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Abstract

We consider agents organized in an undirected network of local complementarities. A principal with a fixed budget offers
costly bilateral contracts in order to increase the sum of agents’ effort. We study contracts rewarding effort exceeding the
effort made in the absence of the principal. First, targeting a subgroup of the whole society becomes optimal under substantial
contracting costs, which significantly increases the computational complexity of the principal's problem. In particular, under
sufficiently low intensity of complementarities, a correspondence is established between optimal targeting and an NP-hard problem.
Second, for any intensities of complementarities, the optimal unit returns offered to all targeted agents are positive for all contracting
costs and in general heterogeneous, even though networks are undirected. Yet, heterogeneity never leads to negative returns, which
implies that, with these linear payment schemes, coordination is never an issue for the principal.

JEL classification: C72 D85

Keywords: Networked synergies Optimal targeting Linear scheme

1. Introduction

In many economic situations, institutions trade agents’ effort against transfers in a context of networked synergies and
positive externalities. A common feature of such contracts is that they can involve high administration and enforcement
costs.! For instance, a frequent criticism of conditional cash transfer (CCT) programs and other social safety net programs
is that a large proportion of their budgets never reaches the intended beneficiaries, but is absorbed by administration costs
(see Grosh (1994), Caldés and Maluccio (2005)). R&D subsidies also involve high administration costs (see GAO study of
1989 by U.S. General Accounting Office, Stoffregen (1995), and Hall and Van Reenen (2000)). Another costly contract for
firms in terms of administration, monitoring, and enforcement is organizing a performance appraisal system (see Murphy
and Cleveland (1995), and Aggarwal and Thakur (2013)). Given the prevalence of such high contracting costs, institutions
may only contract with a subset of economic agents. This paper adds to the literature on contracting in networks (for
example Belhaj and Deroian (2019)) by allowing the principal to exclude some agents and only contract with a subset of

* The project leading to this publication received funding from the French government under the “France 2030” investment plan managed by the
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also supported by French National Research Agency GrantANR-18-CE26-0020-01.
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1 Such costs are, at least partially, increasing with the number of contracts. For instance, with respect to administration costs, the cost of actually
making/writing contracts is clearly increasing with the number of contracts. Similarly, as the number of contracts increases, an increasing number of agents

is needed to monitor/enforce them, which increases overall enforcement costs.
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agents. In particular, we investigate how contracting costs affect optimal group selection and the design of optimal contracts
when there are synergies and positive externalities between agents.

To analyze the relationship between the network of synergies among agents, targeting, and contracting costs, we build a
principal /| multi-agent model where the principal has a fixed budget and offers costly linear bilateral payment schemes in
order to increase the sum of agents’ effort.> We consider an environment where bilateral synergies are perfectly reciprocal,
and where non-contracting agents (hereafter termed outsiders for convenience) exert effort and interact with contracting
agents, so that reservation utilities are endogenous to offered contracts.> Utilities are linear quadratic in effort with local
synergies and positive externalities, and contracts are ‘excess-effort’ linear payment schemes — rewarding effort in excess
of the effort made in the absence of the principal. The timing of the game is as follows. First, a principal offers to a set
of agents contracts involving either everyone or only a subset of agents that the principal wishes to target. These contracts
take the form of a transfer per unit of additional effort (hereafter termed unit return); they are offered simultaneously and
made public. Second, agents decide whether to accept or reject their respective offers. Finally, all agents, including outsiders,
simultaneously exert effort and transfers are realized.

Before we proceed further, it is important to explain why we focus on ‘excess-effort’ linear payment schemes. First, for
any given set of executed contracts, the utility specification generates a linear system of best-response effort, which leads to
a unique Nash effort profile. Second, due to the presence of complementarities, the principal may worry about coordination
among agents in the participation game. However, we show that the optimal unit return offered in any contract is always
positive, which avoids all potential coordination issues for any level of contracting costs; indeed, this scheme provides
incentives to all targeted agents, and higher effort enhances agents’ utilities in this game with positive externalities. This
allows us to study optimal excess-effort linear payment schemes, without having to worry about such coordination issues,
and to examine the relationship between contracting costs and optimal contracts.*

Two main messages are delivered by our analysis. First, when contracting costs are substantial, their shape deeply affects the
level of computational complexity associated with the optimal group selection problem of the principal. Actually, contracting with
central agents involves a trade-off between centrality and budget spending - central agents generate synergies but are also
budget-consuming. This is because they receive substantial synergies, which makes them highly responsive to rewards. In
the absence of contracting costs, the principal finds it optimal to contract with every agent, and all agents get the same
unit return, irrespective of their position on the network. Indeed, by the symmetry of bilateral interactions, the benefit from
larger synergies emanating from central agents is exactly counterbalanced by their propensity to overstretch the budget.” In
contrast, when contracting costs are sufficiently high, the optimal group selection problem can be NP-hard. In particular, we
provide an instance of the game where optimal targeting is isomorphic to the densest k-subgraph problem, which is known
to be NP-hard.

Second, the optimal unit returns offered to all targeted agents are positive for all contracting costs, and these unit returns can
be heterogeneous, even though networks are undirected. It is the presence of outsiders that allows heterogeneity. In short,
the sensitivity of the behavior of a targeted agent to the behavior of another targeted agent decreases with the number of
connections with outsiders. This creates asymmetric interaction between contracting agents. Now, the presence of hetero-
geneous unit returns never leads to negative returns, which ultimately explains the absence of coordination problems in
excess-effort linear payment contracting. This finding of positiveness is one of the main insights of this paper. Indeed, the
principal may well-want to tax an agent and reallocate the tax in order to subsidize a more central agent and exploit his
strong influence on the network. While this can happen in directed networks, our positiveness finding rules it out when
links are reciprocal.

This paper contributes to two strands of the growing literature on networks: optimal intervention in presence of syn-
ergies, and optimal linear pricing with interdependent consumers.® The first considers optimal targeting. Demange (2017)
studies the optimal targeting strategies of a planner aiming to increase the aggregate action of agents embedded in a social
network, allowing for non-linear interactions. Galeotti et al. (2020) study optimal targeting in networks under similar utility
specifications, where a principal aims at maximizing utilitarian welfare or minimizing the volatility of aggregate activity

2 Qur results extend to any principal’s objective being a weighted sum of efforts with positive weights.

3 In our model, agents exert effort even in the absence of intervention by the institution, which implies synergies not only between contracting agents,
but also between contracting and non-contracting agents. To cite a few examples: in CCT programs, students not receiving the grant still interact with those
who obtain the grant; in R&D networks where a public fund provider allocates subsidies, a non-subsidized firm still spends on R&D and interacts with
partner firms; in performance appraisal systems, firms offer workers a salary increase (or a bonus), and a worker not receiving any increase in salary still
interacts with other workers. This sort of problem is distinct from cases where agents’ exert no effort without the intervention of the institution. For the
latter, see for instance pricing with interdependent consumers.

4 From the principal’s point of view, more sophisticated contracts might perform better - for instance, contracts offered sequentially based on a “divide-
and-conquer” strategy. Such contracts will moreover have no coordination issue (full implementation) by construction (see Bernstein and Winter (2012)).
However, in the current setting with a fixed budget, it is non-trivial to determine an optimal divide-and-conquer strategy, which remains an open topic for
future research.

5 This result is tightly linked to the linearity of the system of best-responses and it holds under reciprocal interactions only.

6 This paper is also related to a strand of the moral hazard literature, which, by putting forward the optimality of linear contracts, helps explain the
widespread use of linear contracts in the real world. See for instance Laffont and Tirole (1986), Holmstrom and Milgrom (1987), McAfee and McMillan
(1987), Edmans and Gabaix (2011). Linear contracts are also natural in environments with synergies, including franchising arrangements (Lafontaine (1992))
and the rental of space in malls (Gould et al. (2005)).



by using a costly technology to modify agents’ private returns; in an online appendix, they extend the analysis to a plan-
ner maximizing the sum of efforts in a context where the interaction matrix is row-stochastic (see their Assumption OA1
therein). In contrast, we consider contracting costs, which means that the principal targets an optimal group before estab-
lishing optimal contacts. A series of papers studies principal/multi-agent contracting in presence of synergies, taking into
account participation constraints not addressed in the above papers. Bernstein and Winter (2012) and Sakovics and Steiner
(2012) consider coordination issues with binary actions. In particular, Bernstein and Winter (2012) study a costly participa-
tion game where participants receive positive and heterogeneous externalities from other participants, and they characterize
the contracts inducing full participation while minimizing total subsidies. In Sakovics and Steiner (2012), a principal subsi-
dizes agents facing a coordination problem akin to the adoption of a network technology. Optimal subsidies target agents
imposing high externalities on others and on whom others impose low externalities. Belhaj and Deroian (2019), focusing
on situations where the principal’s objective is to maximize aggregate effort on the network, study optimal contracting,
thus taking into account participation constraints. In their paper, targeting can be optimal because the principal can exploit
outsiders to discipline contracting agents, whereas in the present paper, targeting is optimal solely due to high contracting
costs.

Next, our paper complements the recent literature on optimal linear pricing with interdependent consumers (Candogan
et al. (2012), Bloch and Quérou (2013)). Under perfect price discrimination, network topology has no effect on optimal unit
price when the network is undirected. The intuition is that there is a perfect balance between incentives to charging central
agents more as their probability of consuming increases, and incentives to charging them less to exploit their influence
power. In Bloch & Quérou, this is confirmed in a model with unit demand and incomplete information about neighbors’
decisions. In Candogan et al. (2012), the same logic obtains from a slightly different model. Here, the monopolist sells a
divisible good, and sets linear prices. In both contexts, the problem turns out to be one of maximizing a quadratic function
of the vector of demand, once the firm allows for the fact that the demand reacts linearly to prices. Our finding that, under
sufficiently low contracting costs, the unit return rewarding each agent does not depend on position on the network echoes
theirs, but the intuition is different: in our model, while central agents are more influential, they are also budget-consuming,
and the two effects compensate at equilibrium. However, under high contracting costs, our framework differs substantially
from theirs by the presence of outsiders (those agents not receiving an offer) who exert effort, whereas consumers do not
consume without the firm. Outsiders play a key role in our model, generating heterogeneous optimal unit returns even on
undirected networks.

This paper also makes a technical contribution to games with interdependent agents. The existing literature has shown
the emergence of NP hard problems in such games - in a monopoly setting with two prices by Candogan et al. (2012), and
in a sequential game by Zhou and Chen (2015).” Both papers involve a Max-Cut problem, whereas our paper shows the
emergence of a distinct NP-hard problem, the densest k-subgraph problem.®

The paper is organized as follows. Section 2 presents the model. The case of null contracting cost is studied in Sec-
tion 3, while contracting cost is incorporated in Section 4. Section 5 concludes. All proofs are relegated to Appendix A, with
algorithmic considerations in Appendix B.

2. Model

We consider a three-stage game of complete information between one principal and a finite set of agents. In the first
stage, the principal offers bilateral contracts. Each contract is a linear payment scheme. In the second stage, agents simul-
taneously decide whether to accept or reject their respective offers. In the third stage, agents exert effort and transfers are
realized. Effort profile, contracts, and network are assumed to be publicly observable. We study the Subgame Perfect Nash
Equilibria of this game.

There is a finite set ' ={1,2,---,n} of agents who exert effort and interact on a network. We let x; € R, represent
agent i's effort, and X = (x;)icps an effort profile. We let the n x n matrix G = [g;;], with g;; € R, represent the network
of interaction between agents, where g;; > 0 when agent i is influenced by agent j and g;; =0 otherwise. By convention,
gii =0 for all i € N Links can be either binary or weighted. Throughout the paper, we will refer to network G (implicitly
assuming a number of agents equal to n). The network is undirected, i.e. G = G where superscript T quotes for the trans-
pose operator (we discuss directed networks in Remark 1 in Section 3). Symbol 1 represents the n-dimensional vector of
ones, I the n-dimensional identity matrix, d; the degree of consumer i, d = G1 the profile of consumers’ degrees. We let
(G) represent the largest (real) eigenvalue of network G. We let J be the n-square matrix of ones, and we let G be the
complementary network of G, so that G=J] — I — G (all active links in G are inactive in G and vice-versa).

7 Algorithm researchers are also often interested in whether it’s hard even to approximate a decent solution to a problem. See Li et al. (2022) for a recent
paper that considers this.

8 This problem is different from the k-core problems, that emerge in minimum effort games (see for instance Harkins (2016)), and in market versus
network-based activities (see Gagnon and Goyal (2017)).



In the absence of the principal, agents play an effort game on a social network, exhibiting both positive local externalities
and local synergies. We focus on linear quadratic utilities.” The utility that agent i derives from exerting effort x; on network
G is given by:

1
u(xi, X_j) = ajx; — EX,'Z+5Zginin (1)
JeN

where a; > 0 represents the private preference of agent i, and a = (a;);cns the profile of private preferences. The last term
represents the utility that consumer i derives from neighbors’ effort. Parameter § > 0 implies positive externalities and local
complementarities: incentives increase with neighbors’ effort.!°

In this game, Nash equilibrium efforts are shaped by Bonacich centralities, which we formally define (see Bonacich
(1987)). We let the n-dimensional square matrix M = (I — 8G)~'. The condition §4(G) < 1 assumed throughout the paper
guarantees M > 0. We let the n-dimensional vector b = M1, with entry i called b;, denote the vector of Bonacich centralities
of the network weighted by parameter § (avoiding references to network G and parameter § for convenience). Then b; is the
number of walks (in our terminology, walks can contain loops) from agent i to others, where the weight of a walk of length
k from agent i to agent j is 8. Similarly, we define the vector b, = (ba ;)icar, such that b, = Ma represents the weighted
(by a) Bonacich centrality. We define b =17b (resp. b, = 17b,) as the sum of centralities (resp. centralities weighted by a).
The condition §u(G) < 1 guarantees the existence of a unique Nash equilibrium effort profile in the absence of a principal.
In this equilibrium, any agent i € A/ exerts an effort equal to her Bonacich centrality b, ; and obtains a utility level equal to
b3

A principal offers individual payment schemes with the aim of increasing aggregate effort.'! For instance, this objective
is natural when effort concerns education, protection, work, R&D, etc. The principal has a fixed budget t to enhance ef-
fort. Offers are excess-effort linear contracts, rewarding increased effort with respect to effort level in the absence of the
principal’s intervention.

Formally, agent i is offered a transfer function t;(x;) = w;(x; — ba,;), with w; € R. The variable w; represents the return
per unit of excess-effort; for convenience, w; is considered a unit return throughout the paper.

We assume a costly enforcement environment. These costs can have diverse sources, for instance administrative or
enforcement costs. We consider general cost functions C(S), increasing in group size (in set inclusion terms); formally,
we impose that for all groups S, S’ with S ¢ &, C(S) < C(S’). The supermodularity (vs. submodularity) property of cost
functions will play a crucial role in the paper. With supermodular cost functions, an agent’s contribution to the cost is non-
decreasing with group size. Formally, for all groups S, 7 with Sc 7, foralli ¢ 7, C(T U{i}) — C(T) > C(SU{i}) — C(S). For
instance, when contracting cost depends solely on number of contracts s = |S|, then C(S) = C(s), and the supermodularity
assumption boils down to linearity or convexity of the function C(s). This paper will focus on two canonical examples of
supermodular cost functions:

Example 1 (linear cost function). Consider a fixed cost per contract ¢ > 0. Then for a given group S of size s =|S|,
C(S)=c-s (2)

For instance, this constant cost per contract can represent monitoring costs, which increase with the number of con-
tracted agents.

Example 2 (step function). Consider a step function with zero cost up to group size k < n, and then prohibitive cost for larger

sizes. Formally,
CS)=0ifs<k 3)
C(S)=+xifs>k

For instance, in many economic situations, there are upper bounds to the number of possible contracts. Such rationing
can apply to the number of grants under a CCP program or to the number of R&D subsidies.

By convention, the principal suffers no cost under the default offer w; = 0. Throughout the paper, by abuse of language,
we will refer to a “contract” when it is not the default offer. The principal’s offers are compiled in an n-dimensional vector
W = (W;)icnr, Where a zero entry means no offer in practice. Hence, when the principal targets group S, i € S if and only if

9 The model can be generalized to any utility function generating the same first-order conditions in effort, and generating positive externalities with
respect to neighbors’ effort. Indeed, the cardinal amount of externalities between utilities plays no role in the analysis.

10 This linear-quadratic utility specification applied to network games in economics was introduced by Ballester et al. (2006).

11 The main results of the paper extend to an objective that is a weighted sum of efforts with positive weights. The proof of Theorem 1 is presented in
this enlarged setting.



w; # 0. We let w_; represent the set of contracts in S but setting w; = 0. For convenience, we will abuse the notation and
write w = (W;)ics (excluding default transfers in this latter notation) when there is no confusion.

In the third stage of the game, we denote by x*(w) the equilibrium effort associated with the set of accepted contracts
w. Profile x*(w) takes into account both the change in effort of the contracting agent and the induced change in others’
effort on the network. The condition §u(G) < 1 still guarantees a unique Nash equilibrium effort profile for any set of
accepted contracts, one which satisfies x*(w) = M(a + w). That is, the Nash effort of agent i under any set S of accepted
contracts W= (W) jes is given by

VieN,x{ (W) =b,; +Zmijo (4)
jes
where m;; is the entry (i, j) of matrix M. That is, the excess effort of any agent, whether this agent contracts with the
principal or not, is given by the sum of returns offered to agents under contract weighted by the number of (weighted)
walks to them.

We now turn to the principal’s program. The principal maximizes aggregate effort minus contracting costs under the
budget constraint and under individual participation constraints.'> For convenience, let S(w) = {i € A/, w; # 0} represent
the set of contracts offered by the principal through payment scheme profile w. We let w* denote the optimal excess-effort
linear contract, and x* = x*(w™*) for convenience when there is no confusion. The optimal contract w* solves:

max Zx,* (W) — C(S(w))
i=1

weR™

Yo wi(xf(w) —baj) <t
s.t. § ieS
VieS, u(xf(w), x* (W) + wi(xf (W) — ba i) > u(xf(w_),x* ;(wW_)).

The first constraint is the standard budget constraint requiring that the sum of transfers is not larger than the available
resource. The set of individual participation constraints means that any agent receiving an offer is better-off accepting the
contract when other agents accept. Note that other agents modify their effort level when the agent rejects the offer.

The presence of complementarities entails a potential coordination issue in participation; however, when unit returns are
positive, there are no such coordination issues, so the principal does not need explicitly to take account of the participation
constraints (when unit returns are positive). The next lemma makes this point clear:

Lemma 1. For any set of contracts (w;);cs such that w; > 0 for all i € S, the configuration where all agents accept their offer is the
unique Nash equilibrium of the participation game.

Lemma 1 rests on a structure of utilities that exhibits complementarities and positive externalities.
3. No contracting costs

In this section, we assume that there are no contracting costs; i.e. C(S) =0 for all S. The objective function in the
principal’s program is here equal to the aggregate effort.

Zt least two questions arise. First, are optimal returns higher for central agents? On the one hand, the principal may
devote more resource to central agents so as to exploit their greater influence power, making savings on the budget allo-
cating to promoting others’ effort. On the other hand, central agents themselves are more responsive to unit returns, which
may lead to overstretching the budget. Second, is there targeting? lLe., is it optimal for the principal to contract with a
strict subset of the society, allocating full budget to those agents who are more productive with respect to the principal’s
objective? The next proposition gives a clear answer to both questions:

Proposition 1. Under zero contracting cost, there is a unique equilibrium of the two-stage game, where the principal contracts with

all agents. The optimal unit returns, w} = \/% forall i € N, are homogeneous across agents and the aggregate effort change is equal

to </tb.

Proposition 1 calls for several remarks. First, all agents receive an offer, i.e. there is no targeting. Second, since optimal
returns are positive, by Lemma 1 there is no coordination problem in the participation game. Third, agents’ positions do

12 An alternative formulation would be to include contracting costs in the budget constraint. Results keep unchanged qualitatively in that formulation.
Furthermore, note that there is no equivalence between high contracting costs and low budget: as will be clear later on, for all budgets there is a cost
threshold above which targeting becomes optimal. Below this threshold, costs are positive but targeting does not occur.

5



not affect the optimal unit return'?: network influence is exactly counterbalanced by budget-spending effect.'* Note that
private returns’ heterogeneity does not affect the optimal unit returns here (whereas it shapes unit prices under monopoly
pricing). Thus, neither transfers nor aggregate effort changes are related to preferences. Fourth, the variation of aggregate
effort is equal to x* — b, = +/th; hence, the networks maximizing the impact of the principal’s intervention are also those
maximizing the sum of centralities (whatever the size of the budget). An important implication of this finding is that, given
two networks such that all the links of the first are included in the second, the impact of the principal’s intervention is
greater on the denser network.

Remark 1. The assumption that GT = G is crucial to establish Proposition 1. If not, optimal unit returns become heteroge-
neous and targeting becomes possible.!”

4. Costly contracting

In this section, we incorporate contracting costs, which can be generated for instance by enforcement considerations.
The objective function of the principal is then given by the aggregate effort minus the cost of contracting with all agents in
the targeted group. Under sufficiently high contracting cost, it is not optimal for the principal to contract with the whole
society. Thus, the principal contracts with a strict subgroup of the society. Generally speaking, the principal finds the best
target for each given group, and then selects the best group to contract with. Importantly, the separability of contracting
costs within the principal’s objective means that the cost structure only affects group selection, not the shape of optimal
contracts.

We first study optimal contracting when the principal targets a given arbitrary group, establishing notably that optimal
unit returns are always positive, and characterizing the performance of the group. Then, we explore group selection and the
related NP-hardness issue. Finally we illustrate optimal targeting on specific network structures.

4.1. Optimal contracts with a given targeted group

Under costly contracting, a rational principal should target agents maximizing the performance of each contractor per
dollar invested, i.e., the ratio of the variation of aggregate effort induced by contracting with the agent over the amount of
resource transferred to this agent (what we will call agent i’s productivity). Centrality has an ambiguous effect on produc-
tivity: high centrality has a great influence on others, but it also induces a large transfer to such an agent because that agent
is highly incentivized through the contract. Overall, centralities allow the productivity of an agent to be non-monotonic.

Optimal targeting takes this trade-off into account. Let us consider a given group S, of size s. We let the s x s matrix
M;s) represent the submatrix of M restricted to agents in S. Let bys) = (bj)ies with b; the un-weighted Bonacich centrality
on network G. Understanding whether optimal unit returns are positive or not is not a trivial task.'® Indeed, the principal
may want to tax an agent and reallocate the tax as a subsidy for another agent, which can happen when links are directed.!”
However, when links are reciprocal, any connected agent exerts an influence on others. The question is whether reallocating
a local tax as an extra-subsidy for an other agent can still be good for the principal. The next theorem provides a clear-cut
answer to this question:

Theorem 1. When the principal contracts with group S, optimal unit returns are positive for all agents in S. The optimal unit return
vector w* satisfies

and the optimal objective is given by
F(S) =ba+ /t bl M{\bys) (5)

13 This result is easily generalized even further to payment schemes of the sort t(x;) = w;(x; — ab, ;) where o > 0 (proof omitted).

14 Still, agent i’s payment can be computed as = % -t; i.e., the transfer received is proportional to relative centrality.

15 For example, in a 3-agent directed star with two links, both originating from peripherals (meaning that the central agent receives all synergies while
providing none), it can be optimal to target only the peripheral agents, as illustrated numerically in Example 4 later on. For the general case of directed

_ -1 - L
networks, we define M= (I—68G)~!, M7 = (1—5GT)"!, M= (I - 6(%)) . We obtain w* = %(1 + (%)b) where b = M1 represents the Bonacich

ey
centrality of the average interaction matrix, and A =,/ M

16 Note that the off-diagonal entries of matrix M[_s]] are non-positive. Indeed, any principal submatrix of an inverse M-matrix is an inverse M-matrix (see
Corollary 3 in Johnson (1982, p. 202)). Therefore, matrix Mfsl] is an M-matrix.

17 In Example 4 presented below, the taxed agent exerts no influence on others, meaning that taxing that agent entails no indirect effect on others’ effort.
Since other agents are influencial, the principal finds it better off using the tax as an extra-subsidy for an agent in order to benefit from induced (free of
charge) complementarities.



Intuitively, the reciprocity of the bilateral interaction means that the negative influence of a taxed agent always outweighs
the gain in positive influence of the subsidized agent (this is because the influence of the subsidized agent uses paths
initiated by the taxed agent). To prove positiveness of optimal unit returns, we express them in a way that allows us
to isolate the contribution of each outsider. Then, using inverse M-matrix theory,'® we can show the positiveness of all
outsiders’ contributions, and thus of optimal unit returns.

Positiveness of optimal unit returns implies that, departing from any cost consideration, the optimal (gross) objective
of the principal is increasing in group size, and the second-stage participation game does not face any coordination prob-
lem (using Lemma 1). That is, there is no strict subgroup of the targeted set that constitutes a proper equilibrium of the
participation game; any non-member of that subgroup is better-off accepting the offer.'”

Outsiders generate asymmetric interaction between members of the targeted group. This asymmetry generates heteroge-
neous but still positive unit returns.

By Theorem 1, optimal returns are generically heterogeneous inside the targeted group. In our model, heterogeneity arises
when the members of the targeted group have distinct numbers of connections with outsiders, which induces asymmetric
interactions inside the group. To see this formally, we write the system of interaction between members of the targeted
group as a function of their interaction with outsiders as follows. Let I; be the identity matrix of size q, G;s) the submatrix
of G restricted to agents in S, and G the s x n — s submatrix where gij represents the link between agent i € S and agent

jeN\S:

(Is — 8Gis))X(s) =14+ W+ 8G(Iy—s + 3Gans) + 8GTxs7)

=XM\S]

That is, the system of bilateral interactions among members of set S is thus given by (I, — H;s)X(s] =k, where (K is

a heterogeneous constant, and) matrix H = Gis} + 8GGT. We observe that H' = H, but now the diagonal is generically

(not zero and) heterogeneous; Letting dfv\'s

aM\s
1

=|{j e N\ S, gij = 1}| represent the number of neighbors of agent i among

outsiders, we get h;; =§ . This heterogeneity of the diagonal entries of the matrix of interaction creates asymmetric

interaction (the sensitivity of agent i to agent j's move is not equal to the reciprocal sensitivity, even if h;; = hj;). Note that

if all members have the same number of neighbors among outsiders (i.e. if le\S = dj\/\s for all i, j € S), then optimal

returns are homogeneous in the targeted group, irrespective of the organization of those links.
The result on positiveness of optimal unit returns extends to any principal’s objective being a weighted sum of efforts
with positive weights; Formally, it holds for any objective F = ) e;x;, where the exogenous weight e; > 0 for all i (see the
ieN
proof of Theorem 1.).>° For instance, a firm may be more interested in fostering effort in a given subgroup, a teacher may
focus more on certain children (because of their bad results, poor health, etc).

Remark 2 (Heterogeneity). The heterogeneity of private returns does not affect the aggregate effort variation, ) x —b,, that
ieN
is induced by the principal’s intervention.

We now consider the limitations of Theorem 1. Firstly, the very nature of the objective function matters. While Theo-
rem 1 extends to a weighted sum of efforts, it does not extend to a principal maximizing the sum of agents’ utilities, as
shown in the following numerical five-agent example:

Example 3. Assume that the principal targets a given group S = {1,2,---,s} C N (choosing these labels without loss of
generality). Recall that equilibrium utilities, for given unit returns w = (wq, -- -, ws), are given by uj = %(x;*)2 — wibg,; for
allieS and uf = %(x;f)2 forallie N'\'S; and for all i e NV, xf=ba;i+ ZjeS m;jw ;. The objective function F is:

18 Every outsider’s contribution turns out to be proportional to an almost principal minor of matrix M. We show that all almost principal minors associated
with outsiders have the same sign, which depends on whether the cardinal of the targeted group is even or odd. To prove this, we use a result that relates
the sign of an almost principal minor to the labels of the switching columns (i.e. those columns whose switch makes a principal minor become almost
principal).

19 The positiveness of optimal unit returns implies that individual participation constraints play no role, and the effective principal’s program boils down
to the program maximizatig the principal’s objective under the sole (binding) budget constraint:

n
max X (w) — C(S(w)).
max DX W) — CSw))
st D wixf(wW)—by )=t i=1
S

20 Moreover, allowing for null weights in the objective, for a targeted group S and i € S, we can show that wi=0iff e, =e, =0 forall ke N'\ S,
otherwise wj > 0.
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Fig. 1. A five-agent network and its adjacency matrix.
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F= 12(@4’,‘ + Zm,‘jo> - ZijAJ

ieN jesS jeS

N

Le.,

1 1 2
F = zzbivi + ij<ZbA’imij — bA’j) + EZ(ZH’IUWJ)

ieN jesS ieN ieN “jeS
Define, for all subgroups S, all n-dimensional vector z, z;s) = (z;)ics as the vector restricted to agents in S. Denote the

n-dimensional vector q = M2a — Ma = (M — )Ma = §GM?2a. Also, denote by M, the matrix of size n x s that contains the s
first columns of matrix M, and call the s x s matrix R= M,TlsMns. Then,

1 1
F= EaTMza + (qs) W+ EwTRw
The optimal weights solve:
max (qisp’ Tar
qis]) W+ -w Rw
weRS$ 2
st. wIM g w=t

provided weights are non-negative. The Lagrangian with weight A > 0 is given by:
T 1 1
L=(qp) w— sW 2AM(s] — R )W + At

As long as the matrix 2AM;s) —R is a P-matrix (i.e. all eigenvalues are strictly positive), the Hessian matrix of the Lagrangian
is negative semi-definite, so first-order conditions are necessary and sufficient. The optimal positive weights are then given

by
w* = (21*Ms; — R “lqp5

where A* satisfies:

(qs)” (22 Mis) — R) ™ M) 21 *Ms) — R) 1qp =t

provided that all eigenvalues of the matrix 2A*M;s) — R are strictly positive.

We provide a numerical example in which not all optimal weights are positive, meaning that Theorem 1 is violated here.
Taken=5,a=1,56 =0.2,t =100, and consider the network depicted in Fig. 1: When the targeted group is S = {2, 4, 5}, the
optimal weight vector is around w* >~ (—0.28, 1.44,1.39), and the value of the optimal objective is about 146.23. Hence,
targeting S = {2,4, 5}, it is best to contract with subgroup {4,5} and offer w* = (0, 2.76, 8.67), leading to an optimal
objective around 102.13 (which is better than selecting {2, 4} or {2, 5}, both leading to an objective around 98).

Secondly, breaking link reciprocity in our model would generate negative unit returns.?! This means that undirectedness
of interaction is key to guaranteeing positive weights. To illustrate, we consider the following example:

Example 4. Consider the three-player undirected network presented in Fig. 2-Right, which represents a three-star undirected
network in which agent 2 is the central agent. When S = A/, there is no outsider and optimal unit returns are homogeneous
across agents. When S = {1, 2}, however, agent 3 is an outsider and we find w3 > w} > 0 for all values of 8.2 Now consider

21 In Candogan et al. (2012)'s setting, link directedness generates heterogeneous pricing, possibly below marginal cost for some consumers, which is the
equivalent in their setting to having negative unit returns in our model - see Example 1 in Candogan et al. (2012).
2 Eg, for §=0.7, we find wi =1.7, ws =1.
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Fig. 2. Left: In the 3-agent directed network, targeting the whole society can entail a negative unit return for agent 3, leading the principal to target agents
1 and 2 alone. Right: In the 3-agent undirected network, targeting agents 1 and 2 leads to w3 > w} > 0 for all values of 5.

the directed network depicted in Fig. 2-Left, where agent 3 receives synergies from other agents but does not deliver any
synergy to others. The optimal unit returns associated with any group S satisfy w* = 2]7(M[5J + M[TS])*]b[SJ, provided
that transfers are nonnegative (an agent receiving a negative transfer is never better off accepting the contract). For S =N
and sufficiently high intensities of interaction, the above formula provides a negative unit return to agent 3 and a negative
transfer,”> and it is optimal to target agents 1 and 2 alone.

Remark 3 (Optimal scheme when the planner uses a uniform excess-effort transfer scheme). If the principal cannot discriminate
among agents, every agent in the targeted group receives the same positive unit return (again, there is no coordination issue
in the participation game). The optimal target then maximizes a specific group-index. Letting 1; denote the vector of ones

1 (13Tb[5J)2. the group performance (gross of contracting cost) is proportional to index

of size s, and index I(S) = ——
S) 1 Ms 1

1(S).
4.2. Group selection

In this subsection, we establish that the shape of the contracting cost function is a key determinant of the level of
complexity of the principal’s problem. The potential complexity of the group selection problem can generate an NP-hard
problem. In particular, we find a precise correspondence with the densest k-subgraph problem, a known NP-hard problem
- the crux of the NP-hardness issue is observed in the subproblem involving the ranking of groups of fixed size. Thus, we
turn to algorithmic considerations.

We start with the case where the intensity of interaction tends to zero, requiring the following notation. For any group

S C N and any agent i € S, we let d;s (resp. d,N\S) represent the number of linked agents in set S (resp. in the set N'\ S).
Then d; = df +d;§'N\S. We let Ls represent the number of links among agents in S, and we let Ls nns be the number of
links between group S and group A\ S (i.e. the number of links between agents of distinct groups). Then ) ; g dl‘s =2Ls
and ) ;s le\S =Ls s Then,

Proposition 2. When the intensity of interaction tends to zero, the principal’s optimal target is given by**

max F (S) = \/t(s +26(Ls + Ls.ans)) — C(S) (6)

When parameter & tends to zero, larger sizes can be considered where contracting costs are low, whereas high contract-
ing costs call for targeting. Moreover, for a given size s, the best group of given size s maximizes the sum of internal links
plus the sum of cross-links. In a word, the effort change of agents in N\ S comes from cross links, and the effort change of
agents in S comes from both internal links and cross links because when agent i receives a reward, increased effort takes
into account his synergies with agents in N\ S. For instance, on the circle, the best group of size s is S ={1,3,5,---,2s+1};
this is because this group maximizes the number of cross links, and by grouping agents we lose cross links without doubling
the number of internal links. On the star, the best group of given size s contains the central agent.

The shape of the contracting cost function plays a crucial role in determining how to target, and can lead to an NP-
hardness issue. A striking example is given by the case where the cost function is a step function:

Theorem 2. Assume that the cost function is described by system (3). Under sufficiently low intensity of interaction, the optimal group-
selection problem is NP-hard.

B Eg, for § =0.7, we find w} = w3 ~0.89, w} >~ —0.12; agent 3's transfer is also around —0.12.
24 We disregard the term b, in the maximization problem since this does not depend on the target.
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Fig. 3. Optimal targeting on the five-agent line network (here a =1); the agent with highest centrality is not selected.

Table 1
Optimal groups as a function of contracting cost for § =0.2. For all costs, there is no optimal group of
size 2.
c [0, 1.6[ [1.6,1.7] [1.7,1.8] [1.8,1.9] [1.9,3.9] [3.9,4[ [4, 400
S* N {1,2,3,4,5,6} {1,2,3,4,5) {1,2,3,4)} {2,3,4} {1} [4)

Intuitively, absent any contracting cost, the principal is always better off enlarging the targeted set by Theorem 1. Given
the structure of the cost function, this directly implies that the optimal group size is equal to k (it cannot be of smaller size,
and any target of larger size would entail prohibitive contracting costs). That is, the problem amounts to ranking groups
of same size k in terms of number of internal links plus number of cross-links. Theorem 2 then shows that this problem
reduces to the densest (n — k)-subgraph problem associated with the complementary network G, which is a well-known
NP-hard problem.2>-26

We now describe qualitatively how network structure impacts optimal contracts, for all intensities of interaction.

Not contracting with central agents. Centrality has an ambiguous effect on optimal targeting. On the one hand, agents with
large centralities have a huge influence on others, i.e. centrality has a social multiplier effect allowing the principal to save
on budget; on the other hand, central agents themselves are resource consuming: first by responding to their own contract,
and second by responding more to the others’ contracts. This can lead the principal to allocate contracts to agents located
at a large distance from each other. To illustrate, Fig. 3 shows on a five-agent line network that this trade off between
centrality and budget effect can lead to an optimal target that excludes the most central agent in the context of a linear

cost function as in (2).
2

Optimal scheme when the targeted group is a singleton. Define the intercentrality index of agent i in network G as ¢; = :1—’”
(this is an immediate implication of Remark 3). When the principal targets only one agent, the optimal target maximizes the
intercentrality index. The intercentrality index is familiar from key-player analysis (Ballester et al. (2006)). We see here that
linear contracting has the same qualitative effect on optimal targeting as dropping an agent. In particular, by Theorem 1, the
optimal return is given by w} = rﬁ—il This ratio represents the aggregate effort change following the increase of a one-unit
increase in agent i’s effort (see Belhaj and Deroian (2018)).

Some group sizes are never optimal for any cost value. Increasing the cost function induces a clear restriction on the optimal
number of contracts all else being equal. However, as cost increases, the reduction in size may be more than one unit. To
illustrate, we consider the following example:

Example 5. We consider a linear cost function as in (2). We set a=1, and we consider the network depicted in Fig. 4. In
this network, there are three classes of agents: the central agent (labeled agent 1), three intermediaries (labeled 2, 3, 4), and
three peripheral agents (labeled 5, 6, 7). Table 1 presents the optimal groups as a function of contracting cost (there may be
multiple optimal groups due to symmetric positions; for convenience we only label one representative optimal group when
multiplicity arises). In this example, there is no optimal group of size 2. This is due to the composition effect arising when
optimal group size changes, which puts a premium on larger groups. Here, at threshold cost where the performances of
the respective groups {1} and {1, 2} are the same, the size-3 group {2, 3,4} has a higher value, and this group is therefore

25 See Feige et al. (2001); see also Faragd and Mojaveri (2019) for a recent survey on densest subgraph problems.
26 It can be shown that the objective of the principal, gross of contracting costs, is submodular (proof available upon request). Then, under supermodular
contracting costs, the objective is submodular which raises NP-hardness as a potential issue.
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Fig. 4. A 7-agent network.

Table 2
n = 16; Targeting through the greedy algorithm: Average over 1000 random networks for relative error of ap-
proximation as a percentage of optimal performance.

8 c=0.1 c=0.2 c=03 c=04 c=0.5 c=0.6
§=0.01 100 99.85 99.94 99.97 100 100
§ =0.06 99.97 99.68 99.78 99.65 99.84 99.82

optimal.?’ This prevents any group of size 2 from being optimal for all costs. This jump in group size results from the
following composition effect: the best group of size 2 is {1, 2}, whereas the best group of size 3 is {2, 3, 4}.%%

Algorithmic considerations. Since the program of the principal is possibly NP-hard under low intensity of interaction,
it would be useful to know whether algorithms generate good approximations of the solution. By submodularity of the
objective function, the greedy algorithm performs rather well for problems with fixed group size, the theoretical lower
bound to efficiency being 100.(1 — 1/e) ~ 63 percent of the optimal objective. However, for the unconstrained problem with
endogenous contracting cost, the best algorithms give a lower bound of 50 percent inefficiency. We performed the greedy
algorithm on Erdos-Renyi random networks for various linear contracting cost functions where the cost of each contract
is a constant ¢ (see more details in Appendix B). The greedy algorithm works as follows. In step 1, it determines the best
singleton; in step 2 it determines the best pair containing the best singleton and stops if the singleton performs better than
the pair; in step 3 it determines the best triplet containing the best pair and stops if the pair performs better than the
triplet; etc, until the best group is reached. This algorithm therefore converges in no more than n! steps. We found that the
greedy algorithm performs very well for n < 30.>° To illustrate, the average relative error of approximation is less than 1
percent in the simulations presented in Table 2 for n =16,t =1 and various values of parameters § and c.

We also tested network characteristics. There was a positive correlation between the global clustering coefficient and the
average performance of the greedy algorithm, and a negative correlation between the Pearson degree assortativity coefficient
and the average performance. The matlab programs are available upon request.

4.3. Specific network structures

In this subsection, we illustrate the impact of network structure on optimal targeting, examining two polar network
structures in terms of distribution of centralities: the star network and regular networks.

The star network. In the star network, the trade off between centrality and budget constraint effects is extreme. The
following corollary shows that the centrality effect systematically dominates the budget effect:

Corollary 1. In the star network, the optimal target always contains the central agent.

27 Group {2, 3,4} is optimal below the threshold cost where both groups {1} and {2, 3, 4} have the same value, and above the threshold cost that equates
its performance with that of group {1, 2, 3, 4}.

28 The objective function being submodular, the marginal individual contribution to group value is decreasing with group size. This implies that group
size is monotonic with cost. Therefore, this result necessarily stems from the composition effect. Furthermore, a qualitative difference arises from applying
the greedy algorithm that will be presented in the next section. Given that this algorithm proceeds by group size, and in contrast with this example, the
(approximated) optimal group size found by the greedy algorithm is reduced unit by unit as the unit contracting cost continuously increases.

29 The performance of the algorithms should be lower for larger network size.
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Table 3
Optimal group size for the star network for n =10,t =1,c=0.1 and for
various values of §.

) 0.09 0.12 0.15 0.18 0.21 024 0.27 0.3
s* 10 10 10 10 10 5 1 1

Targeting among groups of size 4

® O @ O
O @ Q

Fig. 5. Targeting on regular networks. Blue nodes are the optimal targets among all groups of size 4. (For interpretation of the colors in the figure(s), the
reader is referred to the web version of this article.)

This result is not trivial. For instance, when the principal contracts with a single agent, it is the agent with maximum
. Lo b? . . . - .
intercentrality index mr as shown before. Interestingly, the optimal unit return w; = ,g—:_i is favorable to peripherals on the
star network (of at least four players) for high intensities of interaction. Yet, by Corollary 1 the balance between this effect

and centrality favors centrality, i.e. nL:_:,- x b; is always favorable to the central agent. Table 3 presents optimal group sizes on
the star network for various parameter values (we set a=1 to isolate network effect). The optimal group size is decreasing
in §.

Regular networks. We only provide a partial insight - even on regular networks, the analysis is difficult. For simplicity, we
focus on the sub-problem of targeting among groups of given fixed size s. In regular networks, all agents have the same
degrees and the same Bonacich centralities. Therefore, when the principal contracts with group S on a regular network, the
optimal objective (absent contracting cost) is driven by function Fo(S) = IST M[’g]ls. For two groups S, S’ of equal size, we

need to compare Fq(S) with Fo(S’). For that purpose, the following definition is useful:

Definition 1. The intensity of interaction § is moderate whenever, for every group S, V= M[_SlJ is diagonal dominant, i.e.

vii = Y |vijl.
J#i

Moderate intensity of interaction guarantees the diagonal dominance of the inverse of any principal submatrix M;s). By
contrast, under very high intensity of interaction, this property may not hold.>® Under moderate intensity of interaction,
the respective performances of same-sized groups can be unambiguously compared when their associated M-matrices are
themselves unambiguously ranked such that one matrix dominates the other:

Lemma 2. Assume moderate intensity of interaction and consider two groups S, S’ of equal size. If Ms] < M[s/}, then Fo(S) >
Fo(S)).

Let us call entry m;; of matrix M agent i's self-loop centrality. While self-loop centralities are homogeneous across agents
on the wheel network, this does not apply to all regular networks.>! By Lemma 2, and given that entry m;; represents a
(weighted) number of walks between agents i and j, under moderate intensity of interaction, optimal targeting among
groups of size two is easily identified on regular networks with homogeneous self-loop centralities. Indeed, for s = 2, M[_S1]
is diagonal dominant and thus Lemma 2 holds. Hence, in a regular network with homogeneous self-loop centralities, a principal
establishing two contracts should always maximize the distance between the two contracting agents, for all intensities of interaction.
Is there a maximum separation principle beyond the case where s = 2? Fig. 5 illustrates that this is not always true. In
this example with s =4, it is optimal to select the configuration in which no pair of agents are connected. However, in the
16-link regular network presented in the same figure, it is optimal to constitute two connected pairs and to separate the
pairs.

30 Incidentally, in the pool of inverse M-matrices, ultrametric matrices are such that their inverse matrix is diagonal dominant (see Martinez et al. (1994)).
31 Self-loop centralities are homogeneous across agents in the class of distance-based regular graphs, which includes for instance the wheel and strongly
regular graphs.
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5. Conclusion

In many economic situations, organizations trade agents’ effort against transfers where synergies exist not only among
contracting agents, but also among contracting and non-contracting agents. This paper has explored a salient aspect of such
situations: the high administration and enforcement costs that often accompany contracting. We built a principal-agent
model where the principal has a limited budget and offers costly linear bilateral payment schemes in order to increase the
sum of agents’ effort. The optimal targeting problem involves a trade-off between centrality and budget spending — while
central agents are influential, are also more budget-consuming. Our analysis provides two main insights. First, whatever
the shape of contracting costs, the optimal unit returns offered to every targeted agent are positive and generically het-
erogeneous. This heterogeneity is due to the presence of outsiders, who create asymmetric interaction between contracting
agents. Proving positiveness of unit returns was the main analytical challenge of the paper. Positiveness prevents any co-
ordination failure of the participation game. Second, when contracting costs are sufficiently high and typically convex (or
supermodular in mathematical language), optimal group selection can lead to NP-hard problems.

Future research on this topic could take several directions. Firstly, more sophisticated contracts could be considered. For
instance, contracts offered sequentially based on a divide and conquer strategy would also avoid coordination issues by
construction and perform better from the principal’s perspective. However, under a fixed budget, determining an optimal
divide-and-conquer strategy is challenging. Secondly, it might be interesting to further analyze the problem of a principal
maximizing the sum of agents’ utilities, going beyond this paper’s initial exploration. Finally, policy mechanisms open to the
principal as alternatives to transfers would be worth exploring.
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Appendix A. Proofs

Proof of Lemma 1. Under positive unit returns, all agents increase their effort level (i.e., both contracting agents and out-
siders) by complementarities and positive externalities. This entails an increase in the utilities of contracting agents, and
adding a positive transfer further increases the utility derived from acceptance. Thus, not only are individual participation
constraints satisfied at the optimum, but there is also no strict subset, say 7, of the targeted group, say S, that constitutes
another equilibrium of the participation game, because every agent in S\ 7 would then be better-off accepting the offer
(indeed, the above argument showing that the all-accept configuration is Nash still holds for any subset of positive unit
returns). O

Proof of Proposition 1. Agent i’s best-response satisfies xIBR(yi) =aqa; + w; + (SZ]- gijxj, which entails the Nash profile

x*(w) = M(a + w). Thus, the sum of excess-effort at equilibrium is given by 17x*(w) — bl = b’w, which does not de-

pend on the vector of preferences. Moreover, the budget constraint is not affected by preferences. Indeed, it is given by

t =w’ (x*(w) — b,) and, by x*(w) — Ma = Mw, we get w/Mw = t. In the end, the principal’s problem is independent of

the vector of private preferences a, and the principal wants to maximize the quantity b”w over w € R" under the budget

constraint w Mw =t.

The Lagrangian £ is written (we ignore non-negativity constraints w; > 0 and check that they are satisfied ex post):

LW, L) = b'w+ At — wTMw)

Applying the first order conditions w.r.t. the unit return w; for all i € N, we obtain % = 2Mw*; that is, given that b =M1,
1

w* = 5=1. Since w*TMw* =t, and recalling that 1"M1 = b, we derive A* = %\/é The vector of optimal unit returns is given

by w* = \/§~ 1. Furthermore, the transfer to agent i is given by t¥ = w} - ij\[mijw’]'-‘- Incorporating the optimal returns, we
je

get tf = % -t. Last, considering aggregate excess-effort, we get x* — b, = ) w{b;. Incorporating the optimal unit returns,
ieN

we obtain x* — b, =+/th. O

Proof of Theorem 1. We first characterize the optimal returns assuming that they are positive. Second, we show positive-
ness.
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We start by characterizing the optimal returns. Let w = (w;);cs be a set of contracts offered to a given group S =
{1,2,---,s}. We determine the optimal contracts, assuming that w; > 0 for all i € S. For convenience, we introduce the
n-dimensional vector W= (w1, wy, ---, ws, 0, ---,0)T. Let X* = (X})ien be the Nash effort profile, conditional on all offers
proposed to agents in set S being accepted. The Nash equilibrium effort profile satisfies

Xx* —Ma = Mw )

We deduce the change in aggregate effort induced by the introduction of the contracts (with the notation b, = 1TMa,
b = M1, x* = 17x*), which measures the performance of group S: x* — b, = bTw. Plugging agents equilibrium effort as
given by equation (7) into the budget constraint, we get

t=WTM[S]W (8)

The Lagrangian of the program is well defined (linear objective under convex constraint) and given by
L= b{SJW + A (t — WTM[S]W>

Exploiting the first-order conditions of the Lagrangian with respect to returns, the optimal returns (w})jcs solve the fol-
lowing linear system:

1
wh = imgg]blsj forallie S 9)

Assume that optimal returns are positive. Plugging equation (9) into the budget constraint equation (8), we get 21 =

T —1
wh = ( ;>M_1b[& forallie S
= [ S
bjsMs)bis)

The performance of group S is therefore given by F(S) =/t b[TS]M[’S]]b[S].

Second, we show that optimal unit returns are positive. The proof regarding positiveness holds for any objective function
that is a weighted sum of efforts with positive weights (in the paper we assume equal weights). Consider an objective equal
to > eix; with e; > 0 (the benchmark case with homogeneous weights corresponds to e = 1). Let e = (e;)jcAr, be = Me,

ieN
De(s) = (be,j) jes. Then it can be shown that optimal weights are proportional to M[_Sllbe[g] (this is a direct extension of the
proof given just above). We prove that wi > 0 for all i € S. It is the case that w* > 0 if and only if

-1
wi myp --- My my1e1 + -+ +Mypey 0
wi _ m s m myieq + - - -+ mope 0
21 _ 1 _ 21 2s 21€1 2n€n
L = Migibers) = = 1..
W;( Mms1 -+ Mg mg1e1 + -+ -+ Mgpep 0

Consider the return of agent 1 € S (this is without loss of generality). Then, a few calculations show that

i1 miz -+ Myg Myg
(=1 mpp --- Ms Mgk
wi=e1+———- Ve 10
=t ey ,Z s (10)
>
Mps --- Mg Mgk

Observe that each outsider k is associated with a proper contribution to the optimal unit return of agent 1, whose sign is
related to the sign of the associated almost principal minor. We will show that the sign of every almost principal minor is
that of (—1)**3, implying that agent k’s contribution is always positive. To see this, we decompose wi = z/:vw’fj. where

JE

-1

mir .- Mis myj
mpr .-+ Mys myj
* —_— .
wij=e;j
Mms1 -+ Mg Msj J 4

where subscript | refers to entry 1 of the vector resulting from the above matrix multiplication. By definition of inverse
matrices,
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-1

myp - My m 1
myy -+ My my| | O
msq Mss Mg 0
and for allie {2, --,s},
-1
m mis my; 0
maq mas myi | | O
Mms1 -+ Mg Mg 0
It follows that wj; =e; and wj‘j =0 for all je{2,---,s}. Turning to outsiders’ contributions, we observe that for all k > s,
miz --- Mg Myg
. mpy -+ Mg My
mip .- Mys myg
. _ mpr - Mg my | _ s+1 Mas -+ Mss Mgk
Wik = €k T =D e ]
et(M[S])
Mgy --- Mg Mg

1

This can be checked directly.*? In total, we get w} =ej + Y .  w%,, and we obtain equation (10).

We will sign every determinant in equation (10). Recognizing a principal minor and n — s almost principal minors, we
will show that, for any given size s all almost principal minors have the same sign, and that this sign alternates according
to whether s is odd or even. And taking into account the multiplication by (—1)5*1, all contributions will be seen to be
positive. Formally, we define the set o« ={1,2,---,s,k}, for any ke {s+1,---,n} (we write « rather than «(s, k) when
there is no confusion). We use the informal notation « + i (resp. o — i) to denote the augmentation of set « by i ¢ o (resp.
the deletion of i € @ from «). The left determinant is that of the principal submatrix M;s; = M[o — k; oo — k], it is positive,
being a principal minor of an inverse M-matrix. Moreover, every other determinant is that of an almost principal submatrix
M« — k; o — 1] for k > s. We then use the following lemma from inverse M-matrices theory (see for instance Johnson and
Smith (2011, Theorem 3.1 p. 961)):

Lemma 3. The sign of the determinant of this almost principal submatrix M[oc — k; o — 1] is that of (—1)" 1 where r is the number
of indices of « less than or equal to k, and t is the number of indices of o less than or equal to 1.

Here, we get r =s+ 1,t =1, which means that the sign of almost principal minors is the sign of (—1)S*3. In total, for
any k > s, the sign of the contribution of outsider k to w¥ is (—1)*™! x (=1)S*3 = (—=1)™, i.e. it is positive. This shows
that wi >0. O

Proof of Proposition 2. We consider that § is close to zero. We identify the objective function. Suppose that the principal
selects group S. For any agent i € S, we let d;s (resp. le\S) represent the number of linked agents in set S (resp. in set
N\ S). Then d; = d;-s + d;g’N\S. We let Ls represent the number of links among members of S, and we let Ls ans be
the number of links between S and A \'S (i.e. the number of cross links between the two sets). Then Y ;. sd¥ =2Ls
and ) ;s le\S = Ls ans. Under low intensity of interaction, we approximate b; =1+ dd; + 0(5). We also have M;s) =

I+ 6Gis) + 0(8), which means that M[’S]J =1-6Gs] + 0(8). We plug these Taylor approximations into F(S) as defined in
equation (5) and we focus on order 1. We get:

blsMgbis; ~ > b7 —8Y " “gij~ > (1+28dy) —8) d}

ieS ieS jeS ieS ieS
That is,
blgM dbis)~s+28Y di—8) d}
(s1M51Ps1 ~ s + i~ i
ieS ieS
miz .- Mis My
32 call Ag = m22 T s Mok . Developing the determinant of matrix Ay by its last column (this is column s, which corresponds to entries with

mys -

s Mgg Mg
index k), we get det(Ay) =

> (fl)sﬂ'mjk det(A)js= > (71)5+'mjk(com M;s))1,j (where com Ms; represents the co-matrix of Mis).
=1,--,s =1,

s

]

]
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Taking into account that d;j = ds + dS N\S

bl Migbrs) ~ s+ d5 +23 57\ =5 4 26Ls +28Ls s
ieS ieS

In total, F(S) =+t,/s+28(Ls + Ls.as) —C(S). O

Proof of Theorem 2. We show that, when the cost function is a step function as in system (3), the problem reduces to
finding the optimal group among groups of size k. To see this, suppose that the set of best groups contains S*, of size
s* < k. Then, for any group of larger size and such that S* c &', the optimal weights of agents in set S’ \ S* should be
equal to zero by construction. But by Theorem 1 we know that for any target, all optimal weights are positive inside the
group, which contradicts the idea that S* is an optimal group. This shows that the principal should only care about groups
of size k.

Then, we show NP-hardness formally, observing that the subproblem of finding the best target among all groups of fixed
size boils down to a densest (n — k)-subgraph problem. The next lemma establishes the reduction formally:

Lemma 4. The problem of finding the group maximizing the objective function Ls + Ls an\s among all groups of size k is isomorphic
with a densest (n — k)-subgraph problem, which is NP-hard.

Proof of Lemma 4. We show that the problem of finding the group of size k maximizing the number of internal links plus
the number of cross-links in network G reduces to finding the group of size n — k maximizing the number of internal links
of the complementary graph G. Indeed, the optimum, which we call F(G) for convenience, is given by

F(G) = msax Ls(G) + Ls ans(G)

S,[SI=k

i.e., defining Lan\s(G) as the number of links in set A"\ S in network G, and noting that Ls(G) + Ls Ans(G) =L —Lans(G),

F(G)= min Ls(G)
S,|S|=n—k

We let J be the n-square matrix of ones, and we let G be the complementary network of G, so that G+ G =] —I. Then
min  Ls(G) = max Ls(G)
S,|S|=n—k S,|S|=n—k

This last problem is the (densest n — k)-subgraph problem, which boils down to seeking the group of size n — s having the
largest number of internal links. This problem is known to be NP-hard. O O

Proof of Corollary 1. We compute the performance of a group of size s with and without the central agent, and then we
show that including the central agent is always better.
In the star network, the matrix M= (I — §G)~! is given by

1 B H) )

§ 1—(n—2)8° 82 52

S B 52 1-n—2)8% .- 52

1—(n—18?
B 52 82 1—n—-2)8

Consider first a group of s peripherals. The inverse of matrix Mg has homogeneous diagonal entries 1 — (n — 2)82 and
homogeneous off-diagonal entries §2. Hence, defining V = M for convenience, matrix V has homogeneous diagonal entries

% and homogeneous off-diagonal entries Then the objective is given by ba + +/t,/ fp(s) —cs, with

145\’
e e

Second consider a group of size s containing the central agent. Then Mg is a s-square matrix structurally equivalent to
M. We get the corresponding matrix

1— (n s— ])52

1-(n—s)8%> -8 —8 --- =4
-5 1 0 0
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from which we deduce that the objective function is equal to b, + +/t/fc(s) — cs, with
(n—1)8@2+ns —2(n—1)8%—nn—1)8%)
(1—(n—1)82)2

Then, few computations indicate that f,(s) < fc(s) whenever

fe($)=s+

8252 — 24+ 2n—1)8)8s+ (n — 1)8(2 +nd) > 0

which holds for all s <n — 1. Thus for all group sizes, it is always better to include the central agent. O

Proof of Lemma 2. We apply the Sherman-Morrison formula to examine the impact of a small impulse in one entry of
the matrix M;s) on the sum of entries of inverse matrix. Suppose Q is an invertible n-square matrix with real entries
and u,v e R" are column vectors. Then Q +uv” is invertible iff 1+ v’ Q~'u £ 0, in which case, by the Sherman-Morrison
formula,

Q—luvTQ—l
1+viQ1lu

We apply this formula with Q =M, u=(0,---,0,€;,0,---,0)7 with €; at entry i, vl =(0,---,0,1,0,---,0)7 with 1 at
entry j. Hence, E=uv! st E= [epq] is such that ej; = €5, epg = O otherwise. Setting V = M1, we get (M+E)"1]=
M~ + gijeij W, with &ij = 1z, and Wpg = hpihjg. Hence, denoting M’ =M +E:

1M "1-1"TM 1= ;i,-eij(zhjk) (thi)

keN keN

Q+uw)™'=q"

2
For j=1i, &i <0, and given the symmetry of matrix V, we obtain 1TM'~11 —1TM~11 = {iieii(Zhik> <0. And for j #i,
keN
we have ¢;j <0 for €;; small enough, which implies that the diagonal dominance of V= M~ entails a decrease in the sum
of entries.
The proof is completed by starting from matrix M;s) and adding impulses iteratively in the direction of matrix Ms/},
the preceding argument showing a monotonic response to the sum of entries of inverse matrices along the direction. O

Appendix B. Greedy algorithm

In this Appendix, we introduce the greedy algorithm and describe our computations and their performances; all matlab
programs are available upon request.

Since the problem faced by the principal may be NP-hard under low intensity of interaction, it can be useful to know
whether algorithms generate good approximations of the solution. When the cost function is a step function as in (3), the
problem reduces to the densest (n — k)-subgraph problem on the complementary network, which ensures that the so-called
greedy algorithm performs satisfactorily (no less than 1 — 1/e ~ 63 percent of maximum efficiency for large societies -
for instance see details in Ballester et al. (2010, Appendix A, Proposition 10). However, the unconstrained problem with
contracting cost and endogenous group size involves greater complexity, and faster algorithms give a lower bound to the
ratio of inefficiency of one half.

The greedy algorithm works as follows. In step 1, it determines the best singleton; in step 2 it determines the best pair
containing the best singleton and stops if the singleton performs better than the pair; in step 3 it determines the best triplet
containing the best pair and stops if the pair performs better than the triplet; and so on, until the best group is reached.
This algorithm therefore converges in no more than n! steps.

We performed the greedy algorithm on Erdé-Renyi random networks under various linear contracting costs. It was
implemented with the following initial parameters. We fixed t = 1 in all simulations and examined its performance in
proportion to the optimal objective attained with the optimal target, which requires computing the optimal target. We
started with n = 16. Indeed, combinatorial concerns regarding the computation of the optimal target become very important
for larger values of n, since all possible groups have to be browsed. We selected low versus high intensities of interaction
8 € {0.01,0.06}. We tested c € {0.1,0.2,0.3,0.4, 0.5, 0.6} (for these parameter sets, larger costs induce trivial solutions). In
each scenario, we performed a simulation generating 1000 Erdé-Renyi random networks. For the uniform probability p of
link existence, we set p = 0.5.3

On each network generated, we identified the optimal group from all possible groups (at n = 16, the program searches
through 219 — 1 = 65535 groups) and obtained its performance. Then, we ran the greedy algorithm, computing the algo-
rithm’s relative error of approximation as a percentage of the optimal performance. These results are presented in Table 4.

33 We also tested alternative values of p € {0.25, 0.75}, to test the impact of network density. They do not qualitatively affect results.
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Table 4
n = 16; Targeting through greedy algorithm: Average over 1000 random networks
of the relative error of approximation as a percentage of the optimal performance.

8 c=0.1 c=0.2 c=03 c=04 c=0.5 c=0.6

§=0.01 100 99.85 99.94 99.97 100 100
8 =0.06 99.97 99.68 99.78 99.65 99.84 99.82

The numbers in the table are the average relative error of approximation (in percentage) over the 1000 networks in each
scenario. Roughly speaking, the greedy algorithm performed very well for these values overall, the average relative error of
approximation being less than 1 percent in all cases.>*

We also explored the impact of clustering coefficient and degree assortativity on the algorithm performance. We found
that clustering tends to increase performance, while degree assortativity tends to decrease performance. The correlation
coefficient was computed between all statistics and average algorithm performance. The statistics are given as follows. We
define g =17G1, D = G1, J the n-square matrix of ones, and H = %:

Global clustering coefficient C(G):

trace(G3)

CO=1re_en

Degree assortativity Pearson coefficient DA(G)*:

D' (G-
DA = gL E—HD
D’D — &
n
For n =30, we computed the global clustering coefficient, the degree assortativity, and the performance of the greedy
algorithm on 100 randomly generated networks, from which we deduced the following correlation coefficients for c €
{0.2,0.3,0.4}:
e For c=0.2,
. correlation coefficient clustering/greedy: 0.8977
. correlation coefficient assortativity/greedy: —0.2213
e For c=0.3,
. correlation coefficient clustering/greedy: 0.9149
. correlation coefficient assortativity/greedy: —0.2193
e For c =04,
. correlation coefficient clustering/greedy: 0.8941
. correlation coefficient assortativity/greedy: —0.1519
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