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in the discrete setting. It relies on a Taylor expansion in the limit of low Knudsen
numbers. With a single asymptotic analysis, two kinds of deviations with the Navier-Stokes
(NS) equations are explicitly evidenced: consistency errors, inherited from the kinetic
description of the LBM, and numerical errors attributed to its space and time discretization.

f:{t‘?gﬁ;ltzmam The methodology is applied to the Bhatnagar-Gross-Krook (BGK), the regularized and the
Asymptotic analysis multiple relaxation time (MRT) collision models in the isothermal framework. Deviation
Hydrodynamic limits terms are systematically confronted to linear analyses in order to validate their expressions,
Regularization interpret them and provide explanations for their numerical properties. The low dissipation
%RTT of the BGK model is then related to a particular pattern of its error terms in the

Taylor expansion. Similarly, dissipation properties of the regularized and MRT models are
explained by a phenomenon referred to as hyperviscous degeneracy. The latter consists in
an unexpected resurgence of high-order Knudsen effects induced by a large numerical pre-
factor. It is at the origin of over-dissipation and severe instabilities in the low-viscosity
regime.

1. Introduction

Over the last three decades, the lattice Boltzmann method (LBM) has become a promising alternative to conventional
methods in computational fluid dynamics (CFD) [1-4]. Inherited from lattice gas automata [5], it relies on a simplified statis-
tical description of a gas inspired by the Boltzmann equation, encompassing a macroscopic flow behaviour usually modelled
by the Navier-Stokes (NS) equations [6,7]. The great success of the LBM lies in the simplicity of its numerical scheme. It is
based on a two-step Strang-like splitting method [8]: first a local collision step designed to mimic the effects of inter-particle
collisions, followed by a node-to-node streaming of discrete populations on a Cartesian grid. The ensuing method offers an
easy handling of complex geometries [9] together with an efficient and simply parallelizable algorithm [10]. However, in
addition to a common athermal hypothesis required to preserve the narrow stencil of the method [11,12], standard lattice
Boltzmann (LB) solvers suffer from a lack of robustness when the Mach number increases and in the inviscid limit [13,14].
This defect is often attributed to the presence of unstable non-hydrodynamic modes consequent of the kinetic fluid descrip-
tion [13,15,16].
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Fig. 1. Illustration, inspired from [44], of the asymptotic convergence of the LBM towards the Euler and NS equations, involving the time and space
discretizations At and Ax and the Knudsen number Kn. Dashed arrows are scrutinized in the present work.

Historical attempts to enhance the numerical stability of LB solvers turned towards the pursuit of a more sophisticated
collision kernel than the simple Bhatnagar-Gross-Krook (BGK) approximation [17]. The latter aims at relaxing distribution
functions towards a discrete counterpart of the Maxwell-Boltzmann equilibrium with a single relaxation rate, eventually
related to the kinematic viscosity. Noticing its stability issues, several authors proposed an extension of this approach using
multiple relaxation times (MRT) in the aim of dissipating independently non-hydrodynamic modes, while preserving the cor-
rect macroscopic equations in the hydrodynamic limit [18,13,19]. Based on this idea, several models subsequently emerged,
including the two-relaxation-time (TRT) scheme designed to reduce the large number of degrees of freedom allowed by the
MRT [20,21], or the so-called cascaded models, performing the collision step in the local flow frame with a view to reduce
Galilean invariance errors [22-24]. A second family of collision models, referred to as regularized models, aims at filtering
out the non-hydrodynamic content of the distribution functions before the collision step [25-29]. They are built by analogy
with a Chapman-Enskog expansion, showing that only first-order deviations from the equilibrium are required to recover
the intended macroscopic behaviour in the hydrodynamic limit [7]. An equivalence can be drawn between some regularized
and MRT models, indicating that they share similarities [30-32]. Another family of collision kernels is referred to as entropic
models. Their purpose is to restore a discrete counterpart of Boltzmann’s H-theorem so as to increase the robustness of the
collision step [33-38]. They might either enforce the existence of a Lyapunov functional by locally solving a minimization
problem, or by ensuring the relaxation towards a numerical equilibrium defined as the maximum of a pseudo-entropy. An
important feature of these models is that they are not obtained performing an expansion of the continuous Maxwellian, but
that they are built ab initio enforcing a set of a priori constraints. In the same spirit, an enhanced robustness can be noted
by simply changing the equilibrium distribution function of the BGK model to a numerical one [39], or by increasing the
number of equilibrium moments imposed by the standard polynomial equilibrium [15,40,16,32].

Most of the aforementioned collision models share a common feature: they have been built upon physical considerations
inherited from the kinetic theory of gases (hydrodynamic variables, Chapman-Enskog expansion, H-theorem and positivity
of distribution functions). However, the stability problem can be raised from a different angle, noticing that the LBM is
nothing but a numerical scheme solving a counterpart of the Boltzmann equation on a velocity lattice, namely the discrete-
velocity Boltzmann equation (DVBE) [41]. Based on a sufficiently large lattice, the DVBE is precisely designed to recover
the Navier-Stokes equations as hydrodynamic limit [12], as illustrated in Fig. 1. Linear analyses of the DVBE indicate that
its stability is ensured for a large range of Mach numbers in the limit of low Knudsen numbers [42]. Therefore, there is
some evidence that the instabilities of the LBM are solely induced by the time and space discretization of the numerical
algorithm. As such, they might be investigated using common tools of numerical analyses like von Neumann linearizations
or Taylor expansions to obtain equivalent equations.

In light of this, the relationship between the LBM and an intended macroscopic behaviour (Euler or NS equations)
involves two asymptotic parameters as illustrated in Fig. 1: the discretization variables (Ax, At) indicating the numerical
resolution of the DVBE, and the Knusen number Kn, drawing a link between microscopic and macroscopic descriptions.
The distinction between numerical and hydrodynamic expansions is the cornerstone of so-called asymptotic preserving (AP)
schemes, which are designed to preserve the asymptotic limits from the microscopic to the macroscopic models in the
discrete settings [44]. This topic is surprisingly poorly addressed in the LBM community. Yet, even though At and Ax can
be related through a (diffusive or acoustic) scaling, the coexistence of two independent smallness parameters (At and Kn)
makes Taylor expansions challenging in LBM. For instance, performing a Taylor expansion in At only yields an open system
of macroscopic equations, which does not allow providing a clear physical interpretation to the numerical errors [45,46].
To overcome this issue, several authors assume an explicit relation between the discretization parameters and the Knudsen
number [47-51]. In other words, deviations from the equilibrium allegedly scale as the mesh size or the time step. A
single asymptotic analysis is then sufficient to recover the Euler and NS equations as a consistency study, i.e. in the limit
AX, At — 0, rather than as a hydrodynamic limit [48]. In other works, a similar off-equilibrium scaling is obtained under the
hypothesis that the collision does not involve the time step [52-57]. However, Kn and At are rigorously independent from
each other, even though the spatial discretization might yield a maximal reachable Knudsen number [42], which acts as a
numerical switch between the microscopic and macroscopic representations in AP schemes [44]. Unfortunately, supposing a
systematic link between the Knudsen number and the discretization parameters prevents the distinction between numerical
errors and hydrodynamic consistency.

The aim of the present work is to propose an original Taylor expansion of the LBM based on the Knudsen number,
without assuming any relationship between the deviations from the equilibrium and the discretization parameters. For given
mesh size and time step, the proposed methodology offers the benefit to make explicitly appear both numerical errors and



inconsistency with the desired physics, with a single asymptotic expansion. Such an analysis is also the opportunity to
answer two questions, which are paramount for any AP scheme: 1) What are the hydrodynamic limits of the LBM in
the discrete settings? 2) Are these limits stable and consistent (i.e. convergent in the sense of Lax [43]) with regards to
the Navier-Stokes equations? Every error terms will be systematically confronted with linear stability analyses in order
to validate their expression, to interpret them, as well as to provide explanations for the numerical errors observed in a
previous work [32]. In particular, the present study exhibits a phenomenon referred to as hyperviscous degeneracy, consisting
in a resurgence of unintended high-order Knudsen effects induced by a large numerical pre-factor.

The present article is structured as follows. In Sec. 2, the general methodology adopted in this work is described. A
generic variable change is proposed regardless the form of the scheme, so that it can be applied to any collision model.
In Sec. 3, it is applied to the BGK collision model, providing a theoretical rationale for its low numerical dissipation. A
general form of regularized collision models is investigated in Sec. 4. Two particular regularizations are then scrutinized: a
complete shear stress reconstruction (Sec. 5) and the more standard projected (PR) and recursive (RR) regularizations (Sec. 6).
Finally, the analysis is extended to several forms of MRT models in Sec. 7. Even though the latter were historically developed
earlier than the regularization, they are presented here as a generalization of the PR and RR models, for which the proposed
methodology can be more directly applied. All the forthcoming work is conducted under the isothermal approximation in
the context of an acoustic scaling, so as to investigate the asymptotic behaviour of LBM with regards to the isothermal
weakly compressible NS equations.

2. Methodology
2.1. Isothermal discrete velocity Boltzmann equation (DVBE)

The aim of any LB scheme is to numerically solve a DVBE. In the present context, considering the BGK collision
model [17] and including a general body-force term W;, it reads

Wi+ ot fi =~ (i~ ) 40, vie[o,v 1] (1)

where (fi)iefo,v—1] is the set of distribution functions, considered as unknowns of the DVBE, V is the number of veloc-
ities of the lattice composed of discrete velocities (§;)iefo,v—1]. T is the relaxation time of the BGK collision model and
(ffq),-eﬂoﬁv,lﬂ is the set of equilibrium distribution functions, yet to define. In the following, only one- and two-dimensional
cases will be considered. In one dimension, o = x, while in two dimensions, an implicit summation is performed in Eq. (1)
on the index o € {x, y}. In the present context, and without loss of generality on the methodology, the equilibrium distribu-
tion function will be expressed as a Hermite polynomial expansion, as proposed by Grad [58] and Shan et al. [12]:

N
Wi
eq __ Lo 4,0
fi=3 0 — e 1" 2)
n=0

where w; are the Gaussian weights of the lattice, c is a reference velocity, H,@ are Hermite polynomials (nth-order tensors)
defined by the Rodrigues’ formula,
m B (_CZ)n mw

1 2
oo = (g m(&), w(é) = mexp (—?> , (3)

the symbol ‘:’ stands for the Frobenius inner product, D is the spatial dimension and aéz) are Hermite equilibrium coeffi-
cients. Furthermore, N stands for the maximal order of equilibrium coefficients that can be imposed by Eq. (2). In order to
recover the isothermal form of the Navier-Stokes equations as hydrodynamic limit of the DVBE, e.g. thanks to a Chapman-
Enskog expansion [7], the first five coefficients have to be defined as

0 =p. Qe =Pla.  Gys = Plalip + pC* (O — 1)ap.
3
eq.apy

(4)
eq.apye

a = PUglglly +,0C2(0_1)(ua6/5y+uﬁ8ay +Uy(3aﬂ)a
= pugUplyUe + pctO —1) (8apliy e + 8ay Uplie + Suellglly + SgyUqlle + Spelially + Syeliqlip)

+0c*(0 — 1)2(Bapbye + SaySpe + Sacdpy), (4)

a

where § is the Kronecker symbol, p and u are respectively the macroscopic density and velocity defined as

p=Y fi. pua=Y &iafi, (5)



and @ is a dimensionless constant defined so that c+/8 is the actual isothermal (Newtonian) sound speed [59]. In a thermal
framework, 6 can be viewed as the ratio between the local temperature and a reference one.

In the present work, two standard lattices are considered: the one-dimensional D1Q3 lattice and the two-dimensional
D2Q9 one. Their discrete velocities and Gaussian weights read [11]:

D1Q3:&,=[0,1,—1]c/cs, wi=1[2/3,1/6,1/6], (6)
D2Q9: &, =[0,1,1,0, 1, —1,-1,0,1]¢c/cs, &, =1[0,0,1,1,1,0,—1,—1, =1]c/cs,
wi=12/3,1/9,1/36,1/9,1/36,1/9,1/36,1/9,1/36], 7)

where cs = 1/+/3 is called the lattice constant. Note that with both of these lattices, the quadrature order is not suffi-
ciently large to correctly impose third-order Hermite equilibrium coefficients. The polynomial expansion of Eq. (2) has to be
truncated at N = 2, leading to a weakly compressible assumption, where the isothermal NS equations are affected by a non-

Galilean-invariant error in Mach number [60,12]. With the D2Q9 lattice, partial third-order (ag} and ag,)y) and fourth-order

(af;g,y) expansions can be considered, without, however, increasing the validity range of the macroscopic equations [45]. The
latter equilibria will be denoted N = 3* and N = 4* in the following.

The body-force term W; can precisely be included to address this issue. In a previous work by Prasianakis and Karlin, this
error is addressed by modifying the first-order moment of the DVBE, yielding a correct momentum equation [61]. However,
this affects the computation of the macroscopic velocity, leading to an implicit problem to solve. In the present context, it is
decided to adopt the strategy of Feng et al., which only affects the second-order moment of the DVBE [62]. With the D1Q3
lattice and the D2Q9 one with N = 3*, 4*, this correction reads

Wi

2c*

With the D2Q9 lattice with N =2, the correction term has to fix the complete absence of third-order moments in fieq and
reads

3
W = Hi o 00Oy v (8)

Wi 3)
Vi = _F/Hi,aﬁ 3Vaeq,aﬁy’ 9)
where implicit summations are performed on «, 8 and y. In the following, models for which ¥; intends to fix incorrect
third-order moments in fieq will be referred to as corrected models.

2.2. Dimensionless DVBE

The first step of the present methodology is to obtain a dimensionless form of the DVBE (1) in order to make character-
istic non-dimensional numbers appear. This is done by considering a characteristic length I, defined as the length scale of
a perturbation of a quantity X as

X
L ~——, 10
P Vx| (10)
where V stands for the gradient operator. In the context of the linear analyses of Sec. 2.7, it can simply be reduced to
I, =1/k, where k is the wavenumber of a considered perturbation. For the sake of consistency with the linear analyses, the
characteristic length will be referred to as 1/k in the following. Furthermore, considering c/cs as a characteristic velocity, a
characteristic time can be defined as c;/(kc). This leads to the following dimensionless variables:

. ket

t*
cs

x*=kx, y*=ky. (11)

With this non-dimensionalization, the DVBE can be re-written as

C
Bt*fi+€i,aaa*fi=_é (fi— F17) + 97, (12)

where e; = §;¢s/c and W] = W;cs/(kc). Note that with these definitions and given the values of &; for the D1Q3 and D2Q9
lattices, the dimensionless discrete velocities e; are integers, which make them consistent with the dimensionless quantities
of a LB solver. Finally, the relaxation coefficient appearing in Eq. (12) can be directly related to the Knudsen number Kn.
The latter is indeed defined as the ratio between the mean free path of particles and a characteristic length. Considering
1/k as characteristic length and defining the mean free path as tc/cs following [42], the Knudsen number can be defined
in the present formalism as

ktc

Kn=—. (13)
Cs



The dimensionless DVBE finally reads

1 1

I fi +eiador fi=—— (fi— )+ ¥ =—— (fi — f{" —Kn¥}), (14)
Kn Kn

where the second equality can be very useful to interpret any body-force term as a change of equilibrium distribution

function, which was, for instance, recently done by Saadat et al. [63]. This dimensionless equation will be considered as the

target any LB solver intends to solve.

2.3. Taylor expansion of the dimensionless LB scheme

In a very general way, a LB scheme can be decomposed into two steps acting on a set of discrete distribution functions
(8i)iefo,v—1] (which are different from the f; of the DVBE): a streaming step and a collision step. Since the collision step
depends on the adopted model, a LB scheme can be systematically identified as a streaming step as

gi(X+ &AL t+ At) = gf (%, 1), (15)

where At is the time-step and g{ are the post-collision distribution functions, which can always be written as explicit
functions of (8i)ie[o,v—1]- Note that in presence of a body force term W, it can be included under a discrete form (eventually
evaluating spatial gradients with finite differences) in the collision step which makes Eq. (15) general. Regarding the time
step At, it is here related to the mesh size Ax through the following acousting scaling: ¢ = c;Ax/At. As a consequence,
the characteristic velocity defined in the previous section can be written as c/cs = Ax/At, which is consistent with the
conventional LB non-dimensionalization [3].

Following the same characteristic length, time and velocity as adopted in Sec. 2.2, a dimensionless LB scheme reads

At At
g (x*+e,- l(n—,t*+I<n—> =g (x*,t%). (16)
T T
In agreement with Fig. 1, two dimensionless parameters appear:

1. the Knudsen number Kn, which is the only parameter driving the flow physics since it is the only one appearing in the
DVBE,
2. the ratio At/t, which is a purely numerical quantity representing the effects of the space and time discretization.

In particular, taking the limit At/t — 0 should yield the DVBE providing that the LB scheme is consistent with it. In order
to obtain the equivalent partial differential equations of the LB scheme, it seems tempting to perform a Taylor expansion of
it for low values of At/t, by analogy with numerical analyses of common discrete schemes. This is for example the strategy
adopted in [45,46]. As discussed in Sec. 1, many Taylor expansions of the literature assume a relationship between At/t
and Kn. In the present work, no such assumption is performed and an original Taylor expansion in the physical parameter
Kn rather than the numerical parameter At/t is preferred. This is motivated by several observations:

e In many applications of the LBM for simulations of air flows, e.g. in the aeronautical field, the common order of magni-
tude of T/At is [10~7 — 1073] [3]. The numerical parameter At/t is then much greater than one in these cases, which
makes a Taylor expansion for At/t — 0 not convenient for the quantification of numerical errors.

e A Taylor expansion in At/t is not sufficient to interpret any numerical error of the LBM as a deviation from the
macroscopic equations, e.g. the Navier-Stokes (NS) equations. It would only exhibit numerical errors with respect to
the DVBE, which is not a closed set of equations involving macroscopic variables (o and uy) only. In any case, a
supplementary investigation of the hydrodynamic limit of the equations would be mandatory [64].

e Since the Knudsen number is directly related to the flow physics, a Taylor expansion in Kn can evidence the effect of
numerical errors at each physical scale (Euler, Navier-Stokes, Burnett,...). Furthermore, it will be shown in Sec. 2.5 that
a Taylor expansion in Kn is sufficient to derive a closed set of macroscopic equations in a given hydrodynamic limit.

e In addition to remaining small for physical reasons, the constraint Kn « 1 is generally ensured for numerical reasons
with the LB scheme. This is a consequence of the Nyquist-Shannon theorem [65,66], stipulating that no spatial fluc-
tuations can be discretized with less than two points per wavelength. In other words, the characteristic length 1/k is
limited by the mesh size Ax, so that k < 7 /Ax for linear perturbations. Together with the relationship relating Ax with
the acoustic scaling [3] (c = csAx/At), this leads to

Kn<Kng=m i (17)
— s — At_a

which ensures that the Knudsen number remains small in common simulations of air flows. The dimensionless number
Kn; has been referred to as the Knudsen-Shannon number by Masset and Wissocq [42]. This property is central for the
numerical switch of AP schemes between microscopic and macroscopic descriptions [44].
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A Taylor expansion of Eq. (16) for Kn — 0 yields

Kn" /At\"
ZT(?) Digi=g;, (18)

n>0

where D; is the operator defined as D; = 8+ + e; 4do+ and D} stands for n successive applications of this operator. To draw
a parallel with the DVBE, Eq. (18) can then be re-written as

T 1 . Kn" 1 /AN
Digi:—Eﬁ(gi—gi)—Z o <7> Digi. (19)

n>2

2.4. Generic variable change

Noticing now that the first right-hand-side term of Eq. (19) is very close to the collision term of the DVBE (14), the
following generic variable change can be assumed:

8i—8 = (fz f{T=Kn¥y). (20)

This variable change strongly depends on the collision model and it will be shown in Sec. 3 that, in the case of the BGK
collision, it reduces to the well-known relation obtained by He et al. [41] in their a priori derivation of the BGK-LB scheme.
However, when different collision models are adopted, other variable changes actually occur, which will we be shown for
both regularized models in Sec. 4 and MRT models in Sec. 7. Whatever the collision model, one has to check that the
variable change is admissible, meaning that it does not affect the computation of macroscopic variables:

Zgi:Zfi:/L Zelagz Zelolfl ,ou puot At (21)

which ensures that the variable change is completely transparent on the macroscopic quantities of interest.
In the following, the Taylor expansion in Kn will be re-written on the new variable f; for several collision models, leading
to the generic equation:

CF _ feq * (ﬂ)
Difi =~ (f, f{T—=Knw)+ ) "Kn" E| (22)
n>1
where Ei(m are the deviations from the DVBE at each order in Knudsen number, which can be explicitly expressed as

functions of At/t and spatial derivatives of the macroscopic quantities of interest. In presence of a body-force term, E;”)
can also account for the numerical errors induced by their numerical discretization (e.g. central or upwind finite differences).
In particular, it will be shown that in the linear approximation, E ™ involves (n 4 1)th-order spatial derivatives only.

The * exponent will be dropped in the rest of the article for the time t, position ¥ and velocity u. Note that a direct
translation can be done between dimensional and lattice units by replacing the reference velocity c¢ by the lattice constant
cs, as well as & 4 by e; o, in Egs. (2)-(9).

2.5. Macroscopic equations at leading Knudsen orders

Once the deviation terms from the DVBE Ef“) are found at given Knudsen orders, the next step of the analysis is to
evidence their impact on the macroscopic evolution equations. After computing the moments of Eq. (22) and following the
procedure detailed in Appendix A, the following equations are obtained:

3P + 3 (ptig) = KnEY + Kn?EP + Kn’ES + 0 (Kn?), (23)
3 (PUa) + D5 (PUalig) + 209 p = Kn (pcfeaﬂsaﬁ) +KnES), + Kn2ER) +KnPES) + 0(Kn*), (24)

with Sy = dylg 4 dguy. This closed set of equations is obtained as a hydrodynamic limit (in the sense Kn — 0) without
performing the time-derivative expansion in smallness parameter proposed by Chapman and Enskog [7]. Hence, the Taylor
expansion in Knudsen number is sufficient to exhibit the hydrodynamic limits of Eq. (22). In a certain manner, the procedure
adopted here is similar to the Taylor expansion method proposed by Dubois [53], but with different notations yielding more
straight physical interpretations thanks to the explicit appearance of Kn.

Defining a dynamic viscosity u = I(npc?@, Egs. (23)-(24) can be identified as the isothermal form of the NS equations
including a bulk viscosity, as previously shown by Dellar [67]. As expected by a Chapman-Enskog expansion, viscous effects

explicitly appear at first-order in Knudsen number. These equations are affected by the deviation terms E, ™ and E,(O"Ju Like

the E}") terms of Eq. (22), they can be explicitly expressed as derivatives of macroscopic quantities, and a priori depend on
the numerical parameter At/t. Moreover, they can be systematically decomposed into two contributions:

6



e Looking at the behaviour of Eg‘) and E;,"Ju when At/t — 0 highlights the consistency of the LB scheme with a desired
physics (at a given Knudsen order).
e Looking at (At/t)-dependent terms evidences the numerical errors induced by the time and space discretization of the
LB scheme.
For instance, regarding the first-order deviation E;}JQ, a consistency error is expected for non-corrected models with the
D1Q3 and D2Q9 lattices, which is the well known Mach error in the shear stress tensor. Moreover, no first-order numerical
error is expected for second-order accurate schemes, like the BGK one [53]. Since these terms appear at the same level
(first-order in Kn) as the viscous effects, they can be directly interpreted as an additional viscosity arising in the macroscopic
equations. A second-order accuracy is then mandatory if one wants to recover the Navier-Stokes behaviour in the asymptotic
limit. Any first-order error would result in an incorrect viscosity, depending on the numerical model under consideration.
In the linear approximation, it will be shown that these terms only involve second-order gradients. Throughout the rest of
the article, the zeroth- and first-order contributions in Kn will be referred to as the Navier-Stokes level.
Regarding higher (second and third) orders in Kn, it can be shown that:

e second-order deviations Eg) — E},ZJQ, involving third-order gradients only in the linear approximation, correspond to the
leading dispersion errors,

e third-order deviations — E;y.,» involving fourth-order gradients only in the linear approximation, can be interprete
third-order deviations E’ — EGy) , involving fourth-order gradients only in the li imati be interpreted

as a numerical hyperviscosity in the macroscopic equations, yielding a dissipation error.

In the following, the deviations terms E(p") and Egﬁa will be computed for several models up to the third-order assum-
ing a linear approximation, which is sufficient to exhibit their effective viscosity and hyperviscosity. For this purpose and
given the complexity of the problems under consideration, the computer algebra system Maxima [68] is used following the
methodology proposed in Appendix A.

2.6. Hyperviscous degeneracy

In the forthcoming investigations of several collision models, it will be shown that the Efl) term has no macroscopic
contribution in most of the LB schemes of interest, meaning that they do not include any numerical viscosity. In order to
explain their stability and dissipation properties, it is therefore required to focus on the El@ term, related to hyperviscous
effects, which is the purpose of the present section.

A particular quantity of interest is the order of magnitude of the ratio between the numerical hyperviscosity and the
expected viscous effects, expressed as:

3p03)
r— Kn’E;
Kn
In order to obtain a more explicit expression of this quantity, note that the definition of the Knudsen number yields

20
=Kn2E?. (25)

Kn = kAx—. (26)
At

kAx is directly related to the number of points used to discretize the characteristic length [, = 1/k. Especially, for a plane
monochromatic wave, the number of points per wavelength is Nppw = 2 /(kAx). Furthermore, it will be shown that, in
every analysis performed in the present article, the third-order deviation in Kn largely depends on the numerical parameter
At/T, so that

At\" T
(3)
E:77 ~ when 1, 27
! ( T ) At < (27)

where n, the maximal power of (At/t) present in El@), depends on the collision model under investigation. Hence, Eq. (25)
becomes

At n—-2
[~ (kAx)? (?> ) (28)
For a given finite value of kAx, i.e. for a given discretized phenomenon, three cases can now be distinguished:

1. n < 2: hyperviscous effects induced by Ei(3) are negligible compared to the expected viscous effects when the dimen-
sionless relaxation time is low (7 /At < 1),

2. n=2: the ratio I" between hyperviscous and viscous effects is not affected by the dimensionless relaxation time t/At,

3. n > 2: hyperviscous effects induced by El@ become very large compared to the expected viscous effects when 7 /At «
1.



A A

At At
T T

Constant kAx Constant kAz ——————

> >
Kn Kn
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Fig. 2. Schematic plot of the link between numerical (At/t-related) and asymptotic (Kn-related) errors for a discretized spatial phenomena described by a
constant value of kAx =KnAt/t.

The third case is referred to as a hyperviscous degeneracy in the rest of the article. It consists in a resurgence, unexpected
from a physical point of view, of high-order Knudsen effects caused by a large numerical pre-factor (El@) in this case).
This phenomenon is illustrated in Fig. 2, where typical iso-contours of errors are represented in solid lines. For a given
discretized spatial phenomena (represented by constant values of kAx in dashed lines), the error is independent of At/t in
the non-degenerated case, but only depends on the resolution kAx. On the contrary, it increases as At/t increases in the
degenerated one.

In Sec. 3, it will be shown that the BGK model does not suffer from such a discrepancy. However, regularized models are
subject to this phenomenon as shown in Sec. 4. In Sec. 7, it will be shown that any MRT model with constant relaxation
times can a priori be subject to a degeneracy.

2.7. Numerical validation: linear analyses

Once the errors terms of a given LB collision model have been found, they can be systematically validated by performing
a linear analysis of the mass and momentum equations (23)-(24) and comparing it with an analysis of the LB scheme
of Eq. (15). As a reminder, linear (von Neumann) analyses are a powerful tool to exhibit the numerical properties of a
linearized scheme [69,70], which has been largely used to analyse the properties of the LBM [71,72,13,73-76,16,77,78,32].
Applied to a system like Eqs. (23)-(24), the purpose of the von Neumann analysis is to seek linear solutions as

DX, ) =D+ D' (x, 1), O« D, (29)

=P+ dexp (ﬁ(k«xAx—tht)), (30)

for ® € {p, puy}, where ® are mean base quantities, constant in space and time and &’ are small fluctuations with regards
to ®@. In the von Neumann formalism, they are sough as plane monochromatic waves, involving the (complex) amplitudes
®, the complex unity i defined such that i> = —1, the real wavenumber vector k = (ky, ky) and the complex pulsation w.
Note that in Eq. (30), time and space variables ¥ and t are dimensionless using the non-dimensionalization of Sec. 2.2,
which explains the presence of the factor 1/(kAx) in the equation. Moreover, k, related to the characteristic length of
Sec. 2.2, is defined here as the norm of the wavenumber vector. Using the Nyquist-Shannon sampling theorem [65,66], the
wavenumber vector is restricted to ky, ky <7 /Ax. For this reason, the set of dimensionless parameters (kxAx, ky Ax, T/At)
will be adopted in the linear analyses, instead of the Knudsen number which is a combination of them.
A linearization of Egs. (23)-(24) followed by the injection of plane monochromatic waves yield an eigenvalue problem

©w*U=MPU+0 (k*"“) . (31)

where w* = wAt, U=[p’, (pug)’']T, M is a matrix of size (D 4 1) and p is the order of truncation of the deviation terms.
The explicit expression of this matrix, depending on k, Ax, T, At and the deviation terms, is provided in Appendix C. The
complex pulsation w can then be found as an eigenvalue of the matrix M.

The eigenvalues of the linear system (31) will be systematically compared to that of the linearized LB scheme, which
reads in the general form

e~ “lMF = M'BMF, (32)

where the matrix M'®M depends on the adopted collision model. The corresponding matrices are recalled in Appendix C for
the collision models under consideration in the present work.
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Fig. 3. Propagation (top) and dissipation (bottom) curves of the linear analyses performed on the isothermal NS equations (- --) and the LB scheme with
the non-corrected D2Q9 lattice and N* =4 (—). A horizontal mean flow is considered with iy = 0.5¢,+/6, 6 = 0.75 and T/At = 1075, Left: BGK, right:
PR collision models.

Such analyses are illustrated in Fig. 3, where the eigenvalues of both systems (31)-(32) are displayed for kyAx € [0, 7],
ky = 0. In the case of Eq. (31), no deviation term is considered here, meaning that the isothermal NS equations are actually
studied. Regarding Eq. (32), two models are displayed for the non corrected D2Q9 lattice with N =4*: the BGK and the
projected regularization (PR). In-depth discussion of such analyses can be found for instance in [32]. Here, one can focus on
two observations:

1. While the three eigenvalues of the isothermal NS equations tend towards zero when kyAx — 0 (i.e. in the well-resolved
limit), this is not the case of all the eigenvalues of the LBM. With the BGK (resp. PR) model, 6 modes (resp. 3 modes)
tend towards 7 in this limit. The corresponding modes will be referred to as non-hydrodynamic (NH) modes.

2. The analysis of the PR model evidences an instability (w;/T > 0) of a hydrodynamic mode, even in the low-wavenumber
limit. Further analyses allow identifying this unstable mode as a shear wave [32]. This instability is not present with
the BGK collision model, for which the dissipation of the hydrodynamic modes is close to that of the NS equations.

Note that because of modal interactions occurring in the LB scheme, the identification of NH modes as continuous functions
w* = f(k*) is not straightforward [16]. However, since the present work focuses on Taylor expansions for Kn — 0, it is
sufficient to adopt here the above definition of NH modes. The particular case of these modes is discussed in the next
section. The fact that the BGK model induces a very low numerical dissipation will be theoretically explained in Sec. 3, and
the instability of the PR model will be explained by a hyperviscous degeneracy in Sec. 6.

2.8. Particular case of non-hydrodynamic modes

The validity of the methodology proposed in the present work is actually ensured provided that distribution functions g;
are sufficiently continuous so that a Taylor expansion in Kn can be rigorously performed. One necessary condition is then

At At
gi (x + e,-l(nT, t+ Kn?> =g{(x,t) > gi(x,t) ~when Kn—0. (33)

It is shown in the present section that this condition is not necessarily ensured, which further explains the behaviour of
non-hydrodynamic modes evidenced in Fig. 3. For this purpose, let us consider the non-corrected BGK collision model [17],
for which

At eq
—(gi—f)- 34
v arz &) (34)

With this model, the continuity condition (33) for a given ratio At/t > 0 is equivalent to

g =g —

gix t)— f{(x,t) when  Kn— 0. (35)

Let us now consider a given set of non-zero distribution functions g; verifying
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Y &=0, ) eingi=0. (36)
i i

Even if such a distribution function has no physical meaning, it can be used to model a non-hydrodynamic perturbation that
does not project on density and velocity. By virtue of the rank-nullity theorem, the possible set of distribution functions
verifying this condition is of dimension 6 with the D2Q9 lattice and of dimension 1 with the D1Q3 lattice. Given that
zeroth- and first-order moments are both null with this choice, one has fieq(gj) =0 so that the BGK-LB scheme reads

i x+e[<nAt t+I(nAt _ T AL2
&i e T ) T+AL)2

which does not tend towards g;(x,t) when Kn — 0. As a consequence, the Taylor expansion in Knudsen number cannot
be performed on distributions functions verifying Eq. (36). Looking now more carefully at Eq. (37), the linear modes g;
ensuring this equation are those for which 7 # At/2 and

T — At/2

e_iwffBM = (38)
T+ At/2

when Kn tends towards zero. This leads to two cases:

gi(x,1), (37)

T/At<1/2:  Re(wfpy) =7, lm(a),’fBM)=—ln<At/2_T),

T+ At)2

T — At/2
T+AL)2)°

The first case corresponds to over-relaxed modes [3,79], whose amplitude is reversed at each iteration due to a real di-
mensionless pulsation close to . They exactly match the non-hydrodynamic modes evidenced in the linear analyses of
Sec. 2.7. This spurious numerical behaviour can be observed in practice, and may be very harmful for low-Reynolds and
under-resolved simulations [80]. One of the aim of more sophisticated collision models is precisely to damp, or even filter
out, these modes. The second case corresponds to under-relaxed modes [3].

As a consequence, non-hydrodynamic modes are discontinuous modes. The Taylor expansion method in Knudsen number,
as proposed in this work, cannot be used to predict their numerical behaviour. The discontinuity of the deviation terms
involved in these modes could even be simply guessed by looking at the linear analyses of Fig. 3: due to the phase-shift of
7 encountered by these modes, the deviation terms are necessarily discontinuous in Kn. Note that this discontinuity is not
in disagreement with a consistency of the LB scheme with the DVBE, which requires an investigation of the limit t /At — 0
as shown in Fig. 1.

Hence, the rest of the article will focus on hydrodynamic modes only, more precisely on the ability of the present
methodology to predict and quantify their dispersion and dissipation properties. It is therefore sufficient to investigate the
deviation terms of the macroscopic equations (23)-(24), for which only hydrodynamic modes are considered, contrary to
the DVBE (22). Every analysis will have to be validated a posteriori, which will be performed thanks to the linear analyses
introduced in Sec. 2.7.

T/At>1/2:  Re(wfpy) =0, Im(wfpy)=—1In <

2.9. Summary of the methodology
The methodology described in this section can be applied to any LB collision model. It is summarized as follows:

1. Non-dimensionalization of the LB scheme, so that two dimensionless numbers appear: the Knudsen number Kn and the
numerical parameter At/t.

2. Taylor expansion in Kn, involving At/7-dependent pre-factors.

3. A variable change f; =(g;) is then performed to mimic the DVBE, in particular its collision term. The admissibility of
this variable change (}~; fi=> ;& and Y ;ejsfi =) ;ei«gi) has to be checked. Deviation terms from the DVBE can
then be exhibited, as shown in Eq. (22).

4. A closed set of macroscopic equations can then be obtained at a desired Knudsen order, in the linear approximation,
following Appendix A. They can be identified as the isothermal form of NS equation with deviation terms. The latter
include: (1) consistency errors with the NS equations, (2) At/7-dependent numerical errors.

5. Validation of the macroscopic deviation terms using the linear analyses introduced in Sec. 2.7.

In all the analyses, a potential hyperviscous degeneracy will be scrutinized by looking at the numerical pre-factors of
third-order deviations, as discussed in Sec. 2.6.

3. Application to the BGK collision model

This section aims at applying the Taylor expansion in Kn to the common BGK collision model, so as to quantify and
validate the impacts of numerical errors on the intended physics. Given the poor practical interest of the BGK model, the
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main goal of this section is rather pedagogical, since it provides a simple application of the above methodology. Moreover,
the resulting deviation terms will be used as a reference when comparing other schemes.

Both D1Q3 and D2Q9 lattices will be considered in this section including different Hermite-based equilibria, with and
without correction terms. In the former case, the effect of their discretization using finite differences, with upwind and
central schemes, will be investigated.

3.1. General Taylor expansion of the BGK model

The general form of post-collision distribution functions involved in the BGK collision model reads:

At
c eq d
=gi———\8—f; —KnlIJ-), 39
& =8&i r+At/2(g’ fi i (39)
where \IJ? is a general discretized form of the body-force term. It can be either zero in the case of non-corrected LBM, or
equal to the ¥; terms of Egs. (8)-(9) with possible deviations induced by the finite-difference estimation of gradients. The
latter will be further detailed for each case under consideration.
After performing the Taylor expansion of Sec. 2.3, the variable change suggested by Eq. (20) reads

At At
a1 ) = (S - A - ko), (40)
which leads to
At
gi=fi+ o (fim £ Knwl). (41)
27

This change of variable is in line with what can be found in the literature, especially in an a priori construction of the
BGK-LB scheme [41]. Moreover, since the correction term of Feng et al. [62] involves a second-order Hermite moment only
(if not null), its zeroth- and first-order moments vanish, which leads to

Yogsi=) fi=p. ) eiafi=) eiafi=pua, (42)
i i i i

so that the variable change is admissible. The following equivalent partial differential equation is then obtained on f;:

Kn"1 / At\"! Kn"™1 / At\"
f () R S ne — n ‘(1)
Difi= anl -2 (T) Difi=) —— (T) D} £V, (43)

n>2 n>1

where fi(]) is defined as
V= fi— £ — Knwd. (44)

In order to obtain a more convenient form of the deviation terms, one then needs to express the derivatives of fi(l) appear-
ing in Eq. (43) as function of f; only. For this purpose, Eq. (43) can be written as:

Kn" [ At\"! Kn" [ At\"
™ _ M2 ne M2 n (D)
=S (F) - g (F) ot “9)
n>1 n>1
Let us now seek a series expansion of f,.(l) under the following form:

c At\"!
£ =Zn—’;1<n" (7> D fi. (46)

n>1

Injecting this expression in Eq. (45) yields

-1 n n—1 n+m-—1
o (A" Kn" [ At D Cm_ e (AL S
o (3) ota=- X (F) oth- g XX e ()7 openy

n>1 n>1 n>1m>1
— — -1
Kn" ne 1 VN Ck N
== < ) Difi =52 Kn (?) 2 a1 | O
n>1 n>2 k=1

This leads to the following recursive relation on the coefficients c;:
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Table 1
Expression of the ten firsts Bernoulli numbers B, , Genocchi numbers G, and the ¢, coefficients in-

volved in the series expansion of fm

n 0 1 2 3 4 5 6 7 8 9 10
B - 12 16 0 —130 o0 142 0 —130 0 5/66
G - 1 10 1 0 3 0 17 0 ~155
o 2 -1 0 12 0 1 0 17/4 0 31 o0
n—1
1 n
c1=-1, vn>2, cp=-1-— —Z s (47)
2 P k

which can also be written as

n
n
co=2, Vn>1, Cn=—Z<k>ck. (48)

k=0
In Appendix D, it is shown that these coefficients are related to both the Genocchi numbers G, and the Bernoulli numbers
B, as
V=0, =2y (1—2m1) LTy (49)
n+1 n+1

This relation is helpful since the Bernoulli numbers are well documented in the literature. The interested reader may refer
to [81-84] for more informations on Genocchi and Bernoulli numbers. Some relations between Taylor expansions of the
LB scheme and the Bernoulli polynomials have already been noticed in the literature [49], but no demonstration could be
provided to the authors’ knowledge. The first ten coefficients of this expansion are detailed in Table 1. An important feature
is that every odd Bernoulli number is null, so that only odd coefficients remain in Eq. (46).

Finally, injecting these expressions into Eq. (46) and after some manipulations, a general form of the Taylor expansion is
obtained for the BGK collision model

1 . Kn? [ At Kn* Copt1 AP 5o
Difi=—— (fi— )+ +— (=) D} =) b P =) Dy
= (i ) w4 (T) i (T) f1+2(2p+1), ) o,

(50)

This equation differs from the dimensionless DVBE of Eq. (14) by the discretization errors in \IJ? and the deviation terms in
0 (Kn?). Note that no first-order term in Kn appear, which is a direct consequence of the second-order accuracy of the BGK-
LB scheme [41,53,8]. Following the macroscopic interpretation of Sec. 2.5, it means that the BGK-LBM induces no numerical
viscosity at the NS level.

In order to obtain an explicit expression of the deviation terms E(") involved in Eq. (50), further development of the
temporal and spatial derivatives included in D} f; is required. This w111 be the purpose of Sec. 3.3 in the linear approxima-
tion. But before that, one can focus at the expression as it in order to explain the low-dissipation properties of the BGK
collision model.

3.2. Low dissipation of the BGK collision model

An important feature of the BGK collision model directly appears in Eq. (50): when written under this form, only even
orders in Knudsen number appear in the expansion. This is a direct consequence of the relation found between the c;
coefficients and the Bernoulli numbers. Let us recall here that even and odd Knudsen orders are directly related to disper-
sion and dissipation errors, respectively. Hence, no dissipation error appears in the above relation. As a matter of fact, a
dissipation error is implicitly present in the Dizp fi terms of the even order errors. A first insight into these dissipative terms
is provided in this section in absence of body-force term (\I/d 0). For instance, let us focus on the second-order term of
Eq. (50). Using the fact that f; = f{? —KnD;f/? + 0(Kn?), one has

Kn At Kn At Kn At
(3 e (2 g (2 o

so that a third-order error, related to the numerical hyperviscosity, actually arises. The latter involves the parameter At/t
at a power n = 2. Following Sec. 2.6, it means that the numerical hyperviscosity remains bounded and is not affected by
the value of the dimensionless relaxation time. Hence, no hyperviscous degeneracy occurs. Given the parity of the deviation
terms, this fundamental property of the BGK collision model may be extended to any error term of odd order, so that the
numerical dissipation does not depend on the value of the dimensionless relaxation time. It is at the origin of the very
low-dissipation properties of the model, despite its second-order accuracy, especially in comparison with other solvers [73].
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3.3. Error terms in the linear approximation

Starting from Eq. (50), the purpose of the present section is to obtain an explicit expression of the deviation terms
appearing in Eq. (22) involving spatial derivatives of macroscopic quantities only. This is a prerequisite for obtaining the
explicit deviations from the macroscopic equations, as proposed in Appendix A. The focus is put here on the first-, second-
and third-order terms, and linearity is assumed so as to simplify the expressions.

First, the discretized body-force term \I‘? of Eq. (50) has to be considered. A general Taylor expansion in Kn is proposed
for this term in Appendix B in the case of second-order central (referred to as DCO2) and first-order upwind (referred to
as DUO1) finite differences. Note that, while no first-order error is explicitly present in Eq. (50), such a term appears in the
Taylor expansion of the body-force term with an upwind discretization.

Then, a second-order estimation of the Dl.3f,- terms appearing in Eq. (50) is required. It starts by writing

D} fi = D} f{ —KnD? f{ + Kn D} W; + 0 (Kn?), (52)
where the fact that \Iff = ; + O(Kn) has been used. The D; terms can then be related to time and space derivatives as

D? = at3tt + 38,',0,330[ + 3e;j €i g atBaﬁ + eintipgeiy 33ﬁy, (53)
D? = afm +4e; a{*m + 66,',0[6,',/3330“3 +4e; qei geiy at4a/3y + ei,aei,ﬂeiﬁyei,gagﬂyé. (54)

These terms can be related to derivatives of macroscopic quantities only since, for any function ®(p, u), the following chain
rule can be applied:

P

o b=—

ap

n
o1..0n 80!1--0ln'0 +

— " ug), 55
B(pup) o1 (oug) (55)
for any combination of indices «; € {t, x, y}. This chain rule can be applied to both fieq and ¥, which are explicit functions
of p and u. Note that the linear assumption is applied at this step since d®/dp and d®/d(pug) are assumed constant as
the pre-factors of time/space derivatives. One can then dispose of time-derivatives of macroscopic quantities using the con-
servation equations at the desired Knudsen order, obtained by computing the zeroth- and first-order moments of Eq. (50):

dp =—0y(puy)+O0(Kn?),  3(pig) =—0pTap + O(Kn?), (56)

where the fact that }_; W{ =}, e; W4 = 0 has been used, and where

Map = Mg — Kn (atng‘g + 9y Q;jgy) +Kn ej e Wi+ 0(Kn?). (57)
i

Time and space derivatives of IT®? and Q ¢ can finally be disposed thanks to the chain rule of Eq. (55). All these relations
form a closed set of equations allowing an expression of Dl.3 fi involving spatial derivatives of macroscopic quantity only,
at first-order in Kn. For this purpose, and given the complexity of the problems, the simplification of these equations is
performed using the computer algebra system Maxima [68].

Finally, the explicit expressions of the Elf”) terms being known, the macroscospic equations (23)-(24) are obtained fol-
lowing the general procedure detailed in Appendix A. Next sections provide the resulting deviation terms Eg') obtained by
these computations.

3.4. D1Q3 lattice

With the D1Q3 lattice, the following macroscopic equations are recovered:

3P + dx(puy) =KnE + Kn2 ES + Kn EYY + 0 (Kn), (58)
3 (pity) + x(pu?) + c26 dxp = Kn (2pc§0 aﬁxux) +KnEY), +Kn2ES) +Kn>ES) + 0(Kn*), (59)

where the macroscopic deviation terms ESD and ESBX are provided below, involving consistency errors C; and numerical

errors N;, whose explicit expressions are detailed in Appendix H.
3.4.1. Absence of correction
The mass and momentum equations (58)-(59) are obtained with
2,33
D _p £ _ 0°leq, xxx
p =Y pux — 73)(2 B
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2 3.3 3 2
At 1 a°a 0°u At
(2) eq,xxx 2 X 2)
Eyj=|—) =|———"——+2pci60— |, E;. =C — ] Ny,
P (r)lZ( i PG 8x3> Px 1+(r) !

At\? 1 At 2
Eﬁ?):(?) 341, E(p3l}x=c2+(7> Ns. (60)

The only first-order deviation from the isothermal NS equations is a modelling error related to af%?xxx in the equation of
momentum, which is the well-known Galilean invariance error induced by the lattice closure [60,12]. Similar consistency
errors denoted with Cj, i.e. the remaining deviation terms when At/t — 0, appear at second- and third-orders in Kn, but
they may be neglected at the NS level. The only numerical errors arising at Kn? (dispersion error) and Kn> (numerical
hyperviscosity) are proportional to (At/t)%, which is in agreement with the second-order accuracy of the BGK-LBM. As
mentioned in Sec. 3.2, no hyperviscous degeneracy occurs in this case. One can finally note that the numerical errors
affecting the mass equation at a given order n (in Knudsen number) are directly related to the consistency error of the
momentum equation at order n — 1. It therefore seems that the numerical errors in the mass conservation originate from
consistency errors multiplied by a numerical factor.

3.4.2. Analytically computed correction
Including now a correction term W; without considering its discretization errors, Egs. (58)-(59) are recovered with

M 1)
Ep =O, E,OUXZO’
2 3.(3) 3 2

At 1 d°a 0°u At
@ eq,xxx 2 X @)
Ey=|—) = | ———+2pci0 , E;. =C — ] Ny,
p <r)12< i PG 8x3> Plx 3+(r> !

At\? 1 At 2
3) 3)
Ey)=|—) —=aCs, Ep,=C N3. 61
P < - ) 12 x-3 puy 4+( T ) 3 ( )

A direct consequence of the correction is that there is no more first-order deviation from the isothermal NS equations.
First- and second-order terms only differ from the non-corrected case by the consistency terms, while the numerical errors
remain the same. On the contrary, the third-order numerical error (numerical hyperviscosity) is affected by the correction.
Furthermore, even though the first-order consistency error is corrected by the introduction of W;, the second-order numer-
ical error appearing in the mass conservation equation is surprisingly still related to the deviation term ag),xxx induced by

the lattice closure. Except this observation, the numerical error ES) can still be related to the consistency error of Efozlfx.
3.4.3. Correction with a second-order central (DC02) scheme

Including now a correction with a DCO2 discretization, Eqs. (58)-(59) are recovered with the exactly same deviation
terms as with the analytically computed correction, except for the third-order term in the momentum equation:

At 2 1 34(1(3)
3 _ eq,Xxx
Epu,=Ca ( T ) <N3 6 oxt ' (62)

Naturally, the discretization of W; only impacts the numerical error and does not affect the consistency of the scheme.

3.4.4. Correction with a first-order upwind (DUO1) scheme
When the correction term is discretized with a DUO1 scheme, the same deviation terms as with the analytically com-
puted correction are obtained, except for

At 2 At 1)30(3)

2) eq,Xxx
E = ( - Ni—[ — )sen(u —_—
Plx 3+ ( ) 1 <2 > gn(ux) a3

At\? 184a(3) At

3) eq,Xxx

Eon.=Ca+ | — N3+ ——""= ]+ | — ) sgn(uyx)Ngy.
px 4 (1:)(3 6 ox4 <2r)g(X)4

It only differs from the DCO2 case by numerical error terms in At/t, which is a direct consequence of the first-order
accuracy of the upwind gradients. Note that, despite this first-order accuracy in At, the mass and momentum equations are
recovered without error at the NS level, i.e. without error in O (Kn). This is a consequence of the fact that zeroth- and first-
order moments of \Ilf are null. Then, the discretization error only affects the macroscopic equations through the moments
cascade, so that its contribution is at the order O (Kn?). As a consequence, no numerical viscosity originates from the choice
of discretization of the correction term.

(63)
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3.5. D2Q9 lattice

With the D2Q9 lattice, the macroscopic equations (23)-(24) are obtained with the deviation terms Eg) detailed in Ap-
pendix E. For the sake of simplicity, only the x-derivatives are provided in the deviation terms E;fu)x, Ei,zﬁy, Ef), E?JX and
Efﬁy. The expressions of the other terms (ES), E;}u)x, E;}ﬁy and EE)Z)) are much simpler, they are provided in their complete
form.

From the expressions of deviation terms, the main observations are:

e the second-order numerical error in the mass equation (E;,z)) is always related to the cubic defect af_,z)aﬂy,

e this error can be reduced by a higher-order equilibrium (if possible), but not by including the correction ¥;,

e the DCO2 and DUOT1 discretizations of U; only affect the numerical errors of the momentum equation at O (Kn2): they
do not add any numerical viscosity,

e the N =3*- and N = 4*-equilibria yield similar deviation terms when x-derivatives only are considered.

3.6. Validation with linear analyses

The deviation terms provided in the previous section can now be validated by linear analyses. This is done here by
comparing the eigenvalue problem of the macroscopic equations including deviation terms, given by Eq. (31), with that of
the BGK-LB scheme, given by Eq. (32). If the truncated system of Eq. (31) correctly takes into consideration the deviation
terms of the macroscopic equations up to the order p, then one necessarily has

" = ofgy + 0 (K2, (64)

for any eigenvalue associated to a physical wave: acoustics or shear. In the following, the latter are identified as the ones
whose real part is the closest to that of the expected physical waves:

Re (0fen) = Killa,  Re (i) =killy +k*csv/6,  Re(wi_)=Kkilq —k*csv/0, (65)

u being the mean flow velocity of the linear analysis. For each of these waves, the validity of the deviation terms up to an
order p is finally assessed by checking that

Aw* _ |o* — oyl #p+1 1
Kk k* =0 <k ) =0 NS;J, ' (86)

where Nppw = 27 /k* is the number of points per wavelength of the considered monochromatic plane wave.

Real and imaginary parts of Aw*/k* are displayed in Fig. 4 in log-scale for the two physical (acoustic) waves of the
non-corrected D1Q3 lattice, as function of Ny,,. Four cases are considered: without considering any deviation term (p = 0),
and with deviation terms truncated up to the order p =1, p =2 and p = 3, as provided by Eq. (60). The mean flow velocity
is arbitrarily prescribed to U = 0.5¢54/8 (corresponding to a Mach number Ma = 0.5), the constant 6 is set as § = 0.8 to
avoid the particular case & =1 and the dimensionless relaxation time is set to a commonly encountered value in aeronautic
simulations: /At =107, In any case, the adopted parameters do not impact the following conclusions:

e As expected by Eq. (66), an asymptotic behaviour of the remaining error terms is exhibited by the slope of the logarith-
mic curve for each physical eigenvalue.

e Real parts of the eigenvalues, highlighting dispersion errors, are associated to even error orders, while imaginary parts,
highlighting dissipation errors, are associated to odd error orders. This is a consequence to the fact that linear dispersion
(resp. dissipation) is related to odd (resp. even) spatial derivatives.

e When considering the deviations from the isothermal NS equations up to an order p, the predominant error is well
recovered as O(l/k*pﬂ), as predicted by Eq. (66).

e For p =0 (without including deviation terms), the —1 slope exhibits the first-order deviation in Knudsen number, i.e.
in viscosity, caused by the lattice closure defect ag?m.

o With the BGK collision model, the dissipation error is always smaller than the dispersion one, in agreement with the
conclusions of previous work [73].

More importantly, the —4 slope recovered in the case p =3 allows validating all the deviation terms obtained in the linear
approximation up to the third-order in Kn, provided in Eq. (60).

Similarly, remaining errors Aw™*/k* are displayed for the analytically corrected D1Q3 model in Fig. 5 for p =0 and
p = 3. Two observations can be made from these curves. First, without including any deviation term in the isothermal NS
equations (p =0), a —2 slope is obtained for the remaining error, exhibiting an accuracy in 0 (k*?), or equivalently O (Kn?).
This indicates that the lattice defect ag?m is well corrected thanks to the body-force term W;, so that no consistency error

15



10! 102 10! 102

N, ppw N, ppw

Fig. 4. Relative error between the eigenvalues of the BGK-LBM and that of the isothermal NS equations including deviation terms up to an order p provided
in Eq. (60), for the non corrected D1Q3 lattice with & = 0.5¢5+/6, 6 = 0.8 and /At = 1075, Top-left: p =0 (no deviation term is considered), top-right:
p =1, bottom-left: p =2, bottom-right: p = 3. -~ -: propagation error of the downstream acoustic eigenvalue, - <4~ -: propagation error of the upstream
acoustic eigenvalue, —=—: dissipation error of the downstream acoustic eigenvalue, —&—: dissipation error of the upstream acoustic eigenvalue.
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Fig. 5. Relative error between the eigenvalues of the BGK-LBM and that of the isothermal NS equations including deviation terms up to an order p provided
in Eq. (61), for the analytically corrected D1Q3 lattice with & = 0.5¢5+/0, 6 = 0.8 and T/At =107, Left: p =0 (no deviation term is considered), right:
p = 3. —>-: propagation error of the downstream acoustic eigenvalue, — -4~ -: propagation error of the upstream acoustic eigenvalue, —»—: dissipation
error of the downstream acoustic eigenvalue, —4—: dissipation error of the upstream acoustic eigenvalue.

in viscosity occurs at the NS level. Secondly, the —4 slope exhibited in the case p =3 allows validating all the deviation
terms provided in the linear approximation in Eq. (61).

A similar work performed on all the deviation terms provided for the BGK-D1Q3 LB scheme in Sec. 3.4, as well as for
the D2Q9 lattice in Appendix E further including a shear eigenvalue, allows validating them in the linear approximation. For
the sake of compactness, these results are not provided here, the logarithmic curves of Aw*/k* being very close to that of
Figs. 4-5.

3.7. Summary of the numerical properties of the BGK collision model

In this section, the Taylor expansion in Knudsen number has been successfully applied to the BGK collision model for
the D1Q3 and D2Q9 lattices, with and without body-force correction term. Even though the aim of such a work is mainly
pedagogical, given the poor practical interest of the BGK collision model, one of its interesting features has been exhibited.
Thanks to a close relationship linking the numerical errors of this model with the Bernoulli numbers, whose even terms are
null, the numerical hyperviscosity remains bounded and does not degenerate when the dimensionless relaxation time 7 /At
is decreased. This property turns out to be fundamental to explain the very low dissipation of the BGK collision compared
to other models.
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Looking at the explicit expression of deviation terms with regards to the isothermal NS equations also underlines other
interesting properties of the BGK collision model. The consistency errors exhibited in the present work are not problematic
(except for the Mach error in the shear stress tensor): they are a simple consequence to the fact that a LB scheme does
not intend to solve the NS equations, but a discrete counterpart of the Boltzmann equation. However, numerical errors
exhibited in the mass equation are closely related to some consistency errors of the momentum equations. This observation
might explain how enforcing the consistency of the LBM with the NS equations can improve the numerical behaviour of the
scheme, as observed in a previous work [46].

Hence, with the BGK collision model, the numerical error in the mass equation involves the lattice closure defect aéf[?aﬂy.
Interestingly, when the equilibrium distribution function is improved by recovering more equilibrium moments, as proposed
with the D2Q9 lattice with N =3* and N =4* in Appendix E, the numerical error in the mass equation can be reduced,
as a consequence of the improved consistency of the momentum equation. On the contrary, when the defect ag?aﬂy is
explicitly corrected thanks to a body-force term W;, the mass equation remains related to it even though the consistency of
the momentum equation is recovered up to the first-order in Kn.

The main limitations of the BGK collision model remain its strong instability issues. The latter are caused by mode
couplings arising in the linear approximation between hydrodynamic and non-hydrodynamic waves [16], whose behaviour
cannot be investigated by the present Taylor expansion (cf. Sec. 2.8). For this reason, more sophisticated collision models
are usually preferred in the aim of filtering out non-hydrodynamic modes. Among them, some regularized and MRT models
are investigated in the next sections.

4. Regularized LBM: general case
4.1. Taylor expansion

In the general case and including a correction term W;j, the regularization step affects the post-collision distribution
functions as [25,26,28,29,85]:

At At
c eq (1) d
c_ fed 4 (1 ) —Kny?, 67
& =1, ( 1:+At/2>g’ 27 ! (67)
where the non-dimensionalization of Sec. 2.2 has been applied, and g,.(l) is a recomputed (regularized) off-equilibrium part,
whose explicit expression depends on the model under consideration. Note that the BGK collision model can also be written
under this form with g,-“) =gi— fl-eq + I(nAt/(2r)\lJ? =(t+ At/2)/t (fi — fieq). After performing the Taylor expansion of
Sec. 2.3, the variable change suggested by Eq. (20) reads

At
gi=hi+ <—T - 1) 71, (68)
with
T—At/2 At
hi=Ji+ T+ At/2 gi(l)+<2r _1>an}?’ fl.(”:f,-—ffq—Kn\IJ?. (69)

A necessary and sufficient condition for the admissibility of this variable change is: }_; g,.(l) =y e,;ag,.(]) =0, which is the
case of all the regularization steps under consideration in this work. The following equivalent partial differential equation is

then obtained:

Kn"1 / At\"! At Kn"1 / At\"! 1
2 <—> D7”"+<_‘1>Z (—) D fiV =~ £, (70)

n! T n! T Kn
n>1 n>1

The latter can be re-written as
Kn" [ At\"! T Kn" [ At\"
M _ KAt npoy (2 =~ (=) prf®
fit= Zn! (r) D'h’+(At 1)Z n! (r)D’f‘ ' 70
n>1 n>1
By analogy with the BGK model of Sec. 3, let us seek a series expansion of f,.(l) under the following form:

d AL\
A=Y (7) Dh;. (72)

n>1

Injecting this expression in Eq. (71) yields
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where a Cauchy product is used to obtain the second equation. This leads to the following recurrence relation on the
coefficients d;:

n—1
T n
di=—1, Vn>2, dn_—1+<At 1)121:<k>d,<. (75)
k=

Contrary to the recurrence relation obtained in the BGK-case, the numerical parameter 7 /At arises here, precluding the
possibility to find an explicit relation between the d; and a set of well-documented numbers such as the Bernoulli ones.
Anyway, the first d,, coefficients can be easily computed using Eq. (75), leading to

d LA 2 A
=1-2-", d3=-—1 6——6( ) Cdg=1-141 36( ) —24(—) . 76
2 At O At 4 a0\ ar At (76)

Similar coefficients were found by Holdych et al. [52] in their analysis of the BGK scheme, and were related to the polylog-
arithm function. Dong et al. [49] also noticed a similarity with the firsts Bernoulli polynomials.

Finally, one should note that with every regularization step considered in the present article, the distribution functions
are reconstructed such that g(l) O (Kn). This allows defining a zeroth-order terms as

1 T
(D _ (M

_— 77
& ~ Kn <1+At/2>g’ ’ 77)

where the ratio 7/(t + At/2) simply appears for convenience. Together with this definition, injecting the d,, coefficients
into Eq. (72) and collecting every terms in Kn up to the third-order yields

1 _q At 2 M) _ g
Difi=—ﬁfi +Kn<z—1>|:Difi+Dl(g, \Ijz)]
At 1 (A2 At 2
2| At 1 /At 30 (1 _ ALY h2 (50 _ g
+Kn [( 14~ 6<T)>D,f, <1 ZT> D? (& \y,)}
3At 7 (A2 1 (At
kn? | (-14+2= - (= D}
+n[( t o7 12<r>+24< )) ifi
At 1 [(A? At
-+ == () ) (1- 55 ) o2 (8 - w) [+ 0cknd. (78)
T 6\ 7 27

This equation will be the starting point for the forthcoming analyses of regularized models, especially to explicitly obtain
the deviation terms Egl). Before going further, one can notice that whatever the way regularized distribution functions
are computed, the Euler equations are recovered provided that the zeroth- and first-order moments of gim are null. In

particular, even with g(l) 0, the Euler equations can be recovered in the hydrodynamic limit. However, a first-order error
in Kn can possibly leacl to an unintended numerical viscosity, which will be particularly investigated.

4.2. Degenerating hyperviscosity with regularized models

Looking at Eq. (78) also allows a first estimation of the numerical hyperviscosity induced by the regularization, especially
its ratio with the expected physical viscosity I" = Kn? E,@). Neglecting the discretization errors of ¥; and keeping only the
higher order in At/t yields

g (5) ot )] =57 ot o 2 (a7 - w)]

In the second equality, this ratio depends on At/t, as a consequence of the (At/7)3 terms arising in Eq. (78). Hence, it is
shown that for a given discretized spatial phenomenon characterized by a given value of kAx, the unexpected effects of the
numerical hyperviscosity can become predominant over the physical viscosity when 7 /At is small. Since one usually has
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7/At <1073, the numerical hyperviscosity is then likely to degenerate. Looking at Eq. (79), this actually occurs for physical
phenomena for which

kAx> |- (80)
At

which might remain very small in practice compared to 1. This means that even well-resolved phenomena can be largely
affected by the numerical hyperviscosity. Since the latter is a priori not controlled and strongly depends on the model under
investigation, it can either lead to (1) over-dissipation or (2) instability. This explains the unexpected dissipation properties
of regularized models exhibited in a previous work [32].

Note that with the BGK collision model, one has Qfl) =(fi— ffq)/Kn, so that

) 2
Difi+2 (g,.“) — qf?) —Difi+ Efim — —Difi + 0(Kn). (81)

Injecting this expression into Eq. (78) allows, after some manipulation of the equations, recovering the Taylor expansion of
the BGK collision model of Eq. (50), where no hyperviscous degeneracy occurs.

In order to exhibit the specific hyperviscous effects of the regularization, it is then necessary to focus on each model,
which is the purpose of the following sections.

5. Regularization with a shear stress tensor reconstruction

In this section, the regularized model under consideration is referred to as a “shear stress tensor reconstruction”, where
gl.(l) is computed using the knowledge of macroscopic quantities o and u, only. It corresponds to the HRR collision model
of Jacob et al. [29] in the particular case o = 0. The main interest of this model is that it is the only regularization pro-
cedure that can be applied with the D1Q3 lattice. It is therefore first studied here to obtain reasonable expressions of
deviation terms in 1D. This model is based on the relationship obtained by a Chapman-Enskog expansion [7], relating the
off-equilibrium populations with the shear stress tensor. With the non-dimensionalization of Sec. 2.2 it reads

At . . . wi
g =Kn (1 + E) gV with gV = —C—z' (ei,aei,ﬂ — cfsaﬂ> PO (daip + dpily) . (82)
N

Like the correction term W;, this off-equilibrium reconstruction involves space gradients which are, in practice, discretized
by finite differences. The effects of a DCO2 and a DUO1 schemes will be investigated by comparison with the analytical
gradients of Eq. (82) in the following.

5.1. First-order error term with the D1Q3 lattice

Let us focus on the first-order error term in Kn of Eq. (78), which is expected to be a source of numerical viscosity in
the model. It can be re-written as

At A
Ef = (——1) Di (Difi+8" - wi). (83)
27
The computation of this error term requires the computation of D; f;, which reads

Difi = Di f{+ 0(Kn) = & f{! + ej xdx f{! + O (Kn)
feq 9 eq

ap 0+ 3 (puix) (OUx) + € x (

afa af
fl axp_"_ fl
ap d(pux)

afsd 9 9 fed 5 Fed
_ ax(pux)—iaxnihei,x ;—;axwLax(pux) + 0(Kn), (84)

ax<pux>) + 0(Kn)

ap d(pity) a(pux)

where the fact that mass and momentum equations are recovered at first-order in Kn has been used. With the D1Q3 lattice,
the equilibrium distribution can be written as

Uxe; (puy)?e? Uuy)? e? —c?
fl-quWi p+P x21,x X 41,x_ (p x; +p0O—1) ix _ s , (85)
cs§ 2p0c¢s 2p0c3 2c3
so that
af Ue; u2 e? —c? afed e uxe?,  u
U w1 ST SO -DE o, e (86)
ap 2¢; 2¢§ 2¢§ d(pux) cs Cs cs
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Furthermore,

Okt = dx(pUx + PC30) = (U + C30) P + 2PUxdilix. (87)
Injecting these expressions in Eq. (84) yields after simplification
Wi 2 2 u3 3pug
Difi= =iy —c) || == +3ux(1=0) oo+ | ——5~ + p3—0) ) dxux | + O (Kn), (88)
2c3 Cs Cs
so that
N Wi
Difi+&" = — (e,%x — c§) B (pui +3pc2(6 — 1)ux) + 0(Kn). (89)
N

Surprisingly, the right-hand-side term of this equation is exactly equal to the body-force term W; of Eq. (8). As a conse-
quence, using the fact that \l-'? =\; + 0(Kn), one has in presence of correction

Difi+&" — ¥ =0(Kn). (90)

The first-order error in Kn of Eq. (78) then completely vanishes in presence of correction. Without any correction, a first-
order error is expected, leading to undesired numerical viscosity, which can be cured thanks to the body-force term ;. It
is therefore surprising that, while the correction term is designed to address a consistency error, it can be used to reduce a
numerical error in the present case. This point can be interpreted as follows: the first-order error can be cancelled provided
that the consistency of the viscous stress implicitly modelled by the LBM, and that explicitly imposed by g?l), is ensured.

This important conclusion should be kept in mind when using a regularized model based on this reconstruction, such as
the HRR model [29]. It has been demonstrated here with the D1Q3 lattice. It is shown in Sec. 5.4 that it remains true on
the macroscopic equations of the D2Q9 lattice. This phenomenon explains why the correction had to be used in previous
work based on the HRR collision model, even for low and moderate Mach numbers [80,36].

5.2. Corrected D1Q3 lattice: numerical properties of the degenerating hyperviscosity

The focus is now put on the corrected D1Q3 lattice, for which the numerical viscosity is cancelled. For the sake of sim-
plicity, the numerical errors in W; are first neglected. The numerical dissipation is here mainly caused by the degenerating
hyperviscosity characterized by Eq. (79). Using the conclusions of Eq. (90), it can be re-written as

Kn? /AN /.
e~ (7) o (e - w). 1)

Studying the function g;” — W;, which is explicitly known, should provide interesting properties on the degenerating hyper-
viscosity, a fortiori on the dissipation and stability properties of the model. It reads

~(1) ) 2 3 2 2, .2
8" - vi=os (2—¢2) [(ux +3¢20 — Duue) o + (3uF +c20 - 3) paxux] ‘ (92)

In order to exhibit how this error can affect the dissipation of the acoustics, it is now possible to re-express it as function
of the Riemann invariants, which are the characteristic quantities of a given physical phenomenon. For isothermal 1D cases,
the two Riemann invariants R4 and R_ are defined such that [87]

PR+ = pdklix + CsV/O3kp,  POxR- = pdtix — csv/Oixp, (93)
where R, is the characteristic variable of the downstream acoustic wave, and R_ of the upstream one. Hence,
haix = 2 (kRs + DR_), ko= —L— (R — xR_). (94)
2 ZCS\/§
Injecting them in Eq. (92) yields after simplification
8w = :’T; (eﬁx - cf) pG[P+(Ma) 3R, + P_(Ma) axR,], (95)
N

where Ma = u,/(cs+/8) is the Mach number and

1 3
P, (Ma) = Ma® + 3Ma® + 3Ma (1 - 5) +1-2,  P-(Ma)=P.(-Ma). (96)

This polynomial can be factorized as
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1 1
P.(Ma)=(Ma+1) (Ma— (cs«/é - 1)) (Ma—i— (CS\@ + 1)) (97)

which makes its three real roots clearly appear. For the downstream acoustic wave, Ma = 1/(cs+/0) — 1 is the only positive
root of P, which can be re-written as a Courant-Friedrich-Lewy condition [88],

CFL=1, with  CFL=uy+ csv/0 =csv/O(Ma+1). (98)

Regarding the upstream acoustic wave, P_ has three positive roots: Ma =1, Ma =1+ 1/(cs+/0) and Ma =1 — 1/(cs+/0),
which is positive if 6 > 3.

As a consequence, the sign of the degenerating hyperviscosity is expected to theoretically change on a given wave for
each of these roots, switching from a stabilizing error (over-dissipation) to a destabilizing one (negative dissipation). It can
be summarized as follows:

o for the downstream acoustic wave, the hyperviscous error switches at CFL=1,
o for the upstream acoustic wave, it switches at Ma=1, at Ma=1+ 1/(C5\/§) and at Ma=1— 1/(c5\/§) when 6 > 3.

This demonstration is in complete agreement with the stability limits of the HRR collision model observed by linear
analyses in a previous work [89], namely Ma < 1 and CFL < 1. Note that similar limitations could even be recovered in a
fully compressible framework, coupling the LB scheme with an additional energy equation.

In the following, this demonstration will be verified by explicitly computing the deviation terms of the D1Q3 lattice.
Such conclusions will also be extended to the D2Q9 lattice in Sec. 5.4 and Appendix F.

5.3. Deviation terms of the D1Q3 lattice in the linear approximation

Starting from Eq. (78), an explicit expression of the deviation terms appearing in Eq. (22) involving spatial derivatives of
macroscopic quantities has to be obtained. This is a prerequisite for obtaining the explicit deviations from the macroscopic
equations, following Appendix A.

To this extent, an estimation of Di2 fi, D? fi and Df fi is required with respectively a second-, first- and zeroth-order
accuracy in Kn. The same goes for Di(gfl) - \D?), Df(grf” — \I/id) and D?(Qfl) - \l'?). For this purpose, the computer algebra
system Maxima [68] is used. Of considerable complexity, the procedure employed for these computations is not provided in
details here. It is basically based on the following relations:

e the Taylor expansion of \l-'? proposed in Appendix B, which makes W; explicitly appear,

e a Taylor expansion of the gradient terms involved in ﬁim depending on the discretization scheme (DCO2 or DUO1),
similarly as in Appendix B,
e a second-order estimation of f; as

fi= FE+Kn (W; — D f9) + Kn? (D,?ffq — D + E}”) + 0(Knd), (99)

on which the derivation operator D} can be applied,
QY
1

e the chain rule of Eq. (55), that can be applied to fieq. Y; and g;
e the macroscopic equations of Appendix A in order to transform any time-derivative to space-derivative.

Once the deviation terms Ef”) obtained, their macroscopic counterpart Eg:) can be computed following the general proce-

dure of Appendix A. The isothermal NS equations can finally be recovered as in Eqgs. (23)-(24) with the deviation terms
detailed below. All the consistency errors C; and numerical terms N; are provided in Appendix H.

5.3.1. Non corrected D1Q3, analytical reconstruction of gi(])

In the non-corrected case and neglecting the discretization errors in gia), the mass and momentum equations (23)-(24)
are recovered with

1 1 At 3
EO o, E;,gﬁ_(Z 2.0 o
2 3.3 3 2
2) At 1 d aeq,xxx 2 0 Ux ) At C3 At
EQ = (=) = (2289 4 opc2p . E2 (=) 24+ (=) N,
P (r) 12( a3 ToPSY 53 pUx )2 7 1

1 (A2 A3 At At)? A3
Eg) =5 <T> 0xC3 + (T) N1z, EEJBJX = <T> N1z + (T) N4 + (T) Nis. (100)
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It is remarkable that there is no more consistency error with the isothermal NS equations in this model. In particular,
even the well-known Mach error is removed thanks to the explicit computation of the off-equilibrium distribution functions
based on a correct viscous stress tensor. Following a previous work [46], this indicates that the shear stress imposed via the
reconstruction is the actual shear stress in the limit At — 0. The only remaining terms are numerical errors which, contrary
to the BGK model, include:

e a At/t-dependent term in EE,JX, indicating the numerical viscosity highlighted in Sec. 5.1,
e a (At/T)3-term in Eﬁf) and E?ﬁx, indicating the degenerating hyperviscosity of Sec. 5.2.

Also note that the numerical viscosity is directly related to the lattice defect aé?]?xxx. The ratio between this numerical
viscosity and the physically expected one being of the order of At/t, this error is likely to have a very strong impact on
the dissipation and the stability properties when the dimensionless relaxation time is small. For this reason, the correction
term W;, which is expected to address this issue (cf. Sec. 5.1), is introduced in all the forthcoming analyses.

5.3.2. Analytically corrected D1Q3, analytical reconstruction of g“)

Introducing a correction term and neglecting the discretization errors in gi(l) and ¥;, the mass and momentum equations
(23)-(24) are recovered with

(1) (1)
EV =0, EG =0,

PUx
2 3 3 2
At 1 a3al o°u At At

2 _ eq XXX X 2) (= =
Es _<r) 12( o3 TP ax3>’ Epus (21>C3+<I>N1’

@_ 1 (A’ 3 (At At\? A
E; — ) &C3,  Epu,=(—|Nizs+|{—) Niz+{—) Nis. (101)

12 T T T

As predicted, the numerical viscosity is cancelled by the introduction of the correction term W;. An interesting feature of
this term appears here: while it aims at correcting the first-order consistency error with the BGK collision model, it can be
now used to correct a purely numerical error.

5.3.3. Correction with a DCO2 scheme, reconstruction of g,.(l) with a DCO2 scheme
Compared to Eq. (101), only the hyperviscous term is affected in the momentum equation as

At At\? 00 3%u At\> 1 04 00 du
3) X eq.xxx X
E;i,=|— |N — N — N — . 102
ity = (T) 13+<‘C><]7+984>+<‘L’> 8t 5 a4 18 9 (102)

5.3.4. Correction with a DCO2 scheme, reconstruction of gia) with a DUO1 scheme
Compared to Eq. (101), only the numerical errors in the momentum equation are affected as

3 2 3
@ _ (At C3 07Uy At 00 0 uy
Epu, = <?> (7 — sgn(u) pcsl—- o3 ) T\ T N1 +sgn(ux) — 6 9x3

3) At At 2 ,049 84u
Epu, = T Ni3 + = Ni7 + — 9 xd (ux)
At\? 1 0% PO 0%uy 9 C3
=) (N = . 103
+< r) ( BT Tt 18 g e g (103)

Note that even if a first-order error in At/t is introduced in the computation of gfl), it does not lead to numerical
viscosity.

5.3.5. Correction with a DUO1 scheme, reconstruction of gi(]) with a DCO2 scheme
Compared to Eq. (101), only the numerical errors in the momentum equation are affected as

3
E® _ g Cs+ E 2 Ny — sgn(ux) 33a<(aq?xxx
Pix T\ 21 T 4 Fr

At N 00 94u A3 1 34 6 9%u N
3) X eq.xxx P X 4
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Fig. 6. Dissipation curves of the non-corrected D1Q3 lattice (left) and D2Q9 lattice with N = 2 (right) equipped with the shear stress reconstruction with
an analytical computation of gfl). A horizontal mean flow is considered with Iy = 0.5¢5+/6 and 7/At = 1073, Top: 6 = 0.82, bottom: 6 = 0.7. —: LB
scheme, - : isothermal NS equations, —=---- : isothermal NS with numerical viscosity, - - -: isothermal NS with numerical viscosity and hyperviscosity.

5.3.6. Correction with a DUO1 scheme, reconstruction of gia) with a DUO1 scheme
Compared to Eq. (101), only the numerical errors in the momentum equation are affected as

At\ [ C 33u At\? sen(uy) 33as) 0 93u
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5.4. Deviation terms of the D2Q9 lattice in the linear approximation

A similar work is performed on the D2Q9 lattice, for which deviation terms with the isothermal NS equations are
provided in Appendix F in the linear approximation. Only the second-order equilibrium (N = 2) is considered, noticing
that changing the order of the Hermite-based equilibrium has few impact on the general conclusions. Similar observations
as with the D1Q3 lattice can be drawn: (1) the shear stress tensor reconstruction with g}l) allows recovering a perfect
consistency with the NS equation in every case, (2) in absence of the body-force term correction W;, a numerical viscosity
arises, (3) the latter can be cancelled by introducing the correction, eventually discretized, (4) in any case, a degenerating

hyperviscosity occurs.
5.5. Linear analyses: impact of the numerical errors on the dissipation

All the expressions of error terms have been systematically validated by linear analyses, in the same way as with the
BGK collision model of Sec. 3.6. Looking at the remaining errors Aw*/k* between the eigenvalues of the LB scheme and
that of the equivalent macroscopic equations allows for confirming the validity of the terms at every order in Kn. In this
section, only the effect of error terms on the numerical dissipation is discussed.

Fig. 6 displays the dissipation curves of the non corrected D1Q3 and D2Q9 (N = 2) lattices with the shear stress tensor
reconstruction. The parameters are arbitrarily chosen for the sake of readability at a horizontal Mach number Ma = 0.5,
7/At =1072 and two different values of 6: & =0.82 and # = 0.7. The analyses of the LB schemes are compared to those of
the isothermal NS equations without deviation terms (p = 0) and including the first-order deviation (p = 1) and up to the
third-order one (p = 3). The last two cases emphasize the effects of the numerical viscosity and hyperviscosity, respectively.

In agreement with previous analyses, this particular regularization yields only two (resp. three) physical waves in 1D
(resp. 2D), meaning that all the non-hydrodynamic modes are filtered out of a simulation [80,32]. With 6 = 0.82, the first-
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Fig. 7. Dissipation curves of the corrected D2Q9 lattice equipped with the shear stress reconstruction. A horizontal mean flow is considered with 1y =
0.5c5+/0, 6 = 0.8 and three values of T/At: 103 (left), 10~ (middle), 10> (right). Top: analytical computation of W; and g;”, bottom: a DCO2 scheme
is used for their space-derivatives. —: LB scheme, -+ : isothermal NS equations, - - -: isothermal NS with numerical hyperviscosity.

order error is responsible for a destabilization of one acoustic wave with the D1Q3 lattice, as well as the additional shear
wave of the D2Q9 lattice. These instabilities even occur in the well-resolved limit (ky << Ax) and their order of magnitude
can be very large compared to the isothermal NS equations. For all the waves, the numerical hyperviscosity has a stabilizing
effect, which yet does not cancel the instability caused by the numerical viscosity for low wavenumbers. This competition
between viscous and hyperviscous effects provides explanations to the instabilities observed in previous linear analyses of
regularized models [32]. The bottom part of Fig. 6 (6 = 0.7) highlights the strong impact of 6 on the behaviour of the
numerical error. In this particular case, both numerical viscosity and hyperviscosity induce an over-dissipation, leading to a
stable model in the x-direction. Note that this does not allow drawing any conclusion on the linear stability of the scheme
in other directions. Because of this large and unpredictable numerical viscosity, non-corrected models will no longer be
discussed in the following, especially since this error can be simply addressed by introducing the body-force term ;.

Fig. 7 exhibits the dissipation properties of the corrected D2Q9 model with N =2 for a horizontal mean flow at Ma = 0.5,
6 = 0.8 and three values of the dimensionless relaxation time: t/At =1073, /At =10"* and t/At = 10>, The effect of
the DCO2 discretization of W; and gf]) is also investigated. In any case and for the three expected physical waves, no more
numerical viscosity is observed and the hyperviscosity induces a large over-dissipation compared to the isothermal NS equa-
tions. In addition to a qualitative validation of the error terms, the analyses performed at different values of t/At exhibit
the numerical origin of the error. The over-dissipation is all the more important as the dimensionless relaxation time is
reduced, which further confirms the error in At/t predicted by the hyperviscous degeneracy. Furthermore, the bottom part
of Fig. 7 points out the impact of the discretization of ¥; and gf” with a DCO2 scheme. Compared to their analytical com-
putation, the numerical dissipation is further increased, but to a much lesser extent than that caused by the shear stress
reconstruction. The over-dissipative character of this model, which was attributed to errors in the finite-difference estima-
tion of the viscous stress tensor by previous authors [29], is therefore largely dominated by the degenerating hyperviscosity
caused by the regularization procedure itself. This point is of paramount importance, since it is precisely this numerical
dissipation that prevents from using this model as is. Instead, it is sometimes recommended to hybridize this shear stress
reconstruction with a more standard regularization, such as the recursive one, as proposed in the so-called hybrid recursive

regularized (HRR) model [29].
5.6. Impact of the degenerating hyperviscosity on the linear stability

Up to now, no clear discretization effect of W; and gfl) could be exhibited, which yet clearly affects the numerical error
in hyperviscosity. In this section, the focus is put on its degenerating part, which may provide important conclusions on the
choice of the discretization scheme. This is done here by considering the effect of the degenerating hyperviscosity only on
the dissipation/amplification properties of the physical waves. For this purpose, the Euler equations are simply considered,
onto which the (A/t)3-related terms of E;fﬁa, referred to as H,, are superimposed:

9P + 0 (Pua) =0,  d(pua) + dp(puqlip) + 200 p = He. (106)
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For instance, with the corrected D1Q3 lattice with analytical derivatives of Eq. (101), one has Hy = Nyg. One interest of
such a system is that it does not involve the dimensionless relaxation time anymore, which corresponds to the behaviour
of the complete Eq. (101) in the limit of infinitely small values of t/At. Then, a linearization followed by a diagonalization
of this reduced system, as proposed in Appendix C, leads to two acoustic eigenvalues. Studying the sign of their imaginary
part w; in the low wavenumber limit provides information on the stabilizing or destabilizing effect of the degenerating
hyperviscosity.

Fig. 8 displays the nullity curves of the two imaginary eigenvalues w; of the system (106) applied to the corrected D1Q3
lattice, for different values of the Mach number Ma = u,/(cs+/0) and 6. Fives cases are considered depending on the way
space gradients in glfl) and ¥; are discretized. These curves are compared with the theoretical values obtained in Sec. 5.2:

1 1 1
= -1, Ma = +1, Ma=1- .
Cs\/g Cs\/g Cs«/g
Note that the second equation corresponds to the common condition CFL = 1.
Fig. 8 also displays hatched areas representing the linear stability regions obtained by performing a linear stability
analysis of the isothermal LB scheme for /At = 107>, In this case, stability is ensured provided that, for any value of
kxAx € [—m, ] every eigenvalue w is such that w; < 0. The following observations can be made:

Ma=1, Ma (107)

e Linear stability regions are always located below the annulment curves () and (—<-). In most of the cases, the
instability is even encountered when crossing these curves. This confirms that the degenerating hyperviscosity is at the
origin of the linear instability.

e The theoretical estimations of Sec. 5.2 (107) fit remarkably well the actual sign inversion of the degenerating hy-
perviscosity for the two acoustic waves when gfl) and ¥; are both analytically computed or estimated by a DCO2

discretization. However, using the DUO1 scheme in the estimation of W¥; or gi(l), Eq. (107) cannot be used to predict its
behaviour.

e With a DCO2 discretization, the stability limits are: Ma =1 and CFL = 1, which is clearly caused by a sign inversion in
the degenerating hyperviscosity. This is in complete agreement with previous observations [89].

e Evaluating W¥; with a DUO1 scheme and g,.(l) with a DCO2 one has an interesting effect on the stability: the theoretical
limitations Ma =1 and CFL =1 can be overcome. This is done thanks to the modification of the hyperviscous error,
which is now stabilizing for larger values of (Ma, #). This point is in agreement with an improved stability of the HRR
collision model when the body-force term is evaluated by an upwind scheme, already observed in the literature [85,89,
90].

Similar studies are then performed on the D2Q9 lattice, considering the three possible Hermite-based equilibria. Fig. 9
displays the nullity curves of the degenerating hyperviscosity of the three physical eigenvalues, as well as the linear stability
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Fig. 9. Impact of the degenerating hyperviscosity on the linear stability of the corrected D2Q9 lattice equipped with the shear stress reconstruction, with
a Hermite-based equilibrium at order N, considering the x-direction only. Contours of a null imaginary eigenvalue w; of Eq. (106) are displayed as:
downstream acoustics (=), upstream acoustics (—<), shear wave (-A-). Dash lines represent the theoretical curves of Eq. (107). Hatched area: linear
stability region of the LB scheme at /At =107°.

region, considering the x-direction only (for the gradients and the mean flow). Regarding the acoustics, the curves are
identical to the D1Q3 lattice of Fig. 8. Only the appearance of a shear related eigenvalue can be noticed, whose behaviour
is slightly affected by the order of the equilibrium distribution function. In any case, the stability of acoustic waves remains
the more constraining one when looking at the x-direction only, and similar conclusions as with the D1Q3 lattice can be
drawn. Also note that no difference is exhibited when comparing the N =3* and N =4* cases in the x-direction only.
Finally, every directions are considered with the D2Q9 lattice, and for the three Hermite-based equilibria, in Figs. 10-11.
To this extent and following previous studies [32], the analyses are performed for any orientation of the mean flow
My € [0°,45°] and for ky € [0°, 180°], where ky is the angle between k and the x-axis. For each value of 6 € [0, 4], the
minimal value of the Mach number ensuring a stabilizing degenerating hyperviscosity is retained. Note that, when perform-
ing studies in any direction, downstream and upstream acoustic waves cannot be distinguished from each other, they are
simply referred to as acoustic waves. This time, every value of N leads to different results. In any case, no linear stability
region can be observed when both g“) and W; are computed with analytical gradients. This is due to an instability oc-
curring for very large values of k, i.e. for under-resolved waves, which cannot be captured by the Taylor expansion. Same
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phenomena explains all the discrepancies obtained between the linear stability areas (hatched areas) and the nullity curves
of the hyperviscous degeneracy. Regarding the DCO2 discretization of gi(]) and WV, similar stability limits as previously are
observed in any case: Ma < 1 and CFL < 1. With N = 2, using a DUO1 discretization for W; still allows reaching Mach
numbers Ma > 1, even though this effect is reduced compared to the D1Q3 case because of a destabilizing hyperviscosity
affecting the shear wave. However, with N = 3* and N =4%*, the stability region is much reduced, which is not due to the
degenerating hyperviscosity but to an under-resolution effect.

5.7. Summary of the numerical properties of the shear stress tensor reconstruction

This comprehensive study of the shear stress tensor reconstruction highlights important properties shared by several LB

schemes. The main interest of this model is that, since the regularized part g,.m is known as an explicit function of p and
Uy, deviation terms of the regularized models can be deeply scrutinized and general conclusions can be drawn. Moreover,
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Table 2
Summary of the nature of viscous deviations (Kn'!-terms) affecting
the BGK and HRR-o = 0 collision models.

BGK model HRR-0 =0

Numerical error
Correct viscosity

No Mach correction
Correction with W¥;

Consistency error
Correct viscosity

the analysis of the D1Q3 lattice is made possible, while PR and RR regularizations, as well as MRT models, are reduced to
the BGK collision in the D1Q3 case. The following major conclusions can be drawn:

e The shear stress reconstruction is sufficient to recover a complete consistency with the NS equations. In particular, the
Galilean invariance errors in the stress tensor are cured.

e In absence of correction term W;, a numerical viscosity is evidenced, consequent of the first-order accuracy of the

numerical scheme. Surprisingly, introducing the correction term W;, designed to fix consistency errors, cancels this

numerical viscosity. This property is summarized in Table 2.

A degenerating numerical hyperviscosity is at the origin of over-dissipation and severe instabilities occurring for well

resolved length scales, especially when the dimensionless relaxation time is low.

With the DCO2 discretization for gi(l) and V¥, theoretical stability limits have been found as Ma=1 and CFL=1.

e Using a DUOT1 discretization for W¥; allows increasing the range of stable Mach numbers, up to Ma ~ 2.

Obviously, the present study being restricted to isothermal LB methods, simulations of large Mach numbers would be
unphysical. However, the present conclusions are in perfect agreement with previous observations drawn with compressible
models based on a hybrid approach [85,89], indicating that the numerical properties of their LB part is mainly responsible
for the overall behaviour. Especially, this confirms the benefits of an upwind estimation of the correction term.

This shear stress tensor reconstruction also provides the interest of filtering out any non-hydrodynamic mode [80,32].
Unfortunately, the aforementioned numerical errors in hyperviscosity yields an over-dissipation that makes it unusable as
is. This is why one usually prefers to hybridize it with the more common projected and recursive regularizations. The latter
are investigated in the next section.

6. Projected and recursive regularizations

This section aims at performing the Taylor expansion of two types of regularized models sharing strong similarities: the
PR and RR models. Since these models are reduced to the BGK one in the D1Q3 case, only the D2Q9 lattice is considered
here. One purpose of the present work is to provide some explanations to their unexpected dissipation properties exhibited

in a previous work [32]. A unified formalism will be derived to simplify the analyses.

28



Table 3
Coefficients of the matrix P of Eq. (112) depending on the regularization scheme (PR or RR).

Regularization A A2 A3 Ag As A6 A7 Ag A9
PR 0 0 0 0 0 0 0 0 0
RR, N, = 3* uy 2uy 0 0 2uy Uy 0 0 0
RR, N; = 4* uy 2uy 0 0 2uy Uy ul duyuy u?

6.1. Unified formalism

In the projected (PR) and the recursive regularization (RR) including a body-force term, off-equilibrium distribution
functions read [25,26,28,62]

L O _ Wi o) L0 @ _ 2) eq At g
PR: g; —?‘11,%%@% where amﬁ_ZHj’aﬁ (gj—fj +l(nz\llj), (108)
S R

J

Ny
1 _
RR: g =w; > — al”:H" where a>> —uga" "V [um1 g, 00+ perm(an)] ,

l,a1.0qn — anal,al..an,l
n=2 "3

(109)

where N, is the order of the recursive regularization, which obeys the same constraints as N, and perm(c;,) stands for all
the cyclic permutations of indexes from «1 to «,—1. With the D2Q9 lattice, the off-equilibrium coefficients of interest read

3) 2 ) 3) ) (2) (4) 2 .(2) ) 2.(2)
a1,xxy=uyal,xx+2uxal,xy’ al,xyyzzuyal,xy'i'uXaLyya a1,xxyy=uyal,xx+4uxuya1,xyJ"uxa],yy' (110)
In the D2Q9 case, regularized distribution functions can be equivalently written in a general way as
At
M _ryg-1 . eq d
g =[H PH]ij(gJ_fj "H(nﬂ‘pj)’ (1)
where matrices H and P are defined as
1 1
€o.x es.x 000 0O O O OOTDO
eo.y es.y 000 0O O O OOTDO
o e 000 0O O O O0OO
P 0001 0 0 000
H= ng,)xy Hé;«y ., P=|l0000 1 0000 (112)
HO,yy 7—[8,” 000 0O O 1T 0OO0OTO
%& H@“ 000 A& A A3 000
B cing 2O 0 00 s A5 4 0 0 0
Qxyy - mr o T By 0 00 A7 23 29 0 0 O
7'[(4) 7'[(4)
0,xxyy °°° 8,xxyy

The coefficients A; depend on the regularization and are provided in Table 3.
Thanks to this equivalent matrix formulation of the PR and RR models, a straightforward link can be drawn with the
MRT family of collision kernels, since

At _ At At
g=g+ [(1 — m) [H 1PH]U +8ij} <g]~ — fjeq + [(n;\lﬁ) + ?Kn\lff, (113)

Mij

where M;j; can be interpreted as a matrix for a collision with multiple relaxation times. Previous relations between the PR
model and Hermite-based MRT models have already been found in the literature [30,32], as well as between the RR scheme
with N = N, =4* and a MRT model based on central Hermite moments [31]. Here, such a unified formalism is interesting
since it allows an easy switch between the three models of interest.

6.2. Variable change

In order to incorporate this definition of gi(l) into the generic Taylor expansion of regularized models of Eq. (78), a
variable change has now to be performed so that the f; variables explicitly appear. Combining Eq. (111) with the variable
change of Eq. (68) yields
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g =[H'PH], ((1 L) g+ %(fj - fj")) (114)

T+ AL)2
At 1 M _ At eq

:>[I+<m>H PHng -—[H PH]ij(f]—fj ) (115)

so that, by inverting this system, one finally has

-1
1 _ At eqy At -1 -1

= —T;i(f;— f; with T=|I ———— |H 'PH| H 'PH. 116
&; T i (f fj) |:+<‘L’+At/2 ( )

Regularized distribution functions are then directly related to the off-equilibrium populations f; — f,.eq, which is in the order

of magnitude of the Knudsen number. Then, the definition of fgf]) of Eq. (77) makes sense in the context of PR and RR
models, leading to

~(1) 1 At ( eq)
= Ti: F— ). 117
&; Kn 7 £/2 ij f] f] ( )

6.3. Computation of error terms in the linear approximation

Once g,.(” is explicitly known for both models, the deviation terms with regards to the DVBE E;") can be computed
using the Taylor expansion of Eq. (78). This is done following the same procedure as with the shear stress reconstruction
of Sec. 5.4. A particularity of the PR and RR models is that, given the matrix-shape of the regularized distributions, cross
derivatives appear as

DiDj= (at + ei,aaa) (at + ej,ﬁaﬂ) » DiDjDy = (at + ei,aaa) (8t + ej,ﬁaﬂ) (at + ek,yay) )
DiD;DxD; = (3 + €i.da) (3 +€j,p3p) (0 + ek 0y ) (0 +e50s) . (118)

Here again, the computer algebra system Maxima [68] is used to compile the equations, providing the Ei("> terms as well
as the macroscopic deviations Eg') and Egﬁa, following Appendix A. The latter are provided below in the D2Q9 case for
the PR and RR models, for several equilibria and with different implementations of the correction terms. Note that similar
deviation terms are obtained in the x direction for N = 3* and N = 4*, as well as for N, =3* and N; =4* in the case of the
RR collision model.

Below, only the modified error terms compared to the BGK counterpart are provided, considering derivatives in the

x-direction for the sake of simplicity.

6.3.1. Non corrected PR model with N =2
In this case, the y-momentum equation is affected with

83 (puxuy) At 33 (puxuy) At 2
2 _ C 2 x4y 2 xUy
Epuy ( 5+ 26 0x3 ( T )CS 0x3 ( T > Ns.

3) At At\? A\ 1
Epu,=Cii4+| — )No7+ | — ) (N6 —Nag)+ | — | —Nos. (119)

T T T 4
Two types of numerical errors arise: a first-order error in time, in agreement with a first-order accuracy expected from a
previous work [45,32], and a degenerating numerical hyperviscosity related to the Njg term. For a horizontal mean flow,

the latter behaves as

pu? du,
3 a9xt

Let us recall here that a positive coefficient in front of a fourth-order gradient yields an anti-dissipation. Hence this numer-

ical error is likely to be at the origin of the instability of the shear waves exhibited in a previous work [32], which will be
further confirmed in Sec. 6.6.

Nag |(uy=0) = (120)

6.3.2. Non corrected RR model with N, =3*,4* and N =2
In this case, the y-momentum equation is affected with

At At)? At At\? A3
EE)ZJ =Ci3+|—|N3so+(— ) Ns, ESJ =Cuqa+|—)Ns1+|—=) (N6s+N32)+|—) N33, (121)
Y T T J T T T
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Exactly like the PR model, both first-order error in At and a degenerating hyperviscosity (N33) are introduced. For a hori-
zontal mean flow, the latter behaves as

4 o4
puy 07U
7 o (122)

N33 |(u,=0) =
which is a destabilizing hyperviscosity affecting the shear wave only.

6.3.3. Non corrected PR model with N = 3*, 4*
In this case, the y-momentum equation is affected with

3 2
2 _ 3 0 Uy At At
Epuy = Ceq,xxx 9x3 +Cis — (Z Cis+ 7 Nis,

3) At At 2 At 3
Eju,=Cie+|— )Nao+|—) (N1o +Na)+(— | Na. (123)
Y T T T

Again, a first-order error in At together with a degenerating hyperviscosity, related to the N4, term, occur. For a horizontal
mean flow, the latter behaves as

1 9%u
Naz |uy=0) = =g (1 + (20 - Duf) == (124)

6.3.4. Non corrected RR model with N, = 3*, 4* and N = 3*, 4*
In this case, the y-momentum equation is affected with

At 9u At\?
2 _ (3) y
Epu, = <2T)aeq,xxx 93 + <_‘C > Nis,

2 54 4 2 4 3
3 _ pO 0 Uy At 2 2.2 d Uy At 3) d Uy At
Epuy=——F %5 — 67 (30uy +c50 —Q)PW‘F T N10+puxaeq,xxxW + T Ngg. (125)

The degenerating hyperviscosity is here similar to the PR model for a horizontal mean flow.
6.4. Corrected models

Deviation terms of corrected PR and RR models are provided in Appendix G. The correction term W; is either computed
analytically, or discretized with a DCO2 and a DUO1 scheme.

6.5. Hyperviscous degeneracy of PR and RR models

Expliciting the deviation terms of the PR and RR models allows highlighting three specific features of the regularization.
First, the scheme is globally first-order accurate in time, as prospected in a previous work [32], but the corresponding errors
do not affect the recovery of the NS equations. This first-order accuracy in At could be guessed from the general Taylor
expansion of regularized models of Eq. (78). It is now clearly exhibited for each model. The fact that the NS level remains
second-order accurate is in agreement with past convergence studies [30,26,91-94]. Secondly, the regularization step induces
a degenerating hyperviscosity in each model. The latter remains uncontrolled as an unexpected consequence of time and
space discretization errors. This point could also be guessed from the general form of Eq. (78). This uncontrolled error is
as large as the dimensionless relaxation time is low, and causes an unintended dissipation or instability, depending on the
sign of the numerical hyperviscosity. Thirdly, while the add of a correction term ¥; affects the degenerating hyperviscosity,
the way it is discretized (DCO2 or DUO1 schemes) has no effect on it when the x direction is considered only.

A summary of the degenerating hyperviscous terms affecting the PR and RR models is provided in Table 4 for differ-
ent equilibria, corrected or not, when only the x-derivatives are considered together with the assumption of a horizontal
mean flow. In any case, only a space derivative of the transverse velocity (uy) affects the conservation equation of the y-
momentum, which means that this numerical error has an impact on the shear waves only. These errors terms are provided
here along the x-direction only for the sake of simplicity, without questioning the generalities of the methodology. When
other directions are considered, far more complex phenomena occur which prevent from drawing such simple conclusions.
In particular, an anisotropy of both acoustic and shear phenomena is expected in two dimensions [32].
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Table 4

Summary of the degenerating hyperviscous terms arising in Efu)y with the PR and RR models on the D2Q9 lattice, when
only x-derivatives are considered and with a horizontal mean flow assumption.

PR model RR model with N, = 3*, 4*
pu? dtuy pui a%uy
N =2, non corrected 12 9x4 4 9xt
(destabilizing) (destabilizing)
pu? 3%u, e pu? 3%u,
N =2, corrected 12 x4 1-9 12 ox4

(destabilizing)

(stabilizing when 6 > 1)

N = 3*,4* non corrected

1 a%u
—5” (i + (2o - 1u) o
(stabilizing when Ma? > 1/(c26) — 1)

1 d%u
—gp(ut+@—nul) =

(stabilizing when Ma? > (1 —6)/(c26))

1 (4, 2 2\ Ay
sl o)
(stabilizing when Ma“® > 1/(c50) — 1)

T (8 2y Ay
—gp (v o-na) S
(stabilizing when Ma? > (1 — 6)/(c26))

N = 3*, 4%, corrected

6.6. Validation with linear analyses

As previously, the error terms provided above have been quantitatively validated by comparing the linear analyses of the
regularized LB schemes with that of the macroscopic equations obtained by the Taylor expansion, following the methodology
detailed in Sec. 3.6. In the present section, a more qualitative study is proposed to investigate the impact of the numerical
error on the dissipation properties in the linear approximation.

Fig. 12 displays the dissipation curves obtained from linear analyses of the PR and RR models in the x-direction, with a
horizontal mean flow at Ma = 0.25. In the present case, the discretization effects of the correction term W; are not consid-
ered since they do not affect the hyperviscous degeneracy. These curves are compared with the analyses of the isothermal
NS equations including the deviation terms up to the third-order in Kn. The analytical estimation of the degenerating hyper-
viscosity from Table 4 is also presented. For the latter, the dimensionless amplification rate is simply obtained by replacing
the fourth-order derivative of uy, by (kyAx)4, e.g. for the non corrected PR model with N = 2:

2
puz

4
- ke, (126)

wj At =

Analyses with a fourth-order equilibrium and a fourth-order regularization show no difference, in the x-direction, with the
third-order cases. Therefore, only combinations of N =2, 3* and N, =2, 3* are displayed on the figure.

A very good agreement is obtained between all the curves, except a supplementary non-hydrodynamic wave, whose
behaviour cannot be predicted by Taylor expansions in Kn. As expected, only one wave (the shear wave) is greatly affected
by the regularization in the x-direction. Especially, the analytical estimation of the numerical hyperviscosity provides an
accurate estimation of its behaviour. This indicates that the hyperviscous degeneracy is responsible for the large instabilities
and over-dissipation of this wave compared to the theoretically expected curves, for a dimensionless relaxation time 7 /At =
107°. As a consequence, every models are unstable at low Mach number when 6 < 1, even though stability can be recovered
for large wavenumbers with the RR model, which is due to uncontrolled higher Knudsen effects. For 3 > 6 > 1, only three
models can ensure a stable shear wave in the x-direction for a non zero Mach number: the corrected RR model with N =2
and the RR model with N = 3*, corrected or not.

Unfortunately, other studies of the hyperviscous degeneracy performed in any direction (not shown here) indicate that,
whatever the considered model (PR or RR), there still exists a combination of directions for which it is destabilizing even at
very low Mach number (Ma = 0.01). Hence, the degenerating hyperviscosity is globally destabilizing for both the PR and RR
models on the D2Q9 lattice. As a consequence, the numerical scheme becomes unstable when the dimensionless relaxation
time decreases, even for very low Mach numbers. This explains why the critical Mach numbers obtained by linear stability
analyses conducted in previous work tend to zero in the zero-viscosity limit [40,45,78,32].

6.7. Summary

In summary, the Taylor expansions performed on the PR and RR models lead to the following general conclusions:

e Even if the scheme is globally first-order accurate in At, no first-order error affects the isothermal NS level. In particular,
these schemes induce no numerical viscosity.

e A degenerating hyperviscosity has been exhibited, which, when only the x-direction is considered, affects the shear
wave only. Its analytical expression could be obtained and validated with linear analyses.

e Considering all the possible directions, the degenerating hyperviscosity is destabilizing for both PR and RR models.
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Fig. 12. Dissipation curves of the PR and RR models with the D2Q9 lattice considering horizontal plane waves (ky = 0), a horizontal mean flow at Ma = 0.25
and 7/At =107>. Top: PR model, bottom: RR model with N, = 3*. From left to right: N =2 non corrected, N = 2 with analytical correction, N = 3* non
corrected, N = 3* with analytical correction. Three linear analyses are compared: the LB scheme (—), the NS equations including deviation terms up to
Kn? (- -o--), and the estimated degenerating hyperviscosity of Table 4 (-+-).

In addition to the instabilities, the numerical error in hyperviscosity results in a strong anisotropy of the dissipation
properties of the PR and RR models, exhibited in a previous work [32].

In practice, the instabilities can be of relatively low amplitude, such as with the non corrected RR model with N =2 of
Fig. 12b. But the scheme remains linearly unstable, and the instabilities are all the more pronounced as the dimensionless
relaxation time decreases. As a consequence, there is no combination of parameters (Ma, 6) for which the hyperviscosity
is stabilizing in any direction, unlike the shear stress reconstruction of Sec. 5. This is the main reason why these models
are sometimes coupled with each other with a parameter o, giving birth to the so-called hybrid recursive regularized
(HRR) scheme [29]. Unfortunately, its numerical errors are unlikely to be a simple linear combination of that of the RR
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and the shear stress reconstruction. This is due to three reasons: (1) the complex moment cascade, (2) the fact that the
variable change of the PR/RR model is also affected by o, (3) the fact that, in the original model of Jacob et al. [29], the
recurrence also applies to the complete reconstruction of the shear stress tensor, which has not been considered here. A
Taylor expansion of this model could be the purpose of future work.

7. Application to MRT models

Given the strong analogy that can be drawn between PR/RR schemes and MRT models, one can finally wonder how the
latter behave in terms of numerical error, more precisely regarding their dissipation properties. In this regard, an increasing
numerical error of some athermal MRT models has already been exhibited in the incompressible limit by Dellar [79].
Noticing that reducing the Mach number of a simulation for a fixed Reynolds number comes down to decreasing the
dimensionless relaxation time related to the kinematic viscosity, it is likely that a degenerating hyperviscosity is at the
origin of such an error. To shed some light on these phenomena, a Taylor expansion in Kn is proposed here for some MRT
models of interest. For the sake of simplicity, the correction term W; is not considered in this section. As a consequence,
6 =1 is adopted here, since a value of 6 # 1 would yield a very large error (linear in Mach number) in the shear stress
tensor. Moreover, only the D2Q9 lattice is considered in this section.

7.1. Description of the MRT models under consideration

Post-collision population of MRT models can generally be written as

g =g —Gj (g] feq)’ (127)

where C, the collision matrix, is supposed to be diagonal when written in a certain basis of moments, which means that
every moments are relaxed independently towards an equilibrium state. The collision matrix then reads

C=M"'sM, (128)

where S is a diagonal matrix of relaxation rates and M is the matrix of the considered moments. In the present work, four
bases of moments are considered: the so-called raw-moments (RM), the central moments (CM), the Hermite moments (HM)
and the central Hermite moments (CHM). More information on these bases can be found in [31]. The MRT model based
on central moments is sometimes referred to as cascaded model [22,23]. In the present context, the choice of second-order
moments is slightly modified so that the bulk viscosity can be freely adjusted only changing one diagonal value of S. The
moments matrices read

1 ... 1 1 ... 1
€0,x €8x Co,x C8,x
€0,y €sg.y Co,y C8.y
e%’x—e(z)yy eéyx—eéy C(Z)’X—c(z)yy céx—céy
MRM — €0,x€0,y - €3,x€8.y , MCM = €o0,xCo,y C8,xC8.y s (]29)
€xTCy - CxTes, G Ty CGx TSy
e%’xeo,y ... eéﬁxes,y c%’xco,y ... ngsz,y
eo,xeé’y .. eg,xeé,y coyxc(z)’y .. Cg’xcé’y
eZ e? ... ele c2.c ..ok
0,x-0,y 8,x"8,y 0,x-0,y 8,x°8,y
1 e 1 1 ... 1
€0,x eg x Co,x C8,x
€0,y es.y Co,y C8.y
o~ HDy o U ), How —Hoyy -+ Mo —H3y
MHM _ Hery . HEY, . MCHM _ Hl) Hy' o) . (130)
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where ¢j ¢ =€j ¢ — Uy and ’H;ﬂ’(”) are central Hermite polynomials built using ¢; o instead of e; . A fundamental property of

C is that it preserves collision invariants which are the mass density o and the momentum puy and puy. As a consequence,
the sub-space spanned by (1,1,1,1,1,1,1,1, 1T, ex and ey forms an eigenspace of the collision matrix. Its corresponding
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eigenvalues have no influence on the collision and can be arbitrarily set to 1, so that S = diag(1, 1, 1, s4, S5, S¢, S7, S8, S9).
With these definitions, the dimensionless kinematic viscosity v and bulk viscosity v, are related to s4, S5 and sg as:
At At T
= — . Sg=————— v=k*—c2, vp = k*— T . (131)
T+ At/2 Ty + At/2 At At
Even though several relaxation times appear, a Taylor expansion in Knudsen number is still possible, provided that Kn is
based on the relaxation time 7 related to the shear viscosity v. Such a work is performed below for a fixed ratio 7, /t = vy /v
and for fixed additional relaxation rates s7, ss and sg9. Regarding the latter, they are related to the dissipation properties of
non-hydrodynamic modes which might have a strong impact on stability. One can re-write these relaxation rates as
At .
Si=—"—7, ie{7,8,9}, (132)
Ti + At/2

where 7; is the relaxation time associated to a non-hydrodynamic moment. Here, the condition s; < 2 clearly appears
for ensuring a positive relaxation time t;. This is why the relaxation rates s; are usually prescribed between 0 and 2 [13].
However, in the present work, no hypothesis will be assumed on these coefficients, so as to obtain the most general possible
conclusions regarding their impact on hydrodynamic modes.

S4=S§

7.2. General Taylor expansion of MRT models

A Taylor expansion of the general expression of MRT models given by Eq. (127) yields

17 Kn At Kn? [ At)? Kn® [ At)?
D= o i (- 7) = 5 ot = () ot Gy () otavouat, et
The following change of variable is then performed:
1 At eq 1 eq
— =G (81— £7) = == (i = £). (134)
which leads to
eq At 4
g:zfi+Au(fj—f,- ) A:TC -1, (135)

where I is the Identity matrix. Since p and pu, are collision invariants, the equalities ) ;gi=>"; fi=p and ) ;e; o8 =
Y ieiafi = puy are ensured, so that the variable change is admissible. Injecting it in Eq. (133) yields

Kn At Kn? At Kn3 At
D: . fed D2f — D3f — 1 D4
ifi= X (fi— Y- 57 D; fi e \ 7 D7 fi - D7 fi
Kn At Kn? [/ At Kn? /At
n M _ 3.(1) 4.1 4
—AjD; fi" - ~ A,,D f - <7> A;D} f;" - 73 <?) AjD} fi7 + 0 (Kn®), (136)

with f; M =fi— ffq. Note that the choice is made here to compare the MRT-LB scheme with the BGK-DVBE. The deviations
should not be interpreted as numerical errors only, since the MRT-LB scheme is not supposed to converge towards the BGK-
DVBE, but to its a priori unknown MRT counterpart. In particular, some deviations between the two equations are physically
expected, such as a change of bulk viscosity enabled by sg.

To obtain a general equation in the same form as that of the BGK collision model (50) or the regularized ones (78), one
then needs to express the derivatives of fi(]) as derivatives of f; only. To this extent, Eq. (136) can be re-written as

Kn? At

£V =—kn (D f;+AxD; ) - >

Kn3 [/ At
(sz, +ApD? f,(”) (

2
- T) (D§f1»+Aﬂ<D3f‘”)+O(I<n4)-
(137)

After successive derivations of this equation with respect to Dj, injecting these expressions into Eq. (136) leads to

1 At
Difi= X (fi — ") +Kn [AijDiDjfj - ED,- fi]

At 1/ At\?
+ Kn? |:—AijAjkD,'DjDkfk + EAU (D,’D?fj + D,-szfj) 5 (?> D?f,':|

1 (A2
+Kn? |:AUAJ;<A,<1D D DDy fi — A,]Ajk (D D;D? f + DiD3Dy fi + D?D; Dkfk> 2 <?> A;D?D2f;
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1 (A2 1 /A3
+g (7) A;j (DiD?fj + D?Djfj) - <T> D;‘fl} + 0 (Kn%). (138)

Looking at this equation, several observations can be drawn:

e In the case of the BGK collision, the matrix A is reduced to A = At/(27)I. Replacing this expression into Eq. (138) allows
recovering the general Taylor expansion of the BGK model of Eq. (50).

o Like regularized models, a first-order error in Kn appear. Its impact on the macroscopic equations in terms of potential
numerical viscosity will be investigated.

e Similarly, a first-order error in time arises like with regularized models. This is in agreement with a previous demon-
stration of the first-order accuracy of the PR model based on a MRT formalism [32].

e A degeneracy of the numerical hyperviscosity is exhibited by the presence of (At/t)3-related terms in the third order
in Kn. Noticing that the matrix A involves (At/t) itself, the pre-factor of this term cannot be estimated in a general
way. Analyses adapted to each MRT model are performed in the next section to interpret the effects of the degeneracy.

Starting from Eq. (138), the same procedure as with the BGK and regularized models can be followed to obtain the
deviation terms Ef”), which are function of space gradients only. Then, deviation terms with the isothermal NS equations
Eg') can be obtained following Appendix A. Here again, the computer algebra system Maxima [68] is used to simplify the
equations.

7.3. Error terms in the linear approximation

In this section, deviation terms with the isothermal NS equations are provided for each MRT model of interest, in
the linear approximation. Contrary to Eqs. (23)-(24), an adjustable bulk viscosity has to be considered here. The adopted
formalism for the macroscospic equations is then

3P + da (ptie) = KnEY + Kn2ES + Kn’ES + 0 (Kn*), (139)
T 2
d(pug) + dp(puglp) +c2dyp = Kn pc? dg (Saﬁ + <?b - E) ayuyéaﬁ> + KnE(lea + I(anEJZJa

+Kn’ES) + O(Kn®). (140)

Because of the large size of the error terms involved in the MRT models (due to the large numbers of free parameters), only
two informations will be provided below:

ED

1. the first-order deviation terms E;}) and Ey,

errors, in every direction,
2. the degenerating hyperviscosity, i.e. (At/T)3-related terms in Eﬁ,?’) and

(Navier-Stokes level), including consistency errors and possible numerical

O

ol considering the x-direction only.

7.3.1. First-order deviations in Kn (NS-level)

Let us first focus on the deviation terms affecting the mass and momentum equations at the NS level, i.e. at first-order
in Knudsen number.

In common with all the models investigated up to now, there is no deviation from the mass equation at the NS level
with MRT models: Eg) = 0. Furthermore, the momentum equations are affected in the same way (still at the NS level),
whatever the MRT model tested in the present work (RM, CM, HM, CHM). For a second-order equilibrium (N = 2), their
first-order deviations read:

1 K+1Y\ .5 @3 kK=T\ .5 @3 K+3\ .2 @3 kK=T\ .5 @3 2 (3
Epu, =— ( 2 xxleg,xxx — 3 Oxxleq,xyy — 5 dxydeq.xxy — 3 dxydeq,yyy — IyyQeq.xyy

M _ 2.3 K—=1\.2 3 K+3\.2 © K=1\.2 3 K+1\ .0 3
Epuy - _axxaeq,xxy - ( 2 ) axyaeq,xxx - < 2 a;<yaeq$xyy - 2 ayyaeq,xxy - 2 8yyaeq,yyys

(141)

where k = 15/7. This results in a consistency error only, which is due to the truncation of the equilibrium distribution
function to the second-order. Like the PR and the RR model, there is no numerical viscosity even if the scheme is first-order
accurate.

When the equilibrium distribution is enriched with third- and/or fourth-order terms (N =3* or N = 4*), they read

1 K+1 3 Kk—1 3 1 K+1 3 K —1 3
E;n%x =- (—2 ) 33xaéq?xxx - ( ) afyaéq),yyy’ E/(OJy ="\ ajzlyagq),yyy - ) 33yaéq?xxx'

(142)
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All the error terms related to aé?,{xxy and agfxyy have been cancelled thanks to the improved equilibrium.

The fact that the deviations at the NS level (first-order in Kn) remain unaffected by the moment basis has a strong
importance, especially for the CM and CHM based MRT models. This means that, contrary to a common intuition, performing
the collision step in the local basis of central moments does not lead to a correction of the Galilean invariance error at the
NS level. This observation is in line with previous studies of the linearized DVBE with multiple relaxation times [42].
However, higher orders in Kn are affected by the choice of the basis and may have a strong impact on stability, as shown
below.

7.3.2. Degenerating hyperviscosity considering the x-direction only

For all the aforementioned MRT models, when only the x-direction is considered, there is no hyperviscous degeneracy
on the mass equation nor on the x-momentum equation. However, the y-momentum equation is affected in different ways,
depending on the equilibrium order or the moment basis. For N = 2, the deviations read:

3 4 4 4
At\” s7—2 el d%u d%u
. 3 7 2 p X 20 Uy
RM, HM . E)OLIy _— (T) 3657 ((3ux + ‘l)UyW + Gpuxun + 3,OUXW> . (143)
3 4 4 4
At\” s7—2 ad o*u o*u
. 3 7 4, .2 p 3 X 49 Uy
CM, CHM : Epu, ~— <?> 245, (Q(ux + ux)uyw + (30uy + 2ux),oun + 6puxW> . (144)
For N =3* or N =4*, they read
3 4 4 4
At\” s7—2 d d0%u da*u
. 3 7 4 2 p 3 X 4 2 y
RM, HM : Epuy <T> 725, ((qu +9u; — 2)un + (36uy — 6uy)puy Py, + (Qu, — GuX)pW> ,
(145)
3 4
At\” s7—2 o*u
3) 7 4 y
CM, CHM : Eou, ~| — U, —-—. 146
piy <T) 85, PUx g (146)

As can be seen, this hyperviscous term is similar for the RM- and HM-MRT models, as well as for the CM- and CHM-MRT
ones. Also note that when s7 = 1, the error terms of the projected regularization (PR) are recovered with the HM-MRT (and
a fiortiori the RM-MRT) model. Similarly, the hyperviscosity of the CM and CHM based models are reduced to that of the RR
model with N; =3*,4* and N = 3*, 4*, when s; =1, as prospected by Coreixas et al. [31].

The effect of this hyperviscosity on the stability of hydrodynamic modes is investigated in the next section.

7.4. Hyperviscous degeneracy of MRT models

Looking at the form of the degenerating error in hyperviscosity allows drawing general conclusions for all the MRT
models of interest. When only the x-direction is considered:

e the degenerating hyperviscosity does not involve the bulk viscosity, but only the relaxation rate s7,
e when s7 = 2, the degeneracy is cancelled.

These conclusions can even be generalized in every direction, expanding them to the three relaxation rates related to non-
hydrodynamic variables: s7, sg and sg. The particular case s; = sg = sg = 2 will be further discussed in Sec. 7.6.

Exactly like PR and RR models, the hyperviscous degeneracy only affects the dissipation of the shear wave when the x-
direction is considered together with a horizontal mean flow (uy = 0). A summary of their analytical expression is compiled
in Table 5. Let us recall here that a positive hyperviscosity yields a negative dissipation, which can lead to an instability. To
this regards, the drastic effects of a simple change of equilibrium distribution function on the linear stability are exhibited.
In any case, a change of the dissipation properties is expected at the critical value s7 = 2.

It might be surprising to observe a stabilizing property for several models when s7 > 2, which yields a negative relaxation
time t7 (cf. Eq. (132)), and is out of the common stability bounds found in the literature [13]. Yet, one should keep in mind
that the results exhibited in the present work regard the dissipation properties of the hydrodynamic modes only. They
are not sufficient to conclude on the linear stability of a scheme because of two limitations of the methodology: 1) it
cannot predict the stability of non-hydrodynamic modes as discussed in Sec. 2.8, and 2) the behaviour of under-resolved
phenomena may require higher-order expansions to be accurately captured. Thus, only the stabilizing or destabilizing effect
of the hyperviscosity on hydrodynamic modes is studied in Table 5. Even though observing a destabilizing hyperviscosity is
sufficient to conclude on an unstable scheme, the converse is not generally true.

Yet, when confronting the results of Table 5 with the fact that sy > 2 yields unstable non-hydrodynamic modes, a general
conclusion can be drawn: among the studied MRT schemes, the CM- and CHM-MRT models with N = 3*,4* are the only
ones likely to be stable in the low-viscosity regime, in which the degeneracy becomes predominant.
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Table 5
Summary of the degenerating hyperviscous terms arising in Ef,,)y with the non corrected MRT mod-
els on the D2Q9 lattice, when only x derivatives are considered and with a horizontal mean flow

assumption.
N=2 N = 3*, 4*
s7-2\ 5 d%uy s7—2 ) 5 %uy

RM, HM - ( 1257 ) Pl 235, ) Cux — DU g
(stabilizing when s7 > 2) (stabilizing when s7 > 2 while Ma < +/2)
(5712 pu484uy s7—2 pu484uy

CM, CHM 4s7 X gx4 8s7 X x4
(stabilizing when s7 > 2) (stabilizing when s7 < 2)

7.5. Validation with linear analyses

The hyperviscous degeneracy exhibited in the above section is now confronted to the linear analyses of the real MRT LB
schemes. To this purpose, the eigenvalue problem corresponding to the general MRT scheme is provided in Appendix C.

Fig. 13 displays the dissipation curves of the four MRT models with N =2 and N = 3*, in comparison with the analytical
estimation of the degenerating hyperviscosity affecting x-aligned shear waves of Table 5. For instance, for the MRT-RM
model with N = 2, this estimation reads

wiAt = — (” 2) pu (ke Ax)*. (147)
1257

In every case, waves travelling along the x-direction are investigated (k, = 0) with a horizontal mean flow at Mach number

Ma = 0.5, together with a dimensionless relaxation time t/At = 107>, The bulk relaxation time is set to 7, = 27 to avoid

the particular case of the BGK collision model 1, = 7, and two parameters are evaluated for the relaxation rate of third- and

fourth-order moments: s7 = sg =sg = 1.5 and s7 = s§ = sg = 2.5. Note that the second case is above the bounds proposed

by Lallemand & Luo (0 < 7y < 2) [13].

The numerical prediction of the behaviour of the three physical waves provided by the Taylor expansion is in very good
agreement with the linear analyses. In particular, two waves, which are actually acoustic waves, seem unaffected by the
choice of MRT model and compared to the BGK collision. This is in agreement with the estimation of the degenerating
hyperviscosity in the x-direction, only affecting the shear wave. Regarding the latter, it is, exactly like the PR and RR models
of Sec. 6, either over-dissipated or anti-dissipated, i.e. leading to linear instabilities. The results from Table 5 allow an
accurate estimation of this behaviour, indicating that the degenerating hyperviscosity is responsible for these phenomena.
Notably, the change of behaviour above the critical value s; =2 is recovered for all models.

Looking at these linear analyses is also the opportunity to focus on the behaviour of non-hydrodynamic modes, which
cannot be predicted by the Taylor expansions in Kn. Even if only two of them are visible in Fig. 13, six non-hydrodynamic
modes are actually present. The four remaining modes are severely damped, so that they cannot be observed on the figure.
Note that, with every MRT model except the RM formulation, one non-hydrodynamic mode is largely dissipated when
s7 < 2, and amplified for s; > 2. The latter is at the origin of a strong instability in the x-direction.

7.6. Cancelling the degeneracy with MRT models

Two particular cases, for which the degeneracy is cancelled, can be exhibited. Denoting here sy =s; =sgs = Sg for a
generalization in every direction:

1. In the case of the BGK collision model, one has

At SN —2 2T
_ = = (148)
T+ At/2 SN At

SN

so that every (At/7)3-related terms are removed from the numerical hyperviscosity. A result of Sec. 3 is recovered:
there is no hyperviscous degeneracy with the BGK collision model. This observation can even be extended to a BGK
collision with adaptive bulk viscosity, since the degenerating hyperviscosity does not depend on k = 15/7.

2. With sy = 2, the degenerating hyperviscosity is cancelled in any direction. Considering fixed relaxation parameters
(independent of t/At), this is the only value that leads to such a property.

The second case is in line with several linear stability analyses of MRT models aiming at finding optimal sets of free
parameters, which often result in some values close to the critical parameter ty =2 [13,19,74,75,64]. Using Eq. (132), this
particular case is equivalent to Ty = 0, meaning that high-order moments are immediately imposed to their equilibrium
value by the collision model, without relaxation.
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Fig. 13. Dissipation curves of the MRT models with the D2Q9 lattice considering horizontal plane waves (k, = 0), a horizontal mean flow at Ma= 0.5 and
T/At =107, Top: N =2, bottom: N = 3* (similar results with N = 4*). From left to right: MRT-RM, MRT-CM, MRT-HM and MRT-CHM. The linear analyses
of the LB scheme (—) are compared to the estimated degenerating hyperviscosity of Table 5 (= =+ -).

Interestingly, imposing higher-order moments to their equilibrium value is precisely the purpose of the PR model (in the
Hermite basis) and the RR one (in the central Hermite basis). This fact seems in disagreement with the above observation.
To shed the light on this property, let us re-write the collision step affecting these moments as

m-coll _ @ _ ¢ (mm) _ mg;)) =m® —(sy—1) <m<n) _ mgz)) 7 (149)

where m™ and mé’é) are respectively moments and equilibrium moments of order n > 3, no matter the definition of mo-

ments (RM, CM, HM or CHM). With this notation, the regularization procedure is equivalent to setting sy = 1. Hence, by

denoting m{jb;©" = m™-col _m{? two cases are noticeable:
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Fig. 14. Propagation (top) and dissipation (bottom) curves of the linear analyses performed on the non-corrected MRT-RM scheme with N =2 (—) and
the isothermal NS equations (- --). A horizontal mean flow is considered at Ma = 0.2, with 7/At =10> and 1,/7 = 2. Left: sy =1, right: sy = 2.

MRTwith Ty =0 (sy =2):  min " = —m{ey, (150)
Regularization (sy = 1) : mﬁ@,’co" =0. (151)

The first case has the advantage of cancelling the degenerating hyperviscosity thanks to the particular value sy = 2.
However, this value enforces an over-relaxation of the corresponding moments resulting in a sign inversion of their off-
equilibrium parts, as shown by Eq. (150). It is at the origin of spurious oscillations [3], also interpreted as an amplitude
inversion of the non-hydrodynamic modes at each time step [80]. The second case (regularization) allows filtering out these
non-hydrodynamic modes as shown in [32], which is done at the cost of the degeneracy.

These properties are confirmed by Fig. 14, displaying dispersion and dissipation curves of the MRT-RM model with
Tp/T = 2 and the characteristic values sy =1 and sy = 2. With sy = 1, three modes are filtered out (six modes remain),
which can clearly be visible on the dispersion curve. Unfortunately, a physical wave is amplified because of the hyperviscous
degeneracy. The behaviour of the PR model is well recovered here. With sy =2 the degeneracy is cancelled, so that the
expected dissipation of physical waves can be correctly recovered. However, the non-hydrodynamic modes are not filtered
any more. A careful study of this model might lead to three kinds of stability issues caused by the particular value sy =2:

1. A non-hydrodynamic mode is surprisingly amplified whatever the considered wavenumber. The latter is related to the
bulk viscosity and can only be attenuated by setting 7, < .

2. Other non-hydrodynamic modes are slightly unstable, even in the x-direction, for large values of kyAx.

3. Due to the large number of non-hydrodynamic modes, eigenvalue collisions are likely to occur in every direction, so
that this model is concerned by similar stability issues as the BGK one.

7.7. Note on the bulk viscosity and the trace of the shear stress tensor

The above remark on the values sy =1 (regularization) and sy = 2 (no degeneracy) can equivalently be applied to the
bulk viscosity regarding the relaxation rate sg. In the present section, the relationship between the bulk viscosity and the
trace of IT"® = IT — I1°9, which can be obtained thanks to a Chapman-Enskog expansion, is particularly considered. More
precisely, the focus is put here on several collision models enforcing a traceless I1"®? in the aim of cancelling the bulk
viscosity [95,46].

Without loss of generality, the MRT-RM model described in Sec. 7.1 is considered here. The collision affects the trace of
"¢ as

Tr (I‘I"eq’“’”) = —(sg — 1) Tr (11™9). (152)

With this formulation, imposing a traceless I1" tensor during the collision step is equivalent to setting ss =1 in the MRT
collision model. However, using Eq. (131), a null bulk viscosity can only be obtained with sg = 2. The particular value sg =1
actually leads to
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==, (153)

so that 7/t may be very large for low values of the dimensionless relaxation time. This non-desired bulk viscosity may be
at the origin of an improved stability when enforcing a traceless I1"Y, already noticed in the literature [95,46].
Like in the previous section, two cases are then noticeable:

Traceless ™Y (sg =1): Tr (H”eq*“’”) =0, (154)
Zero bulk viscosity (s¢ =2):  Tr (H"eq CO") —Tr (I1"¢%).. (155)

The first case can be viewed as a new regularization, imposing another moment to its equilibrium value, leading to the
filtering of another non-hydrodynamic mode. However, this is done at the cost of an additional numerical bulk viscosity.
The second case effectively cancels the bulk viscosity.

7.8. Particular case of the TRT model

Studying the linearized error terms of MRT models is the opportunity to investigate the properties of the two-relaxation-
time (TRT) scheme, especially regarding the role of the so-called magic parameter A [20,96,21]. The purpose of the TRT
collision model is to relax, with two different relaxation parameters A* and A~, the symmetric and anti-symmetric parts of
the distribution functions. Equivalently, it can be viewed as a MRT model relaxing even moments with the parameter A
and odd ones with A~ [3]. Without loss of generality, the MRT-RM formulation is adopted here with

S4=S5=55=Sg=A" = At S7=Sg=A" = At (156)
ATETT TS T A2 TR T T A2
Note that with these definitions, the bulk viscosity cannot be tuned any more. The great interest of this model is that only
one free parameter remains: A~, or equivalently 7. It is usually related to A" as

o At At o1/t 1
A=2ta = = r=—(—+-). (157)
T+ A2 )\t + A2 A\AL " 2

where A is referred to as the magic parameter of the TRT model. For a fixed value A (independent of t/At), the relaxation
rate of odd-moments behaves as A~ ~ 7 /At. Given the form of the degenerating hyperviscosity exhibited with the MRT-RM
model, especially the appearance of (1/s7)-related terms in the degenerating hyperviscosity of Table 5, the degeneracy is
expected to be even more prominent with the TRT model with a fixed magic parameter.

When x-derivatives only are considered for the sake of simplicity, a computation of the linearized deviation terms of the
TRT model yields, for a second-order equilibrium distribution function,

E® =0 ((At/r)z) . E9) =0 ((At/r)2),

(g)“ A(A —1/4)
T 9

4

3
E® _ P

puy —

((6 + 2y P

9uy , 3%y )

7+ 120wty =2+ 6pu— | 40 ((At/t) ) (158)
Exactly like the MRT-RM model with fixed high-order relaxation parameters, no degeneracy is obtained on the mass and x-
momentum equations. However, a (At/7)*-related term arises in the y-momentum equation which, as predicted, increases
the degeneracy when the dimensionless relaxation time is small. Also note that no (At/7)3-term arises, which remains
true in any direction. It is also noteworthy that this degeneracy is cancelled when A = 1/4, which is precisely the optimal
parameter found by d’Humiéres and Ginzburg by derivation of steady recurrence equations [96]. However, this property is
not true when considering all the possible directions.

In order to investigate the effects of this degeneracy, linear stability analyses of the TRT scheme are provided in Fig. 15.
Dispersion and dissipation curves of two systems are displayed: (1) the TRT-LB scheme following Appendix C and (2) the
isothermal NS-equations including deviation terms up to the third-order in Knudsen number. Two values of the magic
parameter are considered: A =1 and A = 1/4. These analyses are performed along the x-direction, with a horizontal mean
flow at Ma =0.1, a second-order equilibrium distribution function and with a dimensionless relaxation time 7 /At = 1073,
For the sake of completeness, the complete form of the error terms in that case (x-aligned mean flow and x-derivatives
only) is provided below:

2,3
O _g g _ Peamx Loy _ 207Uy
= e T YC R Pty = T X g2
2 3

At 1 8 o a9°p
)
EP=—(2) = (3ud2L 1 @u?2—2)p=L ),
P (r) 36( xgm T )paxB')
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Fig. 15. Propagation (top) and dissipation (bottom) curves of the linear analyses performed on the TRT scheme with N =2 (—) and the isothermal NS
equations including deviation terms up to Kn> (- --). A horizontal mean flow is considered at Ma = 0.1 with /At =1073. Left: A =1, right: A =1/4.
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Surprisingly, and unlike all the other models investigated in the present work, the dissipation of the vorticity wave is
not accurately predicted by the Taylor expansion when A # 1/4. More precisely, the degeneracy predicted by the Taylor
expansion expects an over-dissipation of this wave, which is not noticed on the linear analysis. Such a discrepancy is also
observed when all the directions are considered. Regarding the acoustic waves, they do not suffer from any large error in
dissipation, which is in agreement with the Taylor expansion. It is also noticeable that, looking on the dispersion curves,
only four non-hydrodynamic modes have w; ~ 7, and two other ones have a phase velocity close to 0. Let us recall here
that, with the BGK collision model, all the non-hydrodynamic modes have a real pulsation shifted of 7r, which is attributed
to an over-relaxation of non-hydrodynamic variables in Sec. 2.8. With the TRT model, the very large relaxation time applied
to the two odd moments (7~ /At) leads to an under-relaxation of these quantities instead of an over-relaxation [3]. This is
at the origin of the observed phenomena.

Given the discrepancies observed in the behaviour of the vorticity wave of Fig. 15, and in order to ensure that the
Taylor expansions have been properly performed, convergence plots of the linearized error terms are proposed in Fig. 16.
Exactly like for the validation of the deviation terms of the BGK collision model proposed in Sec. 3.6, this figure displays the
behaviour of Aw*/k* when the resolution of the wave increases, where Aw* is the difference in the eigenvalues of the TRT-
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Fig. 16. Relative error between the eigenvalues of the TRT-LBM and that of the isothermal NS equations including deviation terms up to the fourth-order,
with Ma = 0.1, /At = 1073, Dispersion errors are plotted as: — - (downstream acoustic eigenvalue), — <~ -: (upstream acoustic eigenvalue), - A -
(shear eigenvalue). Dissipation errors are plotted as: —»— (downstream acoustic eigenvalue), —&— (upstream acoustic eigenvalue), —&— (shear eigenvalue).

LB scheme and that of the isothermal NS equations including the computed error terms. Displayed in log-scale, a —4-slope
in the asymptotic limit of the dispersion properties (real part of Aw™*/k*), as well as a —5-slope in the dissipation properties
(imaginary part of Aw*/k*) theoretically validate the accuracy of the Taylor expansion in Kn. With A =1 (Fig. 16a), such
a behaviour is correctly recovered on the two acoustic waves travelling in the x-direction, up to the machine precision.
However, regarding the vorticity, such an agreement is only obtained for very well resolved waves, with N,y > 200. With
a lower resolution, a —3-slope (resp. a —2-slope) is observed in the dissipation (resp. dispersion) properties. This indicates
that, even though the deviation terms obtained by the Taylor expansion are theoretically validated as suggested by the
asymptotic behaviour of the remaining error, they cannot accurately predict the numerical properties of waves discretized
with less than 200 points. This observation is in agreement with the incorrect prediction provided by the Taylor expansion
in Fig. 15. The only explanation for such a behaviour is that high-order Kn deviation terms, that have been neglected in the
present work, are subject to a degeneracy that compensates the dissipation error induced by the numerical hyperviscosity.
This phenomenon, still not understood by the present authors, might be related to the fact that no (At/7)3-related term
arises in the hyperviscosity error. A better understanding of this surprising property may be the purpose of future work.

Finally note that with A = 1/4 (Fig. 16b), a correct slope is obtained up to the machine precision for all the waves
discretized with more than ten points. This is in line with the fact that the degeneracy is cancelled in the x-direction for
this value of the magic parameter.

7.9. Summary of the numerical errors of MRT models

The Taylor expansion performed on several forms of MRT collision models provides important conclusions regarding
their numerical errors. Every formulation investigated in the present work, depending on the choice of moments (RM,
CM, HM, CHM), lead to a common result: for fixed values of the non-hydrodynamic relaxation parameters, the numerical
hyperviscosity is subject to a degeneracy similar to that of regularized models. Changing the moment basis or the value of
the relaxation parameter sy would eventually affect the sign of the numerical hyperviscosity, switching from a stabilizing to
a destabilizing effect. However, this effect cannot be predicted a priori, which prevents from finding any physical argument
in favour of one model from another. In the present study, it is theoretically shown that the central moment formulation
can yield a stabilizing hyperviscosity, while the raw and Hermite bases cannot.

The particular value sy = 2, which is equivalent to a null relaxation time for high-order moments, allows cancelling the
degeneracy for all models. However, unlike the regularization which comes down to setting sy = 1, this does not filter out
any non-hydrodynamic mode, so that the advantage compared to the BGK collision remains unclear. This is probably why
these relaxation parameters are usually prescribed to a value between 1 and 2 in the literature, usually tuned by linear
analyses or academic test cases [18,13,19,74,75,64].

The degenerating hyperviscosity is likely to be at the origin of the numerical errors exhibited by Dellar in the incom-
pressible limit with a relaxation parameter sy = 1 [79]. In this work, simulations of a Kelvin-Helmholtz instability were
performed for decreasing Mach numbers with a constant Reynolds number and spatial resolution. This is equivalent to de-
creasing the dimensionless relaxation time 7 /At which, according to the Taylor expansions, lead to an increasing numerical
error compared to the BGK collision model.

Finally, an investigation of the TRT model exhibits an interesting feature of its numerical errors. Even though, for a fixed
magic parameter A, the degeneracy is still present and even amplified, it does not lead to any strong error in dissipation
compared to BGK and MRT models with fixed relaxation parameters. Furthermore, the under-relaxation of odd moments
may reduce spurious oscillations which can lead to an increased stability.
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8. Conclusion

In this paper, a thorough asymptotic analysis is proposed to derive the hydrodynamic limits of some isothermal LB
schemes in the discrete setting. Since such a Taylor expansion in Knudsen number is not mathematically rigorous because of
the presence of discontinuous NH modes, it is then systematically validated by linear analyses. In a sense, the mathematical
developments performed in this work are quite close to other Taylor expansions of the literature, such as the work of
Holdych et al. [52], Dubois [53] or more recently Fucik and Straka [57]. In these articles, the Taylor expansion is performed
assuming that it does not affect the collision step, which comes down to keeping a constant value of At/7. Given the two
independent dimensionless numbers defined in Sec. 2, namely Kn and At/t, these expansions can be interpreted in terms
of Knudsen number as well. In this regard, one purpose of the present work is to restore, in a discrete setting, the recovery
of macroscopic equations as hydrodynamic limits of the LBM, instead of a consistency limit as it is commonly assumed in
the LBM community [48].

An interest of the present methodology is to discriminate consistency errors, inherited from the kinetic modelling of
the DVBE, and numerical errors attributed to the time and space discretization. Applied to different collision models and
confronted to linear analyses, it leads to the following conclusions:

e The low dissipation of the BGK collision model is explained by the appearance of the Bernoulli numbers in the Taylor
expansion (cf. Sec. 3).

e Both regularized and MRT models with fixed relaxations suffer from a degenerating hyperviscosity, which consists in
a resurgence of high-Kn phenomena induced by a large numerical pre-factor. This phenomenon is at the origin of an
over-dissipation and instability of hydrodynamic modes, even in well-resolved conditions.

o The shear stress reconstruction of the HRR model induces a numerical viscosity which can be addressed by introducing
the physical correction W;. In the latter case, the hyperviscosity is stabilizing for Ma < 1 and CFL < 1. The finite-
difference scheme adopted in the computation of space gradients can affect these limits.

e The correction term of Feng et al. [62] can efficiently restore a correct dissipation at the Navier-Stokes level, whatever
the way it is discretized.

e With the TRT collision model, even though a degeneracy is theoretically present, it surprisingly does not considerably
affect the dissipation properties.

More generally, an important result of the moment cascade in the discrete setting is to translate consistency errors to
numerical ones, by introducing (At/t) pre-factors. This observation may be at the origin of a better numerical behaviour
when the consistency of the scheme is improved [46].

Even if the analysis has been performed in an isothermal context, several conclusions seem to be directly transposed to
a compressible framework. Especially, the Ma < 1 and CFL < 1 conditions of the HRR model are in line with recent linear
stability analyses of hybrid LBM [89]. Further investigations of the hydrodynamic limits and numerical errors of compressible
LBM may be the purpose of future work. Furthermore, to complete the analysis, a particular attention may be paid to the
behaviour of non-hydrodynamic modes which have been neglected in the present work. Last but not least, error terms being
explicitly known at each Knudsen order, a benefit of the present work is to pave the way for possible numerical corrections.
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Appendix A. Macroscopic equations

Let us start with the following DVBE with deviation terms,

1

O fi + e, q 0o fi = —ﬁ(

fi— f{T = Knw;) + ) Kn"E{”, (A1)

n>1
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where it is supposed that every deviation term E;") is explicitly expressed as space-gradients of macroscopic quantities p
and uy. Taking the first five moments of this equation yields

0p +du(pua) =Y Wi +Kn Y EMN +Kn? Y EP +Kn® > EY + 0(Kn?), (A2)
i i i i

3 (Plta) + 9pTlap =Y eiqWi+Kn) eioEf" +Kn?Y e oE> +Kn® > eioEf” + 0 (Kn?), (A3)

i i i i

1 2
3 Tap + 3y Qupy = ~n (Haﬁ - quﬂ) + Ze,',ae,',ﬂ\lfi + I(nZei,aei,ﬂElg]) +Kn? Ze;,aei,ﬂEi( )+ 0(Kn),
i i

i

(A4)
1
% Qupy + 05 Rapys = —7— (Qapy — Qi ) + D eiacipeiy Wi +KnY eigeipeiy Ef + 0 (Kn?), (A5)
i i
%R 3¢S _ 1 R R% i veisWi+ 0(K A6
tRapys + Oe aﬁy&e—_ﬁ( afys — aﬁy5)+zei,aei,ﬂel,yel,8 i+ 0(Kn), (A.6)
i
where

Myp = Zei,aei,ﬂfis Qupy = Zei,aei,ﬁei,yfh

i i (A7)

Rapys = Zei,aei,ﬂei,yei,sfiv Sapyse = Zei,aei,ﬂei,yei,éei,efi,

i i
and T, Q;%y, quﬂ 5 and Sg 5. are their equilibrium counterpart. Note that an aliasing error can occur on these mo-
ments because of the lattice closure, so that they may not be independent from each other [97]. For example, with the
D1Q3 and D2Q9 lattices, one has Qxx = Q4 = puy. The stress tensor IT appearing in the momentum equation (A.3) can

be expressed using Eq. (A.4):

Map = Mgl — 1<n(atnaﬁ+ayQaﬁy Ze,ae,ﬂllf,>+l(n ZelaelﬂEl)+I<n3Ze,ae,,3E + 0(Kn).

1 i

(A.8)

In the above equation, two terms remain to be expressed at O (Kn®): 0 Tlwp and 9y Qqpy . For the first one, by successive
derivations of Eqs. (A.8)-(A.5) one has

3 Tap = 3 gy —Kn (aftnaﬁ +02,Qapy — Y _ Ciali ﬂat\p) +Kn? Y e qeipdEf” + O (Kn?) (A9)

i i

= 0TIy — Kn (ain +a§tQ(wV Ze,-,ae,-,,gatxpi)+1<n2(a§tn +23ttyQaﬂy+3ty5quﬂy8
i

— Y eialipdRWi— Y eiaeipeiy 02 Wi+ Zei,aei,ﬁatfl?”) +0(Kn®). (A10)
i i i

Similarly, the second term can be evaluated as

3y Qupy =3y Quy, — Kn( 21 Qupy + 025Rapys — Y _eiaei ﬁe,},ayw)ﬂm > eiaeigeiy dyEf + 0(Kn®)

i i

(A11)
2
=3y Qupy — ( e Qapy +95sRefys — Zei,aei,ﬁei,yay‘p)
i
2
+Kn ( tt Qaﬂy + Zayst aﬂys + ay&esaﬁyse
1
— Zei,aei,ﬂei,yaﬁt% — Zei,aeiqﬂeiﬁyei,gaia% + Zei,aei,ﬂei,yay Ei( )> + O(Kl‘l3). (A12)
i i i
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The flux in the momentum equation (A.3) can then be written as
eq eq
dpTap = dpTTg, — Kn (aﬂtn + 05, Qah, Zelae,ﬁaﬁw>

+ Kn? (aﬂnn“"q +203,,Q0%, + 03, 5Res s — D €icip0f Vi

i

1
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In this expression, any nth-order derivative can be expressed in the linear approximation with the chain rule

kv y P
n _ n n .
Oy .00 ® = 7 Oy.anP + ot Oy.cn (PUL),  @i€{X,y,t}, (A14)
which can be used to express the derivatives of g%, Qgb,. Rofyse Sapyser Vis E™ and E® as function of derivatives of

the macroscopic quantities p and pu, only. Their time-derivatives can then be disposed using the mass and momentum
equations (A.2)-(A.3) at the correct order in Kn. Applying this technique iteratively to dispose of the second-order time-
derivatives and above, the following closed set of equations are obtained

3P + da (ptie) =KnEY + Kn2ES + Kn’ESY + 0 (Kn*), (A15)
3 (pUy) + dp (Puglig) + 209, 0 =Kn (pcﬁeaﬁsaﬁ) +KnEQ) +Kn2EQ) +KnPES) 4 0(Kn%), (A.16)

with Sqg = dyug + dguy and where the fact that l'[f;gs = plglg + pcf@éaﬂ has been used. Eg” and E;”Ja are deviation
terms from the mass and momentum equations of the isothermal Navier-Stokes equations, respectively. They both include:

e the effects of the moments cascade of the DVBE, which can be viewed as errors in consistency with the isothermal NS
equations,
e the macroscopic effects of the deviations from the DVBE E,.("), which include the numerical errors of the model.

Explicit expressions of these deviation terms are obtained using the computer algebra system Maxima [68]. Numerical errors
can then be clearly identified as At/t-dependent terms, while consistency errors are the remaining terms when At/t — 0.

Appendix B. Discretized correction terms

In the case of corrected LB models, the body-force term W; is usually discretized thanks to finite differences. The aim of
this appendix is to focus on the numerical errors performed during their discretization in the context of Taylor expansions
in Knudsen number Kn. Starting from the general expression of Eq. (9), it can be re-written in its dimensionless form using
a chain rule as:

202 4 804
C_ @ eq,apy eq.aBy
v; = Zc H; ap op oy p+ dy (pus) | - (B.1)

a(pus)

The discrete form of the correction term \I/? is then obtained by using a finite-difference scheme for the evaluation of space
gradients 9, . Note that the choice of variables used for this discretization, e.g. (o, u) or (p, pou), has no impact in the linear
approximation, and the second one is arbitrarily adopted here. Two kinds of discretizations are considered: a first-order
upwind scheme (DUO1) and a second-order central scheme (DCO2):
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for any function ®, where e, is the unit vector in the direction y. A Taylor series expansion of these expressions yields

Kn?

At
DCO2: (3, )P =9, &+ — (—) 33, @+ 0(Kn?), (B.4)
6 T 1244
Kn At Kn? [/ At\?
. DUO1 _ 2 3
DUO1: (3, ®) _ayd>—sgn(uy)7?8wd>+? <?> 95,y ®
(B.5)
Kn® (AL’ 4 4
- sgn(uy)ﬁ - BWWQD—F O (Kn™).
This leads to the following Taylor series expansions for the linearized \IJ? with a DCO2 discretization:
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and with a DUOT1 discretization:
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Appendix C. Matrices of the linear analyses
C.1. Macroscopic equations with deviation terms

To perform analyses of Egs. (23)-(24), the linearized deviation terms Eg:) can be written under the following general
form:

E(n) A+ o (n+1) 3" (puy) (n+1) 3" (puy)

., Defp, pugyl, (C1)
Qa1 oy By DT dory gy DY 9or 04 PPl

where implicit summations are performed on indices o1, .., op+1 € {X, ¥} and Agj), Bg‘) and Cg:) are constant coefficients
involving the mean base (space- and time-averaged) density and velocity. In 1D, every index is equal to x and Cg) =0 so
that, for instance, the first-order deviation of the mass equation EE)]) can be written as

2
D _ @ 2P @ 9%(puy)
Ep) = Apag + By 5 (C.2)

A linear analysis of Eqs. (23)-(24) yields the following system of equations
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where j, = pugy. The eigenvalue problem of Eq. (31) is then recovered with
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where p is the order of truncation of the Taylor expansion in Kn. Note that the error done on the eigenvalue problem is
of the order O (k*P*2) for a given value of the dimensionless relaxation time T/At. This is an important observation for
validating the deviation terms by comparison with the eigenvalues of the linearized LB scheme.

C.2. LBM with BGK collision

The linear stability analysis of the LB scheme with the BGK collision model can be found in previous references [71,72,
13,15,73,16,77,78,32]. The eigenvalue problem of Eq. (32) is recovered with

. At T
MM _ p—ikieia (5. _ ( — N) S (DFD i ) , C13
i YT A2 ¥t +At2\7 Viy (C13)

where J¢%N is the Jacobian matrix of the equilibrium distribution, which can be analytically computed as [32]

N

eq,N Wi (n) (n)
=20 A M (C14)
n=0 "%
where
© (€] ) — — _

AEQJ =1, (Aeq J) =¢ja: (Aeq ])aﬁ =Ugejptugejo —Uglp, (C15)
3 - R _ -

(qu),j)aﬁy =Uglgejy +Uglyejg+Uplyejq — 2Uglply, (C.16)
4

(A‘(eq)’j)o{ﬁya =Uglglyejs+Uglglsejy + Uglylsejg + UgllyUsej oy — SUglplly Us. (C17)

The last right-hand-side term of Eq. (C.13) aims at considering the body-force term W; of Eq. (9) in the linear analysis, with
oM 3
Viiy = =5t Mia (Aeq ])aﬂy (C18)
and where D)F,D accounts for the linearized space gradients in the direction y, depending on the way they are discretized:
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Analytical gradients: ~ D'P =ik}, (C19)
DCO2:  DIP =isin(k}), (C.20)
DUOT: D =sgn(@y) (1 - exp(—sgn(ﬁ)ik’;)) (c21)

C.3. LBM with regularized collision

Linear stability analyses of the regularized LBM can be found in [32,89]. The eigenvalue problem of Eq. (32) is generally
recovered with

LBM _ —ik%eiq [ yed:N _ M FD
M,‘j =e <-lij +<1 ‘[+At/2>J + = D Vij, y) (C.22)

(O

where] is the Jacobian matrix of the off-equilibrium distribution functions. It depends on the regularized scheme:

Wi 1 _ _
Shear stress reconstruction: J(]) = __l (At + 2) (ei,aei,ﬁ — 652605,3) % (DZD(ej’,g —ug) + D;D(ej,a — ua)> ,
(€C.23)
1 _ N
PR/RR: )}’ = [H~'PH], [5@- o A DFDtka V] (C24)
where H and P are defined in Sec. 6.1.

C4. MRT models

For MRT models in absence of body-force term as considered in Sec. 7, the eigenvalue problem of Eq. (32) is recovered
with

—ik* e: = N
MY — o ~ikicic (5,-]- —Ca (ak,- -3y )) , (€.25)
where C is the collision matrix evaluated at the mean base flow.
Appendix D. Relations with Genocchi and Bernoulli numbers for the BGK collision model

Let us consider the coefficients ¢, defined by the following recurrence relation

n
co=2, vn>1, Cn=—Z(Z>Ck- (D.1)

k=0

neq

In order to find out any interesting property in the Taylor expansion of f;™" with the BGK collision model, let us focus on

the generating function of cj:

fx) = ch%. (D.2)

n>0

Multiplying Eq. (D.1) by x"/n! and doing a summation over n > 1 yield

ch):l—':=—22n:<>k— = ZCn——Co— ZZ()Ck—+CO (D.3)

n>1 : n>1 k=0 n>0 n>0 k=
X" X" X"
= ZC"E_ = ZC"H ZF +2. (D.4)
n>0 n>0 n>0
—_— —
f) f(x) exp(x)

Hence, the generating function of c, is given by

4
f= m~ (D.5)

Then, knowing that f(x) + f(—x) =4, one has
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S (14 (-1 =4, (D.6)
n:

n>0
so that any even coefficient is null:
Vp=>1, c3p=0. (D.7)

Note that, given the generating function f of c,, these coefficients can be related to the Genocchi numbers G, defined by
their generating function g [82]:

X" 2X X
= Gh—=——"-—== . D.8
g0 =) Gn a1 =2/ ® (D.8)
n>1
Hence,
G
Vn>0, cy =241 (D.9)
n+1
Genocchi numbers can also be related to the Bernoulli numbers B, as [81,82]
vn>1, Gp=2(1-2")B,, (D.10)
so that
n+1 B;+
vn>0, cp=4(1-2""")——. (D.11)
n+1

Appendix E. Deviation terms of the BGK model with the D2Q9 lattice

This appendix provides the deviation terms Eg:) of the BGK-D2Q9 model, from the isothermal NS equations. For the
sake of simplicity, only the x-derivatives will be provided in the deviation terms EfOZJX, Eﬁ,}y, Eg), E;ifx and Egu)y. The
expression of the other terms (Eﬁ,l), E/(OBX, El(olﬁy and EE,Z)) is much simpler, they will be provided in their complete form.
Three equilibrium are considered: N =2, N =3* and N = 4*, with and without correction term W;.

Note that deviation terms are completely equivalent in the x-direction with the partial third-order (N = 3*) and the
partial fourth-order (N = 4*) equilibria, they are therefore only provided once.

E.1. Second-order equilibrium (N = 2)
No correction:
3) (3) 3) ED _ _ 52,0 (3) 3)

(1) (€Y 2 2 2 2 2
Ep =0, Epuy = = 9xxGeq.xxx — 205y 0eq,xxy — dyydeq.xyy- puy = ~Oxxleq.xxy — 20xyGeqxyy — dyyleq.yyys

At\* 1
2 3 3 3 3
Eﬁ)) = <_) PEY (_a)?xxaéq),xxx - 333xyagq),xxy - 3a>?yya‘(fq),xyy - a;yyagqﬁyyy + pC?Q(afxsxx + Zafysxy + 832’5’5”)> ’

T 12
2 2 2
At At At 1
(2) 2) (3)
E;un, =C — ) Ny, Eyu, =C — ] Ns, E;=|— | —d(q,
puy 1+<T) 1 puy 5+(‘L’> 5 P (t)lle
2 2
3 At 3 At
ELJX =C+ <?) N, Eﬁ)Jy =Cs+ (? Ne. (E1)
Including now a correction term W; without considering its discretization errors, one has
(1) 1) (1)
E,” =0, Epu, =0, Epu, =0,
@ _ (Ar)* 1 3 .0 3 () 30 3 ) 2002 2 2
E;" = 7)) 12 <_8xxxaeq,xxx - 33xxyaeq,xxy - 38xyyaeq,xyy - ayyyaeq,yyy + 0C50 (053 Sxx + Zaxnyy + ayysyy)) )
At)? Ar\® At\? 1
2) () (3)
Ejy. =C — ) Ny, Eju, =C — ] Ns, E;)=(— ) —=0xCs,
Py 3+<r) 1 puy 7+<T) 5 P <T>12x3
2 2
At At
3 3
ES) =Cat (7) N3,  Eb) =Cs+ <7> N7. (E2)
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Including the discretization effects of the DCO2 scheme, only third-order errors in the momentum equation are affected:

At 2 1 34(1(3) At 2 1 84(1(3)

3) eq,Xxx 3) eq,xxy

E =C4+|— N3+ -———""""1], E =Cg+|— N7+ -———""—). E.3
Py 4 < ) < 3 6 ox puy 8 ( ) 7 6 x4 (E3)

Finally, with the DUO1 scheme, the numerical errors of the momentum equations are altered as

At\? At 33(1(3) At 2 At 83a(3)

2) eq,xxx 2) eq,xxy

E =C34+|— ) Ni— [ — )sgn(uy) —=—, E =C7+|— ) N5 — | — )sgn(uy) ——,

Py 3 < ) 1 <2>g(x) 9x3 puy 7 < > 5 (2>g(x) %3
At)? 1 34(1(3) At

3) eq,Xxx

E =Cs+ | — N3+ -——— )+ | — ) sgn(ux)Ng,

pux 4 < > < 3 6 ox <2 > gn(ux)Ny

3) eq,xxy
E =Cg+ | — N7+ —-—"">] 4| — ) sgn(ux)Ng. EA4
ply 8 ( ) ( 7 6 ox (2 ) gn(uy)Ng (E4)

E.2. Partial third- and fourth-order equilibria (N = 3*, 4*)

No correction:
(3) (3)

2 2
D _o g _ _ 970eqgx g _ ¥ eqyyy
p = pux = w2 py = 3y

2 3,3 3.03)
EE)Z) — <£) 1 (_8 aeq,xxx _ d aeq,yyy +,0C?0 (825xx +2325Xy N 825}/}')) ’

T ) 12 ax3 ay3 9x2 xdy ay?

T
At\? 1 At\? At)?
Ef):<T) %€, E}?JX:Cﬁ(?) Na, E;3Jy=c9+<?> N1o. (E.5)

Analytically computed correction:

2 3 2
At 0°u At
2 2 3
EE)JX =C1+ (—T ) N1, E%Jy = agq),xxx—a)@y + (—) Nis,

EY =0, EG =0, EY =0,

pux — puy

2 3.3 3,03)
@ _ (ALY 1 [ 07equ  070eqyyy + pc2o 9 Sux +2325xy n 3°Syy
p T ) 12 ax3 ay3 s ax2 axdy = 0y? ’

2 3 2
2 At 2 a9 3 At
EE)U)X =0+ <_'L' ) N1, EE)Lzy = _3X3 (uyae(zq?xxx) + _‘E Nis,

3 At\? 1 3 At\? 3 At\?
Eﬁ;)=<? Eaxca Eor, =Ca+ - N3, E;;u)y=c10+ < Ns. (E.6)

Including the discretization effects of the DCO2 scheme, only the third-order error in the x-momentum equation is
affected:

2 4.(3)
3) At 10 g, xxx
E,. =C — N —— . E.7
Plx 4 +< - ) < 3+ 6 a0 (E7)

Finally, with the DUO1 scheme, the numerical errors of the momentum equations are altered as

2 3,3
2) At At d aeq,xxx
E . =C — ) Ny — | — ) sgn(uy) ———,
Pl 3+<1’) 1 <2‘C gn(Ux) 9x3

AL\ ? 184a(3) At

3) eq,xxx

E =Cs4+ | — N3+ —— ]+ | — ) sgn(uy)Ng,
Pl 4 <T><3 6 ox* <2r>g(X)4

4.3

2
At At d%a
E;)?’Jy =Cio+ (T) Ng — (E) Sgrl(ux)uy%. (E.8)
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Appendix F. Deviation terms of the shear stress reconstruction (HRR-o = 0) with the D2Q9 lattice

This appendix provides the deviation terms (with the athermal NS equations) of the D2Q9 lattice with the shear stress
reconstruction of Sec. 5, also referred to as HRR-o = 0, in the linear approximation. Only the equilibrium at second-order
(N =2) is considered here, noticing that changing the order of the Hermite-based equilibrium has very few impact on the

general conclusions. Furthermore, for the sake of simplicity, only x-derivatives are provided for ELZ,}V, Eg) and E;?Jy.

E1. Non corrected D2Q9 lattice, analytical reconstruction of g,.(D

At
(1) Q) 2.3 2 (3 2 3
E/) = O, E,Oux = — <_2‘[) (8xxaeq’xxx + Zaxyaeq’xxy + ayyaeq’xyy> .

M _ (B (2. 3 2 (3 PINE)
Epu, =— Z) <8xxaeqyxxy + 203 deq.xyy + ayyaeq,yyy) .

2
@) A WL APE e ) 3 .0 3 ) 3,0 2052 2 2
E? = <_> 5 (0063 o = 303063 oy — 303,83 gy — 0y alalyyy + PO O Sx+20%, Sy + 03 Syy) ).

2 2
Egn, = (§> % + <%> Nu.  Eg), = (%) Nig + <%) N2o,
At
- T
ES’J = (£> Ni3 + <E>2 N4+ (£>3N167 E,(OBJ =— <§> '0—92 ouy + <£>2N21 + <£>3 Nos.
x T T T y T ) 18 x4 T T

(E1)

(1)

i

E2. N =2, analytically corrected D2Q9 lattice, analytical reconstruction of g

=0, E\)

M _ )
EV =0, E i,

pux =0,

2
2 At\* 1 3 3 3 3
E;) - (? 12 <_83xxagq?xxx - 3a>?xya£’q?xxy - 333yya((?q)-xyy - a;yyagQTJ’yy + PO (O S + 28’33/ Swy + 832’3’ Syy )) ’
At At\? At At\? 1 (A2
(2) 2) 3)
E =|—)C — ] Nj, E =—|N — ] N3, E;)=— | — ) 0xCs,
Pllx (21) 3+(t> 1 oy (t) 19+(T> 23 P 12(t> xC3
At A2 At\? @ (A po%dtuy (A At\?
— |Nis+|—) Niz+| — ] Nis, Epiy,=—|— )= t| =) Noa+|—) Nos.
T T T T 18 o0x T T

E3. N = 2, correction with a DCO2 scheme, reconstruction of gfl) with a DCO2 scheme

E®

pux —

Compared to Eq. (F.2), only the numerical errors in the momentum equation are affected as

At At 2 0 9%u A3 1 34l 0 9%u
(3) 1Y X eq.xxx P X
EQ) == )N+ (=) N7+ +(=) (Nis+— -2 ,
Pl ( T ) B ( T ) ( 7T g axt ) ( T ) BT 127 oxd 18 ox*
At 62 9%u A2 0 9%u A3 1 34ald 0 9%u
©) P y P y egxxy P y
EQ — ()2 (20 (Npa+ 222 4 (2] [ Nps 4 =y P70 T ) E3
Py ( T ) 18 ox? < T > ( 2T 18 o < T ) 2T 127 A 36 9x4 (F3)

FE4. N = 2, correction with a DCO2 scheme, reconstruction of g}l) with a DUO1 scheme

Compared to Eq. (F.2), only the numerical errors in the momentum equation are affected as

At (C 33u At\? 0 33u
2 3 2 X P X
ES =(=)(=- 0 —) (N = ,
Dily ( p ) ( 5 sgn(ux) pcg 0 >+< - ) ( 1+ sgn(ux) 6 93 )

At 0 33u A2 06 93u
2) y y
E =|— Nig — sgn(uy) — ——= — N sgn(uy)————1,
puy (_[)(19 g(x)G 3X3)+<1’> 23+g(x)12 93
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2 94 2 4
3) At p0« 9%uy At 00 9%uy N9
EQ) — (252 %y (20 (N, 4 2200y 219
plly = (r) 18 e \7 2 Jg et BN
At\> 1 048 0 3%u N
+ (7) (st-l-——eq’xxy -2 —xy +sgn(ux)—;9 . (F4)

E5. N = 2, correction with a DUO1 scheme, reconstruction of gfl) with a DCO2 scheme

Compared to Eq. (F.2), only the numerical errors in the momentum equation are affected as

3)
At sgn(ux) 3°deq xxx
2) _ q,
Epu, = ( ) C3+ ( ) (N1 T a3 )
2 3,3
At At sgn(uy) 0°a
®) gn(Ux eq,xxy
E?Q — (2N ) Ny - 2T Ty
puy = (1’) 19+<1’> (23 2 Py >
At At)? 00 9%u A\’ 1 9% 00 %uy
3) X eq,xXxx
ES) = (=N =) (N + 2 =) Mg+ — n(uy) —
2 (‘E>13+<1’><]7+98x4>+<r> R 1sa4+g(X)
(@ _ (A p6% 3%u, N At\? Npa it 20 po 3*uy
Ply T ) 18 x4 T 18 ax4

A\’ 1 84 6 0%u,
+ <?> (st + =4 Loy Y 1 sgn(ux)Nag (E5)

E6. N = 2, correction with a DUO1 scheme, reconstruction of glfl) with a DUO1 scheme

Compared to Eq. (F.2), only the numerical errors in the momentum equation are affected as

At a3u At ? sgn(uy) 33al) p6 33u
) 2 X X eqxxx X
= () (5 -smwondo53) + (5) (Nl‘ 7 a0 TR )|
3)
At 00 At\? p0 33u,  sgn(uy) 33a
E@ _ y x) 97Geq xxy
Epu, = (7) (Nw—sgn(ux) 6 90 >+<r> <N23+sgn(ux) 12 93 2 el B

3) X xL3
E =|— N + 1 — N + — — sgn(u
PlUy ( ) 13 ( ) < 17 9 4 g ( X) )

A\3 1 84ag)xxx 00 3%y sgn(ux)
=) Mg+ — L N4+ 8xC
+( )(18 12 axt 18 ax4 (Na+ %C3)
At\ p6% 8%u At\? 08 d%u,y
@) y
Q) =— (=) =) (w~ - =B
pity (t)lS 8x4+<r> ST 34 (u")
N 1 0%5) .y 00 0%
=) (Nas+ 2y PZE Y LY E6
+(T> ( 25+ 15 ol 36 xt +sgn(ux)< Rl 26) (E6)

Appendix G. Deviation terms of corrected PR and RR models

This appendix details the deviation terms of corrected PR and RR models. For the sake of simplicity, only modifications
from their BGK counterpart are provided with x-derivatives only.
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G.1. PR model with N = 2

Analytical correction:

33 At\ 93 At\?
£ _ (C7+2c§ (puxuy)> ~ (_) 2P (pusuy) +<_> Ne.
Y T T

ax3 ax3

3 At At\? A\ 1
Epuy=Cia+ | — JNao+|— | (N7 —Nog)+{— ) ;Nas.

Correction with a DCO2 scheme:

33 (puyu At 83 (puu At\?
EQ) — <c7 +2c3M) _ <_)63M n <T> Ns.

ax3 T ax3

E®

Correction with a DUO1 scheme:

ax3 T ax3

33 (puxu At\ 33 (puyu A2 At 33al)
Ei)zlzy: <C7—I—ZC§ (pux y)) _ (_) C? (puxuy) +<T> N5_(E> sgn(ity) eq,xxy

=Cpp + ALYy + ary® N+1a4a§’)”"‘y Nog | + At
puy — 12 T 29 T 7 6 3X4 28 T

ax3

@ At At\? 1045y At A\ 1
Eju, =Ci2+ T Njg + - N7+€7—N28 + 37 sgn(ux)Ng + T ZNZS-

G.2. RR model with N, =3*,4*and N =2

Analytical correction:
2 2 a4

2 _ At At 3 _ ,09 d Uy At

o= (5 )t () o o=+ (T

where

pu2 dtu,
12 ox*

N3g |(uy=0) =(1—10)

Correction with a DCO2 scheme:

02 9%u At At\? 104a8)
Eﬁfﬁy S e (?> N36 + <7> N7 + —% — N3z

Correction with a DUO1 scheme:

2 3.3
2 At At At agg
E;3y=<§ Naa+(— ) Nas— (5 ) sentu)— 5.

3) ,092 34Uy At
o =g e T

A3
+<—> Nssg.
T
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At\?
) (N36 + sgn(ux)9xC13) + <7> N7 +

)

1

6

At
+(=) Nas.
T

34(1(3)

eq,xxy

x4

—N37 + sgn(ux)N39>

(G.1)

(G.2)

(G.3)

At 2 N
N3g+|— | (N7—N37)+| — ) Nas,
T T T

(G.4)

(G.5)

(G.6)

(G.7)



G.3. PR model with N = 3*, 4*

Analytical correction:

3 2
2 _ 2 0 (UXUy) At At
Epuy—zpCSGT_ o Cis + - Nis,

3 At At\? At\?
Epu,=Ci7+|— |Nas+|— ) (Ns+Na1)+| — ] Na.
Y T T T

Correction with a DCO2 scheme:

Buxuy) [ At At 2

@ _ 5.2 xlly

Eju, _ZpCSGT - (Z) Cis + (?> Nis,
£G)

At A2 A3
puy =C17+ | — |Naz+|— ) (Ns+Na)+|— ] Na.
T T T
Correction with a DUO1 scheme:
Buu,) [ At At\?
(2) 2 xty
E =2pci—————| — | C — ) Njys,
puy = <PCs 93 (21) 15+ ( 7 ) 15
3) At At a4a¢(313]?xxx At\? A3
Epu, =Ci74+ | — ) Naz — | 5= ) sgnuuy———+| — ) (Ns+Na) +| — | Na.
T 2T 0X T T

G.4. RR model with N, = 3*,4* and N = 3*, 4*
Analytical correction:

3

) At 83(Uyagq?xxx) At 2

Epu, == )—="—+(—) Nis.
Y 2T 0x T

3) p92 34Uy At At 2 At 3
Epu, =— 4+ — | Ngs + - (Ng + Ngg) + - Ny7.

9 oxt T
For a horizontal mean flow, the degenerating hyperviscosity behaves as
1 9%u
N4z |(Uy=0) =Ny4 = _g,o(ll;} + (0 — Uub?‘ly

Correction with a DCO2 scheme:

At 33(uyal) At\?
E;}Zgy _ <_) ( y eq,xxx) + <?) N]S,

2t ax3
3 p6% 3%uy, (At At\? At\?
Epuy=——g-7a T\ 7 )Nas+| ) Na+Nag)+|— ) Naz.

Correction with a DUO1 scheme:

3

) At 33(Uya((3q?xxx) At 2

Eouy=\37 )~ T\ 7)) N
Y 27 ox T

02 9%u At A2 A2 1y 9% A3
ngy S LA (—) Nas + <?) (Ng + Nag) — sgn(uy) ( ) A <?> Na7.

9 ax4 T 7] 4 axt

Appendix H. Deviation terms
H.1. Consistency errors with the isothermal NS equations

330

a3u
L 3 _
%3 (10,0ux + (26 4),0ux)

_ 4 _ 2 2 _ 7%
C1= <3ux+(40 3)u? +62/9 0/3) -
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(G.9)

(G.10)

(G11)

(G.12)
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1 a4
Cr=—3 (36u3 + (560 — 39)u3 + (462 — 116 + 3)uy ) p

x4
1 4 ) ) 8%y
-3 (378ux + (1086 — 189)u2 + 262 — 99 +9) P
202 93p 33uy 4, 3¥p 9%uy
Ci=""2P 1 2p0u, "X, Cp= 0%y (549 u2 292) ,
3= g g8 TG 4= 30 g P oxd
33p a3u a3u
3 2 2 2 X 3 y
Cs = — (3u3 + (726 — Duy) uy = - (8u2+2c0 - 1) puy = =200}
1 4 2 2 *p
C6:—§(108ux+(1239—57)ux+39 —29—1)uy87
1 3 tuy 1 PR dtuy
-3 (11143 + (196 — 19)uy) pUuy = —5 (450 +6uZ - 1) Pt
2 33p 33uy uy
C7_§ Uxuya +pO -1 |uy— Py +HXW )
1 s 5 3*p 5 tuy 1 5 dtuy
Cs=—3 (18ux — 40 +49) y S + 100636 — Dugty 4 + o ((129 —18)u2 -0 +29) P

3u
Co= (3uj} + (20 — 3yu? — 2402 + cf@) A
1/ 4 ) ) 9%p 3 9%uy
Clo=3 <9uX + (150 — 9)uZ + 262 — 29) ty S + (1 450 = Duypuy =7

1 4 2 2 9*uy
+3 (270 + (180 - 27)u2 — 267+ 30) Pt

a4 3tuy a4
C1=Co+ - ((24u 60— 2uy s +42puty o+ Qaud = 2)p= ).

84,0 3tuy a4uy
C12=0Cs + (18u +49)Uy 7 T 30puxuy —- Py X4 (18u 29),0 ,

83p 93u
Ci3= —24:30u,(uyW —(uZ+c20 - 1)),0un;,

1 94
Cra = —5 (27u} + (240 — 2443 +67 —20 + 1)uy—axff -
Lout —6u2 +1)p 4”y
9 oxt
3 3 3

a’p 0 Uy
Cis = —(U3 + (0 — Duuy—= 3 — (3u? +629—1),0uy — (uj + (c 0—1)ux)p

84,0

1 4 2 2,2 3 0"u
Ci6 = 5 ( (15U + (15 = 210)u5 — 2c367 +20)uy —7 + (21 = 110)ux — 5Tu3) puy —

+ (4012 — ¢26%) dtuy
Yoo ),

4 p duy 4u
Ci7 = —0%uy—; + 10pcOuu —129u — 02
17 =gty o3 +10p XUy =g ( )p
H.2. Numerical errors
Ny = (9u + (180 — 9yu? + 6% — 39)8 Pl (6u3+(29 3)u) Oy
1754 ax3 g ux )P o3

Np= - (162u + (3000 — 171)u3 + (26602 — 639+9)u)a4—'0
108 *) x4

4 2 2 9uy
+ (612ux + (21660 — 315)u? + 462 — 150 +9) P |
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1 3 34ux
§(Z4ux + (40 — 8)ux)pun

83’

)



4

34p 4

0*u
+ (216u} — 810} 862+ 150 - 9) = )

1

N= o <(54u + (1080 — 45)u3 + (—1062 — 99 — 9)ux>
84

Ng= (_3u;‘ + (340 —0%/3+ 9/3) —f + (—10u§ +4- 49)ux) 0

3ux

ax3’

33p 33uy 30%uy
N5 (u —|—9ux)uya 3 +(3u +c Q)puy e + pu s

X 8x3
Ne = — [ (54u% + (716 — 21 720 — 220 — 1) uy P 4 (17743 + 370 — 21 Oy
6= 35 ( u =+ ( )u + 7cg cs0 — )unJr( uy + (376 — )ux)pun
dtuy
N (54u + (810 + 92 62+60—3)u 84—'0+i(21u3+(9+3)u)pu 3ty
[ 108 Yoxd T 12 x *) PR Toxa
+ (9u (12— 60)u? — ) otuy
36 P oot
1 ) atp 1/ 4 84Uy
Ng=—=o (27uf + (546 — 27)u2 + 76% — 99) uyw—g(ﬁux+(29—3)ux) puy g

4

1 4 2 .2 0%uy
-5 (18ux + (120 —18)u2 — 6 +29) P

1 3 3*p ) 3%uy 3 dtuy
Ng = -3 Quy + (70 — 5)ux)un + (24u; + 40 — 4),0un + (buy +2(0 — DUX)'OW ,

p 1 9%u
2 3 X
N]0=—m<27u +(360 27)U +0 36) UyW—E(SUX‘F(G_Z)ux),OUyW
1 4
- (18u;‘ + (120 —18)u — 92 +29) pY
3p 1 a3u

_ 2 ¥p_ 1 _ x

Nip=—2o (63u + (720 — 63)u2 + 76 39) 5~ g (33u3 + (140 — 12)ue) p 2
1 9%uy

Niz=-= ((9u + (120 — 9)u? + 02 —9) 2 1 (30u3 + (120 — 12)u) p = T )

2 0%y 1 ) ) 3*p 5 ) 3%uy
Nis=—35p0 =55 Nu=g ((QGuX +19¢% — 99) g + (999ux +176 129) P ).

1 3p 83uy 3u
N15_—— (3u + 300 — 1)u,()uy8 3 —I—(9u +60 —-3)puy— 03 +(3u +3(0—1)ux),0

1 5 3 2 *p 4 2 2 tuy
Nio = —5¢ ( @7uZ+ (370 = 30)u} + (807 = 90 + 3)ux) T ++(87uf + (510 — 42)u] + 407 — ).

1 94p d4uy
N7 = — ( 106%u (456u2—92 69) ,
17 54( xoxd T BV =T HO0) P

X

1 5 3 2 p 4 2 o%u
Nis = = ( (18U + (360 — 15)u3 + (267 30 = Bu) - + (72} + @46 — 2752 +6 - 3) p ,

x4
83 (uyuy)
N19=,0C39—8 x3 v,
3p 93uy 93
N20:——(7u + (560 — 3’»)u,<)uy8 T (27u + 50 —3)puy %3 9 3 ,
2 2 34'0 9%uy 2y
N21=m(99ux+119 =300y o + pOUly— —(6(9u ] e

Noy = — (1620 + (16560 — 108)u2 + 1362 — 76)u 34’0 L 30u% + (146 — 9yu)pu Oy
2= 7576 >t x Voxd T 18 WPy 5

57



1(18u4+120u2+92) o,y
720 % * Pooxt

1 4 ¥o 1, PBuy 1 a3
N23:E(UX'F(@_l)ux)uya?+—(gux+9—3)/0uy a3 Tl x—ux)p

83’

2 o po 8%y
Nos = —60%u,— + Zuu 2 Eu?+1
24 + x4y 3)(4 + ( + ) 8X4

3%p 9%u
— 4 2 2 3 X
N25_ﬁ<(18ux+(279—15)ux+0 —29—1)uy—a 1 4—(63ux—i—(159—21)u,<)/ouy—ax4
9u
y
+(9u —6u —1)p )

1 3%p 8%, 4u
Nze_—— (9u + (70 = S)ux)uy —5 ! +(24u +40 - 1)puy—f ! +(6u +2(0—1)ux)p

3%p

1 5 3%u a4uy
N27:—§ (Ouy + 26 — 1)uya + 15puxuy — v, +(9u —1),0 ,

34p 8%y ,d%u
N28—_<(3u +9)Uya4+6puxuya4c+3pux a4y ’

34p d4uy 2 duy
Npyg = — (6u +9)uy— + 9puxlly — o +(6 ),087 ,
1 83p 33 83
Nso=—¢ ((9u + (50 = 3uuy -3 S+ Q1lu; +6 = Dpuy— i epuiwuj .
1 ) 34 Fuy 4uy
N31:ﬁ —((330 — 6)u +0°4+0— 2)uy (45u + (210 = 15)uy) puy — v +(18u —12u +2),0—
1 34,0 3%y 9%u
N3 = —8<( 54ul + (=510 + 18)u? —92+9)uy -+ (—153u) + (=210 + 15)uy) puy — o4 — 36U ul 3X4y ,
1 ) ¥*p Iy 40%uy
N33 = Q7u} + (360 — 9u2 + 6 G)uyﬁ—i-(QOu + (186 — 12)u) puy - X +18pul o |
3p 33uy Buy
N3g = —Uxuya—3 + (0 — 1)Puyﬁ +@© - 1)PUXW,
93 a3 33u
N35 = ((u +0uuy 'O—i-(Bu +C29)puy B
1, 84,0 a4u
N3s = 5(0% —0uy—7 + (29 Dpustty——= + (1 —3u? ),09—,
1 , a4p 34 5 d%uy
N37:§(6u -0 -I—G)uy—-l— ( 20 +3)puxuy —r- ol i (1—9) XA
1 a4p 1 8%, u? 9%u
N3g = —(3u2 — 6> +0)u 2 —0)puyu _pPUx
38 36( X +0)uy 8X4 ( )PUxUy — 9t Z+( ) ot

1 3 a4p ) 84ux 3 dtuy
N39=_ﬁ (9ux+(50—5)ux)uym—l—(21ux+3(0—]))pun—l—(6ux+2(9—1)ux),0W )
Nao = 2120 + (156 — 1292 + 267 — 0y, 2P 4 39u3 + (76 — 15 9%y
40_6( uy + (1560 — 12)uy + 567 — )uyax4+( uy + (760 — 15)uy) puy v,

4 2 2,2 34“)/

+ (6uy + (0 — 6)uy —c50 +0)pW ,

1 4 5 5 3tp 3 G
Nat = 2o | (Ouy + (180 — Ouy + 6% = 30)uy 7 + (36u; + (120 — 18)ux) puy — 7

58



+Out + (30 —9)u)p 34&)

axt )
9%p
Xt

4

_l _ 9,4 _ 2 2p2 _ 3 _ w
N42_24 (=3uy + (=60 + 3)uy — c;0° +0)uy + (—12uy + (=40 + 6)uy) puy o

4 5, Oty
+(—3ux+(3—0)ux)pW ,
1 (3% ) dtuy
Ny3 = 8X4 (18u +(279—18)u +06 39)uy+(63u + (30 — 27)ux) puy —5 !
4 2 .2 34”5/
+ (18u + (30 — 18)uF — 6% +36)p— 7 ).
1, 5 %uy
N44=_§p(ux+(9_1)ux)W’

4 94
uy

4
¥u
Nus = — [ 36u2 +62 — G)uy—+(3u +300 = Dupuy—5 T+ (—30u; 202+9)p ,

| =

1 4 2 292 _ 2 *p 9ux 4 2, Btuy
Nyg = 3 Cuy + (30 — 2)uy +c50° — Q)uy— + (7u + 3 — 1)ux)un + Quy + 20 — 1)ux),0W ,

1 34p 9%u
Nay =5 ((—uﬁ + (=20 + Hu2 —c26% + csze)uyW 4 (—4u + (=260 + 2)ux),0un4X
9%u
4 2 y
—(uy+ @0 — 1)u")p_8x4 )

References

[1] Z. Guo, C. Shu, Lattice Boltzmann Method and Its Applications in Engineering, World Scientific, 2013.
[2] H. Huang, M. Sukop, X. Lu, Multiphase Lattice Boltzmann Methods: Theory and Application, John Wiley & Sons, 2015.
[3] T. Krtiger, H. Kusumaatmaja, A. Kuzmin, O. Shardt, G. Silva, EMM. Viggen, The Lattice Boltzmann Method, Springer International Publishing, Cham,
Switzerland, 2017.
[4] S. Succi, The Lattice Boltzmann Equation: For Complex States of Flowing Matter, Oxford University Press, 2018.
[5] U. Frisch, B. Hasslacher, Y. Pomeau, Lattice-gas automata for the Navier-Stokes equation, Phys. Rev. Lett. 56 (14) (1986) 1505-1508.
[6] L. Boltzmann, Wien. Ber., vol. 66, 1872, pp. 275-370.
[7] S. Chapman, T. Cowling, The Mathematical Theory of Non-uniform Gases: An Account of the Kinetic Theory of Viscosity, Thermal Conduction and
Diffusion in Gases, Cambridge University Press, 1970.
[8] PJ. Dellar, An interpretation and derivation of the lattice Boltzmann method using Strang splitting, Comput. Math. Appl. 65 (2) (2013) 129-141.
[9] H. Touil, D. Ricot, E. Lévéque, Direct and large-eddy simulation of turbulent flows on composite multi-resolution grids by the lattice Boltzmann method,
J. Comput. Phys. 256 (jan 2014) 220-233.
[10] E. Schornbaum, U. Riide, Massively parallel algorithms for the lattice Boltzmann method on nonuniform grids, SIAM ]. Sci. Comput. 38 (2) (2016)
C96-C126.
[11] Y.H. Qian, D. D’'Humiéres, P. Lallemand, Lattice BGK models for Navier-Stokes equation, Europhys. Lett. 17 (feb 1992) 479-484.
[12] X. Shan, X.-F. Yuan, H. Chen, Kinetic theory representation of hydrodynamics: a way beyond the Navier-Stokes equation, J. Fluid Mech. 550 (feb 2006)
413.
[13] P. Lallemand, L.-S. Luo, Theory of the lattice Boltzmann method: dispersion, dissipation, isotropy, Galilean invariance, and stability, Phys. Rev. E 61 (6)
(2000) 6546-6562.
[14] D.N. Siebert, L.A. Hegele, P.C. Philippi, Lattice Boltzmann equation linear stability analysis: thermal and athermal models, Phys. Rev. E 77 (feb 2008)
026707.
[15] PJ. Dellar, Nonhydrodynamic modes and a priori construction of shallow water lattice Boltzmann equations, Phys. Rev. E 65 (feb 2002) 036309.
[16] G. Wissocq, P. Sagaut, ].-F. Boussuge, An extended spectral analysis of the lattice Boltzmann method: modal interactions and stability issues, ]. Comput.
Phys. 380 (mar 2019) 311-333.
[17] PL. Bhatnagar, E.P. Gross, M. Krook, A model for collision processes in gases. I. Small amplitude processes in charged and neutral one-component
systems, Phys. Rev. 94 (may 1954) 511-525.
[18] D. D'Humiéres, Generalized Lattice-Boltzmann Equations, Rarefied Gas Dynamics: Theory and Simulations, vol. 159, jan 1994, pp. 450-458.
[19] D. D’Humiéres, I. Ginzburg, M. Krafczyk, P. Lallemand, L.-S. Luo, Multiple-relaxation-time lattice Boltzmann models in three dimensions, Philos. Trans.
R. Soc. A, Math. Phys. Eng. Sci. 360 (1792) (2002) 437-451.
[20] L. Ginzburg, Equilibrium-type and link-type lattice Boltzmann models for generic advection and anisotropic-dispersion equation, Adv. Water Resour.
28 (11) (2005) 1171-1195.
[21] L Ginzburg, D. D'Humiéres, A. Kuzmin, Optimal stability of advection-diffusion lattice Boltzmann models with two relaxation times for positive/negative
equilibrium, J. Stat. Phys. 139 (6) (2010) 1090-1143.
[22] M. Geier, A. Greiner, J.G. Korvink, Cascaded digital lattice Boltzmann automata for high Reynolds number flow, Phys. Rev. E 73 (jun 2006) 066705.
[23] F. Dubois, T. Fevrier, B. Graille, Lattice Boltzmann schemes with relative velocities, Commun. Comput. Phys. 17 (4) (2015) 1088-1112.
[24] A. De Rosis, Nonorthogonal central-moments-based lattice Boltzmann scheme in three dimensions, Phys. Rev. E 95 (1) (2017) 1.
[25] ]. Latt, B. Chopard, Lattice Boltzmann method with regularized pre-collision distribution functions, Math. Comput. Simul. 72 (sep 2006) 165-168.
[26] O. Malaspinas, Increasing Stability and Accuracy of the Lattice Boltzmann Scheme: Recursivity and Regularization, may 2015, pp. 1-31.

59


http://refhub.elsevier.com/S0021-9991(21)00753-1/bib172434589F87C95F241BAAAC06526D79s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib9C10F7F6E0807C631619EB6294363674s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib0E3696D7AE5C6DB9A320A73643360F02s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib0E3696D7AE5C6DB9A320A73643360F02s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib3D191A3AC45930CC58F1270240B6920Es1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibE6C34A4DAD73C5A93270680DEF10EBBDs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibFC99A687E07A9D02DB30D674C9620602s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibBAFEE98F2139EB1245280E68841C1D66s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibBAFEE98F2139EB1245280E68841C1D66s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib9AAFD6348040997FE450D61FD8C58494s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib7EFA14AC6F6D7D9CC0D8739C7AC893A5s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib7EFA14AC6F6D7D9CC0D8739C7AC893A5s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib6A263EC1E7C203A90EDF533813757E3Ds1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib6A263EC1E7C203A90EDF533813757E3Ds1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibB6B4BEBF65930144CA52AB545C115A47s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib975D0ED2FF84B5F668150CB896C49A95s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib975D0ED2FF84B5F668150CB896C49A95s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib598A31B3928BA1F6D06BB561CD3C9488s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib598A31B3928BA1F6D06BB561CD3C9488s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibFD8D8FBC8579D299E5579E6EB1E440F9s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibFD8D8FBC8579D299E5579E6EB1E440F9s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibD1FE4B7302FA9BBDCC0DC4CE37735A82s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibB900383A8C557873E54E19FCD5109D58s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibB900383A8C557873E54E19FCD5109D58s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibC37FCF5AB9DBB898DD4D8394B3D3642Ds1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibC37FCF5AB9DBB898DD4D8394B3D3642Ds1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib6305917447363A65731474DA287885D5s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib36DBE6F76B102626E09C115C90F6B32Bs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib36DBE6F76B102626E09C115C90F6B32Bs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibDF2162727E66613861F7E80C24FD5978s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibDF2162727E66613861F7E80C24FD5978s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib5CC30BA51BAE6C33319784F0C7646644s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib5CC30BA51BAE6C33319784F0C7646644s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib22BEFA9EE4EFC49F4C960EEA63405812s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib7CA1141FF792E29FA30C829C30F51BA8s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib19708147E12126A9C629896431341BF6s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibC90458A9A719B63F22BE9E6204C7B673s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib84C7F3277D7A4F09347FCADF210BF0DAs1

[27] K.K. Mattila, P.C. Philippi, L.A. Hegele, High-order regularization in lattice-Boltzmann equations, Phys. Fluids 29 (apr 2017) 046103.

[28] C. Coreixas, G. Wissocq, G. Puigt, ].-F. Boussuge, P. Sagaut, Recursive regularization step for high-order lattice Boltzmann methods, Phys. Rev. E 96 (3)
(2017).

[29] J. Jacob, O. Malaspinas, P. Sagaut, A new hybrid recursive regularised Bhatnagar-Gross—Krook collision model for Lattice Boltzmann method-based large
eddy simulation, J. Turbul. 5248 (2018) 1-26.

[30] J. Latt, Hydrodynamic Limit of Lattice Boltzmann Equations, PhD thesis, Université de Genéve, 2007.

[31] C. Coreixas, B. Chopard, J. Latt, Comprehensive comparison of collision models in the lattice Boltzmann framework: theoretical investigations, Phys.
Rev. E 100 (3) (2019) 33305.

[32] G. Wissocq, C. Coreixas, J.-Eb. ¢. Boussuge, Linear stability and isotropy properties of athermal regularized lattice Boltzmann methods, Phys. Rev. E 102
(nov 2020) 53305.

[33] LV. Karlin, A.N. Gorban, S. Succi, V. Boffi, Maximum entropy principle for lattice kinetic equations, Phys. Rev. Lett. 81 (1) (1998) 6-9.

[34] B.M. Boghosian, ]. Yepez, P.V. Coveney, A. Wager, Entropic lattice Boltzmann methods, Proc. R. Soc. A, Math. Phys. Eng. Sci. 457 (mar 2001) 717-766.

[35] S. Ansumali, 1.V. Karlin, H.C. Ottinger, Minimal entropic kinetic models for hydrodynamics, Europhys. Lett. 63 (sep 2003) 798-804.

[36] LV. Karlin, F. Bosch, S.S. Chikatamarla, Gibbs’ principle for the lattice-kinetic theory of fluid dynamics, Phys. Rev. E 90 (sep 2014) 031302.

[37] N. Frapolli, S.S. Chikatamarla, 1.V. Karlin, Entropic lattice Boltzmann model for compressible flows, Phys. Rev. E 92 (dec 2015) 061301.

[38] M. Atif, PK. Kolluru, C. Thantanapally, S. Ansumali, Essentially entropic lattice Boltzmann model, Phys. Rev. Lett. 119 (Dec 2017) 240602.

[39] J. Latt, C. Coreixas, ]. Beny, A. Parmigiani, Efficient supersonic flow simulations using lattice Boltzmann methods based on numerical equilibria, Philos.
Trans. R. Soc. A, Math. Phys. Eng. Sci. 378 (jul 2020) 20190559.

[40] C. Coreixas, High-order extension of the recursive regularized lattice Boltzmann method, PhD thesis, Université de Toulouse, 2018.

[41] X. He, S. Chen, G.D. Doolen, A novel thermal model for the lattice Boltzmann method in incompressible limit, ]. Comput. Phys. 146 (oct 1998) 282-300.

[42] P-A. Masset, G. Wissocq, Linear hydrodynamics and stability of the discrete velocity Boltzmann equations, J. Fluid Mech. 897 (2020) A29.

[43] P. Lax, R. Richtmyer, Survey of the stability of linear finite difference equations, Commun. Pure Appl. Math. IX (1956) 267-293.

[44] S. Jin, Asymptotic preserving (AP) schemes for multiscale kinetic and hyperbolic equations: a review, Riv. Mat. Univ. Parma 3 (2012) 177-216.

[45] G. Wissocq, Investigation of lattice Boltzmann methods for turbomachinery secondary air system simulations, PhD thesis, Aix-Marseille Université,
2019.

[46] G. Farag, S. Zhao, G. Chiavassa, P. Boivin, Consistency study of lattice-Boltzmann schemes macroscopic limit, Phys. Fluids 33 (3) (2021).

[47] M. Junk, A. Klar, L.S. Luo, Asymptotic analysis of the lattice Boltzmann equation, J. Comput. Phys. 210 (2) (2005) 676-704.

[48] A. Caiazzo, M. Junk, M. Rheinldnder, Comparison of analysis techniques for the lattice Boltzmann method, Comput. Math. Appl. 58 (5) (2009) 883-897.

[49] Y. Dong, J. Zhang, G. Yan, A higher-order moment method of the lattice Boltzmann model for the conservation law equation, Appl. Math. Model. 34 (2)
(2010) 481-494.

[50] M. Geier, M. Schonherr, A. Pasquali, M. Krafczyk, The cumulant lattice Boltzmann equation in three dimensions: theory and validation, Comput. Math.
Appl. 70 (aug 2015) 507-547.

[51] M. Geier, A. Pasquali, Fourth order Galilean invariance for the lattice Boltzmann method, Comput. Fluids 166 (2018) 139-151.

[52] DJ. Holdych, D.R. Noble, J.G. Georgiadis, R.0. Buckius, Truncation error analysis of lattice Boltzmann methods, J. Comput. Phys. 193 (2) (2004) 595-619.

[53] F. Dubois, Equivalent partial differential equations of a lattice Boltzmann scheme, Comput. Math. Appl. 55 (7) (2008) 1441-1449.

[54] G. Silva, V. Semiao, Truncation errors and the rotational invariance of three-dimensional lattice models in the lattice Boltzmann method, J. Comput.
Phys. 269 (2014) 259-279.

[55] H. Otomo, B.M. Boghosian, F. Dubois, Two complementary lattice-Boltzmann-based analyses for nonlinear systems, Phys. A, Stat. Mech. Appl. 486
(2017) 1000-1011.

[56] M. Geier, A. Pasquali, M. Schonherr, Parametrization of the cumulant lattice Boltzmann method for fourth order accurate diffusion part I: derivation
and validation, J. Comput. Phys. 348 (2017) 862-888.

[57] R. Fucik, R. Straka, Equivalent finite difference and partial differential equations for the lattice Boltzmann method, Comput. Math. Appl. 90 (o) (March
2021) 96-103.

[58] H. Grad, On the kinetic theory of rarefied gases, Commun. Pure Appl. Math. 2 (1949) 331-407.

[59] PJ. Dellar, Two routes from the Boltzmann equation to compressible flow of polyatomic gases, Prog. Comput. Fluid Dyn. 8 (1/2/3/4) (2008) 84.

[60] Y.H. Qian, S.A. Orszag, Lattice BGK models for the Navier-Stokes equation: nonlinear deviation in compressible regimes, Europhys. Lett. 21 (3) (1993)
255.

[61] N.I Prasianakis, .V. Karlin, Lattice Boltzmann method for thermal flow simulation on standard lattices, Phys. Rev. E 76 (jul 2007) 016702.

[62] Y. Feng, P. Boivin, J. Jacob, P. Sagaut, Hybrid recursive regularized thermal lattice Boltzmann model for high subsonic compressible flows, J. Comput.
Phys. 394 (oct 2019) 82-99.

[63] M.H. Saadat, B. Dorschner, L.V. Karlin, Extended Lattice Boltzmann Model, 2021.

[64] F. Gendre, Développement de méthodes de Boltzmann sur réseau en maillages non-uniformes pour I'aéroacoustique automobile, PhD thesis, 2018.

[65] H. Nyquist, Certain topics in telegraph transmission theory, Trans. Am. Inst. Electr. Eng. 47 (apr 1928) 617-644.

[66] C. Shannon, Communication in the presence of noise, Proc. IRE 37 (jan 1949) 10-21.

[67] PJ. Dellar, Bulk and shear viscosities in lattice Boltzmann equations, Phys. Rev. E 64 (aug 2001) 031203.

[68] Maxima, Maxima, a Computer Algebra System, version 5.34.1, 2014.

[69] J. Von Neumann, R.D. Richtmyer, A method for the numerical calculation of hydrodynamic shocks, J. Appl. Phys. 21 (mar 1950) 232-237.

[70] T. Sengupta, A. Dipankar, P. Sagaut, Error dynamics: beyond von Neumann analysis, J. Comput. Phys. 226 (2007) 1211-1218.

[71] ].D. Sterling, S. Chen, Stability analysis of lattice Boltzmann methods, J. Comput. Phys. 123 (jan 1996) 196-206.

[72] R.A. Worthing, J. Mozer, G. Seeley, Stability of lattice Boltzmann methods in hydrodynamic regimes, Phys. Rev. E 56 (aug 1997) 2243-2253.

[73] S. Marié, D. Ricot, P. Sagaut, Comparison between lattice Boltzmann method and Navier-Stokes high order schemes for computational aeroacoustics, J.
Comput. Phys. 228 (mar 2009) 1056-1070.

[74] H. Xu, P. Sagaut, Optimal low-dispersion low-dissipation Ibm schemes for computational aeroacoustics, J. Comput. Phys. 230 (13) (2011) 5353-5382.

[75] H. Xu, O. Malaspinas, P. Sagaut, Sensitivity analysis and determination of free relaxation parameters for the weakly-compressible mrt-lbm schemes, ].
Comput. Phys. 231 (21) (2012) 7335-7367.

[76] L.-M. Cleon, Stabilité linéaire et non linéaire des schémas de Boltzmann sur réseau simulant des écoulements visqueux compressibles, PhD thesis,
Université Pierre et Marie Curie, 2014.

[77] S.A. Hosseini, C. Coreixas, N. Darabiha, D. Thévenin, Stability of the lattice kinetic scheme and choice of the free relaxation parameter, Phys. Rev. E
99 (6) (2019) 1-14.

[78] C. Coreixas, G. Wissocq, B. Chopard, ]. Latt, Impact of collision models on the physical properties and the stability of lattice Boltzmann methods, Philos.
Trans. R. Soc. A, Math. Phys. Eng. Sci. 378 (2175) (2020) 20190397.

[79] PJ. Dellar, Incompressible limits of lattice Boltzmann equations using multiple relaxation times, J. Comput. Phys. 190 (sep 2003) 351-370.

[80] T. Astoul, G. Wissocq, J.-F. Boussuge, A. Sengissen, P. Sagaut, Analysis and reduction of spurious noise generated at grid refinement interfaces with the
lattice Boltzmann method, J. Comput. Phys. 418 (2020) 109645.

60


http://refhub.elsevier.com/S0021-9991(21)00753-1/bib84022F0943A10BC5194F365A6E3F2ACCs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib4C350076FDB9D135962F69AA406D16E8s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib4C350076FDB9D135962F69AA406D16E8s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibA7CFCF7218B0265464D5D5DE381D67C6s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibA7CFCF7218B0265464D5D5DE381D67C6s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib587768E452B15CD1DBE119B5929FCF07s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib2172FC09486D881B32F4A375B33622B5s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib2172FC09486D881B32F4A375B33622B5s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib78D183229BE391DC83FECF7E0CEBD728s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib78D183229BE391DC83FECF7E0CEBD728s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib113AB2B1978778FFE6B8EEC11A17BEE6s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib1FFAA1CEC1C8C16B4BC03C5E1176A36Bs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibDBAB52BD4F23B2BB846FADE0934BAA5Es1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib7285C61D7F36874D388B79E06746B355s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibD465A56853C78812A8A78A91439D2A08s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibE79C65C99DD7E1EBAFE4D821DD9E59C0s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib6A22700B6FB49ADF86D203F53219D8ACs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib6A22700B6FB49ADF86D203F53219D8ACs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibE9EBCF7301631F1C8BC47D30942B822As1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib9F06099076CE2526E69087CD14B1F953s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib6962075881AA555735FDDD02BF50C6DEs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibAF7CA71579382BCFFE45CF47BFBFCFBFs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib6E658532C29746053A5D62E2FC0C46CAs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibBC65885EAF947D21CFC66B212BF05FCEs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibBC65885EAF947D21CFC66B212BF05FCEs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib4B891C2DC226ED83D88A8E3F7180B15Bs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib421F2BFBBE98807CA61B534A6C95B697s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibAA0387246E711D6393AF6F3317A46790s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib5BD7B2165565742B6B1E90878621B53Ds1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib5BD7B2165565742B6B1E90878621B53Ds1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib5B49A4BC09D01BFD9D5BE7F30AC7869Ds1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib5B49A4BC09D01BFD9D5BE7F30AC7869Ds1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib4A3046100F7E79FDC3FECAB0E8C8161As1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibBE6C3E0C6AC9EF590906D386418904B2s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib7B02762020A9A1AD5BEC9A24C63053C8s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib62DC49A924DF1C9AEC27A85EE24298A1s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib62DC49A924DF1C9AEC27A85EE24298A1s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib5C61E4ABCE58E4D9833C9D896A40E7C4s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib5C61E4ABCE58E4D9833C9D896A40E7C4s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib27E038FBE05BA18BAEDD617008844B17s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib27E038FBE05BA18BAEDD617008844B17s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib76FADD7312C38F1B287A547E4FDD5B66s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib76FADD7312C38F1B287A547E4FDD5B66s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibAD24E2D17742706998D859DCCBC69194s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib466FD81441B608EB91E7F75ECD08AD58s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib397D173488E65924CC28AF130D4FF03Es1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib397D173488E65924CC28AF130D4FF03Es1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib89598DDF83F9CBE168F062AE3AA95D82s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibB3D3B2AC8BB44CE56E2EE5E48A5E802As1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibB3D3B2AC8BB44CE56E2EE5E48A5E802As1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibFC23C6BB8FBB82644E61F985C8673CBDs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibCD37F602FB8DFD7E2029949F66D2EC5Fs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib20BB6B40743C7E5D0317250B60C61170s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibFEFFF1048BFA4D518D78C16B892C7348s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib585CE8AB03B3EA1125FF956B969B2213s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibECB354AD22145650C077DA49F7989913s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib5720666BB6588CCE8FE1A0066DD19E00s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibFC7934345BB8A7AFFAAC08AF948390B7s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibE1CB1BBC82F9C55FBB1D2EFF75A6B4DCs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib31574F80D361C85E8D1A16F28E1B5A16s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib82A33144A75E3F93C2628ECF10F364C7s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib82A33144A75E3F93C2628ECF10F364C7s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib9BCCA3D184DADDC3AD12619AE3B26C56s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibA69222F0AE08D19580977E023E669EB8s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibA69222F0AE08D19580977E023E669EB8s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibD7F0CE3525E365E46550FDC3D8F201ECs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibD7F0CE3525E365E46550FDC3D8F201ECs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibD023E63DA0E130AAE5192404B491417Fs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibD023E63DA0E130AAE5192404B491417Fs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib8F65048CD5E6CA8849A316E6DD812FF1s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib8F65048CD5E6CA8849A316E6DD812FF1s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib00974845F657B25F2B74FEA525F1BA7Bs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib75BC5F1BFDEA6784AB5E4204BD8095D7s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib75BC5F1BFDEA6784AB5E4204BD8095D7s1

[81] G. Arfken, Mathematical Methods for Physicists, third ed., Academic Press, Inc., San Diego, 1985.

[82] L. Comtet, Advanced Combinatorics; the Art of Finite and Infinite Expansions, D. Reidel Pub. Co., Dordrecht, 1974.

[83] M. Abramowitz, I. Stegun, Handbook of Mathematical Functions, 10th Printing with Corrections, National Bureau of Standards, Applied Mathematics
Series, vol. 55, 1972.

[84] F. Olver, D. Lozier, R. Boisvert, C. Clark, NIST Handbook of Mathematical Functions, Cambridge University Press, 2010.

[85] F. Renard, Y. Feng, J.-F. Boussuge, P. Sagaut, Improved compressible Hybrid Lattice Boltzmann method on standard lattice for subsonic and supersonic
flows, Comput. Fluids (2021) 104867.

[86] T. Astoul, G. Wissocq, J.-F. Boussuge, A. Sengissen, P. Sagaut, Lattice Boltzmann method for computational aeroacoustics on non-uniform meshes: a
direct grid coupling approach, J. Comput. Phys. 447 (2021) 110667.

[87] E.E. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics: A Practical Introduction, 2009.

[88] R. Courant, K. Friedrichs, H. Lewy, On the partial difference equations of mathematical physics, IBM J. Res. Dev. 11 (mar 1967) 215-234.

[89] F. Renard, G. Wissocq, J.-F. Boussuge, P. Sagaut, A linear stability analysis of compressible hybrid lattice Boltzmann methods, ]. Comput. Phys. 446
(2021) 110649.

[90] S. Guo, Y. Feng, ]. Jacob, F. Renard, P. Sagaut, An efficient lattice Boltzmann method for compressible aerodynamics on D3Q19 lattice, J. Comput. Phys.
418 (oct 2020) 109570.

[91] A. Montessori, G. Falcucci, P. Prestininzi, M. La Rocca, S. Succi, Regularized lattice Bhatnagar-Gross-Krook model for two- and three-dimensional cavity
flow simulations, Phys. Rev. E 89 (may 2014) 053317.

[92] A. Montessori, M. La Rocca, G. Falcucci, S. Succi, Regularized lattice BGK versus highly accurate spectral methods for cavity flow simulations, Int. J.
Mod. Phys. C 25 (12) (2014) 1-10.

[93] K.K. Mattila, L.A. Hegele, P.C. Philippi, Investigation of an entropic stabilizer for the lattice-Boltzmann method, Phys. Rev. E 91 (jun 2015) 063010.

[94] Z. Li, W. Cao, D. Le Touzé, On the coupling of a direct-forcing immersed boundary method and the regularized lattice Boltzmann method for fluid-
structure interaction, Comput. Fluids 190 (2019) 470-484.

[95] G. Farag, S. Zhao, T. Coratger, P. Boivin, G. Chiavassa, P. Sagaut, A pressure-based regularized lattice-Boltzmann method for the simulation of compress-
ible flows, Phys. Fluids 32 (jun 2020) 066106.

[96] D. D’Humiéres, 1. Ginzburg, Viscosity independent numerical errors for lattice Boltzmann models: from recurrence equations to “magic” collision
numbers, Comput. Math. Appl. 58 (5) (2009) 823-840.

[97] L Karlin, P. Asinari, Factorization symmetry in the lattice Boltzmann method, Phys. A, Stat. Mech. Appl. 389 (8) (2010) 1530-1548.

61


http://refhub.elsevier.com/S0021-9991(21)00753-1/bibD78180BB7BD7421658EE2CECA4B85205s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibAEEFE4A168ACAC2C2318CAE83B9DEBBBs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib8A66CB95845A5A0A35B1AF0CF6E3D150s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib8A66CB95845A5A0A35B1AF0CF6E3D150s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib0323F1B8720B7AFD217A39C9966E6ADAs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibEA9D2C864B6B9EC5A5ED04EFE75B7AF2s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibEA9D2C864B6B9EC5A5ED04EFE75B7AF2s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib698675B45DF288210E92611F7BA6CA90s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib698675B45DF288210E92611F7BA6CA90s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib552B7057D40B92AFE5EA2B7560ADDE2Es1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib3B72AB651F155C4E9137737453199D42s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib6F2D4B49BE68C227FD27E6A712821357s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib6F2D4B49BE68C227FD27E6A712821357s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib1BC26B45D88965E2DE7318EE3B37557Bs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib1BC26B45D88965E2DE7318EE3B37557Bs1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib0982C9E89CAA4AC27923A0D53A900208s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib0982C9E89CAA4AC27923A0D53A900208s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibB495E177DBFEF7DE0472004DE4669318s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibB495E177DBFEF7DE0472004DE4669318s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bibE64A112E14BFC9EA5DAD42308B84A782s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib28AD17877E49D337FA599033D16A5138s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib28AD17877E49D337FA599033D16A5138s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib950A729932EBC8DB779A4BB06804A3E6s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib950A729932EBC8DB779A4BB06804A3E6s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib26698684152285E3DA5A0358368A32F5s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib26698684152285E3DA5A0358368A32F5s1
http://refhub.elsevier.com/S0021-9991(21)00753-1/bib96443BABDDD0B9AFC4BD2BA19830D419s1

	Hydrodynamic limits and numerical errors of isothermal lattice Boltzmann schemes
	1 Introduction
	2 Methodology
	2.1 Isothermal discrete velocity Boltzmann equation (DVBE)
	2.2 Dimensionless DVBE
	2.3 Taylor expansion of the dimensionless LB scheme
	2.4 Generic variable change
	2.5 Macroscopic equations at leading Knudsen orders
	2.6 Hyperviscous degeneracy
	2.7 Numerical validation: linear analyses
	2.8 Particular case of non-hydrodynamic modes
	2.9 Summary of the methodology

	3 Application to the BGK collision model
	3.1 General Taylor expansion of the BGK model
	3.2 Low dissipation of the BGK collision model
	3.3 Error terms in the linear approximation
	3.4 D1Q3 lattice
	3.4.1 Absence of correction
	3.4.2 Analytically computed correction
	3.4.3 Correction with a second-order central (DC02) scheme
	3.4.4 Correction with a first-order upwind (DUO1) scheme

	3.5 D2Q9 lattice
	3.6 Validation with linear analyses
	3.7 Summary of the numerical properties of the BGK collision model

	4 Regularized LBM: general case
	4.1 Taylor expansion
	4.2 Degenerating hyperviscosity with regularized models

	5 Regularization with a shear stress tensor reconstruction
	5.1 First-order error term with the D1Q3 lattice
	5.2 Corrected D1Q3 lattice: numerical properties of the degenerating hyperviscosity
	5.3 Deviation terms of the D1Q3 lattice in the linear approximation
	5.3.1 Non corrected D1Q3, analytical reconstruction of g(1)i
	5.3.2 Analytically corrected D1Q3, analytical reconstruction of g(1)i
	5.3.3 Correction with a DCO2 scheme, reconstruction of g(1)i with a DCO2 scheme
	5.3.4 Correction with a DCO2 scheme, reconstruction of g(1)i with a DUO1 scheme
	5.3.5 Correction with a DUO1 scheme, reconstruction of g(1)i with a DCO2 scheme
	5.3.6 Correction with a DUO1 scheme, reconstruction of g(1)i with a DUO1 scheme

	5.4 Deviation terms of the D2Q9 lattice in the linear approximation
	5.5 Linear analyses: impact of the numerical errors on the dissipation
	5.6 Impact of the degenerating hyperviscosity on the linear stability
	5.7 Summary of the numerical properties of the shear stress tensor reconstruction

	6 Projected and recursive regularizations
	6.1 Unified formalism
	6.2 Variable change
	6.3 Computation of error terms in the linear approximation
	6.3.1 Non corrected PR model with N=2
	6.3.2 Non corrected RR model with Nr=3∗,4∗ and N=2
	6.3.3 Non corrected PR model with N=3∗,4∗
	6.3.4 Non corrected RR model with Nr=3∗,4∗ and N=3∗,4∗

	6.4 Corrected models
	6.5 Hyperviscous degeneracy of PR and RR models
	6.6 Validation with linear analyses
	6.7 Summary

	7 Application to MRT models
	7.1 Description of the MRT models under consideration
	7.2 General Taylor expansion of MRT models
	7.3 Error terms in the linear approximation
	7.3.1 First-order deviations in Kn (NS-level)
	7.3.2 Degenerating hyperviscosity considering the x-direction only

	7.4 Hyperviscous degeneracy of MRT models
	7.5 Validation with linear analyses
	7.6 Cancelling the degeneracy with MRT models
	7.7 Note on the bulk viscosity and the trace of the shear stress tensor
	7.8 Particular case of the TRT model
	7.9 Summary of the numerical errors of MRT models

	8 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	Appendix A Macroscopic equations
	Appendix B Discretized correction terms
	Appendix C Matrices of the linear analyses
	C.1 Macroscopic equations with deviation terms
	C.2 LBM with BGK collision
	C.3 LBM with regularized collision
	C.4 MRT models

	Appendix D Relations with Genocchi and Bernoulli numbers for the BGK collision model
	Appendix E Deviation terms of the BGK model with the D2Q9 lattice
	E.1 Second-order equilibrium (N=2)
	E.2 Partial third- and fourth-order equilibria (N=3∗,4∗)

	Appendix F Deviation terms of the shear stress reconstruction (HRR-σ=0) with the D2Q9 lattice
	F.1 Non corrected D2Q9 lattice, analytical reconstruction of g(1)i
	F.2 N=2, analytically corrected D2Q9 lattice, analytical reconstruction of g(1)i
	F.3 N=2, correction with a DCO2 scheme, reconstruction of g(1)i with a DCO2 scheme
	F.4 N=2, correction with a DCO2 scheme, reconstruction of g(1)i with a DUO1 scheme
	F.5 N=2, correction with a DUO1 scheme, reconstruction of g(1)i with a DCO2 scheme
	F.6 N=2, correction with a DUO1 scheme, reconstruction of g(1)i with a DUO1 scheme

	Appendix G Deviation terms of corrected PR and RR models
	G.1 PR model with N=2
	G.2 RR model with Nr=3∗,4∗ and N=2
	G.3 PR model with N=3∗,4∗
	G.4 RR model with Nr=3∗,4∗ and N=3∗,4∗

	Appendix H Deviation terms
	H.1 Consistency errors with the isothermal NS equations
	H.2 Numerical errors

	References


