonical norms, and one can define the K -functional of z € X +Y | for any ¢t > 0 by
K(t,z2,X,)Y) = inf x|y +t .
(X Y)= il (lal o+ yly)
z=x+y

This allows us to construct, for any 6 € (0,1), ¢ € [1,+00], the real interpolation spaces between
X and Y with indexes 0, q as

(X,Y)oqi={zeX+Y ’ t— t K (3, X,Y) € LIRY) },



where LI(R,) := LI((0,+00),dt/t). The interested reader could check [Lunl18, Chapter 1], [BL76,
Chapter 3] for more informations about real interpolation and its applications.

If moreover we assume that X and Y are complex Banach spaces, one can consider F(X,Y)
the set of all continuous functions f : S — X +Y, S being the strip of complex numbers whose
real part is between 0 and 1, with f holomorphic in S, and such that

t— f(it) € CY(R,X) and t+—— f(1+it) € CYR,Y).

We can endow the space F(X,Y’) with the norm

£l (x vy = max (Sup If (@)l x »sup |1f(1 + it)ly) ,
teR teR

which makes F(X,Y) a Banach space since it is a closed subspace of C°(S,X + Y). Hence for
6 € (0,1), the normed vector space given by
(X, Y]o:={f(0)|feF(X,Y)},
HzH[X,Y]g = feFi(Ig,Y), HfHF(X,Y) )
f(0)=x

is a Banach space called the complex interpolation space between X and Y associated with 6.
Again, the interested reader could check [Lun18, Chapter 2], [BL76, Chapter 4] for more informations
about complex interpolation and its applications. We mention again [Haa06] where there is a concise
review of interpolation theory of Banach spaces and the deep bond with functional calculus for
sectorial operators is treated.

2 Homogeneous function spaces and their properties

All the function spaces considered here are scalar complex valued, hence, to alleviate notations,
during this whole section we will write LP(Q) instead of LP(Q2,C), and similarly for any other
function spaces: we drop the arrival space C.

2.1 Function spaces on R"

To deal with Besov spaces on the whole space, we need to introduce Littlewood-Paley decomposition
given by ¢ € C(R"), radial, real-valued, non-negative, such that

e supp ¢ C B(0,4/3);
:1'

)

b ¢\B(0,3/4)
so we define the following functions for any j € Z for all £ € R™,
9;(£) = ¢(277¢), V(€)== ¢;(£/2) — #;(8),
and the family (1;);ez has the following properties

o supp(y;) C{EeR™|3-2772 || < 2712/3};

« VEERU\(0), % U0 1.

N,M—+oco

Such a family (¢, (¥j)jez) is called a Littlewood-Paley family. Now, we consider the two following
families of operators associated with their Fourier multipliers:

o The homogeneous family of Littlewood-Paley dyadic decomposition operators (A;);ez , where

Aj =T 1,97,



e The inhomogeneous family of Littlewood-Paley dyadic decomposition operators (Ag)kez,
where

Ay :=TF 19T,
Ay = A, for any k>0, and Ay :=0 for any k£ < —2.
e Lower frequency cut-off operators (Sj) jez, given for all j € Z by
S;=9F"1¢,7.

One may notice, as a direct application of Young’s inequality for the convolution, that they are all
uniformly bounded families of operators on LP(R™), p € [1,4+0].
Both family of operators lead for s € R, p,q € [1,4+00], u € 8'(R™) to the following quantities,

lullg, any = || @ Nkl @y rez, and uls, @ny = |7 [|A70ll gny)sez

09(2) 0a(z)’

respectively named the inhomogeneous and homogeneous Besov norms, but the homogeneous norm
is not really a norm since [[ul[g: (gsy = 0 does not imply that u = 0. Thus, following [BCD11,
P,q

Chapter 2] and [DHMT21, Chaptwer 3], we introduce a subspace of tempered distributions such that
[ll5: (rny is point-separating, say
p,q

8, (R") = {u € §'(R™)

VO € CZ(R"), [©(AD)ullp,o gn) B 0},

where for A > 0, O(A\D)u = F'O(\-)Fu. Notice that 8}, (R™) does not contain any polynomials,
and for any p € [1,4+00), LP(R™) C 8§}, (R"™).

One can also define the following quantities called the inhomogeneous and homogeneous Sobolev
spaces’ potential norms

[l

fep(RR) P= H Z(fA)%Aju’

JEZ

Hep(Rn) *= (T A)%UHLP(R") and |[|u| Lr(R")’

where (—A)? is understood on u € 8}, (R™) by the action on its dyadic decomposition, i.e.
(—A)2 Aju = F7HE — [E]°FAu(9)),

which gives a family of C° functions with at most polynomial growth. Thanks to [DHMT21,
Lemma 3.3, Definition 3.4],

> (=A)FAju € 8, (R
j€z
holds for all u € 8 (R"), whenever s € [0, +00).

When u € 8}, (R™) and Zjez(*A)%Aju € §,(R"), for s € R, one will simply write without
distinction,

(~8)Fu=7) (~A)FAu € 8, (R"),
JEZ
which is somewhat consistent in this case with the fact that (—A)3Aj;u = A;(~A)3u, j € Z.
Hence for any p,q € [1,4+00], s € R, we define

e the inhomogeneous and homogeneous Sobolev (Bessel and Riesz potential) spaces,
HP(R) = {w € SR | [[ullgon gy < +o0 , HPRY) = {u € 8,R") | lullien(zny < +00 |

e and the inhomogeneous and homogeneous Besov spaces,
B, (R") = {u € §'(R") ‘ HM'B;J(R”) < 400 } , BZ’q(R") — {u € 8, (R") | H“”B;q(Rn) < 400 } 7

which are all normed vector spaces. We also introduce the following closures

s (R7) = S(Rn) ! Bg e e 25y s llss e
Bp,oo(R ):S(R ) P00 (B and Bp,oo(R ):SO(R ) oo )_



Notice that the following equalities holds with equivalence of norms for s > 0, p € (1,+00),
q € [1,+00],

LP(R™) NH*P(R") = H*P(R") and L”(R") N B} ,(R") = B; ,(R™),
see [BL76, Theorem 6.3.2] for more details.

The treatment of homogeneous Besov spaces B;,Q(R"), s € R, p,q € [1,400], defined on
81, (R™) has been done in an extensive manner in [BCD11, Chapter 2]. However, the corresponding
construction for homogeneous Sobolev spaces H*?(R"), s € R, p € (1,400) has only been done in
the case (p,s) € ({2},R) U ((1,4+00),N). See [BCD11, Chapter 1] for the case p = 2, [DHMT21,
Chapter 3] for the case s € N.

We first mention the following equivalences of norms.

Proposition 2.1 Forall se R, pe (1,400), g € [1,+x], m €N, and all u € §,(R"),

n
ZHa;ZUHHs,p(Rn) ~s,m,p,n ||V’"u||Hs,p(Rn) ~s,m,p,n ||u||H8+mvP(R”)f (2.1)
k=1

n

SN0 ulls, @ey ~smpn [V™llss gy ~ampn [t g, (2.2)
j=1

where (2.1) is a direct consequence of the proof [DHMT21, Proposition 3.7], and (2.2) a consequence
of [BCD11, Lemma 2.1].
The following subspace of Schwartz functions, say

So(R™) :={u € 8(R™) |0 ¢ supp (Ff) },

is a nice dense subspace in many cases, to be more precise

Proposition 2.2 Forall p € (1,+00), g € [1,+00), s € R, §¢(R") is dense in LP(R™), H¥P(R"),
H*P(R™), By (R™) and B; (R").

Proof. — The result for L?(R™) and B; o(R™) is known respectively from [DHMT21, Lemma 2.6]
and [BCD11, Proposition 2.27]. The case of H*?(R") is carried over by the case L?(R"). Let s € R,
p € (1,400), and v € H®P(R™), then let us introduce

f=(-A)fue LPR"),

so from the LP case there exists (fx)ren C So(R™) such that frp — f in L. Now, for all k € N
we set ug, := (—A)72 fr € §(R"), it follows
— romrny = |[(=A)2u — (=A)3 =|f - R ) [}
l[w — urll.. (R™) H( )2u—(=4A) ukHLp(Rn) 1f = frlly (R™) m 0
The inhomogeneous spaces LP(R"), H*P(R"), and B, (R") are all complete for all p,q €
[1,+00], s € R, but in this setting homogenenous spaces are no longer always complete (see [BCD11,
Proposition 1.34, Remark 2.26]). Indeed, it can be shown (see [BCD11, Theorem 2.25]) that homo-
geneous Besov spaces B (R™) are complete whenever (s,p,q) € R x (1,+00) x [1, +o0] satisfies

n n
[s < ;} or [q =1land s < ik (Cs.p.q)
From now, and until the end of this paper, we write (C ) for the statement (Cs p ). Similarly, we
show H*P?(R") is complete whenever (Cj,) is satisfied, see Proposition 2.4 below.

To prove completeness for our homogeneous Sobolev spaces, we have to check validity of Sobolev
embeddings in our setting, manually.

Proposition 2.3 Let p,q € (1,400), s € (0,n), such that

Slw

0,
1
q

K=



We have dense embeddings,
lullLagn) Snspq [ullien@ny, Yo € HOP(R),
lullg—s.aq@ny Snospa [[@llie@n), Yu € LP(R™).
Proof. — Let us first recall, the fact for all f € §(R™), s € (0,n), we have that (—A)~2 f € C*(R")

with at most polynomial growth, in particular if f € §5(R"), we have (—A)~2f € §3(R™) and the

Hardy-Littlewood-Sobolev inequality, see [Gral4b, Section 1.2, Theorem 1.2.3], states that for ¢

such that L =1 — £ we have
¢ p n

H(—A)_ggHLq(Rn) 57175,1?,11 HgHLP(]Rn)a Vg € SO(RH) C S(Rn)

Therefore, by density of §o(R™) in LP(R™), see above Proposition 2.2, and completeness of LI(R"),
there exists a unique v € LY(R™), such that if (f)eeny C So(R™) converge to f € LP(R™), we obtain

then necessarily for all k& € Z, the following convergence holds in LI(R™) then in particular in
$'(R")
(—A)_%Akfg E— Ak?}.
{— 400
Hence, for all ¢ € §(R™),
<(*A)7%Akfev ¢> = <Akf27 (*Ar% [Akfl + Ak + Ak+1]¢>
so that
(=A)"2 Axfo, ) P (Arf, (D)3 A1 + A+ Apa]d) = ((—A) "2 AL f, ¢).
Consequently, we deduce that (—A)~3 A, f = Apv in 8'(R"), and since v € LI(R™) C &, (R™),
v=> Ajp=> (-A)7A;f e LYR") C §},(R"),

JEZ JEZ

which give the full meaning of the Hardy-Littlewood-Sobolev inequality in our setting i.e.,
(=) 3y = Illinaqry Smoma lullian, Yu € LP(R?).
Now if u € H*?(R"), (—A)3u € LP(R") C 8 (R™), and u € 8}, (R™), so it follows, for all k € Z,
that the next chain of equalities must hold pointwise,
Apu=Ap[Ap_1 + Ay + Apyiu
= T T FART THEF[Ar—1 + Ag + ApyiJu
. k+1 .
=F N TFA | D FPFAu
j=k—1
where we notice the property ApA; = 0, whenever |j — k| > 2, so that F~1|¢|5FALF L E[FA; =
0. Thus it comes,
Apu = F | FAp(= 1) Fu,
then in 8'(R"™),
(A3 (=A)u =Y F U FAL(-A)  u =) Awu=u.
keZ keZ

The function (—A)3u is in LP(R™) so one can apply the freshly adapted Hardy-Littlewood-Sobolev
inequality to it and obtain that

[ella(eny Snospa lullies@n - u



Proposition 2.4 Let s € R, p € (1,400), then H*?(R") is a Banach space whenever exponents
satisfy (Csp) (i.e. when s <2).

Proof. — For s € R, p € (1,4+00) satisfying s < %, the case s = 0 is already done since LP(R™) is
complete. Hence, we have to treat cases s <0, s € (0, %)

(i) The case s € (0,7).
Now, let us consider a Cauchy sequence (vg)zen C H*P(R"), we deduce from Proposition 2.3
both that (vy)ren is a Cauchy sequence in LI(R™), and ((—A)3vg)ren is a Cauchy sequence
in LP(R™). Thus, by completeness, there exists a unique couple (v,w) € LI(R™) x LP(R"),
such that

v = vk llpa ey + o = (=) 20k Ly gy P

In particular, we have that v, w € 8, (R") and by continuity, for all j € Z
(=A):Aju=Ajw
so that, we have the following equalities in 8'(R™)
(—A)2v = Z(—A)%A]—v = ZAjw = w,
JEL JEZ
hence (—A)%v = w € LP(R"), which means exactly that v € HP(R™), then H®P(R™) is

complete.

(ii) The case s <0. .
Let (vg)reny C H*P(R™) be a Cauchy sequence in H*P(R™), by completeness of LP(R"™), there
exists a unique w € LP(R™), such that,

= (=80 gy T O

In particular, we get that w € &} (R™). Applying [DHMT21, Lemma 3.3], we have that
(—=A)~ 2w € 8} (R™). Then by construction v := (—A)~ 2w € H*P(R"), and

1o = vkl ey 5727 0
so that H*?(R") is complete. [

A direct consequence of it is the following corollary

Corollary 2.5 Let p € (1,40), s € R, if (Cs,p) is satisfied then
(-A)2 : H¥P(R") — LP(R™)
is an isometric isomorphism of Banach spaces.
Remark 2.6 In particular, H?(R™) is a reflexive Banach space, for all p € (1,+00), s < n/p.
According to [BL76, Section 6.4], for all s € R, p,q € (1,+00) x [1, +-00], H*P(R") and B;,  (R")
are both complete, and moreover they are reflexive when g # 1, +00, and we have
(H>P(R™))" =H"*" (R"), (B, ,(R"))" =B’ (R"), (2.3)
(By o (R™)) = B,% (R"), (B 1 (R")) =B (R"). (2.4)

We introduce via the next lemma the equivalent homogeneous Triebel-Lizorkin norm which
is somewhat important to carry over effortless usual results like the action of real and complex
interpolation on our homogeneous function spaces.

Lemma 2.7 Forall s € R, p € (1,+00), let us introduce the following quantity for all u € 8} (R™),

HUHF;Z(R") = "||(2jsAju)j€Z"€2(Z)’ Lp(R)



Then ”'HF;Z(]R") is an equivalent norm on H*P(R"), i.e. for all u € 8} (R™),

ulls ey ~mss Il o -

This is a very well known result, based on extensive use of Khintchine’s inequality (LP(R™) square
estimates) and the Hormander-Mikhlin Fourier multiplier theorem, but we need a proof for our
specific setting, see [Tri92, Remark 3, p.25] and references therein for the case of 8'(R™) when
s=0.
Proof. — Step 1: ||U||Fo () P ||1L||LZE,(]R,L)7 u e 8 (R™).

To show the 1nequahty ||U||F0 LR") Spn [ullp@ny, w € 8}, (R™), we can assume that u € LP(R")
otherwise ||u||F2’2(Rn) +oo0 is always true.

So if u € LP(R™), we may consider (€2, u) to be a probability space, and for (ex)rez to be a
family of independent identically distributed random variables such that for all k € Z,

p({en =1} = p({ex = 1}) = 5

One deduce from Khintchine’s inequality, see for instance [MS13, Lemma 5.5], [KW04, Section I, Lemma 2.2]
or even [Gralda, Appendix C], that

Il ey ~e [ [ 1 A0 dute) do

JEZ
// ‘ZEJ VA ju(z ’dxdu
QJrr o7

where the last estimate comes from an application of Fubini-Tonelli’s theorem. Hence it suffices
to investigate the LP-boundedness of the following random Fourier multiplier operator, defined for

almost all w € Q,
)= Z gj(w)A;
JEZ
whose Fourier symbol is given by the function K (w), such that for all £ € R™,
=Y (w2
jez
It is not difficult to see that one can make a partition R™ into annulus of size |£| ~ 27, j € Z, to
check that for all £ € N, £ € R™\ {0},
1
VK (@)(€)] Sntw G

where the implicit constant does not depend on w. Therefore, one may apply Hérmander-Mikhlin’s
Fourier multiplier Theorem to deduce that T'(w) is bounded on L? and admits a uniform bound
with respect to w, and use the fact that u(2) =1 to obtain,

Thus, we have obtained ||u||F0 @) Spon [l e @ny, for all u e 8 (R™).
Now, to prove |[ully,gn) Spin ||U||Fo J®n) W E 8, (R™), we are going to argue by duality. Let
u € 8, (R"), and v € §(R™). We can decompose the action of w on v as

(s Vg = 3 (g Ao+ A, + Agylody,
JEZ



so that by LP(£2)-L¥ (¢2) Holder’s inequality, we obtain

[(u, V)| < ||“||F0 (R") ‘H i1+ A+ Aj]v)jez| z)‘

L¥’ (R™)
< 3llullgy @ I0llgo, | @y -

One may apply the previous estimate ||v||Fo L®D) Spon [0l gy to deduce

Ku, ’U>Rn‘ ~plin ”U”FU ,(R7) vl (R7) *

Therefore, taking the supremum on v € §(R") such that [[v[|y, .y <1, yields

ol oy S Nl oy -
Step 2: [l ey~ [l gary € SH(R?). 5 £0.
The proof starts similarly, 1ntroducmg the followmg random Fourier multiplier operator
Z 27°(— 25]( )Aja
JEZL
from which one fairly obtains, for all v € 8} (R™),
H||(QjS(*A)*%Ajv)jezluz(Z)||Lp(w> ~pn,s 1Vl Le@ny -
Now, if u € 8}, (R™), we can assume that u € H*?(R") otherwise ||u||F§’2(Rn) < 400 is always true.
One may plug v = (—A)3u = Zjez(fA)gAju, to obtain first, from (—A)3Aju=A;(~A)3u,

H||(2jSAjU)jeZ||eZ(Z)HLP(Rn) Sponss [Ullirsmgny -

For the reverse estimate, similarly, provided u € 8} (R™), we can assume that |ul|s. L(®n) < +00
P,

otherwise |[ul|yjsp(rny < +00 is always true. The Fatou lemma yields

H Z(— < liminf H )%A]u’
jEz Lr(Rn)  N—+oo jelon N]] LP(R™)
<pns hmlnf (H Z |2jSAj’u,|2)§
j€[-N,N] Lr(R™)

+ 27 Ay ullue e + 2(N“)SIIAN+1U||LP<1R<”>>

Sein,s HUHF;Z(R”)'

This shows that ||u]

frep(Rn) 19 finite, which ends the proof. |

One may use it to obtain interpolation inequalities,

Lemma 2.8 Let pg,p1 € (1,400), so,51 € R, we set

() - () o(ien)

For all u € 8}, (R™), we have

6
l[ull s, P(R™) Spo.p1,50,51,m ||“| HSO P0 (R™) ||u||H51,p1(Rn)'

Proof. — For u € 8} (R™), as a direct consequence of Holder’s inequality, we have

2 2

Seedgul| < [ Semaup] [ Spedue

jez JEZ JEZ

(SIS
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Thus, one may take the LP-norm of above inequality, and use again Holder’s inequality, so that

. G50 A 0\ 11=0 [[(9351 A 0y 1[0 1-6 0
Il ) < 17 Bsusealligy 17 Aswseallos |, g < IS oy IlEss oy
Lemma 2.9 Let p; € (1,+00), s; € R, for j € {0,1}. If (Csyp,) is satisfied then Hso-Po (R™) N
H*1P1(R™) 4s a Banach space for which 8o(R™) is dense in it.

Proof. — The completeness is straightforward. Concerning the claim about density, we follow the
proof of [BCD11, Proposition 2.27] with minor modifications, in order to adapt it to our setting.

For u € He0:Po(R™) N H**»1(R"), and fixed £ > 0, for k € {0,1} there exists N € N such that
for all N > N

lJu — uN' ekPe (Rn) < €-

Here, for any K € N,

UK = Z AJ’U,

lil<K

For M € [N +1,+oco[, R > 0, provided © € C°(R™), real valued, supported in B(0,2), such that
O = 1, and O := O(-/R), we introduce
u%M = (I—S_n)[Orug].
Since AkuN =0, k< —M -1, we have S,Muj\-, =0, then
uggyr —uy = (1= 8-2)[(Or — Dugl.

R
“N,M
Theorem 6.3.2] and decreasing embedding of inhomogeneous Sobolev spaces to deduce

HU%JW - uN”H%M(R”) Squkvpk ”u%,M - uNHHSk"pk (R™)

If one sets my, := max(0, | sx] +2), since 0 ¢ supp F( —ug) by construction, we apply [BL76,

Satsime (T = S-2)[(Or — Vug]llwmicre rny
SMsep I(Or — 1)“1\7]||Hmkvpk(]Rn)-

Since one may check that ug € H™#P+(R™) for k € {0,1}, by dominated convergence theorem it
follows that

Hsk Pk (R") S 0

R
6t oy = us S

Thus, for R > 0 big enough, we have for k € {0, 1}

||U — “%M' Hek Pk (R™) < 2e.

The proof ends here since ufl | € 8o(R"). [ |

We recall also the usual interpolation properties,

[HEoP ), 1P (R g = HOP (RY), (B, (R"), By, (R)ag = B (R,
(0P (R), B PR = By 4R, (B0, (R). B, (R)]o = By, ,, (R,

whenever (po, qo), (P1,q1), (p,q) € [1,+00]? (p # 1, +00, when dealing with Sobolev (Riesz potential)
spaces), 0 € (0,1), sop # s1 two real numbers, such that

1 1 1 1 1 1
(85_5_) = (1_9) (805_5_)+9(515_5_)5
Po as Po 4o P1 @

see [BL76, Theorem 6.4.5]. A similar statement is available for our homogeneous function spaces.

Proposition 2.10 Let (po,p1,0,q,q0,q1) € (1,4+00)% x [1,+00]3, 89,51 € R, such that sq # s1,

and let
1 1 1 1 1 1
(Sa_a_) = (1 _9) (SOa_a_) +9 (Sla_a_) .
Po Qo Po 4o pP1 q1
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We get the following,
(0P (RY), Ho1 (R = (35, (R), By, (R )og = B, (R™), (25)

P;90 P,q1
If moreover (Csy p,) and (Cs, p,) are true then also is (Cs p,) and
(), 17 (R = HO (R, 20
and similarly if (Csy.po.q0) and (Csy py.q) are satisfied then (Csp,.q,) S also satisfied and,

B (R"),BS . (R")]g = BS, . (R"). (2.7)

Po;qo0 p1,q1 Ppo,4q06

Proof. — As in the proof of [BL76, Theorem 6.4.5], being aware of [BL76, Definition 6.4.1], we can
argue that

o thanks to its definition, for all s € R, p € (1,+00), ¢q € [1,+00], B;q(R") is a retraction of
¢9(Z,LP(R™)) on 8} (R") through the homogeneous Littlewood-Paley decomposition (A;);ez;

o similarly, due to Lemma 2.7, for all s € R, p € (1,+00), H*?(R") is a retraction of
LP(R™, ¢*(Z)) on 8} (R™) through the homogeneous Littlewood-Paley decomposition (A;) ez .

Thus, one may apply [BL76, Theorem 6.4.2] and can proceed in a similar way to what has been done
in the proof of [BL76, Theorem 6.4.5]. Completeness assumption is necessary in the case of complex
interpolation, since one can not provide in general an appropriate sense of holomorphic functions
(then of the definition of complex interpolation spaces) in non complete normed vector spaces. B

Proposition 2.11 For any s € R, p € (1,+00),

HP x H-5P — C

(u,v) — > <Aju, Aj’U>Rn

li—4"1<1

defines a continuous bilinear functional on HS?(R"™) x H=? (R"). Denote by V=5 the set of
functions v € S(R™) NH™*P (R") such that [vllg—spr ey < 1. If w € 8}, (R"), then we have

lullfge.p@ny = sup ,|<“v“>mn"

veY P
Moreover, if (Cs,p) is satisfied, H*P(R™) is reflexive and we have
(H*P (R")) = HP(R"). (2.8)
Proof. — For simplicity, we will first work with the norm provided by the Lemma 2.7, by equivalence

of norms, the result will remain true. Let (u,v) € H*?(R")xH=*? (R"), the LP(£2)-1L* (£2) Holder’s
inequality gives,

’H(W’S[Aﬂ + 4y + Ajv)ezl

00| < el e @

L¥' (R")
< (2P 4 1) [ullfs | rny ”’UHF;,S’Z(]R") -
Now, we know that it is a well defined quantity, we can compute
() = > (Dju,Ajoye, = Y (AT A ju, (=A) 3 A0),, = ((A)Fu, (A) 5o, .
li—3"1<1 li—4"I<1
Hence, Holder’s inequality gives

(1, 0)

which can be turned effortless into

< Nlullgem @y 10llia-cr ey

sup ’<U’U>Rn‘ < ||u||HS,p(]Rn) .
vey—?
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This also proves the continuous embedding H*?(R") < (H=*#'(R"))’. For the reverse inequality,
but not the reverse embedding, from LP — LP duality, by density of 8o(R™), we have

lullgep@ny = sup  [((=A)Fu,v)p,| = sup  [uw),,|< sup [(uv)g, |
vESH(R™), weSo(R™), vey—sr
lvll, pr <1 lwll s pr <1

In particular, the embedding H*?(R™) < (H~*'(R"))’ always holds and is isometric. _
Now, assume that (Cs,) holds. We recall that Remark 2.6 yields the reflexivity of H*P(R").
Let U e (H~** (R™))’, we have

](U, (—A)%UH < ”UH(H*&P/(]R"))/”’UHLP/(]R")a v € So(R™).
Since the space 8o(R™) is dense in L¥' (R™), we deduce there exists a unique function w € LP(R™)
such that,
<U,v> = (w, (7A)7%’U>Rn, v € §(R™).
Thus u := (—A)" 3w € H*?(R") by Corollary 2.5, and yields that H*?(R™) — (H~%# (R")) is
surjective. ]

Proposition 2.12 For any s € R, p € (1,400), q € [1,+0o0],

s s
Bp,q X B;D’,q’ C

(uvv) — Z <AjU7Aj'U>Rn
li—3"1<1

defines a continuous bilinear functional on B;AR") X B;,fq, (R™). Denote by Q. the set of
functions v € S(R™) N B;/sq/ (R™) such that [[v|g-s (gny <1. If u €8} (R"), then we have

lulsg, ey Spen S0 (0.

vegilsql
Moreover, if —n/p’ < s < mn/p is satisfied and q € (1,+00] then
(B;/fq, (R™)) = B;,Q(R”) and (B;foo(R”))’ = B;l(R”). (2.9)

The space B;q(Rn) is reflexive whenever both (Cs ) and g # 1,400 are satisfied.

Proof. — The first part of the claim is just [BCD11, Proposition 2.29]. The claimed part about
reflexivity and duality follows directly from the application of [BL76, Theorem 3.7.1] and of Propo-
sitions 2.10 and 2.11. [ ]

We recall that Besov spaces satisfy usual Sobolev-Lebesgue spaces embeddings, say,

Proposition 2.13 ( [BCD11, Proposition 2.39] ) Let p,q € [1,+00], s € (0,n), such that
1 1 s

qg p n
The following estimates hold

ullLarr) Snpspg HUHB;,T(]R“)) Vu € B;,T(Rn)7 r€[l,q],

[ulls-s gy Snusipg ullie®e), Yu € LP(R™), v € [q,+oc],
Jullogzey Sonsa [l oy Y € B, (™), 1 € [L,min(2,p)],
lullsy ey Sonsi sy, Vi € LR, 7 € [imax(2,p),+ocl

Moreover, if p is finite, we also have le(R") < CY(R™) and, each embedding is dense whenever
p,q and r are finite.

We also have a Sobolev-Besov multiplier result, which is useful for the construction of homoge-
neous Sobolev and Besov space on domains. The first presentation of this result in the inhomogeneous

13



setting is due to Strichartz [Str67, Chapter II, Corollary 3.7], one may all so check [JK95, Proposi-
tion 3.5].

Proposition 2.14 For all p € (1,+00), for all s € [0, %), for all w € H*P(R"), we have lpnu €
H*P(R™) with estimate
HlRiUHHs,p(Rn) 5871)7” HUHHs,p(Rn). (210)
We are going to use it to prove,
Proposition 2.15 For all p € (1,400), ¢q € [1,+00], for all s € (—1+ %, 1—17), for all u € HSvP(R")
(resp. B; ,(R™)),
Lyl oy S Nelliorgary (resp. Imyulls, gy Sen Il gy )
The same results still holds with (H,B) instead of (H,B).

Proof. — We start from the result stated in the inhomogeneous case Proposition 2.14, which states
the following in the case of the upper half-space, for all p € (1,+00), for all s € [0, %), for all
u € H*P(R"™)
[1re uller®n) Sspm [lullmsr@n),
which becomes under equivalence of norms,
[T wllre®n) + [1re Ullige s @y Sspn [ullue@e) + wllgas@ny-
Plugging uy := u(A-) in above inequality, provided A is a positive real number, since lRi(/\)u)\ =
1R1U>\, we obtain that
A7r Irn ulle@ey + AP 1Rn vllgop@n) Sspn A7 [ulle@ny + X777 Jullgep gny-

Thus one may divide by A*"% , and then letting A grow to infinity, we have

1R llfgep ey Sspim [6llgee@nys

so the result follows by density argument.
The result for s € (-1 + %, 0) is a consequence of duality and density using the duality bracket

defined on 80(R™) x 8o(R"™).
The Besov space case follows by real interpolation. |

2.2 Function spaces on R"
Let se R, pe (1,40), g € [1,400]. Then for any X € {B;q,B;’q,HS’p,HS*p}, and we define
X(R%) = X(R")

lwi )
with the usual quotient norm [jul|x(n) := ;(r(lﬂg : @) x®ny. A direct consequence of the definition
SEX(R™),
Z‘W" =U .
+

of those spaces is the density of 80(@) C S(JRTLF) in each of them, and also, and the completeness
and reflexivity when their counterpart on R" also are. We can also define,

Xo(R) = {u € X(R")

supp u C R’_ﬁ},

with natural induced norm |[Juf|x,(ry) := [[ul[x(®"). We always have the canonical continuous injec-
tion,

Xo(RY) < X(RY).
If X and Y are different function spaces

e if one has continuous embedding

Y(R™) < X(R™).

14



a direct consequence from the definition is
Y(R}) < X(BY),
and similarly with Xy and Yy.

o We write [XNY](R?) the restriction of X(R")NY(R") to R’ , in general there is nothing to
ensure more than

X NY](R?) < X(R?) N Y(RT).

Results corresponding to those obtained for the whole space R™ in previous section are usually
carried over by the existence of an appropriate extension operator

£ 8'(RY) — 8'(R"),
bounded from X(R") to X(R").

2.2.1 Quick overview of inhomogeneous function spaces on R’

For inhomogeneous spaces on special Lipschitz domains (in particular on R’} ), an approach was
done by Stein in [Ste70, Chapter VI], for Sobolev spaces with non-negative index, and Besov spaces
of positive index of regularity (this follows by real interpolation). A full and definitive result for the
inhomogeneous case on Lipschitz domains, and even in a more general case (allowing p, ¢ to be less
than 1 considering the whole Besov and Triebel-Lizorkin scales), was given by Rychkov in [Ryc99]
where the extension operator is known to be universal and to cover even negative regularity index.

The extension operator provided by Rychkov can be used to prove, thanks to [BL76, Theo-

rem 6.4.2], if (h,b) € {(H,B), (Ho,B..0)},
[hzo-po (Rn ), Lt (Rn )]o = hPo (R") (bIS)OQO (R" ), b;lql (Ri))e = bs (Ri), (2.11)
(5o (BE), PR g = B, (BL), 030, (RL) 03y (Rl = 0, (RD), (212
whenever (po,qo), (p1,q1), (p,q) € [1,+00])?(p # 1,400, when dealing with Sobolev (Bessel poten-

tial) spaces), 0 € (0,1), sg 7é $1 two real numbers, such that

1 1 1 1 1 1
(S — —> = (1—9) (So,—,—) -‘1-9(81,— —>
Po dqo Po 9o P11

A nice property is that the description of the boundary yields the following density results, for
all p € (1,+00), g € [1,+0), s €R,

ooy Fap e e R — Gy B
HOP(R+) = Cc (R—i-) e )5 Ild quO( +) = Cc (R-i-) Fha® )' (213)

One may check [JK95, Section 2] for the treatment of Sobolev spaces case, the Besov spaces case
follows by interpolation argument, see [BL76, Theorem 3.4.2]. As a direct consequence, one has from
[JK95, Proposition 2.9] and [BL76, Theorem 3.7.1], that for all s € R, p € (1,400), ¢ € [1,+00),

(HYP(R})) =Hy "7 (RY), (B, (R})) =B’y o(RY), (2.14)
(Bpq0(RY)) =By (RY). (2.15)

And finally, thanks to the inhomogeneous version of Proposition 2.15, we also have a particular
case of equality of Sobolev spaces, with equivalent norms, for all p € (1,400), ¢ € [1,400], s €

(71 + %a %)7
H*P(RY) = Hy*(RY), By ,(R}) = (R%). (2.16)

The interested reader may also found an explicit and way more general (and still valid, for the
most part of it, in the case of the half-space) treatment for bounded Lipschitz domains in [KMMO07],
where the Triebel-Lizorkin scale, including Hardy spaces, and other endpoint function spaces are
also treated.

All the results presented above will be used without being mentioned and are assumed to be well
known to the reader.

pqO
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2.2.2 Homogeneous function spaces on R’}

One may expect to recover similar results for the scale of homogeneous Sobolev and Besov as the
one mentioned in the subsection 2.2.1. However, due to the setting involving the use of 8§} (R"),
we have a lack of completeness so that one can no longer use complex interpolation theory and
density argument one the whole scale to provide boundedness of linear operators. A first approach
we could have in mind is that one would expect Rychkov’s extension operator to preserve 8}, say
E(8,(RY)) C 8, (R™) with homogeneous estimates, which is not known yet.

However, if we consider a more naive extension operator like by reflection around the boundary, as
in [DHMT21, Chapter 3], a certain amount of results remains true, up to consider index s > —1+ % ,
provided p € (1,4+00). This is what we are going to achieve here: this subsection is devoted to proofs
of usual results on homogeneous Sobolev and Besov spaces on R’} . To be more clear, we are going
to show via the previously mentioned extension-restriction operators, few duality arguments, and
interpolation theory, that we still have:

« Expected density results:
For pe (1,40), g€ [1,4+00), s > -1+ %, when (Cs p.q) is satisfied,

HYP(RY) = CR@®D) 7 | and B3, o(RY) = O @) #aen | (2.17)

P,9,0
« Expected duality results:

For all p € (1,400), g € (1,+00], s> -1+ %, when (Cs p,q) is satisfied,
(HP(RY)) =Hy ™" (RY), (B, (RY)) =B o(RY), (2.18)
(Hy"(R)) =H™*" (R'L), (B’ o(RY)) = Bj ,(RY}). (2.19)

+ Expected interpolation results:
If (ba b) € {(Ha B)a (HOaB‘,‘,O)}7 with (pOa qO)a (pla ql)a (pa q) € [1’ +OO]2 (p7p_] 7& 1,400 is
assumed, when dealing with Sobolev (Riesz potential) spaces), 6 € (0,1), s;,s > —1+ 1/p;,
j€{0,1}, with s > =1+ 1/p, where sg, s1, s are three real numbers, so that one can set

1 1 1 1 1 1
(Sa_a_) = (1_9) (805_5_) +9(Sla_a_)a
Po go Po 4o P1 @1

such that either (Cspg,q,) OF (Csp,q) is satisfied. Then, one has
[b7om (R, 677 (R )lo = 7 (RY), (b3, (RY), 03y, (R ))og = b, (RT),  (2:20)
(bso,p(Ri% [)Shp(Ri))G,q = b;,q(Ri)v [b;xs)?),qo (Ri)’ b;i,lh (Ri)]e = bzs)e,qe (Ri) (221)

Note that, due to Proposition 2.15, we have already checked that following equalities of ho-
mogeneous Sobolev and Besov spaces remains true, with equivalent norms, for all p € (1,400),
qe [1,+OO], s € (71+ %a%)v

H*?(R}) = H" (RY}), By ,(RY) = Bj ; o(R%). (2.22)

Some already existing density and boundedness results in Besov spaces presented here are already
known, but redone here in a different manner giving some minor improvements with regard to
[DHMT21, Chapter 3], allowing sometimes to deal sometimes with s > —1 4+ % or ¢ = +00. Some
other results, despite being well known in the construction of usual Sobolev and Besov spaces, are
quite new due to the ambiant framework, this leads to some new proofs in a different spirit than the
ones already available in the literature.

This subsection contains 3 subparts: the first one is about extension-restriction and density
results for our homogeneous Sobolev spaces, from which for the second, we are going to build
corresponding ones for Besov spaces, via some ersatz of real interpolation procedure. Both will be
used to build the third subpart which concerns effective interpolation results for our homogeneous
Sobolev and Besov spaces.

We start by proving, in a similar fashion to what has been already done in [DHMT21, Lemma 3.15,
Proposition 3.19] for homogeneous Besov spaces, the boundedness of extension operators defined
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by higher order reflection principle but for homogeneous Sobolev spaces with fractional index of
regularity.

Proposition 2.16 For m € N, there exists a linear extension operator E, depending on m, such
that for all p € (1,400), -1+ % <s<m-+1+ 1—17, so that if either,

e« 520 and uc H¥P(RY) ;
o se(-1+ 1—17, %) and u € H>P(R7) ;
we have
EmRi =u,
with estimate
1Bl ggon ny Sposinm lullgren@n) -

In particular, E : Hs’p(Rf}r) — H*P(R") uniquely extends as a bounded operator whenever (Cs,p)
is satisfied.

Proof. — As in [DHMT21, Lemma 3.15], let us introduce the higher order reflexion operator E,
defined for all measurable function u : R} — C by
u(x) ,if x € RY,

Yioogu(r, —) ifz € R*\RY.

Eu(z) =

where, as in [DHMT21, Lemma 3.15], = (21,...,Zp_1,2n) = (2/,2,) € R" xR, and (o) ;jec[o,m]
is such that E maps C™-functions on R’ to C™-functions on R", and by construction it also
maps boundedly H*?(R7) to H*P(R"™) for all k € [0,m + 1] then H*P(R") to H*P(R"™) for all
s € [0,m + 1] by complex interpolation.

Notice also that Proposition 2.15 and the formulation, given for z € R",

Eu(z) = [lry ul(x) + Z o[y ul(a', = 35)

implies that E : H*?(R?) — H*P(R") is bounded for all s € (=1+1,1).
Now for p € (1,4+00), s € [O,m+1+%), s—% ¢ N, u e H*P(R?), E : HP(R?}) — H¥P(R"),
we can whose ¢ € N such that s — £ € (—1+ %, 1—17) so that

8ﬁkEu = E[@ﬁlu], provided k € [1,n — 1],

ks ¢
¢ _n®at , _ —1 ¢ Ty
aanU = E( )amnu = Zag (m) axnu(xla _j+1)'
§=0
For the same reasons as in the beginning of the present proof, E() maps H*?(R") to H*P(R") for
all s € [0,m—¢+1],and H*?(R?) to H*P(R") for s € (—1+41/p,1/p), thanks to Proposition 2.15.
From the fact that aﬁju € H*~“?(R%), we deduce

n—1 n
Bl grem ny ~epm N0, Bttlliga-emqany + IEQOL tllire-emgny Sstpmam Y108 ullie—ronzn)-
7j=1 j=1

(2.23)
To be more synthetic, we have obtained

[l

s () Spkomm [ @iz @ )

so that E : H*P(R?) — H>?(R™) is bounded on subspace H*?(R" ), in particular it extends as a
bounded linear operator on whole H*? (R}) when it is complete, i.e. s < %, this follows from the
fact that S(R7) C H*P(R") is dense in H¥P(R?).

17



It remains to cover cases when s — % € [0,m]. To do so, we want to reproduce above procedure,

1 1
proving first that E (resp. E®, ¢ € [1,m]) is bounded from HE’p(R’j_) to Hr"(R"), via some
complex interpolation scheme.

Now let po,p1 € (1,4+00), p1 < n, 6 € (0,1). Consider u € [LPo(R%),H"1(R?)]y. Let
f € F(LPo(R?),HYP1(RY)), such that f(#) = u, it follows from above considerations that Ef €
F(LPo(R™), P (R™)), thus from Proposition 2.10,

Ef(0) € H*P(R™), where (9, %) = (1-0) (o, pio) +0 (1, pil) .

So u= Ef(9)|Wi € H??(R7%) with norm estimate

HUHHS,p(Ri) Smipin ”ull[LPO(Ri),Hl’Pl(Ri)]e

which is a direct consequence of the definition of restriction space, the Phragmen-Lindelof inequality
[Lun18, Exercise 1, Section 2.1.3], and the boundedness of E on LP°(R"?) and H'*1(R%). Now, if
u € HP(R7), by definition of restriction spaces there exists U € H*?(R"), such that

1
Ulmi =u, and §HUHH9,p(Rn) < lullgor @y < NUlo.s @n)-

By Proposition 2.10, there exists f € F(LP° (R™), HLP1 (R™)) such that f(0) = U, we deduce

f)jen € FLPO(RY), HEPH(RY)), 50 u = f(0)),, € [LP°(R%), H-P (R )] with the following esti-
7

mate which is a direct consequence from definitions of function spaces by restriction, and complex

interpolation spaces,

Ik

HUH[Lpo(Ri),Hl,m(Ri)]e S ||U||H9,p(R1)-

Hence, homogeneous (Riesz potential) Sobolev spaces on the half-space are still a complex inter-
polation scale provided that p € (1,+00), s € [0,1], (Cs;) being satisfied, so the boundedness of
E : H%P(R?) — H%P(R") follows by interpolation.

In particular E : H*P(R") — H*P(R") is bounded for all s € (—1 + %, %] Hence the result
has been proved for s — % = 0. The same result is obtained for E®) , provided ¢ € [1,m].

Now let p € (1,400), s — 1—17 € [1,m], for u € H*P(R%), we have Eu € H*P(R"), V‘Eu €
He—6P(R™), s — £ = 1—17, so that, similarly as in (2.23),

HE“HH&P(RW) Sspnst ||u||HSyP(R1)‘

Therefore, we have obtained the desired estimate and can conclude about the boundedness of E via

density argument whenever (Cs ) is satisfied. ]

In the proof of Proposition 2.16, we used boundedness of derivatives, i.e. for all p € (1, 4+00),
seR, ue H*P(R}), m €N,

V™ ul

The above estimate is a direct consequence of definition of function spaces by restriction and can be
turned into an equivalence under some additional assumptions.

Hs—m.p(R") Sposmm Ul

Proposition 2.17 Let p € (1,+00), k€ [1,4oo, s >k—1+ %, for all w € H>P(R?),

n
> 11054l
j=1

In particular, HV’“~||HS,;€,,,(R1) and Z?:1||8§j~||Hs,k,p(R1) provide equivalent norms on H*P(R'),

He—kp(RY) ~s.kpn IVl He—kp(R7) ~s.kp.n ||U||Hs,p(m)-

whenever (Csp,) is satisfied.

Proof. — Let us prove it for k& = 1, the higher order case can be achieved in a similar manner.
Consider p € (1,400), s > 1—17, for u € HP(R" ), we have Eu € H*P(R"), where E is an extension
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operator provided by Proposition 2.16 (for some big enough m > 1), VEu € H*~LP(R"), with
s—1>-1+ 1—17. We can write on R ¢
m

O, Eu = E[0y,u], provided £ € [1,n — 1], and 9., Eu = Zozj (]_Tll) O, u(’, -7
=0

Hence, we can use definition of restriction space, apply Proposition 2.1, and boundedness of E, since
m is large enough, to obtain,

[ellizer @) < Eulliger@ny Sopm IVEullg-1o@n) Sspnm [Vellige-iogn)-

Therefore by (2.24), the equivalence of norms on H*?(R%) holds by density when (Cs ) is true. B

The next proposition is about identifying intersection of homogeneous Sobolev spaces on R},
and give a dense subspace. As we can see later this will help for real interpolation.

Proposition 2.18 Let p; € (1,+00), s; > -1+ p%» Jj € {0,1}, if (Csypo) is satisfied then the
following equality of vector spaces holds with equivalence of norms
Hso:Po (Ri) N Hs1P (Ri) _ [HSmpo N Hsl’pl](Ri).

In particular, H*oPo(R% ) NH* 21 (R™) is a Banach space which admits 8o(Ry) as a dense subspace.

Proof. — Let p € (1,4+00), so,51 € R, such that (Cs,,p,). By definition of restriction spaces and
Lemma 2.9, [H*0-PoNH*PL[(R% ) is complete and admits §o(R’;) as a dense subspace. The following
continuous embedding also holds by definition,
[HSmPo N HSlwpl](Ri) s s0-Po (Ri) N Hs1P (Ri)
Hence, it suffices to prove the reverse one. To do so, let us choose ¢ € N such that (Cs,—¢p,) is
satisfied, and s; — ¢ > —1 4+ pil, then choosing E from Proposition 2.16 with m + 1 + ﬁ > 55,
J

j € {0,1} (m big enough), for all j € [1,n], and all u € HooPo(R?) N H**P1 (R?), Eu makes sense
in F*0P0(R™) then in 8} (R™) and one may use an estimate similar to (2.23), to deduce

> Iz, Eul
k=1

The above operator E() is given via the identity 8ﬁnE = E(e)(?ﬁn. Hence, it follows that for all
u € Hso-po (Ri) N 1P (Ri)’

n—1

Y4
Hs1—6P1(R7) — ZHEazku'
k=1

0) ot ;
fIs1—te1 (Re) T HE( )aanHHsvf,m(Rn) 52,2«“@ [[u]

HSI,PI(Ri)‘

n
¢ P1,
Eull o000 gny + D105 Btellfzes—eor ny Shormrimoe 16llizeoro gy )y + 6llionrn ey -
k=1
In particular, since Eu € 8§, (R"), and by uniqueness of representation of 8£J_Eu in 8'(R™), we
deduce from Proposition 2.1 that Eu € HeoPo (R™) N Ho 171 (R™).
Thus u € [H*-Po N H*VP1](R?} ), and by definition of restriction spaces,

||u||[H50wPomH51wP1](]Ri) < HEU||HSUvPU(Rn) + ”EUHHSLIH (R™) 5?8:511::176 HUHHSOWU(Ri) + ||u||H31vP1(]R1)'

This proves the claim. |

So one can deduce the following corollary which allows separate homogeneous estimates for
intersection of homogeneous Sobolev spaces on R’} . Since the estimates below are decoupled, it
provides an ersatz of extension-restriction operators for homogeneous Sobolev spaces of higher order,
thanks to the taken intersection yielding a complete space. For instance, this will be of use to
circumvent the lack of completeness when we will want to (real-)interpolate between a "higher"
order homogeneous Sobolev space, and one that is known to be complete.

Corollary 2.19 Let p; € (1,4+0), s; > —1—1—&, J €{0,1}, such that (Csy.p,) is satisfied, consider
J
m € N such that s; <m+1+ p% , and the extension operator E given by Proposition 2.16.
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Then for all u € HooPo(R™) NH*P1 (R ), we have Bu € H*Pi (R™), j € {0,1}, with estimate
Bl ge;.r; (R™) Ssspgmon [Ullggesvs (R7)"
Previous Corollary 2.19 and the proof of Proposition 2.17 lead to

Corollary 2.20 Let p; € (1,400), m; € [1,400[, s; > m,; —1 +%, j €{0,1}, such that (Csypo)
is satisfied. Then for all u € H50:Po RT)N He1P (R7),

n
ZHag,lfU“HSrmM(Ri) ~ssmgpin V7 Ul ggsj-m;m; (R) ~s5,my,p5,m l[wllggeses ®}) -
k=1

Since one may also be interested into Sobolev spaces with 0-boundary condition, we introduce
a projection operator that allows to deal with the interpolation property, and to recover, later on,
some appropriate density results.
Lemma 2.21 Let p € (1,40), s € R, m € N, such that 71+% <s<m+1+ %, then there
exists a bounded projection Py, depending on m, such that it maps H*?(R™) to HY"(R%).

If either

e $20 and ue H*P(R™);

o se(-1+ %, %) and u € H>P(R™) ;
we have the estimate

[Poulltgs.p mny Ssom.pon [[tllgze.p@ny-

In particular, Py extends as a bounded projection from HSP(R™) to Hé’p(R’_}_) whenever (Csp) is
satisfied.

Proof. — Let p € (1,400), s > —1+ %, m € N, such that s <m +1+ 1—17. Then we consider the

operator E given by Proposition 2.16, but we modify it into an operator E~, for any measurable
function u : R™ — C, we set for almost every x € R"

u(x) ,ifx e R?,
Z;nzo oju(a’, =) ifz € R"\ R
Hence for any measurable function u : R — C, we set for almost every x € R",
Pou:=u—E™ [Ign u].

The fact that P§ = Py is clear by definition, and we have PoH*?(R") C HyP(R?), and that

Po [ I. Claimed boundedness properties follow from Proposition 2.15 and Proposition 2.16.
o B4

As well as the extension operator given by higher order reflection principle, the projection op-
erator on "'0-boundary condition" homogeneous Sobolev spaces satisfies homogeneous estimates on
intersection spaces. The proof is a direct consequence of Proposition 2.18 and its formula introduced
in the proof of Lemma 2.21.

Corollary 2.22 Let p; € (1,+00), s; > —1+ p%,, Jj€1{0,1}, m €N, such that (Csyp,) s satisfied
and s; <m+1+ % , and consider the projection operator Py given by Lemma 2.21.
J

Then for all u € Hoo:Po(R™) N H*+P1(R™), we have Pou € Hy' ™ (R™), j € {0,1}, with estimate
I Poul

H®i°Pj (R™) §Sj,m,p,n ”U”HSJ"PJ (R™)*

We still have Sobolev embeddings by definition of function spaces by restriction.
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Proposition 2.23 Let p,q € (1,+00), s € [0,n), such that

1 1 s
¢ p n
We have dense embeddings,
HUHL‘?(Ri) Snsipa H“HHW(RQ); Vu € Hs’p(Ri): (2.25)
HUHHJS"?(Ri) Sn.spa HUHLP(Ri); Vu € LP(RY). (2.26)

Proof. — First let us recall the Hardy-Littlewood-Sobolev inequality from Proposition 2.3, which
says that

[ullig-s.aqmny Snspa llellLe@n), Yo € LP(R™).

Hence, the embedding (2.26) is an obvious consequence plugging 1g»u for u € LP(R").

The embedding (2.25) is a direct consequence of 2.3 and function spaces defined by restriction.
Indeed, for u € H*P(R’), we have for any extension U € H*P(R") C L4(R") such that v = U, €
+

LQ(R”) the estimate
HUHLQ(R") < HL HLQ(]R") Ss,pyqyn HL HH s.p(R1)*
+ (R™)

Looking at the infimum on all such U gives the result. o '
The density for the first embedding follows from the fact that 8o(R%) C H*P(R'}) is dense in
L(R?). The density in the second case, follows from the canonical embedding,

LP(RY) < Fig “I(RY) < Hy ™ (RY),
which turn, by duality into embeddings,
Y (RY) = (Hy M(RY) = LY (RY).
In particular, the following is a dense embedding
(5" (RY)) = L (R?)
hence by reflexivity, the one below also is

LP(RY) < g “1(RY). .

Now, all the ingredients are there in order to build the main usual density result for our 0-
boundary conditions homogeneous Sobolev spaces.

Proposition 2.24 For all p € (1,+00), s € (—2;, %), the space CF (R’ ) is dense in Hg’p(R’_ﬁ).

AR
Proof. — First, let s € [0,n). Let p € (1, +00), such that (Cs ) is true, and consider u € HyP(R% ).
In particular, we have v € H*P(R™). Hence, there exists (uy)ren C H*P(R™) such that

up —— u in HYP(R™).
k—4o00

Thus, it follows from Lemma 2.21, that (Poux)reny C Hy?(R}) C Hg’p(Ri) converge to Pou = u in
H*?(R"). For € > 0, there exists some ko, such that for all k > ko, we have

HU - POU]CHH(S)WP(RLL) < €.
Now, we use density of C2°(R’) in Hj”(R’) to assert that there exists w € C°(R") so that,

[Powr, — w”HS'p(Ri) < [Pouk — wHHS”’(Ri) <e.

We can conclude for the density of C2°(R") in H{P?(R% ), since

[ = wllggs gy < llu = Poullis e @n) + [Pous = wllgsr sy < 2

Now let us consider s € (0, 77), u € Has’p(R’}r), applying Proposition 2.23, for € > 0 there exists
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a function v € LY(R?), (with % = - — 2) such that,

1
q
[Ju— ’UHH;s,p(Ri) <e.
But recalling that C2°(R"}) is dense in L4(R? ), there exists w € CZ°(R’) such that
lo— wHHgS’P(]Ri) Snspa [V = wHL‘I(Ri) Sn.s.pig €
so the triangle inequality gives
[l — wHH;S’P(Ri) Sn.s.pig €
which conclude the proof since w € CZ(R"). |

Proposition 2.25 Let p; € (1,+00), s; 20, j € {0,1}, such that (Cs,p,) is satisfied. The space
CX(R1) is dense in HY”P(R) N Hy P (R ).

Proof. — Tt suffices to reproduce the first part of the proof of above Proposition 2.24 by the mean
of Corollary 2.22. [

Corollary 2.26 For all pe (1,40), s (—1+ %, %),
HyP(RT) = HYP(RT).
In particular, CX(R%) is dense in H*P(R'}) for same range of indices.

Proof. — This is a direct consequence of the definition of restriction spaces and Proposition 2.15,
the density result follows from Proposition 2.24. |

Proposition 2.27 Let p € (1,+0), s € (fﬁ, %), we have
(HP(R?)) =Hg > (R%) and (HyP(RY)) = H > (R}).
Proof. — First, consider s € (—Z&,2), let ® € Ho_s’p/ R1) C H—2'(R™), then using definition of

PP .
restriction spaces, the following map defines a linear functional on H*?(R"}),

U — <@,ﬂ>Rn,

where @ is any extension of u, and notice that the action of ® does not depend on the choice of such
extension of u. Indeed, if U € H*P(R") is another extension of u, we obtain that w :=U — 4 €
HyP(RT). It follows from Proposition 2.24 that w is a strong limit in H”(R7") of a sequence of

functions (wg)gen C C (MC) so that, passing to the limit, in the duality bracket, we obtain
(2, U>]R" - <(I)’ﬂ>]R" = <(I)’w>]R" =0.

This gives a well defined continuous injective map

Hy W (RY) — (P (RL)Y .
® — (2, 7)gn

Now, let ¥ € (Hs’p(Ri))’, for all u € Hs’p(Ri), since I]Riu = u, we may write,
(U, u)y = (T, I]Riﬂ),

for any extension @ € H*? (R™) of wu, hence as a direct consequence of the definition of restriction

space 1gn ¥ € (H5P(R™)) = H™** (R"), so Ign W € Ho—s,p’ (R}). The following map is well defined
continuous and injective

(HP(R})) — Hy ™" (RY)

(2.28)
v — gy O
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Both maps (2.27) and (2.28) are even isometric and we obtain,
(r(®Y)) = By 1),

which was the first statement. The second statement follows from duality and reflexivity exchanging
roles of involved exponents. |

The next result aim to carry over density in intersection spaces to transfer itself as a density
result in their real interpolation spaces.

Corollary 2.28 Let p € (1,400), —n/p’ < so < s1 <n/p, i.e. such that (C_s, ) and (Cs, p) are
both satisfied. . .
The space C°(R’) is dense in HY"P(R7) NHY P (RY).

Proof. — Let p € (1,+00), —n/p’ < so < s1 < n/p. There are three subcases, 0 < s9 < $1,
so <0< s1,and 50<51<0
The case 0 < sp < s1 follows the lines of Proposition 2.24 thanks to Corollary 2.22.

The case sp < 0 < s1, can be done via duality argument as in Proposition 2.24 for the negative

index of regularity. Let us consider % = % — 20, the following embeddings are true

Hy o0 (RY) o> LIRY) 1 (RY) = P /(R N #(R) — T3 ¥ (RY).
One may dualize it to deduce
Hoowr' (RY) < (Hy P (RY) NHG' P (RY)) < HO 70 (RY).
We deduce that the last embedding is dense, since (H§*(R) NH§ P (R™)) contains H—51#' (R”)

via canonical embedding, so that by duality and reflexivity of all involved spaces, the following
embedding is dense:

Hg "0 9(RY ) — H™P(R%) N Hg P (RY).
Since C(R?) — Hy'~**%(R") is dense, the result follows.

We end the proof claiming that the third case sy < s; < 0 can be done similarly via duality and
reflexivity arguments. |

We are done with properties of homogeneous Sobolev spaces. We continue with a real inter-
polation embedding lemma, that will allow us to transfer all nice properties, like boundedness of
extension and projection operators, from homogeneous Sobolev spaces to homogeneous Besov spaces.

Lemma 2.29 Let (p,q,qo,q1) € (1,+00) x [1,4+00]3, sg,s1 € R, such that sq < s1, and set
= (1 — 9)80 + 0s1.

We have,
B (RT}) < (HOP(RY), HYP(RT)) q, (2.29)
By o (RL) < (Byy, (RL), Byly, (RE))o,q (2.30)
pqo(Ri (" (R, Ho' P (R'L))o.q, (2.31)
By 00 (RY) < (B, o(RY), By, o(RY))o.g- (2.32)

Proof. — For embeddings (2.29) and (2.30), one may follow the first part of the proof of [DHMT21,
Proposition 3.22].

The third embedding (2.31), (the fourth one (2.32) can be treated similarly) is straightforward
since,

(0 (R2), F 7 (R o > (0P (R, TP (R™))g g = B, (RY).
By definition, f € (Hy*P(R%), Hy'P(R))o,q C HyP(R?) + HP(R™), hence supp f C R7 and

fEBS, o(RY). -
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As we mentioned, the above lemma can be used to prove boundedness of some operator on a
sufficiently large range of indices on Besov spaces via some sort of interpolation method, without
full information about exact description of the interpolation space, see below.

Corollary 2.30 Let p € (1,4+0),q € [1,+00], s > —1+ %, m € N, such that s <m+ 1+ %. Let
us consider the extension operator E (resp. Py ) given by Proposition 2.16 (resp. Lemma 2.21).
If either

e §>0 and ue By (R}) (resp. u€ By (R"));
o se(-1+ 1—17, %) and u € B;jq(Ri) (resp. u € BISW(R”)) ;
we have the estimate

B: (R") Ssmpm Ul

1l ey Sempn Iy ) - (resp. [1Poud B ) - )

In particular, E (resp. Py ) is a bounded operator from Bgﬂ(R’_ﬁ) to B;,Q(R”) (resp. from Bfw(R")

to B;S),q,o(RT}F)) whenever (Csp.q) 15 satisfied.

Proof. — Let p € (1,+00),q € [1,+00), s > =1+ 1 m &N, such that s <m+ 1+ %. Without
loss of generality, it suffices to prove the result for the operator E, since we have the identity
Py =1—E"[lg~], as written in the proof of Lemma 2.21.

The boundedness of E on B;,q(R”) for (p,q) € (1,400) x [1,400], s € (-1 4+ %, %) is again a
direct consequence of Proposition 2.15.

It remains to prove boundedness for s >
scheme.

Let u € By ,(R%), 6 € (0,1) such that 0s; = s, where s; € (s, + 1+ %) One has

% . To do so, we proceed via a manual real interpolation

u € (LP(R%), H*P(R))g,q — (LP(RT), HP(RT))g,4 C LP(RY) + H¥P(RT).
Hence, for a € LP(R"}), b€ Hslﬁp(R’j_) such that f =a+ b, we can deduce that
b=u—ae€B; (R})+LI(RY) CLP(RY),

so that b € LP(R’) N HslvP(Ri) = H**P(R") thanks to Proposition 2.18. Hence, Eu = Ea + Eb,
with Ea € LP(R%), Eb € H**?(R" ), with homogeneous estimates provided by Proposition 2.16.
Then Eu,, = u, and we have estimates

+

K (t,Eu, LP(R™),H***(R™)) < [[Eallo@n) + tED| o1 zny Spamn lallie sy + 1l er0(zs)-
Hence, taking infimum on all such functions a and b, and multiplying by ¢=? leads to
EOK (£, Bu, LP(R™), HOUP(R™)) p o n #0K (1, LP(RT), o1 P (R2)),
so one may take the Li-norm of above inequality and use (2.29) from Lemma 2.29 to deduce that

([Eul Bs (R") Spessan H“HB;@(R@-

If ¢ < +o0, then B;  (R'}) is dense in BZ’Q(RQL_), so that the conclusion holds by density whenever
(Cs,p,q) is satisfied.
If ¢ = +o0, and (Csp,q) is satisfied, necessarily s < 3. We introduce & := E[lgn -] which is
bounded, thanks to the above step, seen as an operator
& : By, (R") — By, (R"),

provided sp < s < 81 < P and ¢; € [1,00), j € {0,1}. Thus, by real interpolation argument,
thanks to Proposition 2.10, for all U € B;OO(R"), we have

1€V

By (R™) Spessan HUHB;x(Rn)-
In particular, for all u € B; o(R%), and all U € B; «(R™) such that U, = u, we have
’ ’ +

[Eullgs _@ny Spsam 1Ullss _@ny-
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Hence, taking the infimum on all such functions U gives the result when ¢ = 400 and (Cs, ) is
satisfied. ]

Proposition 2.31 Let p,q € [1,+00], s € (0,n), such that

We have the following estimates,
lllaces) Snspar Nulls, o), Vo € B3 (R, v € [Ld]
lulls=s ) Smosar lullioen), Yo € LP(RE), 1 € [g, +od],
el gy Koo lullsg s Ve € B, (BY), € [1min(2,p)],

lullss ) Snossnr Tulloeg), Yo € LP(RL), 7 € max(2,p), +o]
Moreover, we also have B;l(Ri) — CY(R7Y).

Proof. — Each embedding is a direct consequence of the definition of each space and the correspond-
ing ones on R", see Proposition 2.13. |

Lemma 2.32 Let p € (1,+00), q € [1,+00) and s > 0. The function space C°(R") is dense in

Bs ,o(RY) whenever (Cyyp.q) is satisfied.

Proof. — As in the proof of Proposition 2.24, in the case of non negative index: by a succes-
sive approximations scheme, we use density of By (R") in Bj (R"), to approximate functions in

B ,o(R?). Then the boundedness of Py on B ,(R7), and the density of C°(R%) in BS , o(R%)
yields the result. |

Proposition 2.33 Let (po,p1,p,q) € (1,+00)3 x [1,+0], so,81 € R, such that sy < s1, let
(h,b) € {(H,B), (Ho,B..0)}, and set

(k)-0- (o) e(ed)

If either one of following assertions is satified,
(i) g €[1,+00), 5> —1+ -, j€{0,1};
(i) g € [1,400], s; > -1+ p%» and (Cs, p,) 1is satisfied, j € {0,1};

If po=p1=p and (Cspq) is satisfied, the following equality is true with equivalence of norms

(5% P(R%), 5° P (R} ))o.q = b 4 (RY). (2.33)
If (Csp.po) and (Cs, p,) are true then also is (Csp,) and
[ho P (R'E), b (R )]p = b*P° (RY). (2.34)

Proof. — We start noticing that (2.34) only makes sense under assertion (ii).

Step 1: We prove first (2.34) and (2.33) under assertion ().

It suffices to assert that {hH®Po(R%),H50P1(R7)} is a retraction of {H*oPo(R™), H*1P1(R™)},
thanks to [BL76, Theorem 6.4.2]. Indeed, both retractions are given by

E : H%P(RY) — H% P (R") and Rgs : H*P5 (R") — H%P5 (RY),
v Hy P (R}) — H9P(R™) and  Pp : HYP/(R™) — Hy P/ (R7).

Here, R]Ri and ¢ stand respectively for the restriction and the canonical injection operator. Bound-
edness and range of E and Py provided by Lemma 2.21 and Corollary 2.30 lead to (2.34) and (2.33)
under assertion ().

Step 2: We prove (2.33) under assertion (7).
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Step 2.1: (h,b) = (H,B).
Thanks to Lemma 2.29, we have continuous embedding,

By (R7) < (HOP(RY),H™*P(RY))gq (2.35)
Let us prove the reverse embedding,
Bj (R}) & (HP(R]), HP(RY))o,q

Without loss of generality, we can assume s; > 2. Let f € So(R™) C B;q(R’fr), if follows that
f e (HoP(RY), HVP(R™))g,, C HOP(RY)+H1P(R?). Thus, for all (a,b) € H*P(R?) x H52(R?)
such that f = a+ b, we have,

b=f—ac (8(RY)+HP(RY)) NHP(RY).
In particular, we have a € H*?(R") and b € HeoP(R?) n Hs1P(RY). _Hence, we can introduce
F := Ea + Eb, where FhR1 = f, Ea € H*P(R™) and Eb € H%:?(R™) N H**"?(R"), with estimates,
given by Corollary 2.19,
[Eallizso.p @n) Ssompn lallizson@ny and [[Eb] erp@ny Ssvmopn [10llis1o(gny-
Then, one may bound the K -functional of F', for ¢ > 0,
K (t, F,H*?(R"), H* P (R™)) < |Ballireop@n) + HEiroro gy Ssjpm lallizsomny + bl izoro e
Taking the infimum over all such functions a and b, we obtain
K (t, F,H*P(R"), B P(R™)) S pon K (¢, £, HOP(RY), H P (RY)),

from which we obtain, after multiplying by ¢~?, taking the L-norm with respect to ¢, and applying
Proposition 2.10,

171185y < IF]
Finally, thanks to the first embedding (2.35), we have
/]

Since ¢ < 400, we can conclude by density of SO(M) in both B;q(R’j_) and in the interpolation

B ,(R") Sspin HfH(HSUP(]R "), Ho1P (R ))g 4"

Bs ,(R7) ~p,sn ||f||(Hso,p(Ri),Hsm(Ri))Ma vf e SO(M)-

space (H®P (R7), Hs1P (R} ))o,q- Density argument for the later one is carried over by Lemma 2.9
and [BL76, Theorem 3.4.2].
Step 2.2: C*(R") is dense in B;qo, provided —1 + % <s< %, p € (1,4+00), g €[1,+00).
Thanks to Step 1 one may find, —1 +% < s <8< 81 < %, 0 € (0,1), such that, as a

consequence of [BL76, Theorem 3.4.2], we have the following dense embedding,
90 (R 1 (RY) o (90 (R 1002 (R ) = B, () = B3 4 o(RY).

The equality in above line is a direct consequence of Proposition 2.15. In this case, the density of
CX(R7%) is a straightforward application of Corollary 2.28 by successive approximations.

Step 2.3: (h,b) = (Hp,B..0).
Thanks to Lemma 2.29, we have continuous embedding,

(H5""(RE), Hy " (RY))o.q < B;

pqO

pa0(RY)-
We are going to prove the reverse embedding,

(3P (RY), H P (RY))o.q = By g 0(RY)-
Again, without loss of generality we can assume s; > %, otherwise one can go back to Step 1.
Let us consider u € C°(R’), then u belongs to H*P(R"™) 4+ H*'"?(R"). In particular for (a,b) €
H#o-P(R™) x H*P(R™), such that u = a + b we have

=u—a€ (C(RY) + HOPR™)) NHP(R™).
in particular we have a € H*?(R") and b € H*P(R") N H*?(R"). Consequently, we have u =
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Pou = Poa + Pob, with Poa € HS””’(R’}F) and Pgb € HS””’(R’}F) N HS”’(R’}F), with estimates

[ Poal ot P (RY) Ss1,mpyn ||b||H51,p(]R")v

Hs0» (R™) and ||P0b|

o0 (R7) Ssompn [lal
thanks to Corollary 2.22. Thus, one may follow the lines of Step 2.1, to obtain for all u € C2°(R?),
HUHB;QYO(M) ~s,p,n ||U||(Hgo’P(m),Hgl’P(m))e,q~

Again, one can conclude via density arguments since ¢ < 400, and C?(R"}) is dense in B;,q,O(Ri)
thanks to Step 2.2 and Lemma 2.32.

The Step 2.2 in above proof can be turned more formally into,

Corollary 2.34 Let p € (1,4+0), g € [1,+0], s € (—-1+ %, 1—17) Then the following equality holds
with equivalence of norms,

Bz,q(Ri) = BZ,q,O (R’V}r)
Moreover, the space CF(R'}) is dense whenever q < +o0c.

From general interpolation theory we are able to deduce the following,
Corollary 2.35 Let p € (1,400), s > =1+ 1/p, such that (Cspo0) is satisfied.

o The space CP(R?}) is weak™ dense in BZ,OO,O(Ri)-
o The space 8o(R'}) is weak™ dense in BZOO(RZD

Proof. — The [BL76, Theorem 3.7.1] with the remark at the end of its proof in combination with
Lemma 2.28, with the use of [BL76, Theorem 3.4.2], and Proposition 2.33 imply that, for some
—1+1/p < sy <s< sy, with 8 € (0,1), such that s = (1 — 0)sog + 6s1, we have the following
strongly dense embedding,

C2°(RY) = HyP(R}) N H P (RY}) — (H" P (RY), Hg " (R'}))o,
and the following weak* dense embedding

(H" P (R?), Hg P (R'E))e > (H P (R ), Hg P (R'L))g = (H"(R}), Hg " (RY))o.00 = By oo 0 (RY),

p,00,0
so that the result follows. We mention that (-,-)p is the real interpolation functor asking the K-
functional to decay at infinity and near the origin, see for instance [Lunl8, Definition 1.2].
The same argument apply for the weak™* density of §o(R%}) in By  (R%}). [ |

We state below the Besov analogue of Corollary 2.22, Lemma 2.9 and Proposition 2.18, for which
the proofs are similar and left to the reader.

Lemma 2.36 Let p; € (1,400), g; € [1,400], s; > —1 + 1%, j € {0,1}, m € N, such that
J
(Cso,po,q0) s satisfied and s; < m+1+% , and consider the extension operator E given by Proposition
2.16. ’
Then for all uw € B (R7)N B3 (RY), we have Bu € By 4, (R"), j € {0,1}, with estimate

Ppo,q0 p1,q1

”EUHBZ"%‘ (Rn) S,sj,m,p,n [l B;?’qj ®R?)"

The same result holds replacing (E, By} ¢, (R%), By ¢, (R™)) by (Po, Byl g, (R”),B:j7qj’0(Ri)), where
Po is the projection operator given in Lemma 2.21.

Proposition 2.37 Let p; € (1,+), ¢; € [1,+0c], j € {0,1}, —1 —l—% < 89 < 81, such that
(Cso.po.q0) s satisfied. Then the following equality of vector spaces holds with equivalence of norms

B (RT)NBS, (RT) = [B2  NBS_J(R).

Ppo,q0 p1,q1 Po;qo0 p1,q1

In particular, stog,zm (R%) ﬁBE,ql (R%) is a Banach space, and it admits 8o(R™) as a dense subspace
whenever g; < +o00, j€{0,1}.

Similarly, the following equality with equivalence of norms holds for all s >0, q € [1,+00],
LP(R})NB; (RY) =B, (R}).
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With direct consequence similar to Corollary 2.20:
Corollary 2.38 Let p; € (1,+00), g € [1,+00] m; € [1,+o0[, s; > m; — 1+ p%» j € {0,1},
such that (Csy.po.q0) 15 satisfied. For all uw € B  NBs J(R7),

Po,q0 P1,91
||vmj“|‘}'3;:jj:1’jﬁj (®R?) ~sjmj,pj,n ||u||B;J]qJ ®R?) *

Above Proposition 2.37 also implies the expected interpolation result for Besov spaces, for which
the proof is similar to the one of Proposition 2.33 and left again to the reader.

Proposition 2.39 Let (po,p1,0,q,q0,q1) € (1,4+00)% x [1,+00]3, 89,51 € R, such that so < s1,
and let b € {B,B. .o}, and set

1 1 1 1 1 1
<57_7_) = (179) <507_7_> +9<517_7_> .
Po 4qo Po 4o pP1 q1

such that the following assertion is satisfied,
o 5, >—1+ pij, 7 €1{0,1}, and (Csy.py.q0) 15 true;

Then if po = p1 =p, and (Cspq) is satisfied, the following equality holds with equivalence of norms

(505, (RL), 650, (R'E))a,q = b3, (RT). (2.36)
If (Csp.po.q0) and (Cs, py.q) are true then also is (Cs p,.q,) and with equivalence of norms,
[Bzg’qo (Ri)’ 6;1#]1 (Ri)]e - B;)g,qg (Ri)' (2.37)

We finish stating a duality result for homogeneous Besov space son the half-space.

Proposition 2.40 Let p € (1,4+00), q € (1,40c0], s > =1+ L if (Cs,,) is satisfied then the

following isomorphisms hold .

(B, o(BL)) = B3 (RY) and (8,7, (RY)) = B, o(R}).

p,q,0

Proof. — We only prove (B;,fq, (R7))" = BS_ o(R?), the other equality can be shown in a similar

P40
way. First let ¢ < +oo, and choose u € Bj , ((R"}), it follows that u induce a linear form on
B° (RY),
P'q
V> <u, 17>Rn

where ¥ € B;,Sq, (R™) is any extension of v € B;,Sq, (R?}). If one choose v" to be any other extension of

v, we have that 9 —v' € B;fq,7O(R7j). Since C(R”) is dense in B§7q70 (R7}), see either Lemma 2.32

or Corollary 2.34, for (ux)reny C C2°(R%) converging to u, we have
—0

<u, v — v'>Rn = lim <uk,1~) — v’>

k——+oo R™

due to the fact that R NR™ = (. Thus, the map does not depend on the choice of the extension
but is entirely and uniquely determined by u. We have the continuous canonical embedding

BS o(RY) < (B, (RL))'.

In fact, the same result holds for ¢ = 4o00: the space CX(R’) is sequentially weak* dense in
Bj o.0(R}) by Corollary 2.35. .

For the reverse embedding, if U € (B’ (R%))’, it induces a continuous linear functional on
B’/ (R") by the mean of

v — <U , 1R11~)> ,

where again ¥ € B;,‘fq/ (R™) is any extension of v € B;/fq, (R}). Thus, 1grU € (B;/fq/ (R™))" and by
Proposition 2.12 there exists a unique u € B;q(R") such that, for all v € B;,fq, (R™),

(U, 1R1@> = <u,1~)>Rn.
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Finally, if we test with o € C2°(R™), it shows that supp u C R}, then u € B;,q,o(Ri) which close

the proof. ]

2.3 Additional notations and some remarks
2.3.1 Operators on Sobolev and Besov spaces

We introduce domains for an operator A acting on Sobolev or Besov spaces, denoting
o D,(A) (resp. D,(A)) its domain on H*? (resp. H*P);
e D; (A) (resp. D; ,(A)) its domain on B; , (resp. B; );
« Dy(A) =DY(A) = DY(A) its domain on LP.

Similarly, N7 (A4), N5  (A) will stand for its nullspace on H*? and B;  , and range spaces will be

given respectively by R;(A4) and R, ,(A). Wereplace N and R by N and R for their corresponding
corresponding sets on homogeneous function spaces.

If the operator A has different realizations depending on various function spaces and on the
considered open set, we may write its domain D(A, ), and similarly for its nullspace N and range
space R. We omit the open set ) if there is no possible confusion.

2.3.2 Non-exhaustivity of the construction

The goal of presenting here a definitive construction of homogeneous Sobolev and Besov spaces on
the half-space is certainly not reached:

e The way arguments are done Section 2.2 always requires a ground function space to intersect
with so that it ensures we deal with restriction of elements of 8} (R™), e.g. see the proof of
Proposition 2.18. Hence, with this kind of methods, obtaining more general results like an
exhaustive description of dual spaces of homogeneous Besov and Sobolev spaces on R’} in the
non-complete case seems to be difficult to reach.

e A related problem is that the used extension operator is not general enough and disallow
to recover too much negative index of regularity in case of homogeneous function spaces. It
would be of interest to know if one can also recover non-complete positive index independently,
without using intersection or density tricks. As mentioned at the beginning of this section, to
know if one can construct an operator similar to Rychkov’s extension operator, from [Ryc99],
& such that £(8},(R%})) C 8),(R™) with homogeneous estimates would be a sufficiently powerful
result to overcome such troubles.

o Other definitions are possible for 8 (R™). We have chosen here the one with the strongest cov-
nergence of low frequencies to continue the work started in [BCD11, Chapter 2] and [DHMT21,
Chapter 3]. The choice of possible definitions and their functional analytic consequences on
Besov spaces’ construction are reviewed by Cobb in [Cob21, Appendix] and [Cob22].

Not to further burden the actual presentation, we just mention that one could also investigate
spaces

By (RY}) and B, ., o(RY).
For those spaces, we have that SO(RTJ_) is dense in the first one by construction, and we can show
that C2°(R") is dense in the second one, and both may be recovered from interpolation of other

appropriate homogeneous Sobolev and Besov spaces. We can also prove corresponding duality and
traces results. Details are left to the interested reader.
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3 On traces of functions

Dealing with function spaces on domains implies that one may need to investigate the meaning of
traces on the boundary if those exist, i.e. to see in our setting if the trace operator

Yo U —> umi

still has the expected behavior on H*? (R}) and ]'3;7 o(R}). In fact, in the complete case, it behaves
as in the case of inhomogeneous function spaces.

The idea here is to give some appropriate trace theorems for homogeneous Sobolev and Besov
spaces since it seems there is no trace theorem for homogeneous function spaces in the literature,
except maybe [Jaw78], but in this case ccorresponding results were obtained in a different framework.

3.1 On inhomogeneous function spaces.

We discuss first about the usual well known trace theorem on R™ with trace on R"~! x {0} in the
inhomogeneous case, the result is a rewritten weaker version adapted to our context.

Theorem 3.1 ( [BL76, Theorem 6.6.1] ) Let p € (1,400), ¢ € [1,4], s € (1—1),+oo), and
consider the following operator

S(R") — §(R™ 1)
Yo -
u — u(-,0)

then following statements are true:

1
(i) the trace operator o : HSP(R") — B;p” (R™~1Y) is a bounded surjection, in particular for
all w € H*P(R™),

s—1 Sspn HUHHS'P(R");

u
ol

_1
(ii) the trace operator 7o : By (R™) — B,..* (R"1) is a bounded surjection, in particular for
all uw e B, (R"),

ol g oy Seoma ol e

1
(iii) the trace operator o : B} |(R") — LP(R™™') is a bounded surjection, in particular for all
1
u e By (R),

)

IoullLe@e-1) Spon [lull
( ) e B 1(Rn)

T S

Moreover the trace operator o admits a linear right bounded inverse Ext in cases (i) and (ii).

Remark 3.2 One also mention [Sch10, Theorems 2.2 & 2.10], [JW84, Sections V-VII], which give
different proofs of the trace theorem. Notice that in [Sch10, Theorems 2.2 & 2.10] and [Saw18,
Theorems 4.47, 4.48] the right bounded inverse they give is not linear but covers case (iii).

Proof. — We only give the proof for the right bounded inverse. The idea here is to complete the
approach given in [BL76, Exercices 25, 26, p.166] to recover the full range of exponents since (1—177 1]

> %, and m € N such that s <m+ 1+ %. Consider
x <1 and x(0) =1.

were missing. To do so let p € (1,400), s
X € C¥(R) such that supp x C [-1,1], 0 <
We introduce the following operator,

Lot fr | (@ 2m) = x(mn)e A% f()
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_1 L1
Since B, (R"1) = LP(R"1) + B, 2 (R""1), see [BL76, Theorem 2.7.1, Theorem 6.3.2], we can
apply Lemma B.1, so that for all f =a+b € B, s (R" 1), where (a,b) € LP(R"™1) x B, 5 (R"1),

“+o0
1€y = ([ Ixene ™20 o o )

Foo /g AN Pdt v
([ (B f||Lp(Rm>) 4
3 oo L _4(—ANZ pdt %
(/ et (=22 o ) + (/O (ti”e t(—A") b||Lp(Rn1)) 7)

Sean el @a-ry + 1101 -

P

(R" 1’

thus, one may take the infimum on all such pair (a,b) to obtain,

Lo flly oy :
1€+ Fllee gy Spn 111 - o F ey

Now, we can use the higher order reflection extension operator E introduced in the proof of Propo-
sition 2.16 to define £ := EL, . Thus, due to above boundedness properties, it follows that

127 sy Spman N Flhipcary Som 191 s

It has been proved, see [BL76, Exercises 25, 26, p.166], that £ also sastifies, for all f € B];;,; (R™=1),

LS e gy Spin ”f” 5 mn1)’

for all 1 < k < m+ 1. Finally, the result follows by complex and real interpolation, and Ext = £
is the desired right bounded inverse. |

Remark 3.3 In the above proof, the extension operator from the boundary to the whole space
depends on some fixed regularity degree, which make it non-universal. If one wants an universal
extension operator from the boundary to the whole space, one may replace the use of E from the
proof of Proposition 2.16 by the use of Stein’s extension operator on the half-space, check [Ste70,
Section VI, Theorem 5’].

Corollary 3.4 Let p € (1,4+00), g €[l,+0), s € (%, +00), we have continuous embeddings:
(i) HP(RY) = O, (R By (R'));

(i1) B (R") = R, (R, By’ (R)

(iii) By (R") = CB,,, (R,IP(R");

(iv) B (R") < CJ, (R, By 2 (R"1) — weak).

Proof. — We only check validity of the embedding

s—1
H*P(R") = C ., (R, Bp," (R"1)).

Let w € H*P(R™), for ¢t > 0, for almost every =z = (2/,z,) € R", we introduce u;(z',zy) :=
u(z', x, +t), we have uy € H>P(R™), and by Theorem 3.1,

[Ivoul| 57;( o Spos.n lullmep@n),
PP
IoCue =Wl g - S e = wllgecee:
p,p
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Therefore, by strong continuity of translation in Lebesgue spaces, then in Sobolev spaces, we obtain

H")/()(ut — U)| Sp,s,n ||ut - uHHst(R") 0 0.

s

_1
BPpr (Rn—l)
1
Hence, u € C) , (R, B,,” (R""1)), with estimate,

|t a0l .y

s—1

Bp,pp (]Rn—l)

e o Pl

Finally, one can approximate u by Schwartz functions to deduce
1
P

ue ), (RB,," (R").

One may perform a similar proof for all other cases, and one may check [Gui9l, Proposition 1.9]
for the continuity of translation in Besov spaces, one may also use a density and an interpolation
argument. |

3.2 On homogeneous function spaces.

Theorem 3.5 Let p € (1,400), q € [1,40], s € (%,Jroo), then for (h,b) € {(H,B), (H,B)}, we
consider the trace operator

Yo @ ur— u(-,0).

The following assertions are true.

R |
(i) For all uw e H¥P(R?), we have u € CJ , (Ry,bp," (R"™1)), with estimate

U el < wl|gs,pRn Y
| ||L§‘;(R+,bp,p’l) (®n-1y) P lellos PRY):

1

. . S—
In particular, the trace operator extends boundedly as vo : H*P(R:) — By " (R"™1) whenever
(Cs,p) is satisfied, and the following continuous embedding holds

s 1
p

H*P(RY}) = €, Ry, Bp," (R")).
(ii) For all v € B} (R?), we have u € CJ Ry, b;Tq; (R™=1)), with estimate

< s N
Hu”Liﬁ(m,bZL% -y Sor Il 2

=

. . S——
In particular, the trace operator extends boundedly as o : B ,(R%}) — By 4" (R™~1) whenever
(Cs.p.q) 1s satisfied, and the following continuous embedding holds
_1
P

By o(RY) = Co ., (R, Bpg” (R™1)).

If ¢ = 400, the result still holds with uniform boundedness and weak™ continuity only.
(iii) For all u € B;{f(R’}r), we have u € CJ , (R4, LP(R™™Y)), with estimate
||U||L3L(R+,LP(R”*1)) Ss.pn ”u”b;{f(Ri);

In particular, the trace operator extends boundedly as 7o : B;{lp(Ri) — LP(R™™1) and the
following continuous embedding holds

51 n = n—
BN (RY) = CF ., (R, LP(R")).
Moreover,

(a) If (h,6) = (H,B), the trace operator o admits a linear right bounded inverse Extrn in cases

(i) and (i).
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(b) If (h,b) = (H,B), the trace operator vo admits a linear right bounded inverse MR? in cases
(i) and (i).

Proof. — We cut the proof in several steps.

Step 1: The case (h,b) = (H,B).

The result is a direct consequence of Corollary 3.1, and the definition of functions space by
restriction.

One choose Extrr = L4 introduced in the proof of Theorem 3.1 which satisfies the desired
boundedness properties.

Step 2.1: The case (h,b) = (H,B). Boundedness of the trace operator.

We only achieve the case (i) other ones can be done similarly. From Step 1, and for fixed

€(1,400), g €[1,40x], s> 1—17, and u € B  (R%), we have
”u”m(uh,si}% . ||u||L;:1<R+,BZI,%<RH>> o lulleg )

Thuf)7 one may use the fact that Bj  (R’) = LP(R"}) ﬂB§7q(R1) , which comes from Proposition 2.37,
to obtain

[l -3 Sspma lullLe@s) + vl

. Bs _(R™)
Lac:c;,(]R#»aBp,qp (Rnil)) nyl( +

So that, by a dilation argument, replacing u, by wuy := u(\), for A € 2N,

AT |ju 1 < A5 u ay + AT e
| HL@(R%BP,Q;(RH*I)) INEN XN [ HL”(]R )+ || |B LR
Hence, we can divide by A% on both sides and pass to the limit A — 400,

s— < .
NIt ) e Tl e

Therefore, if ¢ < +00, and (Cs ) is satisfied, the embedding
A el
B} ((R:) = CQ ., (R, By, (R"™1))
holds by density. If ¢ = 400, and (Cs p ) is satisfied, the result follows from real interpolation.
Step 2.2: The case (h,b) = (H,B). Boundedness of the extension operator.

The operator T' given by Proposition B.2 is an appropriate extension operator which satisfies
the desired boundedness properties. Thus MR? := T behaves as expected. |

A raised question is about what happens when we want to deal with intersection of homogeneous
Sobolev and Besov spaces.

Proposition 3.6 Let p € (1,400), ¢ € [1,+00), —1+ % <sp < % < s1, and 0 € (0,1) such that

S

1

- = (1 — 9)80 + 0s1.

p

Then,
. . 1

(i) For all w € H**P(R}) N H*VP(RY), we have you € B, ? (R"1), with estimate
||70 || sl—;(R 1 550 51,p,m || | f1s0: p(Rn)”u”HSl p(Rn) + ||u||H51 P( ]Rn)'
P P
We also have,
B p(R " Sso.s1.pm HUHHSLP(RQ) )

(ii) For all u € BSO (RN le o(R}), we have you € B;Iq_;(}Rnfl), with estimate

0
0l o1 g Soommn 050 oy s, ey + Mg,
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We also have,

[voul B;};%(Rnfl) Ssorsn.pn |l Byl (R7)

(iii) For all u € Bg?w(Ri) N B;}OO (R%), we have you € LP(R"1), with estimate
1-6

0
oo ey 1B )

||'YOU||LP(1R"’*1) 550751719,71 [l

Proof. — We only start proving the point (i), and claim that point () can be achieved in a similar
manner. We start noticing, the following continuous embedding,

oS n 551 n L 55 n 551 n '% ny 0 n—
B (RT) NBL (RY) — (B, (RY), By, (R ))a1 =B, (R}) = LP(R b,

Here, ¢ is the canonical embedding obtained via standard interpolation theory, and the last embed-
ding via the trace operator is a direct consequence of Theorem 3.5, and everything can be turned
into the following inequality,

_o o . .
H'VOUHLP(R"*I) 550781,1),71 Hul ]1'3;9(1(]131)”“”3;}(1(]1&1)’ Vu € st)?q(Ri) n B;}q(Ri)'

Again, from Theorem 3.5 we obtain for all u € 8o(R"}),
<

”’YOUHB;IJ%(R"*U ~81,P,m ||u||B;}q(Ri)'
sy -1 _1
Then one may sum both inequality, notice that LP(R"~1) N B,, * (R"~1) = B, * (R"~1) and use
the density argument provided by Proposition 2.37 so that each estimate holds. |

Remark 3.7 As in Theorem 3.5, above Proposition 3.6 could be turned into a Cf , -embedding in
the appropriate Besov space.

Proposition 3.8 Let p; € (1,+00), g; € [1,+00), s; > 1/p;, j € {0,1}, such that (Cs, p,) (Tesp.
(Cso.p0.q0) ) s satisfied. Then,

S

_a
(i) For all w € [H%Po N H*1P1|(RT), we have you € Bpjj,pfj (R"1), j € {0,1}, with estimate

[voul T ) Ssypn |l 1373 (R7 )

PjiPj

(ii) For all u € [Bfgquo N BZLQJ(RT}J’ we have you € BZ;JP_’ (R™1), j € {0,1}, with estimate

loull .- Ssosipn (Ul
joay. (R™T1)
P, q;

B;J] 45 (Ri) ’
Remark 3.9 Corollary B.3 yields the ontoness of the trace operator on intersection spaces given
by above Proposition 3.8.

Lemma 3.10 Let p; € (1,4+00), s € (1/p;j,1+1/p;), j € {0,1} such that (Cs, p,) is satisfied. For
all w € [H*>Po NH*P1(RY, C) such that u,., =0, the extension @ to R™ by 0, satisfies
¥

i€ [Hgoﬁuo N Hglapl](Ri, (C)

with estimate

%] o025 (R™) Seosin [[ulliges s (R7) 2 j €{0,1}.

The result still holds replacing H*Pi by By ., ¢; € [1,+00], j € {0,1} assuming that (Csy po.q0)
is satisfied.

Proof. — Let u € [Hy*°NHg P (R, C) such that Ujgzn = 0, then for all ¢ € [H'~% P N§](R™,C"),

we have
/R

Vuwb:f/R div () u.

n n
+ +
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So that introducing the extensions by 0 to R™, @ and %,
/ Vu-¢p= | Vu-¢= f/ div(gb)u:f/ div (¢) @ = (Vii, d)g,.
Therefore, for all ¢ € [H'~%%i N §](R™,C"),

Vu- ¢ = (Vi,¢)y,.

Rn
Hence Vu = Vi in 8'(R™,C™). Thus, by Propositions 2.11 and 2.15, we deduce that

‘<Vﬁa ¢>]Rn ‘ < ||¢HH1*3]WP} (R")

n
+

[Vullgss-10; (R)

Swinosy 10l 1o o IVUllizes =125 @y

i (&)

/Spj,n,sg' ||¢HH1*3]WP;- (R™) ”uHHSJ'*pj (R% )"

One may conclude thanks to Proposition 2.11, and Corollary 2.20. The case of Besov spaces follows
the same lines. [

The following corollary is then immediate

Corollary 3.11 Let p; € (1,+), s; € (1/pj, 1 +1/p;), j € {0,1} such that (Csyp,) is satisfied.
We have the following canonical isomorphism of Banach spaces

{we [Hor NH (R, C) Ju,, =0} = [HP NH (R, C).

The result still holds replacing H*Pi by By .., ¢; € [1,400], j € {0,1} assuming that (Csy po.q0)
is satisfied.

4 Applications: the Dirichlet and Neumann Laplacians on
the half-space

We introduce the following subsets of the complex plane
S, i={z€C" : |arg(2)| < ), if p € (0,m),

we also define Y := (0, +00), and later we are going to consider ¥, its closure.
An operator (D(A), A) on complex valued Banach space X is said to be w-sectorial, if for a
fixed w € (0,7), both conditions are satisfied

(i) o(A) C X, where o(A) stands for the spectrum of A ;
(if) For all pu € (w, ), sup)\ec\iuﬂ/\(/\l —A) M xox < 400 .

Sectorial operators is widely reviewed in several references but we mention here Haase’s book
[Haa06]. One may also check [Egel5, Chapter 3].

Before starting the analysis of Dirichlet, Neumannon the half space, we introduce two appropriate
extension operators. We denote Ez, for J € {D,N}, the extension operator defined for any
measurable function u on R, for almost every z = (2, x,) € R ! x Ry :

u(z', zy) ,if (27, 2,) € R X Ry,
f (2, 2,) € R xR

—u(z', —xy,) i

Epu(z',z,) = {

u(z', zy) 2, x,) € R xRy,

if ( )
w(@', —x,) 5 if (2, 2,) € RPL X RY.
Obviously, for J € {D,N}, s € (-1 +1/p,1/p), p € (1,+00), the Proposition 2.15 leads to
boundedness of

Enu(z’,z,) = {

Es : H*P(R}) — H*P(R™). (4.1)
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The same result holds replacing H*? by either H*? B; 4, or even by B;q, q €[1,400].

We are going to use the properties of Laplacian acting on the whole space to build resolvent
estimates for both the the Dirichlet and the Neumann Laplacian. Usual Dirichlet and Neumann
Laplacians are the operators (D(Ay),—Ay), for J € {D,N}, where the subscript D (resp. N)
stands for the Dirichlet (resp. Neumann) Laplacian, with, for p € (1,4+00),

Dy(Ap) := {u € H'?(R", C) ] Au € LP(R?,C) and v, =0 } ,
+
D, (Ay) := {u € H'?(R", C) ] Au € LP(R",C) and dyuy,,, =0 } .
+
For J € {D,N}, and all u € D,(Az),
—Agu:=—Au.

When p = 2, one can also realize both Dirichlet and Neumann Laplacians by the mean of densely
defined, symmetric, accretive, continuous, closed, sesquilinear forms on LQ(R?F, C), for J € {D,N},

az : Do(as)? 2 (u,v) — A Vu - Vo (4.2)
+

with Da(ap) = Hj(R%, C), Da(an) = HY(R%,C), so that it is easy to see, and well-known, that
both, the Neumann and Dirichlet Laplacians, are closed, densely defined, non-negative self-adjoint
operators on L?(R%,C), see [Ouh05, Chapter 1, Section 1.2]. We can be even more precise.

Proposition 4.1 Provided J € {D, N}, the operator (D2(Ag), —A7) is an injective non-negative
self-adjoint and 0-sectorial operator on L*(R'},C).
Moreover, the following hold

(i) D2(Ay) is a closed subspace of H*(R",C);
(ii) Provided pu € [0,7), for A€ X, f € L*([R7,C), then u:= (Al — Ay)~!f satisfies
[Alllulle ey + |)‘|%|‘VU||L2(R1) +IV2ullezms) Snoe [ llizeny ;
(iit) The following resolvent identity holds for all p € [0,7), A€ X, f € L*(R%,C),
EsAL—A7)"'f=(A-A)Esf.
Remark 4.2 For u : R} — C, we set
ug = [Egulj.

for J € {D,N}. We notice that in D'(R™,C),

Oz, un] = [0z, u]p and Oy, [tp] = [0, u] \r-

Proof. — One may use self-adjointness and (4.2) to check out point (f) of [McI86, Section 8, Theorem)]
which gives H*(3y)-functional calculus of (D2(Ay),—Ay) on L*(R%,C), for all 6§ € (0,7). It
also gives the following resolvent estimate

IAlllullLz@ny + A2 IVullizn ) + [Aullizen) Spllfllizes),

where u:= (AN —Ay)~'f, fe L*(R%,C), Ae X, pe(0,m).
Now, for fixed f € L*(R%,C), A € £, pu € [0,7), we consider u:= (Al — Ay)~'f. Assuming
J =N, we have for ¢ € §(R",C),
<EN“’ _A¢>1Rn = <“’ _A¢>R1 + <a/\/’ _A¢>Rg

= (Vu, V<z>>]Ri +{(u, Vo - e@m — (N, V- e@m

+ <[V/U]/\/v V/¢>1Rﬁ + <[8Inu]73’ Oz, ¢>Rﬁ
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Since OR?} = OR™ = R"~ ! x {0}, with traces @n(-,0) = u(-,0), we deduce <u, V¢-en>6Rn —<€L,\/, V-
1
e“>aw = 0. Then, thanks to Remark 4.2 and the boundary condition on w, i.e. 9, u(-,0) =0, we

have

<EN“’ _A¢>Rn = <Vu, v¢>R1 + <%N’ VI¢>R3 + <[8Enu]D, aln@w

(= B, )+ (=D @) + ([702, s )

— {0y, u, ¢>8R1 - <[5z/\n_;]1)’ ¢>8R1

= (En[-Au], ¢)go-
Thus, —AEnu = Ex[-Au] in 8'(R™,C). One may reproduce above calculations for J = D. So
for J € {D,N}, Ezu is a solution of

AU — AU =Ef.

We have Ezf € L2(R",C). By uniqueness of the solution provided in R™, we necessarily have
U = Egyu, which be can written as

EgAl—Ag)~'f = (M- A)'Egf.

Thus one deduces point (%), from the definition of function spaces by restriction, (i) follows, and
finally setting A = 1 in point (4) yields (7). [

We want to show some sharp regularity results on the Dirichlet an Neumann resolvent problems,
on the scale of inhomogeneous and homogeneous Sobolev and Besov spaces. To do so, we introduce
their corresponding domains on each space. Provided p € (1,400) s € (=14 1/p,1+ 1/p), if is
satisfied (Cs p):

DS(Ap) = {u € [Hy” NHF1P)(RT, C) ‘ Au € Hy? (R}, C) and uy,,,, = o} C H)P(R?,C),
DS (A) = {u € [P N+ (R, C) \ Au € (R}, C) and Dy, = o} C H*?(R™, C).

We can also consider their domains on inhomogeneous Sobolev and Besov spaces, as well as
homogeneous spaces, replacing (D;,Hs*p) by either (D;,H*?), (D ,,B; ) and finally (D;q,B;q)
provided ¢ € [1,+o0], and (Csp,q) is satisfied.

It is then not difficult to see that the Dirichlet and Neumann Laplacians are well defined un-
bounded closed linear operators, densely defined, if ¢ € [1,4+00) in the case of inhomogeneous and
homogeneous Besov spaces. If ¢ = 400, the domain of the Dirichlet (resp. Ne;umann) Laplacian is

only known to be weak* dense in Bj ., (resp. in Bj ) and Bzm,o (resp. By ).

Proposition 4.3 Let p,p € (1,4+00), ¢,4 € [1,+0], s € (—1—}—%,14—%), s#1/p, a € (—1+%,1+

%), a#1/p, and X\ € B, provided p € [0,7). For f € 8, (R%,C), let us consider the resolvent

Dirichlet problem with homogeneous boundary condition:
Au—Au =f, R},

(DLy)
=0, ondR}.

u
Jown

Provided (Csp) 1is satisfied, if f € Hé’p(R’}r,C), then the problem (DL)y) admits a unique solution
u € [Hy? NHs+2P|(R?, C) with estimate

[Alllul

1
frep(re) T A2 [Vl

frep®e) T V2] How (RY) Spomssii I f] Hep(R7) -

If moreover « £ 1/p and f € Hg’ﬁ(R’_}_,C), then we also have u € [H*P N HO‘JFQ’ﬁ](RZ_,(C) with
corresponding estimate

Nllullge seny + MZ IVl gos@n) + 1Vl geo @) Somen 1F e o)
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. : T8, TIs+2,p F1o,p TIa+2.p s 2s5+2 pa  pat2
The result still holds replacing (H*P,H**2P H*P H**T2P) by (By ,Bst? B ., BIT") whenever
(Cs,p.q) 1s satisfied.
Remark 4.4 We allowed us a slight abuse of notation here: we identified F” (R?}) with either
. Hsﬁp(R’_}_) when s € (—1+1/p,1/p), thanks to Proposition 2.15;

. Hsﬁp(R’_}r) with homogeneous Dirichlet boundary condition when s € (1/p, 14 1/p), thanks to
Corollary 3.11.

The same identification is made for Besov spaces, and inhomogeneous function spaces.

Proof. — Provided p € (1,400), and firstly that s € (—1+1/p,1/p), for f € HSvP(R’}r,C), it follows
from Proposition 2.15 that for U := (Al — A)"'Epf

1
MU 5.0 ey + [AIZ[ VU

fIsp(Rr) T IV2U|

fow(rn) Spomoson || llis gy

Thus, by definition of restriction restriction space, we set u := U),,, which satisfies
+

1
|)\|||U||HSYP(R1) + A2 HVUHHSYP(M) + ||V2U||Hs,p(m<i) Spins, HfHHsm(Ri)a

then the map f ~— [(A\I-A)"'Epf],, is a bounded map on Hs» (R}, C). Everything goes similarly
+

for H*?(R?,C). One may check, as in the proof of Proposition 4.1, and by a limiting argument,
given the density of [L2 N H*?|(R?,C) in H*?(R?,C), that uj,,, =0, and
+

M — Au= f in RY.

Again, as in the proof of Proposition 4.1, one may check that any solution u to above resolvent
Dirichlet problem necessarily satisfies Epu = (\I — A)"!Epf.

Now if s € (1/p,1+1/p), f € [Hy " N H;P|(R:,C) then we have, thanks to previous consid-
erations, U := (\[ — A)"'Epf € H*~L?(R",C). It suffices to show that U € H*?(R", C), which is

true. Indeed, we have
MU e @y Ssopmopn IAIVU o1 @ny
Ss,p,mu ||VEDf|

Hsfl,p(Rn)

n
Ss.ponon Z”azkEDf”HS*LP(R")'
k=1

Since equalities Oy, Epf = Epdy, f, k € [1,n — 1] and 0,,Epf = Ex0s, f occur in 8'(R™,C), we
deduce

Ml @) < AU lisn@ny Ssopnn 1 iz @n)-

One may proceed similarly as before to obtain the full estimate
1
Al + IVl gy + 1Vl mn) Spmns |l

Thus the estimates still hold by density for all f € Hg’p(Ri), se€(-1+1/p,1+1/p), s # 1/p,
whenever (Cs,) is satisfied.

The H*?-estimate for f € [Hy? NH;?|(R?) can be obtained the same way, whenever (C;.,) is
satisfied.

The case of Besov spaces BZ,Q,O can be achieved via similar argument for ¢ < 400, the case
q = 400 is obtained via real interpolation. The case of the B%@O -estimate for f € BZ%O N Bg,q,o
can be done as above.

Remark 4.5 We have excluded cases s = 1/p and « = 1/p. Both require to introduce, e.g. in case

of Sobolev spaces, the homogeneous counterpart of the Lions-Magenes Sobolev space Hééq’q(RZﬁ),
q € {p,p}. See for instance [LM72, Chapter 1, Theorem 11.7] for the inhomogeneous space in the
case q = 2.
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The proof for the Neumann resolvent problem in the proposition below is fairly similar to the
proof of Proposition 4.3, a complex interpolation argument allows values s =1/p and a = 1/p.
Proposition 4.6 Let p,p € (1,40), q,§ € [1,4+00], s € (—1+ %, 1+ 1—17), a€e(—1+ %,lJr %) and

A€ X, provided p € [0,7). For f €8, (R%,C), let us consider the resolvent Neumann problem
with homogeneous boundary condition:

Au—Au = f, inRY,

8,,u|am =0, onJRY.

(NLy)

Provided (Csp) is satisfied, if f € Hs’p(R’_}r,(C), then the problem (NLy) admits a unique solution
u € [H*P NH*+2P|(R?, C) with estimate

1
Al py + IVl + 1920y Spmons 1F e

If moreover f € H”‘*ﬁ(R’}r,C), then we also have u € [H®P N HO 27 (R%,C) with corresponding
estimate

1
|/\|HUHHa,ﬁ(R1) + (A2 ||Vu||Ha,ﬁ(R1) + ||V2u||Ha,ﬁ(R1) Shnau ||f||Ha,ﬁ(1R1)-

The result still holds replacing (H>?, Hst2p H®P Hot20) by (BS  BSH2 Be

Hya+2
P,q’ "Pq p@Bﬁ,q ) whenever
(Cs,p.q) is satisfied.

Proposition 4.7 Let p,p € (1,400), ¢q,G € [1,+0], s € (-1 + %,—l—oo), a€(-1+ %,—l—oo) such

that (Cst2,p) is satisfied. For f € Hs*p(R’_}_, C), g€ B;J;Q ?(R*1 C), let us consider the Dirichlet
problem with inhomogeneous boundary condition:
—-Au =f, inRY,

. (DLy)
Uppgn =9, OM OR .

The problem (DLy) admits a unique solution u such that

. _ .gt9-1
we HH2P(R,C) €Y, (R, By *(R™,C))

with estimate
||u||Loo(]R+,B:;27%(R"*1)) Sspm HVQUHHW(RQ) Sein.s HfHstp(]Ri) + ||g||B;;27%(]Rnfl)'

s cat2-1
If moreover f € H*P(R%},C) and g € Bg;g P(R"=1 C) then the solution u also satisfies
u € HoF2P (R C) with corresponding estimate
20| e < .
IVl sy S ey + ol sy

The result still holds if we replace both (Hs*p,H”Q’p,B;:;Q—;) and (Ha’ﬁ,H”‘JrQ*ﬁ,Bg;Q_%) by

. . . s+2—1 . . ca+2-—1 . i
(Bs ,,Bit2.Byy 7) and (Bg7q,Bg722,Bﬁ,q- ?) whenever (Cs+2.p,4) is satisfied, ¢ < +00.

If ¢ = 400, everything still holds except x,, — u(-,xz,) is no more strongly continuous but only

Cs42—1
weak™® continuous with values in Bpjf ?(R"1,C).
Proof. — Let p € (1,400), s > —1+1/p, such that (Cs42,,) is satisfied. Then for f € H*?(R",C),
Ls42—1
g€ Bp?;Q ?(R"~1,C) we can write the problem (DL) as an evolution problem in the z,, variable,
02 u—Au =f, inR"!x(0,+00),
/ (0,+o¢) s
u(-,0) =g, onR"L

Thanks to [ABHN11, Theorem 3.8.3], considering the semigroup (eﬂcn(*A,)l/2 )z, >0 and its mapping
properties given by Proposition B.2 and Theorem 3.5, if f = 0, above problem admits unique solution
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- . 2_1
ue Cy, Ry, B;j;7 ?(R"=1,C)). Thus, by linearity, we also have uniqueness of the solution u in

— .st2-1
Ch ., (R, By, *(R"1,C)) for non-identically zero function f. Therefore, it suffices to construct

a solution. . _
Since f € H*P(R",C), by definition, there exists F' € H*P(R",C) such that
Fip = and Il ~ 1Pl
Let v:= (=A)"'F € H*t>?(R", C), we also have
< <

||U||Hs+2m(Rn) INER B ||F||Hsm(1Rn) ~S,p,n HfHHSvP(]Ri) :

So it suffices to prove the result for w € Hs+2» (R%,C), such that

—Aw 0, inR" ! x (0,+0c0),

— n—1
w‘aki =g, onR""

s42—1
where g € Bp,J;Q ?(R""1,C) can be seen as g — v(+,0). But such a w exists and is unique thanks
to Proposition B.2 and [ABHN11, Theorem 3.8.3], and satisfies

||w||Hs+2,p(R1) S ||§||B;+;7%(Rn—1).

Now, we can set u:= v 4+ w which is a solution of (DLy), and triangle inequality leads to

[ulligsrzo@ny < 0llsrem@ny + [wlgorzm@n)

+2-1 (0 e
: ) B v

Bpp P (Rn—1 PP

Sens ||U||Hs+2,p(R1) + gl (Bn-1)

Sp,nys ||f||Hs,p(R1) + ||g| BH%%(RTLA)
P,p

which was the desired bound.

The Besov spaces case for (f,g) € B3 ,(R?,C) x B2 /P(R7=1,C), whenever (Coy2,.4) is satis-
fied, follows the same lines as before, except when g = 400 where the uniqueness argument can only
be checked in a weak sense since (e~7+(=2)"*)__ is only weak* continuous in Bi 5 /P(R"~1,C).

Now, if we assume that f € [H*? NH*?|(R?,C) and g € [Batzt/p 0132;5271/’5](R”_1, C), then
with the same notations as above, by Proposition 3.8, we have

v=(-A)"'F € [[I*F2? N H+2P)(R",C) and v(-,0) € B2 1/? 0B P) R L, C).
From this, one may reproduce the estimates as above to obtain

||V2u||Hav5(R1) Son.a [ fllies@n) + ||g|‘}'3“+27%(w71)'

D,P

The case of intersection of Besov spaces follows the same lines. |

We state the same result for the corresponding Neumann problem, for which the proof is very
close.
Proposition 4.8 Let p,p € (1,4+0), ¢,G € [1,+00], s € (=1 + %,Jroo), a € (-1+ %,Jroo),
. . 1—1
such that (Cst2,p) is satisfied. For f € H*P(R%},C), g € BZ; P(R"1,C), let us consider the

Neumann problem with inhomogeneous boundary condition:

-Au =f, R},
(NLo)
Oy =g, onIRY.
+
The problem (N Ly) admits a unique solution u such that

we PR, C) C Y, Ry, By 7 (R™,C))
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with estimate

2
lull o et Sewn [Vlger@n) Sons 1o o) + 1901

o (Ry,B,, P(RM1) vy PR

. . 1-1
If moreover f € H*P(R%},C) and g € BZ; P(R™1,C) then the solution u also satisfies
u € H*P2P(R", C) with corresponding estimate

IVl ey o I sy + Dol

. . . 1—1 . 21 . . . 1—1 . 21
The result still holds replacing (Hs’p,Hs*‘Q’p,BZi7 p,BZ; *) by (BS ,,Bst2 B;J; p,BZ; P

P> P,
. . _ at1-—41 . . cat1-—1 . i
and (Ho"p,HO‘JrQ*p,Bg’ﬁ 7Y by (Be,,BYL? Bg,q ?) whenever (Cst2,p,q) is satisfied and ¢ < +o0.

PG =P,q
If ¢ = 400, everything still holds except x,, — u(-,xz,) is no more strongly continuous but only
. . L st2—g
weak™® continuous with values in B;oo ?(R"1,C).

We encourage the reader to compare with [DM15, Chapter 3].

A Complex interpolation for intersection of homogeneous
Besov spaces

The next result is direct. Thanks to the fact that for all a,b >0, 6 € [0,1],
a+a1—9b9 < (a+b)0a1_9 < 29(a+a1—9b9) ,
and since for ¢ € [1,+400), s0,51 € R, and for 8 € (0,1), if s = (1 — 6)sp + fs1, we have with
equivalence of norms
ks ks ks ks1g\0aks 1-6
04 (Z) NE4(Z) = LU(Z, (2807 + 2%0)d) = (9(Z, (27509 4 2ks17)02ks0a(=0)qp) |
therefore, by complex interpolation of weighted ¢9 spaces, see [Tri78, Section 1.18.5], we obtain

Proposition A.1 Let ¢ € [1,+00), so,81 € R, consider a complex Banach space X, and for
0 € (0,1) let’s introduce s := (1—0)sg+0s1. The following equality holds with equivalence of norms

Wi (Z,X), 0L (Z,X)NtL (Z,X)])g =01 (Z,X) N LHZ,X) .

» S0

The result still holds with N instead of Z.

Corollary A.2 Let p € [1,+0], g € [1,+00), s; € R, j € {0,1} such that (Csy,p,q) s satisfied.
Then for 6 € (0,1), let’s introduce s := (1 — 6)sg + 0s1. Then the following equality holds with
equivalence for norms

[Bpg(R™), Bpig(R") N By (R™)]e = By (R") N By ¢ (R™) .
Proof. — Both function spaces B;%(R”), and B;TQ(R”) N B;}q(R") are complete normed vector
spaces, see [BCD11, Theorem 2.25].

~ Now, we apply [BL76, Theorem 6.4.2] and Proposition A.1, claiming that, for all s € R,
B, ,(R™) is a retraction of £¢(Z,LP(R™)) through the homogeneous Littlewood-Paley decomposition

(Aj)jez.- ]

B Estimates for the Poisson semigroup

Lemma B.1 Let s >0, a >0 and p,q € [1,+00]?. For all u € 8}, (R™),

1
a (A2
HUHBg;S(Rn) ~pss,am,q Ht = [[t°(=A)ze " )ZUHLP(R")HLZ(M) :

Proof. — 1t suffice to show the result for &« = 0. But in this case, the proof is straightforward the
same as the one of [BCD11, Lemma 2.34] for the heat semigroup. [
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The following result was already proven in the case of homogeneous Besov spaces only. It is
extended here to the case of homogeneous Sobolev spaces, we encourage the reader to compare
with [DMO09, Lemma 2].

Proposition B.2 Let p € (1,400), q € [1,+00]. The map
T : fr— (&, 2n) — e (A2 £(3)
is such that

(i) Given s >0, for all feBpp(R” 1)0]3,,,,, (R"=1), we have
1T f]

ooty Soom Il g

L1 .
In particular, T extends uniquely as a bounded linear operator T : B;pp (R™1) — H*P(RY)
whenever (Csp) is satisfied.

L1 Ls—1
(ii) Given s >0, for all f € By s (R 1) NB,," (R"1), we have
ITf]

b ) Soon Il oos

Ll )
In particular, T extends uniquely as a bounded linear operator T : B;qp (R"') — Bj (R%)

whenever (Cspq) is satisfied.

Proof. — Point (i): For p € (1,+00), let’s consider f € B;g (R™*~1). We apply Lemma B.1 to
obtain,
+ 1
o) 1 P
I ey = ([ 12 1 oy

oo sy ni Pat v
([ (e
0 t

Son 7

We continue noticing that for all f € §)(R""!), m e N, 9" Tf = (—-A)STf =T(-A")% f and
Tfes8, (R, thusif f € B;E (R™~1) ﬂB;n_% (R™*~1) we may apply previous inequality to obtain,
1Tl ) ~paam 105 T Flluoy) + 1(=A)E T fllocey)

~pmm [ T(=A")% fllLoan)

5177"7"’1 Hf” ij(]R ) .

L1 1
So that for all m € N, all f € B, (R*"1)NB,, " (R*1),

ny <
by S W g ety W b sy

Thus, by complex interpolation and Corollary A.2, for all s >0, all f € B, % (R*1)NB, " (R*~1),

T s;P(R™ n,s —
I7 Sty Spons U1 g+ Iy

Hence, thanks to Proposition 2.18, HP(R"}) = LP(R”) NH>P(RY),

T p(R7) T+ T $P(R™) ~P,N,S
I flloimg) + 17 ey Spone W g+ Iy

Therefore, if A € 2, we can consider fy is the dilation by factor A of f, so that plugging f) instead
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of f in above inequality, and checking the fact that T'fx = (T'f), we obtain

ATINT flisy) + X 77N ey Sos A7 IIF

I~

_ FNTEf s :
B, p (Rn—1) B,,p" (R"—1)

One may divide above inequality by )\5__ so that letting A\ grow to infinity yields

T 5,p ny ~op,n,s *
T llizev ey Spans 11 >3 ey

So that the result holds by density whenever (Cs ) is satlsﬁed.
Point (): Now let g € [1,+00], since for all s >0, all f € B, 2 (R"1) N B,," (R"1),

T R s it + 1 .
IT A ey Soms 17+ es

Hence, by real interpolation, using [Haa06, Proposition B.2.7] instead of Corollary A.2, we obtain
that for all s >0 all f € B, 2 (R*1)N BS‘F(R"*),

T flle; =) Sps IS - IS

]R P(Rn 1)

Then the same dilation procedure as before, ylelds

T s n,s
I7 iy gy S 71t

which again allows to conclude via density argument if ¢ < 400 and (Csp q) is satisfied. The case
q = +o00, when (Cs . 4) is satisfied, follows from real interpolation with the last estimate. |

Proposition B.2 can be self-improved as

Corollary B.3 Let p; € (1,+00), ¢; € [1,+00), j € {0,1}. The map

T: f— (2, 2,) — efxn(fA/)Ef(z’)

is such that

=S50~

(i) Let s; >0, j € {0,1}, such that (Cs, p,) s satisfied. For all f € [B p(,,p(’j” ﬂBphpl J(R?~1),
we have

T fllizesrs gy Sspan 11| oyt A {0,1} .

Dj.pj )

- 50—

1
(it) Let s; >0, j € {0,1}, such that (Csy.py.q0) @5 satisfied. For all f € Bpg,q0 ﬂBph a ](R”fl),

we have
HTfHBSi (R7) rgsmm Hf” Ls— L ,J€ {0, 1} .
Pjr9j T+ Py (Rn—1)
Pj,q;
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