N

N

Différentes méthodes pour obtenir la forme polaire
d’une matrice de Lorentz

Alain Guimier

» To cite this version:

Alain Guimier. Différentes méthodes pour obtenir la forme polaire d’une matrice de Lorentz. 2023.
hal-04188756

HAL Id: hal-04188756
https://amu.hal.science/hal-04188756

Preprint submitted on 27 Aug 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Public Domain


https://amu.hal.science/hal-04188756
https://hal.archives-ouvertes.fr

A. Guimier

Different methods for obtaining

the polar form of a Lorentz matrix M under the form :
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Summary : We present three different methods
to obtain the polar form of a Lorentz matrix.
We provide references for two additional methods.
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. .
we note M = (m']

0<i<m0<j<n )OSiSn,OSan

If the matrix M = (m’,)

A Lorentz matrix M is defined as a square matrix satisfying 'MGM =G, where
G=(g)) with g;=0sii #j,g;=1,8;=-1 fori > I.
If M is a 4 th — order matrix, it represents the transformation matrix

from a spacetime basis of an observer O to another spacetime basis associated
with another observer O', moving relative to O with a uniform rectilinear motion
_)

%
of velocity V. We aim to identify the terms of this matrix M as a function of V or
H

-

B= %, c the lightspeed.

First method :
The first method is a consequence of the theorems found in:
J-M Souriau. "Calcul Lineaire" * PUF 1964 *p.378.
Theorem 1 :

Let X € R suchthat’ XX =1 .
Let N be the matrix defined by:

0 X
(9n _ being the zero matrix of Mn —I(R)’ N= X ©
" —
Then,Va € R:
ch( o) sh (@) X
M= oN) =
er(eN) = | o (@)x (14, +(ch( @) -1)XX)

is a Lorentz matrix of determinant equal to 1.
Proof:
1 0

We have N* = -1 x'x ~ 1 4s the zero column of ordern — 1,

by noting 0"

sincéXX =1 and then we have N3 =N.

By noting thatfor any square matrix A and ¥ & € R,
+ o aZn +1 + o aZn
— ,sh(a —— , ch(a) =
exp (A Z * ,,Z;:, Gavn: o M ,,2;:, (2n)!
therefore
2

2 2 3 4
aN aN aN
exp(aN) =Idm+aN+ ot o et

2p—1 2p 2
o N a N

(2p—1)! (2p)!

+



=1d_ +sh (a)N+ (ch( a) -1 )N

Now we can verify if M is indeed a Lorentz transformation : "™MGM =G ?
It is worth noting that M is symmetric: M=M.

ch( @) sh(a)X || 1 ‘0
ME=1 an (@)x (td, , +(ch(a) -1)XX) || 0 M,
ch( a) - sh (@)X
| osh (@)X (Hdy, o+ (ch( @) -1)XK) and
ch( a) -sh (&) X
sh (@)X —(Idm_l + (ch( @) -1 )X'X) [
[ch(a) sh(a)tX],
[(sh (@)X (Idm _H(en(a) -1 )X’X) H
a b
= : Let'scalculatea, b, ¢, and d.
c d

a= chz( ) —shz(a) XX =1, because XX =1.

b=ch( @) sh(a)'X - sh(a)’X(Idm_l+ ch( a) -I)X’X)

(
=ch(a) sh(a)X - sh(a)X-sh(a)(ch( @) -1) XXX
=ch(a) sh(a)X- sh(a)X-sh(a)ch( @)X +sh (a)X=0,

c=ch( @) sh(a)X - (Idm_l+(ch(a) -1 )XtX)sh(a)X
=ch(a) sh(a)X- sh(a)X - sh(a) (ch( @) -1)X=0,

2

d=sh’ (a) X'X - (Id ,H(ch(a) -1 )X’X) but :

(Id

ot (ch( @) -1 )X’X) (Idm

,H(en( @) -1 )X’X)

~1d__ +(ch( @) -1)XX +(ch( @) -1)XX +(ch( @) -1)°XXXX,
(It can be observed that as XX =1 :X ('’XX)'X =X (using matrix multiplication associativity),
and (ch( @) -1)° =ch’( @) —2ch( @) +1)

- +(2(ch( @) -1) +ch’( @) —2ch( @) +1)X'X



=1Id
R —1

hence :

sh’ (@) X'X - (Id

+ (ch’( @) —])X’ledm , +sh’( @) XX

,H(ch( @) -1 )X‘X>2=—Idm

a b 1 ‘0
Consequently . =1 9 _1d
-1
and M is a Lorentz matrix .
Another proof
ch( a) sh (@)X || 1 ‘0
exp(aN)G = .
, 0 -1d
sh (@)X (Idm_1+(ch( a) 1)XX) o 1
ch( o) -sh (@) X
Tl sh(@)x (1 +(ch(a) -1)xx) | ™
sh (@ (1d,, _,+(ch( @ )
1 0 ch( ) -sh (&) X
G -aN) =
exp(-aN) =| dd || -sh (@)X (1d,, _, +(ch( @) -1 )X’X)
ch( o) -sh (@) X
- _ ) t
sh (@)X (mm _, H(en( @) -1 )XX)

hence exp( @N) G = Gexp( -aN) = exp(aN)Gexp(aN) =G
as M=exp(aN) is symmetric : 'MGM =G and M s a Lorentz matrix .

Lemma :

If M is a Lorentz matrix and its first column K has the form : K, =t( a, 0,..., 0), then M has the form :
e 0
0 Q

Conversely, any matrix of this form (1) is a Lorentz matrix.
Proof:

oz‘4£=i-1,’Q=(0,0,0),tm=Idm (1).

—1

t
Let M=

. ty _
’ c with C €M3(R), L—(ll,lz, 13) .

Since ( tMG)M= G, we have :



a 0 a 'L & o'l
G= =
L -c 0 C al L'L-'cC

By identification, we obtain @=+41, L =0, 'CC =Idm _
If Mis of the form (1), an immediate calculation shows that' MGM =G .

Theorem 2 :
Any Lorentz matrix M can be written in the form :
€ 0 ! w1
M=exp(aN) - where @ € R, N= , XER ,e=141,
0 Q X o
suchas : Xx=1 , tm=ldm _
Proof:

Let M be a Lorentz matrix M = (m[i, j])
and M[1]= (mli, 1])be the first column of M then:

t _ 2 2 _ 2 _
MIGMI—mI,I m; ; —w.-m;, —GI’I—I

We can set tMI= (BY) avecﬂ=m1’ jand 'y = (M 35 sy ). Thus, we have ﬂz - 'yy=1, so0 |B|

> 1
We can set B=g-ch( @), where e=+1and a € R.

Additionally, 'YY = ﬂ2 —1 =sh2( o).

If a #0,lets set X= Y , then we have XxX=1.
e-sh(a)

If a=0, we have tMI= (1-; 0,0, 0) )
Inall cases, tM1=s(ch(a),sh(a)X) with XX =1.

According to lemma , M[ 1] is the first column of €-exp( @N) where N=

0 X
X o]

We notice that exp( @N) - M is a Lorentz matrix since M and exp( - alphaN) are.
Let's calculate the first column K[ 1] of this product :

ch( @) (sh(a))X

(sh (@)X 1 +(en(a)-1)xx [

K[1]=

By noting that XX =1, chz(a) - sh’ @) =1 ,and
(Idm +(ch( @) -1)XX ) X=ch( @)-X ,

we obtain : tKI = (s, 0,.,0 )
We can then apply the lemma, and the theorem is proven.

Unicity of the decomposition :



The decomposition of the previous theorem is unique.
Proof: It follows from the classical results that follow :

Lemma :
Any square symmetric matrix A of order n > 1, with real coefficients, is diagonalizable.

Moreover the eigenspaces of A are pairwise orthogonal. Therefore, we can write A = PD P,
where P is an orthogonal matrix and D is a diagonal matrix.

Lemma :

Let M be an invertible matrix with real coefficients
. Then there exists a unique pair of matrices O (orthogonal)

and S (symmetric positive definite) such that M =SO0.

Proof : The proof of this lemma can be found at the following link : https ./ en »wikipedia « org/wiki
/Polar _decomposition.

This lemma implies that the decomposition in the theorem is unique.

For more details, refer to the following link : https :// en « wikipedia « org/wiki/Matrix _exponential -

Now let's apply these lemmas :
It is sufficient to verify that exp( @) is positive definite. Since @N is a real symmetric matrix,

there exists a real orthogonal matrix U and a real diagonal matrix D = (dl.’ i) such that aN="UDU .

As exp(aN) =exp('UDU) ="Uexp(D)U , the eigenvalues of exp( aN) are strictly positive,

and exp(alphaN) is positive definite. From the formula det( ¢! ) = " e deduce that det(exp(aN) )
=1

and det(M) =€-det( ) =+1.

Application :

Let M be a Lorentz matrix, we have the following equivalences :

M is symmetric < M =exp(aN)

£ 0
M is orthogonal < M=
0 Q

For the direct parts, it is sufficient to note that :

e 0
M=exp(aN) - and M=M - Idor M=1d - M.
0 Q

Consequence :
We can now specify the polar form. By taking the previous notations, we will show that :

If we define Vas the veloczly of the observer O' relative to the observer O,

c as the speed of light, andﬂ V/c We have if y= ;2 :
_)

1-B



- -
exp(aN) = '}_,) with ['yﬁ] the coordinates of YB in the frame of the observer O
£
N N 0 X
B=th(a)X, N= ¥ © ,y=ch( a),
n—1
Y BZ Y ')’2
1+ BB BB
(1+y)" " (1+y) "7 (1+y) "7
'}'2 ')’2 BZ ')’2
c=| ——B8 I+——- — —B,B
(1+7) %1 (1+7) "7 (1+7) 77
'}’2 ')’2 ')’2 ﬂ;
— BB . BB, 1+ ——
- (1+y) (1+y) 72 (1+y)" 7|
Proof : _ _
ct’
Let us consider W'= 0 as the coordinates of O'in the frame of the observer O'.
0
1 0

Also, let W=MW'=exp( aN) W' be the coordinates of O’ in the frame of the observer O,

since M is the transformation matrix from the frame of the observer O to the frame of observer O',

ct
cB,
which are also equal to B, | We first observe that
2
cB;
1 0
PPN W'=W' thus W=exp(aN)W'. We areled to :




o 1
ch( ) sh ()X ; B,
sh (@)X (Idm + (ch( @) -1 )X’X) 0 = B, f
01 | B,
()] | 1 -
sh (@)X, B,
o (@)X, t'= B, t and t=ch( a)t'and consequently :
sh (@)X, B,
1| | (e ]
B, sh (@)X, -> N
ch( a) B, | (@)X, fort'#0 = ch( a)B=sh(a)X ,
B, | |sh(a)x,
tthus B =-th((;z)3()'> = 32 =th’( ¢—x) sinceX =1.
We put B= BZ et Y= m—
1-B
1 =) = Ly = =1.132 "

For short we have y=ch( a) , ‘yzﬂz = sh’ (a), B2=th2(a) .
Furthermore :
i1

YB =y —1=(y+1)(y—1) = (I"Ty)=(7—1) =ch( @) —1
BB) (BB,
etXthZ thz(a)) = ( I}Z) consequently

__vF (BB) &
AT R ey

ﬁiﬁj , that implies:

, and



2 2 2 |
_r _r _r
AT LT L T L
2 2 2
B} v = 4 Y 4 -
1+ (ch( @) -1)XX T BB, I+ T B, T BB, |=C
2 2 2
_r _r _r
e Ph BB T P
sh (a)ﬁi
As sh (@) X;=———— =ch( a)B,=yB. we have finally :
th(a) rom
exp(aN) = ’_,) w with ['}3 ] the coordinates of '}3 .
8] c

- —
We notice that the inverse of exp( @) is exp( - @N), simply by replacing B with - B to obtain
the inverse while noting that yand C remain unchanged, since : exp(aN) -exp( -aN) = exp(0) =1d

-> -
if Bis parallel to the space coordinate of i then only the diagonal term of C are nonzero : 1
2
+—Y —§ 1 1and
(I+7) ,
2 2 2
1+—YL g - (1+9)+vB) A vEY L e
(1+7) (1+7) (1+7)
%
2 1 B 722
Y —1= 52 1= _)2=‘}’ﬁ
1-PB 1-PB

Other forms of expression of matrix M :
We can also write after the above;

- , Il
£y 18 ]-2 B € 0
M= N =exp Argch( ‘y) N
8[7”] Cc-Q lﬁ 0 0 Q
B

Another form of the polar form :
Furthermore if €=1:



Let's write:A(E)= '}_,) [f] and Z2= 10 ‘02‘
(] c([B])
We have
M=A(B>. Q=Q-. (.QA(B)) .Q) =.Q-A(t.(2[§]) because :
GaBra- o el
el ] cB))
1oy W )| v hle| | v+l
‘a-[] ‘@c|l? 2 ‘a-[18] ‘ece| | y'@ [ ‘eceo
= y— 8 't_) we nave !
as C=1Id + (1 +7) [ﬁ] [ﬂ] have .
2 2
'‘Q-C-Q = Id + (I"Tw’g-[ﬁ]-t[ﬁ]-g=ld+ (IYTy) (‘e[B]) - (‘e[B]).

-

Independence of  with respect to B when €=+1:

Now let's show thatS2 does not depend on. We assume €= 1(non — time inversion).
Let M be a Lorentz matrix of order 4, it represents the transformation from a spacetime basis
of an observer O to another spacetime basis associated with another observer O,

%

who is in relative motion with respect to O, moving with a uniform velocity V.

> o> >
More preczsely Let Q( ctT,i,j, k ) be the basis associated with observer O,

and B '( ct',i',j, k )be the basis associated with observer O,
AN AN - > > >

M=ﬂ<$(c’l:, i,j, k ) Q'(c’r’,i',j’,k') )isthechange—of—basismam'x.

> > > > >
A change — of baszs matrix @(Q(ct, i,j, k ) Q'( ct',i',j', k') )is the representation

ofvectors(c’r,l,] k) mtheoldbaszsﬂ(c’r,l _],k)

e 2
For observer O, we consider the basis QI(CT sipJp k 1) such that the change — of — basis matrix

> o> > e

A =.@(Q(CT, i, j, k) , $1<c’l:, i Jp k1> ) is an orthogonal matrix of the form

10
0 R,

_)
where R, an orthogonal operator, transforms the spatial components of i

A=

-> ->
to those of i, such that they are parallel and have the same direction as B.



Al diedion
Forthe observer O, we consider the basis B’ (c’l: s j'p k' ) such that the tchange — of

— basis matrix
-> > > - 5 -5 —

‘B =6”< Q'( ct',i',j k ') , Q’I(CT’, iy j' k'1> ) is an orthogonal matrix of the form

1 0
‘B = 0 R ou R,, an orthogonal operator, transforms the spatial components of
2
- — - - —
i’ to those of i'; suchthatitis parallel and has the same direction as B, and j'; and k', are parallel
-> -
and have the same direction as j,, and k respectively, (rotation around the first axis).

Let's calculate the operator N that allows us to transform the basis
N - 5 -5 —

Q(c'r, i,k )to the basis B'\ ct', i’y j', k'l) :
5> > > - > —
N=ﬂ<$<c’c i jpk ), Q'(c’l:’, A k'l) )
- > -
Since B is perpendicular to the spatial components of j, and k, we have :

(1 0 o o | |7y 1o, 1o, 1B,
Y yB 00 y ’ ’
N B vy 0 0 @, O, O; 18 re,, Ve, , 7Y,
0 0 1 0 /6 0, o, o, ) o, o, , o, ,
0 0 01 /6 o, o, o, ) o, ®,, ®,

As the spatial components of the new spatial vectors are parallel and in the same direction as
those of the old one , we necessarily have :

o, =0, I=m3,2=a)1’2=m2,3=a)1’3=0 et@, , > 0 then:

Y vB @, , 0 0

18 Y@, , 0 0

N= ,
0 0 ®, 0
0 0 0 o,
as 'yz —'yzﬂ2=1 and ‘N -G-N=G implythat'yzﬂza)zl I—'yz o =1,
vy vB 00
0 0
and we have @, =@, ,= @, ;=1 et N= L .
7 ’ 0 0 10
0 0 0 I

Now we have :
> > >
M= @(Q(ct,t Js k ) Q'(c’t,l,j k'
AWt 0,5 K), B 1 R)) Bk, 11 k) B 77 ) @ T ) @, 7T R



t[ —>] ; 0
=A +N-B=(A+N-4) «(4-B) = ¥ w
2 0 Q
8] «c
1 0
By the unicity of the decomposition, we have P =A B
Yy vB 00
1]
and ’_,) =A. By 00 4.
[Tﬁ ] C 0 0 1 0
0 0 01

>
y o B[ o)) 1 o
As lim = ;
5 0 [,}'B’] c 0 Q 0 Q
1 0 > -
P is the Lorentz matrix M for B=10 .

Transformation of Galileo :
This also allows us to show that the Galileo transformation is the limit as ¢ — -+ o
of the Lorentz transformation . We notice that if we write the Lorentz matrix in the form :

Y t[?ﬁ] Wi 0
M= - yz >, > 0 O
118 ] Idm"'m[ﬂ]' Bl ||
4 t[?ﬁ]ﬂ
= -> 'yZ >, t>
B [y LB Tl
On the other hand :
¥ t[?ﬁ]ﬂ o’
MY'= - ‘),2 i d tr—> |: X,
B [y L (B TBe



1 le
~ v , w [t' et
- -> Y >, o i X' - X
c Id _+ - Q
I T e ]
L_zndthen _
tr >0
Y [T’ﬁ]? ,
t B t
-> 2 >4t i [ X' ] _[ X ]
Y
c Id  + - Q
I T e ]
_)
_)
since [B]=[Kl and Y= — 5 hence:
-[Y)
c
tr —
V| Q
L4 ')’z ? t' t
R , N .[X']:[X\then
Y V V
ETR PR i R R
B (1+y)lel Le
For a given velocity T;, Qis independent of ¢,
1 0 t' t
if c > +o | wehave . = A
(V] Q X' b'e
that is the Galileo transformation .
Calculation of eigenvalues;
We can a_fetermine the eigenvalues directly :
2 2 2
Y Y Y
1+ 7
T et TP e
2 2 2
- 0 0
As A=| — Y 14+ —Y Y ~ 4 B v
7k IR L R v Ll Rl R
2 2 2 0 0 01
Y Y Y ]
— — 1+
kTl AL
T, )

where A est orthogonal : A. T4=1d.



Yy yB 00

- 0 0
we note that det( A — Ald) =det| A. v v T4—2-4"4

0 0 10
0 0 01
Y vYB 00
: 0 0
—det(Ayder| | VB Y —A-1d |der("4).
0 0 10
0 0 01
and : »
| 2 2 2 2
Y vB 00 l2C lzC 001 ya+p o0 0 0 l2C *L32C
. 0 0 0 -(I-B) 0 0
B v | Lz o, (1P e 2
0 0 10 ? ? 0 0 10 ? ?
0 0 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 1 0 0

In the general case, it is shown that every Lorentz matrix admits at least one real eigenvalue :
(cf: E -« GOURGOULON : Relativite restreinte EDP Sciences).

As itis of order 4, it has 2 eigenvalues. This is the maximum number for the general case :
consider the case where M is orthogonal to £3 a rotation matrix around the Ox axis.

Another expression of €2 :
We can directly calculate 2 because

iM=A(B).@ & @=A(-B) -M.

1t is possible to have a simpler calculation :

vere (35)(35) -3 (58) 3-735) aarF =y -1

that imply that :

[—>]t[—>] _ BHB
“e T ey B (1+y)

> > 52| >
=Idm‘%+?’2 BB 3B (ﬁﬁjz

—)2('1’(1 +y) +y(1+y) —y(¥ —1)) ~Idgy, .




>t > > >
Then C 1= 1d... + M _ B BB
B (I1+y) B (1+y)
B[ 1 o T8
Y Q
wu-| T BRIy
[18 ] C [18 ] e
m; ; mp;, m; s m;,
m,; m,, m,; m,,
Now if we write M =
ms; p m;, m;; m;y
My My, My 3 My,
NN My z My3 Myy

We have Q= | Idg; - ‘}'A m; , m;; m;, |

m;, my;; m;,,

A final remark :

We can note :
-> > >

M symmetric < the spatial components of the spatial vectors of B (c’l:, i,j, k)
e

and Q'( ct',i',j', k') are parallel .

Now we propose two other ways to calculate the terms of exp( @N) :

Second method :
The second method starts with a demonstration by J. Parizet
in "La geometrie de la relativite restreinte (Ellipses) p.89."
Let's M a Lorentz matrix : G="MGM that implies
GM ' ="MG and M”" = GMG.
t

We can write M as ouy€ R, UetV 2 vecteurs de R et A une matrice 3 x3 .

V A
y -V
from M= GMGwe have M = and then :
-U A
2 ¢ t t
Vv yU-"V-4 1 90
M-M'= L4 L4 = that implies :

U +UYV A4 —U-U 0 Id;

2 g _ t ot t ot tyr _
Y —VeV=1,-YU+ AV =y-U — V-A—0,A-A—U-U—Id3.



Wenotey’ > 1sincey —1="V +V>0,'AV =qgUand 'V -A=y-"U.
Wehave V=0 <Y =1 , V=0 < U=0,V=0 <4 -A=Id,.

+1 0

Now if V=0 then M= with "4 <A =1Id, .

Consider the case V # 0 and then 'yz > 1.

t
We then consider Q=A4 — V-U .
1+y
t t
Let'calculatet.(l Q=4 — vy A — V-u
1+y 1+y
t t t t
iy _AVU _UvA UVV'UZJ
2
2. ¢U! —1)U-"
—Id,+U-"U — "UU+(" Z)U v
I+y (v —1)
2
2. —1
=14, +U-"U| 1 — v, Ly >2
I+y (1+7y)

=ld,+U-"U(1 +y—2y+y—1)=1Id,.

We conclude that €2 is an orthogonal matrix .
Now we can consider :

.t t - ot _I .tU
ooy (4— VU iy VU (V1)U
1+y 1+y 1+y
‘ V-Uu
Then QU= QV=V «Because 2=A —
1+y
t ty, ¢

;U Y U Y U-o0 1 0
M= = ! = Jrr and then :

V A | 4 .Q+V v | 4 Id-l-u2

1+y 1+y

r v 10
M= t . .

v a+YY [0 @

1+y
_)
Ifwe consider QetO', Q' with a constant speed V withrespectto O :
ce-t'
O'has the coordinate 0 in the basis associated with O' and
24
cet

[_)] in the basis associated with O.
V|-t



c-t Y v 1 0] c-t
Then :| (— = vy
. 0o Q| ¢
| 0] - Vo ®
- [_()/] ->
wededuceﬁfomit:t:y-t’and[ V]-t=c-t'-V then V=y - =‘)([B]
Finally :
h -
Y v 18] 10
M= 224 2 .
2 Y[B][B] 0 9‘
ﬂﬁ]w+ Ity
[ -
Y U8l 1 0
We can also write M = 221 2 . and
J[5] [ras 718l ﬁ]] v -0
1+y
Ina general way M can be written as _
> ‘. '
Y 7—[!3] e 0 ;
M= 21721 | with e=+1,y>1, y= ——
2 v1BllBl [| 0 @ ==
d+-——"——"— _
w Bl s TF 1-B.p

with L an orthonal matrix .

Third method :
We start from: Special relativity by Ulrich E. Schroder, page 92, World Scientific,
modifying his demonstration.
(The book can be consulted at : https // archive.org/details/specialrelativit0000schr/page /92 /mode
/2 up"?view=theater).
Following Schroder, let us consider a symmetric Lorentz matrix M of the form :

Yy vB 00
¥B vy 00| 1 P Lo
M=A. <A with B= ||ﬁ||, A= , Qan orthogonal matrix 3 x3 .
0 0 10 0
0 0 0 1

M is indeed a Lorentz matrix, since it can be expressed as the product of 3 Lorentz matrices.
Since Qs a 3 x3 rotation matrix,

it can be decomposed into a product of 3 elementary rotations(Euler angles) :
see, for example, https ://en «wikipedia  org/wiki/Rotation_formalisms_in_three dimensions ¢



S O N~

Ifwe define : Rx=

0

1

0
0

0 0
0 0

cos(0) -sin(0)

sin(0)  cos(0)

We can write A =Rz <Ry *Rx .
This order of composition is chosen to simplify the calculations.
1t is observed that due to rotational invariance around the the x — axis.

Yy yB 0 0
- 0 0
Rx.vﬁy
0 0 1 0
0 0 0 1

Aﬁe}calculation( with Maple) :

1 0

0 cos(y) cos(o)

0 sin(y) cos(@)

0 -sin(@)

,» Ry

Yy yB 0

B y 0

0 0 1

0 0 0
0

0

0
0
1

cos(

1
0
0 0
0

0
¢) 0
1
0

-sin(@)

-sin( ) cos(0) + cos(y) sin(@) sin(0)

cos(y) cos(0) + sin(y) sin() sin(0)

cos(@) sin(0)

We havesince the @variable is eliminated :

Y

cos(y) cos(@) 7B

cos(y) cosp) 1

1 + cos( V/)2 (-1+7y cos((p)z

. . 2
sin(y) cos(p) YB  sin(y) cos(y) cos(p)” (-1 +7)

-sin(p) v —cos() cos(y) sin(g) (-1 +7)

2 2
1+ ((1—7) cos(w)” —1+7) coso)

sin(y) sin(0) + cos(y) sin(¢p) cos(0)

-cos(y) sin(0) + sin(y) sin(¢) cos(0)

0

cos(@) cos(0)

sin(y) cos(¢) 1B

sin(w) cos(y) cosi@)’ (-1 +7)

—cos(¢) sin(y) sin(p) (-1 +7)

%

~cos(p) cos(y) sinig) (~1+7)

-cos(o) sin(y) sin(p) (-1 +7)

1 0 0 0
0 cos(y) -sin(y) 0
0 sin(y) cos(y) 0
0 0 0 1

~sin(g) v

2
(1 —7) cos(p)” +vy

One can still directly evaluate the first column of a general Lorentz matrix with ﬁ by considering
the coordinates of the observer Q' inthe two bases associated with O and O "

If we write M=

m; , m;, m;;
m,, m,, m,;
m; , m;, m;;

m,, m;, m;;

then M -

0
0

ct'

ct
c-B,-t
c-B,-t

c-B;-t

if we write Y=m, , then y-t'=t moreover Yy > 0-(Principle of causality) .

From this, we deduce that the first column of M is written as

Y
T-B,

v-B,

1-B;

hence :




B, . B, . B,
By identification : cos( ) cos(@) = E , sin(y)cos(p) = E , sin(@) =- E
We recall that ‘yz-ﬂz = ’yz — 1sincel = '}'2(1 — ﬂz)since 'MGM =G,

Calculation of the m ;:

2
m, ,=1 —I—cos(l]l)Z( -1+7) cos((p)2=1 +cos(ly)zcos((p)2‘;,:l_ﬁ;
2
R AR | 7 g
=1+ =1+ ﬁ
B)I1+y 1+y

my ;=1 +((1—7) cos(w)’ —1+7) cos(9)’ =1 + (1 — 1) (cos(w) “cos(¢)” — cos()’)
~B +8;

=14+ (1—17y) (cos(ly)zcos((p)z—l +sin(<p)2) =14+ (1—17y)

2

—1+-Y—.p°.
I1+4+y BZ

2 2
m4,4=(1_'}’)6‘0s((l’)2+'y=1+(‘y—1)(1—c0s(<p)2) =1+’Il+ﬁ;sin( ) —1+mﬁ3

‘g B,B
3 =sin( ) cos(p) cost)” (1 +7) =sin( ) cas(o) cos( ) coste) (1 +7) =T B Lo Bs

I1+ypB B
2

l+ym@

my y==cos() sin(y) sinio) (-1+7) = T~ BB, .

2
. )4
m, ,=-cos cos sin -1+y)="—"— .
4,2 (9) (W) (@) ( ‘Y) 1+7B1B3
We complete by symmetry .

Other methods :
See also
E - GOURGOULON : Relativite restreinte EDP Sciences p.203 -
a geometric method based on the existence of an eingenvalue,
and for a heuristic approach :

C -Semay B - Silvestre — Brac Relativite Restreinte Dunod p.120 .
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