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A RELLICH TYPE THEOREM FOR DISCRETE MAXWELL
OPERATORS

HIROSHI ISOZAKI! AND OLIVIER POISSON?2

1 University of Tsukuba, Japan
2 Aix-Marseille Université, France

ABSTRACT. We study the Rellich type theorem (RT) for the Maxwell operator
HP = DHy on Z3 with constant anisotropic medium, i.e. the permittivity
and permeability of which are non-scalar constant diagonal matrices. We also
study the unlque continuation theorem for the perturbed Maxwell operator
HDPp = DpHo on Z3 where the permittivity and permeability are locally
perturbed from a constant matrix on a compact set in Z3. It then implies that,
if AP — X satisfies (RT), then all distributions @ in Besov space B (Z3; C3)
satisfying the equation (PIDP — A)& = 0 outside a compact set vanish near
infinity.

2020 Mathematics Subject Classification. Primary 35Q61, 47A40, 81Q35.
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mechanics on lattices.

1. INTRODUCTION

1.1. Presentation and Main results. We are interested in the Rellich type the-
orem (RT) for the discrete Maxwell operator HP defined on the square lattice Z3.
Let € and p be the permittivity and the permeability in the ambient space Z3, which
are the 3 x 3 constant diagonal matrices with diagonal elements, €1, e2,e3 € (0, 00)
for €, and pu1, po, s € (0,00) for p. Letting Hy be the isotropic discrete Maxwell
operator with € = p = I343, the anisotropic Maxwell operator is defined by

HP = DH,,

D= ( €  Ozxs )
O3x3

We define the Besov type space

where we set

*(pd, cmy d m
By (2% C™) = {a: Z¢ - C™ | hmﬁ > i =0}
n: |n|<R
We say that (RT) holds for H” at A € R if @ € B(Z3; C%) satisfying the equation
(1.1) (HP =\ (n) =0

outside a compact set in Z3 vanishes on {n € Z* | |n| > R} for some constant R > 0.

(RT) is usually combined with the unique continuation property (UCP) in exterior
1
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domains of Z3. Let us consider the perturbed Maxwell operator H”» = D, Hy in
an exterior domain K.+, where ﬁp is a perturbation of D, i.e.,

- €  0O3xs
D, = "
P ( Osx3  p )’

€j(n) >0, a;(n) >0 for 1 < j < 3and n € Z3 and V := D, — D has compact
support. The exterior domain has the form K., := Z3 \ K;ns where K;,; C Z3 is
bounded. We say that (UCP) holds for the operator (ﬁDP —A) in Ky if for all 4
with compact support in Z> satisfying (fIDP — A& =0 in Kz, we have & = 0 in
Kegt.

A first interest of (RT) appears in the spectral analysis of the self-adjoint operator
HP. The point spectrum ap(ﬁD) is known to be {0} by the conjugate operator
method in [5], however, an alternative proof can be obtained by using the simpler
tools of (RT) and (UCP). A second interest of (RT) is found in the application
to inverse problems similar to those studied in [1] for the Schrodinger operator on
lattices.

Following the methods in [4], [2], we pass to the Fourier series and consider HP =
DHy, which is a multiplication operator on the real torus T3 ~ (R/(27Z))3. The
operator H” is then represented by the analytically fibered self-adjoint operator
T3 5 & — HP(z) = DHy(x) where Hy(z) is a 6x6 real symmetric matrix depending
on the variable y = (y1,¥2,¥3), ¥; = sinx; only (see (2.1)). Equation (1.1) is then
equivalent to

(1.2) (H = Nu = f.

where f is a trigonometric polynomial of the variable # € T3, and where (1.2) has to
be taken in the sense of distributions. Using the correspondence i € Bj(Z?) <
u € Bg(T?), the problems is reduced to the Besov space in terms of the variable .
Multiplying (1.2) by the cofactor matrix of H?(x) — X leads to the equation

(1.3) q(;Nu=g on T3

where q(x;\) := det(HP(x) — \) and ¢ is a trigonometric polynomial. Let us
recall the factorization of ¢(z; \) and the spectral analysis of H? () (see [5]). The
spectrum o(HP (z)) of HP(z) depends on z = (z1, 22, 23), 2; = sin®x; only, and
q(x; M) is a polynomial of z and A, which we denote by p(z; A). We write the diagonal
matrices € = (g1, 2,¢3), b = (1, pi2, u3) and put:

Bi= exp=(p1,PB2,P)
(1.4) Q= (g5 + €rpy)/2,

Vi = EiCkH] ks
where (1, j, k) ranges over the cyclic permutations of (1,2,3), and a := (a1, ag, as).

We then have
(1.5) q(x; A) = p(z;A) = A2 (AT = 2020 (2) + V5 (2) — Ko(2)),
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where we put

3
1 1
Ko(2):== 7 > (Bizi)® - 3 > BiBjzizg,
(1'6) i=1 1<i<5<3
Uo(z) = «-2z=a121+c.p.

Then, p(z; \) is rewritten as:
p(z;0) = X2(77(2) = M) (77 (2) — \?),
where we put:
(1.7) 7E(2) == Wo(2) £ V/Ko(2).
In [5], it is shown that 77 (2) > 0 for all z € [0, +00)3, and that
U(HD(x)) = {_\/T+(2)7 _\/77(2)7 0, \/7—7 (2)7 \/T+(Z)}7 x € Ts'
We put

Ay = £(2).
+ = max ()

Note that Ay > A_ > 0. We put

BO = {(0,0,0)},
Bs:= {BcR3 | 35203 #0},
Bis = R? \ (BO U Bd)

Our main result is stated in terms of the parameter 8 =& x p and Ay.

Theorem 1.1. (RT) for HP holds at X in each of the following cases:
(1) BeBg and 0 < || < Ag,
(2) B€B; and 0 < |A| < Ay,
(3) BEB2 and 0 < [A| < A_.

Since A_ < Ay if B € Bg, the case (3) in Theorem 1.1 is critical.
Theorem 1.2. Assume 8 € Biy and |\| > A_. Then (RT) for HP fails at \.

Remark 1.1. FEven in the situation of Theorem 1.2 the following fact holds. Let
A€ (A, A\y), and u € Bg(T?) be such that (HP —\)u is a trigonometric polynomial
of v € T3. Then (77 (2) — \?)u(z) is a trigonometric polynomial of x € T3. We

consequently obtain the following result.

Proposition 1.3. Assume 3 € Bia and |\ > A_. Let 4 € Bj(Z3) such that
(HP» — \)i, = 0 and @ # 0. Then, 0 € I*(Z3) is an eigenvector of HP associated
with the eigenvalue \.

The results of [5] show that o,(HP) = {0}; hence, if A # 0 then (UCP) holds
for the unperturbed operator H? — X in the whole Z3. Nevertheless (UCP) does
not hold for HP in Z3 since the kernel of H? contains trigonometric polynomials.
To consider the exterior domain, we restrict ourselves to the situation where Kj,;
is a compact convex set.
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Theorem 1.4. Assume A # 0 and let K;,,; be a compact convex set of Z3. Then
(UCP) holds for the operator HDP» — X\ in Koy 1= 73 \ Kint-

Corollary 1.5. Let A # 0 and Kyt be as in Theorem 1.4. Assume that (RT) for
HP holds at \. Let @ € Bi(Z®) be a solution of (HP» — \)i, = 0 in K.u. Then i
vanishes in Kop;.

Remark 1.2. The proof of Theorem 1.4 shows that Theorem 1.4 and so Corollary
1.5 extend to the case where HP» is anisotropic, the perturbation ﬁp -D being any
operator of multiplication by real or complex valued function with compact support
such that, for all n, ﬁp(n) is a self-adjoint positive matriz. Nevertheless, it is
difficult to extend Corollary 1.5 to the operator (fID—i—V—)\), where V is an operator
of multiplication on Z3 with compact support, since (UCP) fails for Hy. In fact, the
trigonometric polynomial, ¢*(x) := (y,0rs) (we can choose also ¢~ (z) := (Ors,y))
€ R is an eigenmode for Hy (and so for HP ) associated with the eigenvalue 0, then
(UCP) obviously fails for Hy in the whole space Z3. We then have the following
general negative result.

Let A\ € R. Then there exists a compactly supported multiplication operator 1%
and a compactly supported eigenmode U of Hy + V associated with the etgenvalue
A, d.e.,
+V = Aa=0.

1

(Ho
In fact, setting u= ¢+ and V = X - suppa, the conclusion follows.

1.2. Plan of the paper. In §2 we give the definition of the discrete Maxwell
operator, and recall its main spectral properties. In §3 we state Theorem 3.1 which
is a very slight extension of results in [4], [2]. We then give a proof of Theorem
3.1. In §4 we describe the Fermi surface MC(g(-;\)). The analysis begins with
the description of the Fermi surface M€ (p(-; \)) which is simpler since the function
p(-;A) is a polynomial of second order of the variable z. Then, we obtain the
description of M€ (q(+;\)), thanks to the key-lemma Lemma 4.8 notably. In §5 we
give the proofs of Theorems 1.1,1.2,1.4, Proposition 1.3 and Corollaryl.5.

Notations. We use the following notations. For n = (ny,...,ng) € Z? we set
In| = 2?21 In;|. For a map f:R — R (respect., a function from T' into R!), we
denote by f again the mapping R (respectively, T¢) > x + (f(z1),..., f(zq)) €
R If E C T or E C R? we denote by f(E) the set {f(z) | x € E}. In particular
we set, for z € T U CY,
y:=sinz = (sinxy,...,sinzy),

1.8
(1.8) 2= (sin® z1,...,sin% z4).
We use the abreviated expression "+ c.p.” in a computation to indicate that the
value is the addition of the two other similar terms obtained by two successive
permutations of 1 — 2 — 3 — 1. For example, an expression written as p; + gas+
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c.p. is the sum equal to p1 + goz + P2 + 31 + p3 + q12. For E C TL U C?, we set
sin?(F) = {z € C% | z € E}, and letting E C C% we set (sin%) ' (E) = {z € C? |
z € E} and (sin?)"(E) = {x € T | 2 € E}. We denote by C°(E) the space of
real C*° functions defined in F with compact support in E. For m > 1 we denote by
(e1,...,em) the standard basis of R™ or of C™. The spaces R, C™ are equipped
with the inner product

m
< [,9>mrm = ijgj, f=i<i<m: 9= (95)1<j<m;
j=1

m
< fig>cm =Y 1G5 f=ii<i<m 9= (9)1<j<m-
=1

(The formula for < f,g >grm extends to the case where f; and g; are complex
valued.) If E C R™ (respect., E C C™) then we denote E+ := {g € R™ |
< f,g >rm=0,Vf € E} (respect., E+¢ := {g€ C™ | < f,g >cm= 0, Vf € E}).
The Besov space B (T¢; C™), simply denoted by B (T¢), is the space of tempered
distributions u € S’(T¢; C™) such that @ € Bg(Z4).

If Ais an x p matrix with real coefficients we denote ImA := A(R?) C R",
ImcA := A(CP) C C*, r = rank(A) := dim(Im.A).

2. THE DISCRETE-MAXWELL OPERATOR

2.1. Description by Fourier series. Let Z3 = {n = (ni,na,n3) | n; € Z},
T3 ~ (R/(27Z))3 and U be the unitary transform between L?(T?) and ?(Z?):

U@ = ) = @0F [ e fa)ae. nez
so that any f € L?(T?) can be written
flz)= (U f)(z):=(2m) 7% Y e ™ f(n), zeT?

neZs

The isotropic discrete Maxwell operator is a bounded operator Hy on H = (L?(T?3; C))®

defined by
Hy = UH,U*,

where Hy is the operator of multiplication by the real symmetric 6 x 6 matrix:

(2.1) Ho(z) == ( _%?f@) %43(33) ) ERS, zeTd,

where y = sinz (see (1.8)) and M(y) is the real anti-symmetric 3 x 3 matrix:

0 —ys w2
M(y) := n 0 -y |, yeR:
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Then Hj is a bounded self-adjoint operator on H = L?(T3, dz; C®) with the inner
product

6
(u,v) == /11‘3 < u(z),v(r) >co dz = /11‘3 Zuj(x)mdx

The anisotropic discrete-Maxwell operator is defined by

HP .= DHy,

D=( & O
Osx3  p
We set HP := U*HPU so, since Dis constant,

HP = U*(DHy)U = DU*HyU = DH,.

with

The relation

(D™ HPu,v)3 = (Hou,v)x
shows that the operator H” is bounded and self-adjoint on the space H” = H
equipped with the hilbertian product

(u,v)gp := (D" tu,v) = /T3 < D7 lu(z),v(z) > dz.

We write
@

HP = HP(z)dz,
’]TS
where HP () is self-adjoint on C® equipped with the inner product

<u(zx),v(x) >co pi=< D™ u(z),v(z) >cs -

2.2. Spectrum of H”(z). Since H”(z) depends only on the variable y = sinx
we write HP (x) = hP(y). In this part we consider a more general case y € R?, so
z € [0,400)% where z; = yj2 We recall some results in [5] using the notations 3, «
n (1.4). Since B-e =0 and g; > 0 for all 1 <4 < 3 then there exists 1 < j < 3 such
that 8;8; <0 and By8; > 0 for ¢,k # j. If two of the 3;’s vanish then 8 vanishes.
Moreover 3 is replaced by —3 if € and p are exchanged, which involves the same
analysis. Hence if 3 # 0 then we can assume without loss of generality that

(A0): B1 > B2 >0> B3 0r B > f2=02>ps.
Let us observe that 7% (2) defined by (1.7) satisfy
() >77(2) >0 z€[0,+00)%\ {ORs}.
Proposition 2.1. (Spectrum of h”(y).) If y = Ors then hP(y) = Ogxe.
Let y € R3\ {Ogrs}. Then 0 € o(hP(y)) has multiplicity two with eigenvectors
(y1,92,93,0,0,0) =y ® 0cs and (0,0,0,y1,y2,y3) = 0cs ® y.

1) Assume B =0 and y € R®\ {Ors}. Then, Ko =0 and all the eigenvalues have
multiplicity two. Moreover, the nonzero eigenvalues of h” (y) are

+/ \Ilo(z) = :I:\/52u321 + e3p122 + 1223,
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where z; == y3 hence z € [0,00)* \ {Ogrs}.
2) Assume B # 0 (so (A0) holds) and y € R>®\ {Ors}. Then the nonzero
eigenvalues of hP (y) are
o /7T (2) and —\/7F(2), simple iff Ko(z) # 0,
o /77 (2) and —\/77(2), simple iff Ko(z) # 0.
o /7T (2) = /T (2) and —\/7F(2) = —\/7~(2), double iff Ko(z) = 0.

If, in addition, 82 = 0, then, 7+ and 7~ are linear with respect to z:

T+(Z) = ¢Egl321 +E311%22 + E2f4123,
T (2) = e3p221 + 3122 + €1 p1223.
By Proposition 2.1, we observe that: If (21, z3) # Orz, then the nonzero eigenval-

ues of hP(y) are ++/71(z), simple. If (21, z3) = Og2 and 2z # 0, then the nonzero
eigenvalues of h? (y) are

£V 71(2) = £V 77(2) = £V/aaly2| = £V/Esp1lY2],
2.3. Spectrum of H”. We set

Ag = £(2).
+ = max ()

The following result is proved in [5].

Proposition 2.2. (1) The spectrum of H? is o(HP) = [-)\, \y].

(2) The pure point spectrum is o,,(HP) = {0} and the eigenvalue 0 of HP has
infinite multiplicity.

(8) The singular continuous spectrum of HP s empty.

Remark 2.1. We have, in addition,

(1) Ay = /77(1,1,1), A_ = max{/7(1,1,1), /7 (1,1,0)}.
(2) If B#0 then Ay > \_.

3. A GENERAL TOOL FOR THE PROOF OF RELLICH’S PROPERTY
We apply to (1.3) the following general result.

Theorem 3.1. Let m > 1, Q a scalar trigonometric polynomial of x € T¢, d > 2

satisfying Q(x) = Q(z), x € T Consider the complex d-dimensional torus TE,,
extend analytically Q to T, and set

MC(Q) = {zeT¢ | Qz) =0},
MS,(Q) = {zeT¢ | Qz) =0, VQ(z) =0},
MS,(Q) = ME(Q)\ MS,,(Q).

Assume

Ve d d
(A-1-1)(Q): Mg, (Q) (C Tg = (T x R)?) has Hausdorff (2d — 1)-measure zero,
(A-1-2)(Q): MS,.(Q) NT? is discrete,

(A-2)(Q): Each connected component of MSQ(Q) intersects T? and the intersec-
tion is a (d — 1)-dimensional real analytic submanifold of T?.
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Let u € Bg(T4) be a solution of the equation
(3.1) Qu=g on T4,

where g is a trigonometric polynomial of x € T¢ with values in C™. Then u is a
trigonometric polynomial.

Proof. Lemma 5.2 of [2] shows that u € C*°(T*\ME,,(Q)) and g = 0 on MS,(Q)N

reg

T?. Lemma 5.3 of [2] shows that g = 0 on MS_(Q). Let us define the meromorphic

reg
function v(z) = g(z)/p(z) for x € TL\MC(Q). The proof of [2, Lemma 5.4]) shows
that v extends continuously to ']I‘dc. In fact this proof is based on Assumption
(A-1)(Q) (ie., Mgn(Q) is discrete) which is stronger than (A-1-1)-(A-1-2)(Q).

However [2, Lemma 5.3], which does not use Assumption (A-1)’(Q), implies that

v is analytic near M\S,(Q) and the singularities of v are localized in MS,(Q).

Thanks to (A-1-1), the closed set M$,, (Q) is negligible in the sense of Shiffman in
[6] and [7], which means that v extends analytically to T (see also [3] and [4]).

Let us set v/ = u — v|pa. Thus, v/ belongs to B(T?) and satisfies suppu’ C
T¢ N Mscg:n (Q). Therefore, thanks to Assumption (A-1-2), suppu’ is discrete. Let
us prove v’ = 0. In fact, if ' # 0, then there exists 2* € suppu’. Let x be a smooth
cut-off function on T? such that supp (yu') C {z*} and x(z*) # 0. We then use
the following equivalent characterization of Bg(T¢) (see [1]). Take a C>-partition

of unity {x:}1<i<z on T¢ where the support of y; is sufficiently small. Then
B3(T%C™) := {w € S' (T4 C™) | xqw € By (R C™)},

where

1
By(R%LC™) = {we SRHC™) | lim — |w(€)|?d¢ = 0}.
R—+o00 R |€|<R

Let [ be such that x;(z*) # 0. Thus u” := x;xu’ belongs to Bj (R C™) and is a
finite linear combination of derivatives of Dirac distribution d&,«:

u' = " baOalyr,
jol<N

where N > 0 and {bo}jo=n # {0}. Let @ (§) be the Fourier transform of ufy :=
> laj=N ba0%0g-. It satisfies

(&) = (2m) Y7 Y bage™, £ eRY
la|=N

Putting ¢ = [¢|w with w € S¥1, we get

1 INT —a2 1 /R / 2 2N+d—1
— d = (2 bow®|*“ dw |t dt
R Jn ay ()] dg (2m) R/, ( SGH| E w?| w)

la]=N
_ (27r)7d/2R2N+d72/Sd | Z bawo‘|2dw
' al=N

CR2N+d72
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with C' > 0, since {ba }|aj=n 7# {0}. A similar calculation shows that

1
- |@"(€) — ay(€)|* A€ = ORI,
R Jigi<r
We thus have
1
E |ﬂ//(£)|2 dg ~ R2N+d72'
I§I<R
It contradicts u” € Bi(R% C™). Hence v/ = 0 and u = v|p« is a trigonometric
polynomial. (I
Remark 3.1. 1) Theorem 3.1 is a slight improvement of results in [2] and [1],

where Assumption (A-1-1)-(A-1-2) is replaced by: (A-1)°(Q): MS,(Q) is discrete.

2) Theorem 1.1 for the second case follows from Conditions (A-1-1)-(A-1-2) by
taking Q to be q(-;\) in Theorem 3.1 but not from Condition (A-1)’(q(-;\)) of 2]
and [4], which is not fullfield.

4. PROPERTIES OF THE COMPLEX FERMI VARIETY

4.1. Properties in the complex variable z. We consider A € R*. Thanks to
(1.5) we write

(4.1) p(z; /N =Az-z2+b-2+c z€C?

where we put

et E3U30i3  E2Ma0i
(42) A= E3MU303 Y2 1100 5 b:= —2)\2047 C = )\4,
EglaCrg  E1M10 V3

and ~y; is defined by (1.4).

We state analytic properties of the variety defined by the polynomial p(-; A) in a
slightly general form. We consider a polynomial of the form P(z) = Az-z+b-z+c¢,
z € C% where A is a real symmetric d x d matrix, b € R? ¢ € R. We set the
complex analytic variety M€ (P) := {z € C? | P(z) = 0}, MSm(P) = {z € MC(P)
| VP(z) = 0} the singular part and MG (P) := M©(P)\ MS, (P) the regular part.

sgn

Lemma 4.1. (1) Assume A = 0, b # 0. Then MS,(P) = 0 and MS,(P) =

MC(P) is a (d—1)-dimensional connected analytic submanifold of C%. In addition,
ME (P)NR? is a (d — 1)-dimensional real analytic submanifold of R.

(2) ilssume A #0. Then:

(2-1) Assume b & ImA. Then, MS, (P) =0, MC(P) = MS,(P) is an analytic
connected manifold of dimension d — 1 and the intersection ng(P) NR? is a
(d — 1)-dimensional real analytic submanifold of RY.

(2-2) Assume b € TmA. Then there exists a unique vector 20 € Img.A such that
A0 = —b/2. In addition, z° € R®. Furthermore, setting c* := A20 - 20 = —b2°/2
and ¢ := ¢ — c*, the following assertions (2-2-1) and (2-2-2) hold.

(2-2-1) Assume ¢ # c*. Then M, (P) is void and M€(P) = MS (P). Moreover,

sgn reg
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(1) Assume 0 < s =7 andc > c*, or 0 = s < r and ¢ < c*. Then, M€(P)
does not intersect R%.

(2) Assume0<s<randc>c*, or0<s<r andc<c*.
- Assume r > 2. Then MC(P) is a (d — 1)-dimensional connected complex
analytic submanifold of C? and MC(P)NRY is a (d — 1)-dimensional real
analytic submanifold of R?.
- Assumer = 1. Assume s =0 and ¢ > c* or s =1 and ¢ < ¢*. Then
MC(P) has two connected components which are (d — 1)-dimensional con-
nected complex analytic submanifolds of C% whose intersection with R¢ are

(d — 1)-dimensional real analytic submanifolds of R?.
(2-2-2) Assume ¢ = c¢*. Then, MS, (P) is a (d — r)-dimensional complex analytic
submanifold of C* and the intersection MS, (P) R is a (d—r)-dimensional real
analytic submanifold of R%. Moreover,

- Assume v = d. Then MS,(P) = {0ca} and MS,(P) is a connected (d — 1)-

sgn

dimensional submanifold of C?.

(1) Assumes =0 (i.e. A<0)ors=r (ie. A>0). Then MG, (P)NR% = 0.
(2) Assume 1 < s < d—1 (and r = d). Then MS,(P)NR* is a (d - 1)-

dimensional real analytic submanifold of R®.
- Assumer =d — 1.

(1) Assumes =0 (i.e. A<0)ors=r (ie. A>0). Then MS (P)NR* = (.

reg

(2) Assumel <s<d—1 (andr =d—1). Ifd > 3 then MS (P) is a connected

reg

(d — 1)-dimensional submanifold of C% and MS, (P) N R? is a (d — 1)-

reg

dimensional real analytic submanifold of R%. If d = 3 then MS (P) admits

reg

two connected components: MS (P) = MC(PT) UMC(P~), where each

reg

MC(P*) is a two-dimensional submanifold of C* and each M€ (P*)' NR?
is a two-dimensional real analytic submanifold of R3.

Proof. (1) (Case A =0, b+ 0.) This is obvious.
(2) (Case A # 0.) We observe that if it is not void, then M (P) is an analytic

reg

manifold of dimension d — 1. If MC, (P) # 0, then Mscgn(P) is a smooth manifold,

sgn
since its singular part,

ME, . (P)={zcC?| P(z) =0, VP(z) =0, D*P(z) = 0}

sgn,sgn

is necessarily void (we have z € M, .,.(P) iff A =0, b =0, ¢ =0, which is

forbidden). Moreover, MS,, (P) is characterized by the equations Az = —b/2, b-
z/24c¢=0. Let (s,r—s) be the signature of the quadratic form z — Az-z. Gauss’s
reduction provides a real linear change of coordinates on z, so we can assume that

A'is diagonal and Az -z =%, 27 =37, 2%. The equation of M(P) is then

d d
(4.3) MC(P): > a2+ bjzj+c=0,
j=1 j=1



A RELLICH TYPE THEOREM FOR DISCRETE MAXWELL OPERATORS 11

with aj = 1if j <s,a; =—1if s < j <7, a; =0if j > r. The equations of MS,

are:
d d

Ms(;n(P) : Zajz? + ijzj +c¢=0, and 2a;z;+b; =0 Vj.
j=1 j=1

(2-1) (Case b ¢ ImA.) Hence, r < d and there exists jo > 7 such that b, # 0.
Thus ME,,(P) = ) and M€(P) = MS_(P) is an analytic manifold of dimension

sgn reg

d — 1. Moreover the equation of M€ (P) becomes
1 r d
_ 2 .
Zjo*bT‘o(ZZjJr A Z | bjz; + c),
Jj=1 J=r+1, j#jo

which shows that M€ (P) is connected and that M€ (P)NR? has dimension d — 1.
This proves the assertion.

(2-2) (Case b € ImA.) We denote ImcA = {Az | z € C%}, kerc A = {z € C? |
Az = 0} and ker A = kerc AN R We recall that, since A is real symmetric, we
then have ImA := {Az | 2 € R} = (ker A)*, ImcA = (kerc A)*<, and

R!=ImA@ kerA, C%=ImcA® kerc A.

Hence, A is an automorphism on Imgc.A. It implies the existence and uniqueness
of a vector 2Y € Img.A such that Az® = —b/2. Since b is a real vector so is z°. Set
c* = A" 20 = —b2°/2, ¢/ := ¢ — ¢*, and consider the translation 2’ := z — 2Y.

Then (4.3) becomes

MC(P): 22’;2— Z z;2—|—c’:0,
j=1

Jj=s+1

and the equations of ME

on(P) become

M, (P): ZZ;Q— Z z}2+c’:O and 25 =0 for 1<j<r,
j=1 j=s+1
ie.,
M‘gn(P): =0 and z;=0 for 1<j<r

(2-2-1) (Case ¢ # ¢*, i.e., ¢ #0.) We assume ¢ > ¢*, the other case being similar.
Then, obviously, MS, (P) is void and M©(P) = MS,(P).

(1) Assume 0 < s =7, i.e., A > 0. Obviously, M (P) does not intersect R.

(2) Assume 0 < s <.

- Assume r > 2. Since MC(P) is an irreducible and regular algebric variety

then it is (d — 1)-dimensional and connected. In addition M€ (P) intersects

R it contains the points z € R? such that 2/, = :t\/Z‘;:l 292 — Z;;iﬂ z}z +c

and 4/ Z;;i |2|> < ¢/. Hence MC(P) is a (d—1)-dimensional real analytic
submanifold of R<.

- Assume s =0, r = 1. Then

MC(P)=MCUMS, MS:={zcC?| 2 =+Vc}.
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Clearly, M and MC are the connected composants of M©(P) and their
intersection with R is (d — 1)-dimensional.

(2-2-2) (Case ¢ = ¢*, i.e.,, ¢ =0.) Then, M$,(P)={z€C? |2 =... =2, =0}
and MG, (P)NRY = {z e R*| z{ = ... = z, = 0} are affine spaces with same

dimension d — 7.
- Assume r = d. Then ME, (P) = {0¢q}. Since d > 3 then M (P) is a irreducible

sgn reg
and regular algebric variety and so it is a (d—1)-dimensional connected submanifold

of C?. Clearly, MS_(P)N R is a regular subset of R, but may be void.

reg
(1) Assume s =0 (i.e., A <0) or s =7 (ie., A>0). Then MT,(P)NR* = 0.
(2) Assume 1 < s < d—1 (and r = d). Then MS,(P) intersects R since it

contains the points z € R? such that 2}, = j:\/Z;:l 2;2 - Z?;;H 232 and

|21] > Z?;Slﬂ 2;2. Hence MS,(P) NR™ is a (d — 1)-dimensional real

analytic submanifold of R¢.
- Assume r =d — 1.

(1) Case s=0or s =7 (i.e., A>0): the result is obvious.

(2) Assume 1 <s<d-—1(and r=d—1).
— Assume d > 3. The proof is similar to the proof of case (ii)(B)(r = d).
— Assume d = 3 so 7 =2, s = 1. We have M, (P) = MT(P)' U MC(P)
with MC(P%) := MC(P%)\ MS, (P), MC(P*) :={z € C* | 2] = £24}.
Hence MC(P*) = {z € C? | 2| = £z} and 2, # 0}. Clearly, MC(P*)’
and M€ (P~)" are the connected composants of the complex variety M€ (P)
and each intersection M€ (P%)" with R? is a two-dimensional open set of

the plane {z € R3 | 2] = +24}.

We have thus completed the proof of Lemma 4.1. O
We put
(4.4) g := (101151, €222, €341333).

Lemma 4.2. We have the following relation:

3
(4.5) g =) eipicif; = %5152@3-

i=1

Proof. We easily observe that the following relations and their cyclic changes hold:

1
Oé% -—MN = Zﬁ%u

4. 1
(4.6) E1M10 — Qo = 15253,

agfo + aofls = —e1p -
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Then, we obtain
3
g = > i = —(asfa + azfs)an + eapiaaafa + eap1zisfs
i=1

= (om0 — 1a3)fo + (e3pzas — o) f3 = 3515352 + iﬂlﬂQﬂS

1

- éﬂlﬁQﬂS-

Lemma 4.3. Let A be defined by (4.2) and g by (4.4).

(1) Let {a1, a2, a3} be the spectrum of A. Then, we have

(4.7)

det A = ajasas =0, trA=ai+as+as =7y+7+y3 >0, Ilizaa; = —g2/4 <0.
(2) We have o € ImA iff 515203 = 0.

(3) Assume 3 = 0. Then A = aa®, rank(A) = 1, ImA = span(a) and ker A is
the complex plane orthogonal to c.

(4) Assume B # 0. Then rank(A) = 2 and ker A = span(g). Moreover, A has one
positive eigenvalue and one negative eigenvalue.

(5) Assume B15285 =0 (and B # 0), so we assume (A0) with $; > 0 = P2 > Bs.
Then there exists a unique vector z* € ImA such that Az* = a. We have z* =

(0,1/\/72,0) and
(4.8) a-2"=1.
Proof. (1) A simple computation shows that A-g =0 and, if 3=0, A-(1,1,1) = 0.
Hence det A = 0. Moreover, we have
Wizjaia; = 7273 —€ipiaf + c.p. = ey (eacapaps — af) + c.p.
= eipi(esespaps — (e2p3 + €3p2)°/4) + c.p.
—epiBi /4 +cp. = —g° /4 <0.

(3) From (1.6), (1.5) and (4.1) we get A = aa.

(2) Assume 3 = 0. Since A = aa” (see (3)), then o € ImA.

Assume 3 # 0. Since A is real symmetric then ImA = ker AT = g+, so, thanks to
(45),a€lmA <= a-g=0 < H?Zlﬂj =0.

(4) (Case B # 0.) Thanks to (4.7) and since g # 0 then rank(A4) = 2 and ker A =
span(g), and (2) follows from (4.7).

(5) The proof of Lemma 4.1 (see case (2-2)) with (A, b,d,r,s) = (A, -2, 3,2,1)
shows the existence and uniqueness of such a z*. Put z = (0,1/a2,0) and observe
that ay = (/72. Since g = (e11161,0,€31303), then z L g and so z € ImA. In
addition, we have (A2)T = (espuszas/az, az,e1p1101 /az). Thanks to (4.6), we obtain
Az = a. This shows that z* = z. Finally, (4.8) is obvious and (5) is proved. O
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Let A € R*. We use the notations of Lemma 4.1 and apply Lemma 4.1 to
P := 3p(;N), so (A, b,c,d) = (A, 222, A*,3). In view of Lemmas 4.1 and 4.3
we obtain
Lemma 4.4. (1) Assume 3 =0. Thenb € ImA, 2° = %a, c*=c, and Ms(fm(P)
is a two-dimensional complex submanifold of C3.

(2) Assume B # 0.

(2-1) Assume II3_,8; # 0. Then b & ImA, MS, (P) =0, MC(P) = MS,(P) is
an analytic connected manifold of dimension two and its intersection with R? is a
real analytic manifold of dimension two.

(2-2) Assume H?:Iﬂj = 0. Then b € ImA, 2° = \22*, ¢* = ¢, MC, (P) is a

sgn

straight line of C3, and the intersection Ms(;n(P) NR3 is a straight line of R®. In
addition, MS,(P) has two connected components, MC(P*)" and M(P~)', and

each MC(P*)' N R3 is a two-dimensional real analytic submanifold of R3.

Remark 4.1. Let us supplement (5) of Lemma 4.3 and (2-2) of Lemma 4.4. We
assume 1 > 0= fo > B3. Then each 7% is linear and we have

Al = 0)(z = 2% = N () = (= ) - ),

where 20 = \22* is the corresponding point of Lemmas 4.1 and 4.3. Set P = p(:; \)
and the linear functions PT := 1% — X2, Then each MSC:]”(Pi) is void and, since
P = )\2P*P~, we have

(4.9) ME, (P)=MC(PH)NMC(P7)={z€ C? | Ko(z) = Uy(z) — \* =0}

sgn
18 a complex analytic variety of dimension one. Then,

MG, (P) =M (P*) uMS(P™),
where MC(P*) := M€ (P*)\ Ms(fm(P), as in the proof of Lemma 4.1. Thanks to
Lemma 4.1, MC(Pt) and M€ (P~)" are the two connected component of MSQ(P);

they are two-dimensional submanifolds of C3.

Lemma 4.4 shows that we can’t apply Theorem 3.1 directly to prove Rellich’s
properties if 3 = 0 since Assumptions (A-1-1)(p(; A)) fails.

Lemma 4.5. Assume 3 = 0. Set P = Wy — A2, Then MS (P) = MC(P) and

reg
MC(P)N[0,1]2 is a closed convez set. In addition, we have

(1) Let |A| € (0,\y). Then ME (P)N(0,1)3 has dimension two.

reg

(2) Let |\ = Ay. Then MS,(P)N[0,1* = {(1,1,1)}.

Proof. Obviously, MS, (P) = ) and M€(P) N [0,1]® is a closed convex set as

sgn
intersection of the plane a - z = A% of R? and the cube [0, 1]3.
(1) Let [A] € (0,X4). Set zy = RL(1,1,1) € (0,1)%, s0 Wo(21) = 75(20) = A2,

+

since we have Ay = ¥y(1,1,1) = Z?Zl aj. Thus, zy € MC(P)N (0,1)3, and the

conclusion follows.
(2) Assume |A| = Ay. Since 0.,¥o(z) = a; > 0 for all j then [Vo(2)| < A\ =
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Uo(1,1,1) for all z € [0,1]2\ {(1,1,1)}. Hence {(1,1,1)} = MC(P) N0, 1]?, which
proves (2). O

Lemma 4.6. Under the assumptions in Remark 4.1 with the same notations (hence
we assume 3 # 0 and H?Zlﬁj = 0 and we have P = p(;\), P* := 7% — \2), we
have

(1) The intersection MS,,(P) N [0,1]* has one point at most.

(2) Let |\| € (0,A_). Each M€ (P*)'n(0,1)® has dimension two.

(3-1) Let |\ € (0,\4). Then MC(P*) N (0,1)® has dimension two.

(3-2) Let |\ € (0,\_). Then MC(P~)' N (0,1)% has dimension two.

(8-8) Let |\| > A_. Then MC(P~) N [0,1] has at most one point.

Proof. 1) Thanks to (4.9) and since 1 > 0 > (2, we have the equivalence (Ko(z) =
0 and z € [0,1)3) iff 21 = z3 = 0. Hence

Ms(zm(P) N [0,1]3 ={2=1(0,22,0) | 22 €[0,1] and 29 = )\2/a2} C {ZO},
with 29 = (0, A%/, 0). This proves (1).
(2), (3-1) and (3-2). It is similar to the proof of Lemma 4.5.
(3-3) If [A| > A = supyg ;s 7~ then, obviously, M°(P~) NT* is void. If )|
A =+/7(2) and z € [0, 1%, then z = (1,1,1), so MC(P7)N[0,1]3 = {(1,1,1)}.
The conclusion follows.

o= 1

Lemma 4.7. Assume H?Zlﬁj # 0. Let A\ # 0 and set P = X\ 2p(; ), so
MG, (P) =0.

(1) Let |A] € (0,\}). Then MC(P) N (0,1)3 has dimension two.
(2) Let |\ = A\y. Then MC(P)N[0,1]® = {(1,1,1)}.

Proof. We have P(z) = (77 (2) = A?)(77(2) =A%) so MC(P)N(0,1)3 = {z € (0,1)?
| 7(2) = A2} U{z € (0,1)3 | 7 (2) = A%}. Since VP(z) # 0 for all z € [0,1]3 then
MC(P)N(0,1)3 has dimension is 2 iff it is non empty.

(1) Let [A| € (0,A4) and set () = ¢(1,1,1). Since 77 (2(0)) = 0and 77 (2(1)) = A2
then there exists t € (0,1) such that 7+ (z(¢)) = A2. Hence 2(t) € MC(P)N(0,1)3.
(2) Let |[A| > Ay. Since Ay < A_ then 7 — (2) < A2 for all z € [0,1]3. Assume
IA| > Ay. Then 7F(2) < A% for all z € [0,1]3 so MC(P) = (). Assume |A\| = \;.
Since we have (77(z) = A1 and z € [0,1]%) iff z = (1,1,1), the conclusion then
follows. (]

4.2. The complex Fermi variety in the z-variable. We denote sinry : ’]I‘dc 3
x> z=sin’z € C? and set

Xo1:= (sin?) 71 ({0,1}*) = {z € T | 2 € {0,1}3}.

Lemma 4.8. Letd > r > 1 and E C C% a connected set. Assume that E =
(sind)"Y(E) is a r-dimensional smooth submanifold of T¢. Let C, a connected
component of E. Then Cy, is open and closed and sin?(C,) = E.
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Proof. Let us consider the topological set E with the topology induced by those of
C? and the topological set E with the topology induced by those of T¢. Then, it
is easy to see that ¢p: E 3 z + z € E is continuous. Since E is a r-dimensional
smooth submanifold of ’]I“é, near any z° € E, there exists an open ball B(2°,7) C
T¢ and a smooth function f : B(2°,7) — C such that Vf(z) # 0 for all z €
B(z°,r). Then, EN B(z°% r) = f~1(0c). Hence E is locally connected and each of
its connected components is open and closed. We now prove that the map ¢g is
both open and closed. It then implies that the set ¢5(C;) is open and closed hence
equals to E, since F is connected. Since sin? is a non-constant holomorphic function
from C? into itself then it is an open map and sin? : Tg = C?/(27Z)? — C? is
also open. Let V an open set of E so V = E NV’ where V' is an open set of
Tg. Then ¢p(V) = ¢r((sind)"H(E) N V') = ENsini(V’). Since sini is an open
map then sin? (V') is open. Thus ¢x(V) is an open set of E. Hence ¢ is an open
map. Let us prove that ¢ is a closed map. We observe that |sin®(Rz + iSz)| =
sinh?(Sz) + sin?(Rz) so a set of the form sin?(A), A C T, is unbounded iff A is
unbounded. (In fact sin? is proper.) Let F a closed subset of E. Let z, a sequence
of values in ¢g(F') which tends to some z € E. Then z, = ¢g(x,) tends to z,
r, € F, so, by the above observation, the sequence (x,,) C FN is bounded. Let
x’ a subsequential limit of x,. Then z = ¢p(z’) so z € ¢pr(F). Hence ¢pp(F) is
closed.

The conclusion then follows. In fact, since ¢g is an open and closed map and
C, is open and closed then ¢g(C,) is both open and closed in the connected space
E| so it coincides with F. O

Lemma 4.9. Assume B8 = 0. Set Q(x) = Uo(z) — A2 with z = sin®x. Then
ME,(Q) is discrete. In addition, assume |\ € (0,Ay). Then, each connected

sgn
component of Mgg(Q) intersects T2 and the intersection is a two-dimensional real

manifold.

Proof. Since 8,,Wo(z) # 0 for all z € C?, and since 8,,z = sin(2z;)e; vanishes
iff z; € {0,1}, then VQ(z) = 0 iff z € {0,1}*. Hence MS, (Q) = X, is dis-

crete. Let C, be a connected component of Mgg (Q). Set P =¥y — A2, We have
ME (Q) = (sin?) "1 (E) with E := MS_(P)\{0,1}*. Since MS_(P) is a connected

reg reg reg
two-dimensional complex manifold, then so is E. Since E is a two-dimensional
complex manifold, so is C,. Thanks to Lemma 4.8, we obtain sin*(C,) = E.
Since E C MS,(P) and MS,(P) intersects (0,1)3, sin®(C,) intersects (0,1)3.
Hence C, intersects T®. Finally, since the jacobian of sin?|rs does not vanish

on (sin?)~1((0,1)%) (C T3), then C, N'T? is a two-dimensional real manifold. O

Lemma 4.10. Assume 8 # 0 and II3_, 3; = 0. Set Q(x) = q(x; \).
(1) The analytic variety MS, (Q) has Hausdorff (5)-measure zero and MS, (Q)NT?

sgn sgn

s finite.
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(2) We have MS,(Q) = Mg U Mg where each Mg, defined by
Mg ={zeTq | 2¢{0,1}%, m5(2) = X £ 77(2)}

is a two-dimensional submanifold of T?,.

(3) If |A| € (0,\_), each connected component of Mg intersects T® and the inter-
section is a two-dimensional real manifold.

(4) If I\| € (A=, A\4), each connected component of M intersects T and the inter-
section is a two-dimensional real manifold. However, the set Mg N T3 is finite.

Proof. We use the notations in Lemma 4.6, so Q(z) = P(z), and we set Q*(z) =
7 (2) — A2 = PE(2).
(1) We have

MS,(Q) = (MC(Q)NXo1)U(MEQY)NME(Q))
(4.10) = (M®(Q)N Xo1)U (sind) " (MS,(P)).

The set MC(Q)NXy ; is finite since X ; is finite. In addition, the set (sin?) = (MSC;,L(P))
has Hausdorff k-measure zero for all £ > 3, since M, S(fm(P) is a complex straight
line (see Lemmas 4.4, 4.6) and sin? is a local smooth diffeomorphism except on
a finite set of C3. Hence M, (Q) has Hausdorff (2d — 1 = 5)-measure zero.

sgn

Since ME,,(P) N [0,1]? has at most one point (see Lemma 4.6), (4.10) shows that

sgn

ME, (Q)N T3 is finite. This proves (1).

sgn

(2) The relation MS,(Q) = M& U Mg is then obvious. In addition, we have
ME = (sin?)""(MC(P*)) \ MS,(Q). Since MC(P*) is a two-dimensional sub-
manifold of C3 and M, SJH(Q) has dimension one, Mg is a two-dimensional subman-
ifold of Tg,.

(3) and (4) for M. It is similar to the corresponding assertion in Lemma 4.9.

(4) for M. This is a direct consequence of (3-3), Lemma 4.6. O

Lemma 4.11. Assume IT_, 3; # 0. Let [A| € (0, A1) and set Q(x) = A~?p(z; A).
(1) The set MS,,(Q) is finite.

(2) Assume |A| € (0,\;). Then, each connected component of Mrceg(Q) intersects
T3, and the intersection is a two-dimensional real manifold.

Proof. Put P(z) := Q(x) so 9,,Q(xz) = 0 iff 9;P(z) = 0 or z; € {0,1}. Hence
ME,(Q) = (sin?)~(F) with

sgn
F o= Mg, (P)Uj_y Fj Ujzk Fjx U ({0,1}° N MC(P)),
Fj = {2eMO(P) | z€{0,1}%, 8., P(2) =0 k#j},
Fix = {2€MC(P) | 2,2 €{0,1}%, 0,,P(2) =0 1 # j k}.

(1) Thanks to Lemma 4.7 we have MS,, (P) = 0. We denote by A; the j* column
of the matrix A defined by (4.2), by E; the column of the coefficients of e; in the
canonical basis (e1, eq,e3), by flj the 3 x 3 matrix obtained from A by replacing

the column A; by E; and by A, (with j # k) the 3 x 3 matrix obtained from A
by replacing the columns A; and Ay respectively by the column E; and Ej. Since
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P(z) =Az-z+b-z+c, then 0;P(z) =2A; -z + b;.

Let us consider F;. We have F} = F1(0) U Fy(1), where F;(§) is the intersection of
the three hyperplanes z;1 = &, 24, - z + by, = 0, k = 2,3. The matrix of the above
system is By := (E;|Az|As) where By := (100)T. Its determinant is

1
det(B1) = v273 — (e1p101)? = (71 — o) (e111)? = _Zﬂ%(glﬂl)g < 0.

Hence F;(§) is reduced to one point, and then F} is a couple of points. Simi-
larly, each Fj is reduced to two points. Let us consider Fj 3. We have Fj o =
Ug,erefo,11F1,2(€, &) where Fy (&, ') is the intersection of the three hyperplanes
7 =& 2z =¢, 2A3 - z+ by = 0. The matrix of the above system is By :=
(E1|E2|A3) where Eo := (01 0)7. Its determinant is det(Bj2) = 73 # 0. Hence
Fy 5 is finite. Then, F is finite. Now we observe that, for any finite set £ C C3,
(sing) “1(E) is a finite subset of Tg,. Consequently, ME, (Q) is finite.

sgn

(2) We have MS_(Q) = (sin?)~(F) with E := MS_(P)\F. Thanks to Lemma 4.7,

MS,(P) is a corznected two-dimensional submanifgld of C3. So, since dim F < 1,
then F is also a connected two-dimensional submanifold of C3. Thus Mgg(Q) is a
two-dimensional submanifold of Tg. Let C,, be a connected component of Mgg(Q).
Lemma 4.8 says that sin?(C,) = E. We have EN(0,1)% = MS,(P)n(0,1)3, since

Fn(0,1)% is empty. Thanks to Lemma 4.7, M<_(P) N (0,1)? has dimension two.

reg

Thus E intersects (0,1)3. The end of the proof is similar to the end of the proof of
Lemma 4.9. (]
5. PROOF OF THE MAIN THEOREMS

5.1. Proof of Theorem 1.1. Theorem 1.1 is a straight consequence of Theorem
3.1, Lemmas 4.9, 4.10, 4.11.

5.2. Proof of Theorem 1.2.

Theorem 5.1. Assume 8 # 0 and B18283 = 0. Let A # 0.
(1) The set MS,(q(+;N)) is a disjoint union of the following two complex manifolds
of dimension 2:

ME ={zeTq | 2¢ {0,113, 7%(2) = N2 £ 77(2)}.
(2) Assume || > A_. Then, Mg N'T? is finite,

The assertions (1) and (2) of Theorem 5.1 are a straight consequence of Lemma
4.10.

Set

and u = (ug,uy) with

ug(x) == %sM(y)uH(:r), ug (x) := (17 (2) — A?) " tcomat(B(z) — \)vy,
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where vy is a non-null constant column-vector of length 3. Since uy € C>°(T3; C3)
so does up. Thus 4 € L?(Z3) C Bg(Z3). Then, (B(z) — M)uy(z) = N2(r1(2) —
A?)vy is a trigonometric polynomial, and so is (HP — Nu = (0, \"1(B — A\2)ugy).

Let us prove that we can choose vy such that w is not a trigonometric poly-
nomial. We remember that the family of eigenvalues of the symmetric matrix
—eM (y)uM(y) is (0,77 (2), 7~ (2)) and we denote by T1°(y), IT* (y), I~ (y), respec-
tively, the associated spectral eigenprojectors. Thus, we have

comat(B(x) —t) = —t(77(2) =) (y) —t(7~(2) — t)[IT(y)
HrH(2) = 1) (77 (2) = O (y),
therefore,

(5.1) comat(B(z) — 7 (2)) = =27 (2) v Ko (2)II™ (y).

Hence, comat(B(z) — 77 (2)) has rank one at any z € C? such that Ko(z) # 0. If
each coefficient ¢;x(y) of comat(B(z) — A?) were reducible by (77 (z) — A?), i.e, if
(77 (2) — A*)7tejk(y) were a trigonometrical polynomial, then comat(B(x) — A\?)
would vanish at any z € C? such that 77 (2) —A? = 0. This is in contradiction with
(5.1). Hence there exists vy such that u is not a trigonometrical polynomial.

We complete this section by proving the assertion of Remark 1.1. Set Q*(z) =
(7%(2) = AH)v(z), v := Q u. Since 7~ is linear, Q~ is then smooth in the  variable,
so v € B(T?). In addition we have QT = A72¢(:; \)u which is a trigonometric
polynomial. Since QT satisfies Conditions (A-1)-(A-2) of Theorem 3.1, the result
follows.

5.3. Proof of Theorem 1.4. 1. We put
G*:={6e€S* | |&] > |&] > |&| for some permutation (i,4,1) of (1,2,3)},

where S? denotes the euclidian unit sphere of R3. By definition we have K;,; =
QN Z3 where ( is a bounded convex set of R®. Then, there exists a (non void)
finite family F' C G* x R such that

(52) K = NenerPrs (&0, P (&) ={neZ’ | & n<l}.
The characterization by (5.2) is well-known with G* replaced by S?. Let us prove
it with G*. Actually, the bounded convex set 2 C R3 can be assumed closed
and written Q = N yer, P~ (&, 1), where P(&,r) := {v € R® | v-£ < r} and
Fy C $? xR.. Since Ky, is bounded then K,y C K1, K1 := [~lo, o] N Z3 for some
lop > 0. Since Kj,; is finite then we have
Kint = Neyer, P~ (§,7) N K7,

where F; C Fy is a finite family. Obviously, we can assume that Fj is non void and
that K1 ¢ P~ (v,r), (v,7) € Fy. (If K4 C P~ (v,r) we suppress (v,r) in Fy, that
is, we replace Fy by Fy \ {(v,r)}.) Fix (v,r) € Fy. Since K3 \ P~ (v, ) is finite and
non void, we put § :=sup{v-n—r | n € Ky \ P (v,7)} > 0. We then have

P (v,r)NKy =P (v,r+6/2) N Ky,
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Ki\P (v,r) =K\ P (v,r—4/2).

Since G* is dense in S? and since K is finite, there then exists ¢ € G* sufficiently
closed to v such that

P (&r)NK; CP (v,r+46/2)N Ky,

Ki\P (&r)C Ki \ P (v,7 —4/2).
Then we obtain

P (v,r)NK1 =P ({,r)N Ky =Py (&r)N K.
Hence, (5.2) holds with F' = Fy Ul_, (e;,lo) U3_; (—ej, lo).
II. Letting © : Z® > n+ 9(n) € C¢ be a sequence with compact support, we set
vs(n) = 0(n),
so vg(z) = v(—x). In addition, letting ¢ € R?, € # 0, we define
NZ“s(0) = Ng'so(6) i= max{n - € | o(n) # 0},

with the convention max()) = —oco. We then observe that if v and w are two
trigonometric polynomials, then N¢"*®(vw) < N (v) + N**(w) holds true and
if, in addition, v or w is scalar-valued, then N¢"*®(vw) = N (v) + N***(w) holds

true. Furthermore, we have

N (vg) = Ng"**(v),
N (< v,vg(w) >om) = 2N (v),

since < v(x),vs () >ca= (2m)7* Y, e~ nFM)T5(n)o(m) is a trigonometric poly-
nomial.

III. We put Ly(x) = L(z;t) := comat(HP (z) — t), and ¢;(x) := det(HP (x) —t).
The symmetric real matrix L(x;t) has size 5 x5 and L is a homogeneous polynomial
of degree 5 in the variables ¢,%1,y2,ys. Since HP(z) has rank < 4 then, Ly = 0
and, consequently, L; is a polynomial of the variables yi,y2,y3 with degree < 4.
Hence L; has the form

(5.3) Li(z) = tBy(x) + t*Ba(z; 1),

where By(z) = —®(2)y(y), o(y) is the orthogonal projection on ker HP(x),
dg = \11(2) — Ky is a homogeneous polynomial of degree 2 of the variables z1, 22, 23,
and Bs(+;t) is a trigonometric polynomial of degree 3. Thus, if ¢ # 0, then L, is a
trigonometric polynomial of degree 4. Since Bi(x) = lim;_,ot 'L;(x) we then see
that B; is also a trigonometric polynomial of degree 4.

We put |{]oo := max(|¢;]; 7 € {1,2,3}), where the s are the usual coordinates of
&. We have

Lemma 5.2. Lett # 0 and £ € G*. We then have
N (Ly) = N (Br) = N (qe) = 4f€loo > 3[€]oc = N (Ba(t)).
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Proof. Without loss of generality we assume & > |€;], j € {2,3}. We have
Npee (eins) = Nios(5,,) = &,
then,
NI (1) = & > N o () € {=¢;, &5}, 1= 2,3.
Since z; = (—4) ! (e*% + e?" — 2) we then have
N (z1) = 281 > NI (z5) = 2|¢, Jj#1,
NP (27) = 48 > NP (zz) = 26|+ 20&), (k) # (1,1).
1)

Thanks to (4.1) and (4.2) we have

t2qi(z) = 23 + Z Ajiziz+b- 2+ 12
(4:D#(1,1)
with ty; # 0. Thus,
N (qr) = NEo(22) = a6y,
Since ¢;I = (HP —t)L;, we then have
(5.4) 48 = NI (qp) < N (HP) + NEow(Ly).
Since HP —t (respect., L) is a polynomial of degree 1 (respect;, of degree 4) of the
variables y; = (2i) ! (e — e~"%7), then Nm‘“‘(HD —t) <& and N (Ly) < 4&;.
Hence the inequalities in (5. 4) are equalities. Finally, since By(t) is a polynomial of
degree < 3 of the variables y; = (2i) " (¢ — e™"*7), then N/"**(Bay(t)) < 3. O
IV. We have the following

Lemma 5.3. Let A\ # 0. Let 4 be compactly supported in Z3 such that (H P —
Ni(n) =0in{n € Z> | £-n>0}. Let £ € G*. Then d(n) =0 in {n € Z3 |
&-n>0}.

Proof. The sequence 4 satisfies
(5.5) (HP» — \u = f,
where f is compactly supported in {n € Z3 | £ -n < 0}. Thus, NgeE(f) <.
The operator D(D,)~" is bounded and invertible in {?(Z%) and is an operator of
multiplication by a diagonal matrix of the form I + K, so K = b(ﬁp)_l — [ is an
operator of multiplication by a diagonal matrix and has compact support. We then
have
(5.6) (HP? — XNu = \Ku +g,
where § := D(D,) "' f vanishes in {n € Z3 | n- € > 0}, so Ner(g) < 0.
Since D, is real-valued we have
Dpvs(z) = (2m) %2 3" Dy(n)i(n)e """ = Dyv(—w).
nezs

In addition, since HP (—x) = HP(—x) = —HP(z), then (5.5) implies

poHOuS = A\ug + fs.
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Since Bi(y) = —Po(2)IIy(y) we have By Hy = 0. Then, multiplying (5.3) from the
left by BlDzjl and observing that 1o Hy = 0, we get
(5.7) BiDy'ug = —-A"'B1D;" fs.
Multiplying (5.6) from the left by Ly and using (5.3), we get

ou = ALaxKu+ Lyg = \X>B1Ku + Ry,
where

Ro := MBy(; N Ku + Lyg.

Put T(z) := 3,25 D; 1 (n)]@(n)[?e**. On one hand, since D, (n)|@(n)[? # 0 if
@(n) # 0, then

(5.8) N"H(T) = 2N (u).
On the other hand, we have
T(x) =< D, 'us(x),u(z) >gro -
Thus,
o (2)T(x) = < Dy'us(z),qgau(z) >gre
= X < Dj'us(z), By(z)Ku(z) >re +R(),

where R(z) :=< Dy 'us(z), Ro(x) >gre. Then, since B;(z) and D are real-symmetric
matrices, by virtue of (5.7),

o (2)T(x) = X < BiDj'ug(z), Ku(z) >re +R(x)
(5.9) = —A<BD;"fs(z), Ku(z) >rs +R(z).
We have, in view of (5.4),

N (R) < NI*(Dy M ug) + max(N{* (B (- ) Ku), N{"**(Lxg))
(5.10) < NZ () + max(3]€]oe + NP (1), 41€ ),
and, in addition,

(5.11) N (< BiDy ! fs, Ku >ge) < 4[¢|o0 + N ().
Thus, in view of (5.9), (5.10), (5.11),
N2 (qyT) < max(4f¢]oe + N2 (1), 3[€]oc + 2N (1)),

Using (5.8) and Lemma 5.2, we obtain

NZ(T) = NE“*(g37) — NE“*(ay)
(5.12) < max(N" (u), —[€]oo + 2N ().
Thus, (5.12) and (5.8) show that

N (u) = Ng"**(T) — Ng"**(u) < 0.
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V. (Last step.) Theorem 1.4 is a direct consequence of Lemma 5.3. Actually, by
translation and symmetries we can extend the above lemma by replacing the set
H(,0) = {n € Z3| £ -n > 0} by the more general half space H(&,1) := {n € Z3 |
E-n>1}=2Z3\Py,. (&), | € R. Hence if u satisfies the conditions of Theorem
1.4, then 4(n) = 0 in Ue nepH (€, 1) = 23\ Kint = Keat- O

5.4. Proof of Proposition 1.3. The distribution u satisfies the above relation
(5.6) with g = 0 and where K = ﬁ(ﬁp)*l — I has compact support. Hence, the
distribution v € Bg(T?) defined by v(z) = (77 (2) — A?)u(x) is a trigonometric
polynomial. By observing that 77 (z) — A2 < A2 — A2 < 0, we thus obtain u(x) =
(77 (2) = A)~to(x), so u € L*(T3, C").

5.5. Proof of Corollary 1.5. Put f := (H”» — \)u. Then f has support in K.
In addition, we have (HP — \)i = AK@ + D™D, f, where K := D(D,)~* — I
has compact support. Since (RT) for HP holds at ), then @ has compact support.
Consequently, thanks to Theorem 1.4, @ vanishes in K. O
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