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Abstract

Online supplement to the article titled “Quasi score-driven models”. It offers detailed
proofs of the propositions, corollaries, theorems and lemmas presented in the main
core of the paper as well as details on the local p-improvement of the v-filter and
some additional Monte Carlo Simulation results on the PIT test.
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A Local p-improvement of the vy-filter

Compared to score models, the additional flexibility of the class of ¢-filters may come at
some cost. In fact, the results in Blasques et al (2015) provide a reasoning for imposing
the restriction of score models that

o1 p
w(yh ft, 6) = nga(f}ycfm
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Blasques et al (2015) show that only the score filter guarantees that the parameter update
from f; to fiy1 produces a local improvement in the log-likelihood of the model and,
under appropriate conditions, an improvement in the Kullback-Leibler distance to the
true conditional distribution of the data. In particular, Blasques et al (2015) explore
the fact that, in regions of high probability, the conditional log-likelihood is improved
(i.e., logp(y, fr) < logp(yt, fr+1)) when the update step fi+1 — fi| is small, if and only
if the parameter update is score equivalent. This happens because, under appropriate
conditions, the score can be seen as a derivative of a local Kullback-Leibler divergence
between the true unknown conditional density p) of y; given its past y'~!, and the
conditional density p(-|f;) implied by the model; i.e., the score term takes the form

0 log p(ye| ft) : 9 0
= ————=1lim —KL ( , p(- ),

St of, 51_1% of, (ye,0) \ Pt ( ’ft)
where KL, 5) denotes a local Kullback-Leibler divergence that places its mass on a d-
neighbourhood of y;. The QSD model allows for a generalization of this idea whereby
¢ is a derivative of some local differentiable distance (metric) function Dy, s,

v = lim ;ﬁD@t,(s)(p?, p(-1f2) )
As illustrated below, the distance function Dy, s5) is implicitly defined by the loss criterion
used to build the updating equation of the Q.S D model.

Proposition 1 highlights the trivial but relevant notion that the w-update can be
used as a Newton-type algorithm when the p-function is adopted as a filtering objective
criterion and the parameter update is smooth. For simplicity, we focus on updates
that resemble a Newton step by setting (w, 3) sufficiently close to the values (0,1). For
completeness, a short justification for Proposition 1 is given in Appendix B. Naturally,
since QSD models nest score models (in particular, when the log likelihood is used as
a loss function for the update), there are a range of settings under which where these
updates are equivalent. Definition 1 introduces the notion of ¥ -equivalent update as being
an update that always steps in the same direction as the i-update.

DEFINITION 1. (¢-equivalent update) A parameter update of the form

ft+1 =w+ ag(yh ftv 9) + /Bfta
is said to be Y-equivalent if sign(f(y, f,@)): sign(¢(y, 1 9)) Y (y, f,0).
PROPOSITION 1. (local p-improvement of ¢-updates) Let p be continuously differentiable
in fr. Then, there exists a 6y > 0, and (w, B) in a neighborhood of (0,1) such that

p(yta ft—i-lag) - p(ytaftae) >0 fOT every yg € R and |ft+1 - ft‘ < 5f

if and only if fi is V¥-equivalent. Additionally, let p,, and n be such that
pﬁ(n(y)7 f7 0) = p(y7 f7 0) \V/ (f> yv 9)



with py, continuously differentiable in n(y). Then, for n(yi1) sufficiently close to n(yy),
we have

PWt+1, fev1,0) — p(yt, f2,0) > 0 for every [fri1 — fi| < o5
if and only if fi is Y-equivalent.

The following two examples illustrate the reasoning behind Proposition 1 on condi-
tional location and scale examples.

EXAMPLE 1. (Location model) For the location model y; = f; + €; with the inverse linex
forecast loss function, p(y, ft,0) = 1 + dex — exp(der), Proposition 1 tells us that the
W-update with V¥ (yy, fr,0) = 0 exp(de) — § delivers one-step-ahead local improvements of
the inverse linex criterion (i.e., p(ye, fi+1,0) > p(yt, ft,0)). Furthermore, in this case,
we can set n(y;) = y¢ and hence conclude that we also improve relative to yiy1 (i.e.,
p(Yi+1, fre1,0) > p(ye, ft,0)) if the data evolve smoothly.

EXAMPLE 2. (Volatility model) The same reasoning applies to a volatility model. Here,
one might set n(y;) = y? so that the Y-update is ensured to deliver
p(yt-‘rlv ft+17 9) > p(yta ft7 0)

when both fi and y? evolve smoothly.

B Proofs

Proof of Proposition 1

The first claim follows trivially by noting that

p(Yt, fr1,0) — p(ye, ft,0) = (e, f1', 0) (fre1 — f1)
= ap(ye, 7, 0)¢(ye, f1.0) + o(1)
= a(y, f1,0)* + o(1) > 0,
where the first equality is an application of the mean value theorem, the second equality
is obtained since fi41— fi = w+a(ye, fr, 0)+(5—1) fr with w+(8—1) f; = o(1), the third
equality follows by continuity of ¢ and hence writing ¥ (¢, f;',0)? = ¥ (ys, f,0)* + o(1)
as fy — f;. Finally, the inequality is obtained by setting w, f — 1 and fi11 — f; small
enough such that the inequality holds.
The second claim is easily achieved since
P(Ye+1, fi1,0) — p(ye, f1,0) = p(yes1s fie1,0) — p(ye, feq1,0)
+ p(yta ft-i-la 0) - p(yt7 ftv 9)
= (et 15 frr1, 0) (0 (ye1) — n(wr))
+ V(Y1 f150) (fra1 — fr)
= py(Yer1, frr1,0) - o(1) + b (ye, £, 0)¢ (yt, fi, 0) + o(1)
= a(ys, f1,0)* + o(1) > 0,
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where in the first equality we add and subtract p(yq, fi+1, ), the second equality uses the
mean-value theorem twice, and the final inequality is obtained by setting n(y¢+1) — n(yt),
w, B —1and fiy1 — f; small enough.

Proof of Lemma 1

For all t € Z and n € N, let
n n—1
ft(+)1 = (P(Zta t( )) (B'l)

with (¥ = 9. Note that
(n) _
ft+1 - QOn(Zt, Zt—1y- - 72t—n+1)7

for some measurable function ¢, : E™ — F. For all fixed n, the sequence ( ft(n))tez is

stationary and ergodic. If for all £, the limit f; = lim,, oo ft(n) exists a.s., then by taking
the limit of both sides of (B.1), it can be seen that the process (f;) is solution of (5).
When it exists, the limit is a measurable function of the form f; = Voo (2i-1, 2t—2, ... ),

and is therefore stationary and ergodic. To show the existence of lim,, ft(n), it sufficies

to prove that, a.s., (ft(n))neN is a Cauchy sequence in the complete space F'.
By the mean value theorem we have

sup QO(Zt, f) - Si(zt) f) S At ‘= sup agﬂ(Zt, f) ’
FJEF AT f=17 fer| Of
= sup aaw(g(f7€t>7Xt7f79> _I_B‘
fer of
It follows that
n n—1 n— n—
ft(+)1 - t(-‘rl ) _ QD(Z, t( 1)) - QO(Z, t( 2)) <A
Fn=1) _ 4(n=2) Fn=1) _ 4(n=2) b
t ¢ t t

and thus
’ft(_t)l - ft(zl_l)’ < Ay ‘ft(n—l) _ ft(”_g)‘ <A A1 Ao ‘@(Zt—nﬂa fo) - fo‘ .

For n < m, we then have

‘ft(—Tl) B ft(-t)l

m—n—1
m—k m—k—1
< Z ‘ft(+1 )_ft(—i-l )‘
k=0
m—n—1

< Z ANy N pyr2 [ 0(zemmansts £2) — O

k=0
< ZAtAt—l N |<P(Zt—ja fo) - fo‘ . (B.2)
j=n



Note that (i) implies that EIn™ |¢(z, f0) — fo} < 00. Therefore

0y _ £0
ln‘go(zt,]{) | <0 as.

lim sup
t—o00

The process (A;) being stationary and ergodic, (ii) then entails
. 1/j
lim sup In (AgA1 - A1 @ (2, ) = 1))
j—00
In |S0(Zt—j7 fO) — fo‘
J

1J
= lim sup - ZlnAt—kH + <ElnA; <0.

j—00 J k=1

By the Cauchy rule, the right-hand side of (B.2) tends almost surely to zero as n — oo.
The existence of a stationary and ergodic solution to (5) follows.

Assume that there exists another stationary process (f;) such that f* ; = ¢(z, fi').
For all N > 0 we have

|fir1 = fipr] S ANy - AN\ fienv — fi N (B.3)

Since A¢A¢—1--- Ay — 0 as. as N — oo, and |fi_n — f x| = Op(1) by stationarity,
the right-hand side of (B.3) tends to zero in probability. Since the left-hand side does not
depend on N, we have P(| fiy1—ff 1| > €) = 0foralle > 0, and thus P(f;11 = f,) = 1,
which establishes the uniqueness.

Proof of Lemma 2

By (B.2), we have

| frn = £ < Joan, £°) = £O1 + D Mbiy - Moy (2, £°) — £°].
j=1

Note that the variables A; are independent, ElogA; < 0, E |cp(zt,f0) — fo‘r < oo and
EA} < co. The arguments of the proof of Lemma 2.3 in Berkes, Horvath and Kokoszka
(2003) (see also Corollary 2.3 in Francq and Zakoian, 2019) then entail that there exists
s € (0,rA1), such that EA7 < 1, and thus E ‘ftﬂ — fo‘s < 0o and the conclusion follows.

Proof of Lemma 3

The filter satisfies the SRE

fe1(0) = <o(yt, Xe, f1(0))

for some function ¢ = ¢y such that Eln™ ’g(yt,Xt,fo) - f0’ < oo and Elog A(6) < 0

with
ag(yhXtaf) aaw(yhXtaf? 9)

Aul6) = s | =55 ‘ = of

fer

+8|.
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As in the proof of Lemma 1, the solution of the SRE is obtained by taking the almost
sure limit, as n — oo, of

1E80) = <l X £ 0))
with ft(o)(é?) = f%. Now, note that

sup | fe41(0) — frp1(0)] < AgAg1 -~ Arsup |f1(0) — f1(0)],
0co 0c6

where Ay = supyeg A+(). By (ii) one can choose g such that
1>0> 6I[*:lnsup@/\l > 0,

so that )
lim n o "AiAr—1---Ai=—lnp+EInA; <0

t—o00

and the conclusion follows.

Proof of Lemma 4

Let 6 be a fixed value of the parameter. Under the conditions of Lemma 3, the process
Zy = (e, X,", £1(0)) 7 is stationary and ergodic. The processes (A;) and (b;) are thus also
stationary and ergodic. The sequence {f{(6)}, satisfies the linear stochastic difference
equation

fir1(0) = Ay + b f1(0),

where (A, b)) is strictly stationary and ergodic, and under (i) Elog™ [|A1]| < oo and
Elog™ [b1| < oo. By Brandt (1986) and Bougerol and Picard (1992), or simply by
applying the Cauchy rule, it is known that there exists a stationary, ergodic and non
anticipative solution { fi +1(9)} , to the stochastic difference equation if

v :=Elog|b] <0,

which is implied by (ii) of Lemma 3.
In the sequel, o denotes a generic constant of the interval (0,1), and K denotes a
positive constant or a random variable measurable with respect to {z;,t < 0}. Let

oy 0Py, X, f,0)

00 a0

(1, X, 1,0)=(yt, X1, [1(0),0)

and similar notations for the other derivatives. For i = 1,...,p, Taylor expansions show
that R
My Oy O*P(y, X, f,0)
00;  00; 00;0f

{#0)-T.0)},

(y’X:fve):(yt Xt 7.f* 79)

where f* is between fy(6) and f,(6). By Lemma 3, we have |f,(6) — f,(0)| < Ko.
Dropping "(#)" in the notations, other similar Taylor expansions thus show that

HAt ~ A+ (b —Bt)f;H < Ko,
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where g; = u0' with Elog™ u; < oo, using (ii). We thus have

- }Z+1H = HAt — A+ (b — b)) f] + by (ft/ - ﬂ)

| < Ko+elfi- 7

where R R
ct = |be] + Kot > |be| + [br — be| > |by].

We obtain

Now note that, by the dominated convergence theorem, lim,_,o Elog(|bi| + 7) = v < 0.
Therefore, there exists 7 > 0 such that

—ﬁHH SK{Qt+CtQt—1 +rF 201 +Ct"'01”ﬁ —ﬂH}

0< 6E10g(|b1|+7') <1,

and then ,
0i 0i 0 v
o < (el ) <K as
Moo +7 o lbl+r o NP
We thus have
t
cJ + T
‘ ft+1H <KZ A (cﬁ—r H ¢ +7)

éKH(Cj—FT){l—FZQi}.

Note also that Elog(|bi| + 7) < 0 implies
(Ib1] +7) - (Ibe] +7) < Kg*  a.s., when Flelbil+) « 5 <1,

Since limsup,_, . (log o)/t < log p + limsup,_, . (logu;)/t < 0, using Elog™ u; < oo, it
follows that g; converges almost surely to 0 as ¢ — oco. When 7 < 7 we then have
0 <e¢t+7 < |b] +7 for t large enough, and thus

(cr+7) (et +7) <Ko as.

For any o, € (9,1) we then have

ft+1 ft+1H <K< ) <1+ZQZ> —0

1
ot
*

a.s. as t — o0.
The second-order derivatives are treated in the same way, and the conclusion follows.



Proof of Theorem 1

By compactness of ©, the strong consistency is obtained by showing that for any 6 # 6y,
there exists a neighbourhood V'(#) of 6 such that

liminf  inf HG (0%) a.s. (B.4)
T—oo 0*eV(0)NO
and that for any neighbourhood V' (6y) of 6y
limsup  inf HGT (0%) 0, as. (B.5)
T—soo 0*€V(60)NO

Let
L 7
GT(Q):T Z 9¢(0)
t=tp+1

For any neighbourhood V'(6) of 6, we have

inf HG (0%)
9*eV ()nO

£ Gr(0%)] — sup ||Gr(8) — Gr(6)]|.
> el 17O = sup G (6) = Gre)|
By (16), (17) and (18), we have
sup gu(0) ~ G (0)| < Ko'wr, e =sup (Jyl* + /(@) + 1) (1+ [ £0)]]).
0co [dSS)

Since Elog™ u; < oo under the log-moment conditions and o < 1, the Cauchy root test
(see Lemma 2.1 of Straumann and Mikosch, 2006) shows that

> sup [lg:(8) — Gu(B)] < 00 as.,
i3 00

which entails that, almost surely,

Sug HGT(H) - @T(O)H =0(T™Y) as T — oo. (B.6)
€
Now note that
lnf NGO 2 NG @) = sup [|Gr(67) - Gr(0)]l,
9V (0 9V ()nO
with
sup [|G7(07) — Gr(9)] < 7 > sup lgu(6) — (0]
9*cV(0)NO (o1 0*EV(O)ne

Let V,,(6) be the ball of center § and radius 1/m. By the ergodic theorem applied to

{sup-ev,, oo ln8) = (@)1} , we have

limsup  sup |G (") — Gr(0)|| <E sup llg:(0%) — g:(0)]] -
T—00 6*EVin(0)NO 6% Vi (9)NO



By Fatou’s lemma, the continuity of g¢(-) and (21), the expectation of the right-hand side
of the inequality tends to 0 as m — oo. By (22) and the ergodic theorem, we have

Jim [|Gr(@)]] = [|GO)] >0
—00

when 0 # 6. We thus have shown (B.4).

To show (B.5), it suffices to use the same arguments, noting that

I £ HG H<1 ‘@QHzGH -
1;n_)solip9*€‘}neom® T Tl—{%o 7(6o) G (6o)]|

The proof of the consistency is complete.
To show the asymptotic normality, first note that

dG T ( d o) he(0) Do2(0) 1,
=T Z SO~ TR T - RO, ()

q
EXS

By already given arguments, Lemma 4 and (24) show that

9Gr(9) _ 9G1(6)
20T o007

=0(T™") as. (B.8)

sup
USS)

Now note that (B.7), the ergodic theorem and E;_1h:(6p) = 0 imply that
Gr = 0Gr(60)/00" — T (B.9)

almost surely as " — oco. In view (25), we can thus assume that Gr is invertible. The
mapping fr : © — O then defined by

fr(0) =0 — G;'Gr(9)

satisfies R
0Gr(6)
097

|52 < e

00 Gr =

for T' large enough on some neighborhood of 6y, using (B.8), the ergodic theorem and
the continuity of dG(0)/067. The contraction fr thus admits a unique fixed-point 67
on this neighborhood, for which Gp(f7) = 0p. See Jacod and Sgrensen (2017) and the
references therein for examples of applications of the fixed-point theorem to show the
asymptotic existence of an estimator. In view of (20), we have 67 = fr, and thus

Gr(0r) = 0. (B.10)

Doing Taylor expansions of Gi7(-),...,Gpr(+), where Gir(6) denotes the i-th element of
Gr(07), and using (B.6) we have almost surely

Op = \/T@T(é\T) = \/TGT(Q()) — jT\/T (é\T — 90) + 0(1), (B.ll)
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%@ﬂ with 8;7 a point between é\T and 6g.

The consistency of é\T entails that, for T' large enough

where the i-th row of Jr is of the form —

T
. 1
HJT—FGTH < = sup
T t:%l o€V (6o)

9g(0)  9gi(bo)
00" 007

(B.12)

for any neighborhood V' (6p) of 6y. In view of (21) and (23) with » = 2, the Holder
inequality entails

ht(e) 1" H 2 1 ?
E sup O <. FE sup [[m@)|FE sup ||[—=/f/(0)] < oc.
oev (o) Il 07 () () 9@\/(00)" ol ocv (6o) || ot(0) ¢ ()
Similarly
ht(G) 80'152(0) T H 1 / T
E sup 0| <o, E sup ||[—5—=f(0 0)| < oo.
oot o0 17 oV 7@ O

In view of (B.7), it follows that, by the ergodic theorem, the right-hand side of (B.12)
tends almost surely to

E sup
0V (60)

9g:(0) _ 9g:(6o)
06T 9T

By the dominated convergence theorem this expectation is arbitrarily small when ‘{\(90)
is small. In view of (B.9), it follows that Jr — J. The asymptotic distribution of fr is
then obtained from the CLT for martingale differences. The consistency of Jr is shown
exactly as that of Jp.

Proof of Corollary 1

The convergence of the Wald statistic is obvious since Theorem 1 entails that,
under Hy, VTKOp = VTK (@O —0y) % NO, KT 'KT).

By the arguments used to show (B.11), we have
VIGr(brp) = VTGr(#o) = JrVT (Frp = 00) + (1) as. (B.13)

Note that @T(§T|2) is of the form

~ o~ 0 ~
Gr(rp2) = ( 8O ) ) = K'a7 0. (B.14)

Under Hj, we also have
(s~ 0) = &7 (30— ).
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The first p; rows of (B.13) thus yield
0p, = VTKG1(00) — KIpK'VT (§<T” - eg”) to(1) as.
and the last ps rows yield

ﬁ@g?)@})) = VITKGr(0) — KJrK'™VT (5(7}) - 96”) +o(1) as.

Letting
J J ~  ~ _
J = < Jéi J;z )7 JIIZKJKT, JQQ:KJKT, JIQZKJKT
and
ele) ) B ,
G:<G(2)>NN(0pn7), ¢V =KaG, G¥=Ka,
we obtain

\FG ( ) —) G( ) J21J1_11G(1) ~ N (OP27 JQQ — J21J1_11J12) .

By (B.14), the previous result and the well-known block matrix inversion formula K7 1K T
= (J22 — J21J1_11J12)71, we obtain
Ry = TGP0\ KTphK TGP OY) % 2

p2°

Proof of Theorem 2

The desired result follows from the classical consistency argument found e.g. in White
(1994, Theorem 3.4) or Potscher and Prucha (1997, Lemma 3.1). First we show that
the sample log-likelihood converges uniformly to a deterministic limit criterion. Next we
show that 6; is the identifiably unique maximizer of the limit criterion.

The uniform convergence of the criterion follows from

1 I
= > 4(0) — E(0)

su 0(0) — B4y ( su E 0) — 44(0)| 4 su
s | 3 10) =510 <33 sup ) 40) g 15
T
1 ag(:l/tvfae) N
<— sup sup | ——————=|su ) — f:(0
<7 D supsup |5 sup :0) — £(0)
L I
+ sup | = 0 (0) —E6(0)],
Sup T; +(0) +(0)
where .
1 sup sup (yt’f70)’ up | f:(0) — f:(9)] =0 as T — o0
T —oco s aof



by the uniform invertibility obtained in Lemma 3, and

| T
= > 4(0) — E(6)

sup B0 as T— o0

0cO

by application of Rao’s (1962) uniform law of large numbers. The identifiable uniqueness
of 6 € © is implied by the uniqueness assumption El;(0) < El;(0f) for every 6 # 6,
0 € ©, the continuity of the limit criterion and the compactness of © (Pétscher and
Prucha, 1997). The interpretation of 6§ as the minimizer of the expected KL is well
known and available e.g. in White (1994).

Proof of Lemma 5

Immediate under the assumptions of Theorem 2 as long as the level sets of the limit
log-likelihood function are regular. In our case, the regularity of the level sets is easily
implied by continuity (see Lemma 4.2 in Postcher and Prucha, 1997).

Proof of Corollary 2

The proof is the same as for Theorem 2 after showing that the data {y;}ez is strictly
stationary and ergodic. This follows by application of Lemma 1 at #y € © and by
continuity of ¥ in f; and €.

Proof of Lemma 6

Without loss of generality, assume s € (0,1]. Using the mean value theorem and the
Cauchy-Schwarz inequality, we have

o < 7 o s
<Z sup H&:(@) M%H) Zzgg 4 ft(G)H
oo / s
<3 supsup WH ‘ft ()
— 0o 1.1
o (s, f, f.0 s
s | LB o) — o
ae’(yt7f7 f/79) B 6£1(yt7f7 f/79> B t
<K sup | sup | —————=|| +sup||———=——— 0°"  a.s.
; 06 (f f of 1 af'

The expectation of the previous sum is finite, and thus it is finite almost surely. The
conclusion follows.
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Proof of Lemma 7

The first claim is obtained by noting that Conditions (i) and (i7) imply

|ferr — fial < alye —yi| + 01 fe — fF]
with

a = |af sup 9y, X, 1,60) <oo and b= sup QOM

+ By < 1
¥, X, f dy v X,f of

Since {y:} is NED of size —¢ on some process {e;}1cz and has two bounded moments
sup, E|y|? < oo, we conclude by Theorem 6.10 of Pétscher and Prucha (1997) that { ft}
is also NED of size —q on {et}tez

Let f, = ft(90) and ft ft(Ho) To show the second claim, first note that (7) and

Condition (i) entail

—~ 1 i~
sup |fo| < 7= { lwol + laol sup [y X, £,60)] ¢ + 6ol | | < oo.
t 1 — 5ol v X.f

In view of (11), we also have H};’H’ <a

oo
a—H H+8up\¢y,Xf,<90!’ 0
y,X,f
6¢(Z/a Xv f7 90 N 850
+|O‘°‘;j§?f 90 ““p‘ft) 90 || < °

using Condition (7). Therefore we have shown that sup, H ft’

Now, noting that ft+1 Q/(yt,Xt,ft,ft) let ft+1 Q/(yt,Xt,ft ft ) The derivative
filter satisfies

5 -~ -~ -~ ) -~
Hft+1 - ftil” < ay’yt — | "‘af‘ft — I+l = 7

where, by Conditions (7)-(i1) and (v)- (viii),

A
o P

o5 P ) PO 1
+ laol s 321/1(%8;(2, f,60) ’M < o

13



Sincei(yt,ﬁ)} id NED of size —q on some process {e;}yez with sup; E|y|? < oo and

sup, | ft| < oo, we conclude again by Theorem 6.10 of Pétscher and Prucha (1997) that
{f{} is also NED of size —q on {e;}1ez. _

Finally, we conclude that the score {¢}(0y)}+en is also NED of size —q on {e;}icz by
the Lipschitz assumption and Theorem 6.7 and Corollary 6.8 of Potscher and Prucha
(1997).

Proof of Theorem 3

For convenience, we adopt the following notation

1 T
lT(@) = T Zg(ytmft(@)?a)
t=2

and we let ?T(G) = 8TT(9)/80, U(0) := 0l (0)/00 and U](9) := olr(0)/(0600").
Below, we first obtain the asymptotic normality of the estimator 67 which maximizes
the criterion Ir, i.e., B
07 € argmaxlr(0),
[dSS)

and also show that 5T has the same asymptotic distribution as 5T.
We use the usual mean-value theorem expansion

U (0) — Up(05) = Up(07) (0 — 63),
to obtain B .
VT(Or - 65) = —(14(67)) VTUR(65). (B.15)

By Lemma 7, we have that the score sequence {¢}(6)}icz is near epoch dependent of
size —1 on a ¢-mixing sequence of size —r/(r — 1) for some r > 2. Given the moment
bounds E|¢'(y, ft,00)]" < oo, we can thus appeal to the central limit theorem for near
epoch dependent sequences in Pétscher and Prucha (1997, Theorem 10.2) to show that

= lim VTU(65) % N(0,V(6) as T — oo. (B.16)

Note that unlike in Pétscher and Prucha (1997, Theorem 10.2), the score here is also
strictly stationary and ergodic. This implies that the limit asymptotic variance V' (6;)
converges as the sums of the covariance terms are ensured to converge (see Theorem 13.12
in Davidson, 1994).

Additionally, by the stationary and ergodic behavior of the limit filter and its deriva-
tives obtained in Lemma 4 and the uniform moment bound on the Hessian,

Esup Mﬂ(yta fta 9)‘ < 0.
0cO

The uniform convergence of the Hessian over © is obtained by Rao’s (1962) uniform law
of large numbers (i.e., supgeg |[I7:(6) — E&/(9)|| 23 0, which implies

T
1(63) = %ZEQ’(G;) B EEG) as T — oo, (B.17)
t=2
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since 6 23 6. The asymptotic distribution of O is obtained by combining (B.15), (B.16)

and (B.17), i.e.,
VT(0r — 65) 5 N(0,(6)),

where the asymptotic variance is given by
-1 -1
x(05) = (B 05)) v 06) (B (65))

We now expand the score using a mean value theorem

Ur(Or) = Up(Br) = Up(65)(Or — Or)

~ ~ o~

and notice that I/-(6r) = Lp(07) = 0 to obtain

N~ —~ ~ —~

VT (U7(Br) — Ur(0r)) = V(05T (Or — Or).

We use again the uniform convergence of the Hessian and the fact that p
conclude that

U7(077) = B (67).
Since the assumption of Lemma 6 hold, we have

VT sup )‘TT(H) ~ 0] B0 asT — oo

0c®

which in turn implies that

VT HTT@T) U0 B0 asT - oo

(B.18)
EY 05 to

(B.19)

(B.20)

(B.21)

Combining (B.18), (B.19) and (B.21), we conclude that /T gT — §T Boas T — oo.
g ? )

This delivers the desired result

VT(0r — 63) % N(0,%(63)).

Proof of Corollary 3

The proof is the same as for Theorem 3 with the exception that the score satisfies a
central limit theorem for martingale difference sequences at 6y and hence does not need
the NED property. Additionally, the stationarity the data {y;}:cz follows by application

of Lemma 1 at 6y € © and by continuity of y; in f; and €.

Proof of Theorem 4

Recall that the constrained estimator (é\gf’) is such that (ég’P,XT) is a critical point of the

Lagrangian function R
LO,N) =17(0) — AT (RO — 7).
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The first order conditions yield
~ ~ ~ o~
ROY —r =0,  R'\p=1p(6). (B.22)
First recall that from Corollary 3
RVT(0r — 60) % N(0,RT'R"), (B.23)

where Z = —E£/(0y).
We know that, almost surely, 67 — 6y € int(©). Therefore /l\/T(éA?T) =0, at least for T’
large enough. By (B.20), we thus have

VIUR(07) = VTU(02) + 0(1), VTUp(7) = o(1) aus,
A Taylor expansion of v/T1(+) around 5%0 and 07 then entails
VTR (07) = ~IVT(0° — 07) + o(1)  aus. (B.24)

where 7 = + 23;2 0/ (07) for some O between 5’%0 and 67. It can be shown that é\gf) — 6o

a.s. under Hy. Therefore (B.17) entails that Z tends almost surely to Z.
Using (B.22) and (B.24), it follows that under Hy

R\/T((/g\T — 90) = R\/T(é\T — é\gp) = RI_lRT\/T/)\\T + Op(l). (B.25>
Using (B.23) we then obtain
~ -1 -~ -1
VT = (RI*RT) RVT (07 — 60) + op(1) % N {o, (RI*RT) }
and thus, using again (B.22),
ST pr—1pTY ST 2poNr—17 (Apoy d 2

The first convergence follows.
To derive the asymptotic distribution of LRz we use the usual argument which in-
volves expanding I7(67) around 657 to obtain

LRy := 2T {7T(§T) —TT(@;O)}
~NT ~ ~, 1 ~ ~ ~
—oT {lT (0%2)(0r — 65°) — 50 — 7)) Z(0r — 5@0)} +op(1)
= VT (0 — 05) VTl (B5) + op(1)
= VT (O — 02) " VTR Ar + op(1)
= TAFRT 'R Ar + op(1) % X2,

using (B.24), (B.22), (B.25) and (B.26).
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C Monte Carlo Simulation results on the PIT test

In this appendix, we study the finite sample properties of the goodness-of-fit test proposed
by Diebold, Gunther and Tay (1998) and the correction we propose to account for the
estimation error when the model is estimated by ML.

Recall that under the null hypothesis of correct specification, the probability integral
transform (PIT) series {u}i_; i U(0,1) so that \/Tzzzl(ut —T/2) ~ N(0,1/12)
as T' — oo. Furthermore, according to Corollary 2 in Section 3, the MLEs of the models
considered in this paper are asymptotically Gaussian under the assumption of correct
specification, so that \/T@T — ) LN N(0,Z(0)~"), where Z(6p) denotes the Fisher
information matrix.

We have therefore that both statistics are jointly are asymptotically Gaussian, i.e.,

(e b )= () (8 )

where Yg, ,, is the asymptotic covariance which is cumbersome to derive.

However, in empirical applications, the true PIT series is never observed and has to be
replaced by at(é) or 4 in short, i.e., the PIT series computed from the cumulative distri-
bution function of the estimated residuals which depends obviously on 6. To derive the
asymptotic distribution of Zle(ﬂt — T'/2) we rely on Pierce’s (1982) theorem.
Following Pierce (1982), we assume that \/T(Z?zl(ﬂt —T/2)) can be approximated as

VI(S L i = T/2)) = VI(SL (u = T/2)) + BVT (8= 00) + 0,(1), where S°1 us
is differentiable in 6 and B = limp_o F <W>. A simple application of

Pierce (1982) allows us to show that under the above conditions, \/T(Z?zl(ﬂt —T/2)) ~
N (0,1/12 — BZ(6y) ' B’) when T — oo. In the Monte Carlo simulations and the empiri-
cal application, we rely on numerical procedures to compute B although explicit formulas
could also be obtained.

This result suggests rejecting the null of correct specification at the 5% nominal level when

(L iy — T/2)|/\/T(1/12 — BZ(A)~'B’) > 1.96. To illustrate the finite sample prop-
erties of this test, we generate 7' = 4, 000 observations of the QSDsr GARCH(1,1)—ST
presented in Section 5.2 and estimate the true model as well as a s GARCH (1,1) and
a GARCH(1,1) — ST (also presented in Section 5.2).

For simplicity, we chose the same parameter values as in Table 1 for pu,w,w,a and p.
For the shape parameters of the skewed Student’s t distributions, we set 1/ = 5.2383
and k = 0.5 for the density of the innovations and 1/¢ = 19.8381 and k = 0.3327 for
the updating equation of f; so that the conditional density has fat-tails and is symmet-
ric while the NIC is bounded and asymmetric. The rejection frequencies (over 1,000
replications) of the PIT test described above at the 5% nominal level applied to the
QSDsr GARCH(1,1) — ST, st GARCH(1,1) and GARCH (1,1) — ST models are
respectively 6.11% (size), 87.96% (power) and 45.54% (power). The true model being a
QSDsr GARCH(1,1) — ST, the first value corresponds to an empirical size while the
other two figures correspond to empirical powers. These results suggest that the PIT
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test has a decent size and high power to reject the misspecified models for the considered
DGP. Importantly, not accounting for the estimation error leads indeed to strong size
distortions and in our case to a strong lack of power when the test is applied on misspec-
ified models as the rejection frequencies are 0% (size), 1.4% (power) and 0% (power),
respectively for the same three models. This is in line with the findings of Tse (2002)
and Lambert, Laurent and Veredas (2012) who have shown that not accounting for the
estimation error when testing, respectively, the null hypothesis of no ARCH effects or no
conditional skewness in the standardized residuals of a GARCH-type model leads strong
size distortions, with empirical sizes close to 0% for a nominal size of 1, 5 or even 10%
and that accounting for the estimation error using Pierce’s (1982) theorem gives empirical
sizes close to the nominal sizes.
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