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The Monniaux Problem in abstract interpretation asks, roughly speaking, whether the following question is decidable: given a program
P, a safety (e.g., non-reachability) specification ¢, and an abstract domain of invariants 9, does there exist an inductive invariant
7 in D guaranteeing that program P meets its specification ¢. The Monniaux Problem is of course parameterised by the classes of
programs and invariant domains that one considers. In this paper, we show that the Monniaux Problem is undecidable for unguarded

affine programs and semilinear invariants (unions of polyhedra). Moreover, we show that decidability is recovered in the important

special case of simple linear loops.
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1 INTRODUCTION

Invariants are one of the most fundamental and useful notions in the quantitative sciences, appearing in a wide range
of contexts, from gauge theory, dynamical systems, and control theory in physics, mathematics, and engineering to
program verification, static analysis, abstract interpretation, and programming language semantics (among others) in
computer science. In spite of decades of scientific work and progress, automated invariant synthesis remains a topic

of active research, especially in the fields of program analysis and abstract interpretation, and plays a central role in
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2 Fijalkow et al.

methods and tools seeking to establish correctness properties of computer programs; see, e.g., [23], and particularly
Sec. 8 therein.

The focus of the present paper is the Monniaux Problem on the decidability of the existence of separating invariants,
which was formulated by David Monniaux in [28] and also raised by him in a series of personal communications with
various members of the theoretical computer science community over the past five years or so. There are in fact a
multitude of versions of the Monniaux Problem—indeed, it would be more appropriate to speak of a class of problems

rather than a single question—but at a high level the formulation below is one of the most general:

Consider a program P operating over some numerical domain (such as the integers or rationals), and
assume that P has an underlying finite control-flow graph over the set of nodes Q = {q1,...,qr}. Let us
assume that P makes use of d numerical variables, and each transition g N q’ comprises a function
f; : R4 — R4 as well as a guard g; C RY. Let x,y € Q¢ be two points in the ambient space. By way of
intuition and motivation, we are interested in the reachability problem as to whether, starting in location
q1 with variables having valuation x, it is possible to reach location ¢, with variables having valuation y,
by following the available transitions and under the obvious interpretation of the various functions and
guards. Unfortunately, in most settings this problem is well-known to be undecidable.

A collection {Iq | qc¢€ Q} is called an (inductive!) invariant if for each transition q LN q’, we have that
ft(Ig N gs) € Iy . If it additionally satisfies that x € Iy, and y ¢ Iy, , then it is a separating invariant for
program P. Clearly, the existence of a separating invariant constitutes a proof of non-reachability for P
with the given x and y.

Let D C ZRd be an ‘abstract domain’ for P, i.e., a collection of subsets of R4, For example, D could be the
collection of all convex polyhedra in RY, or the collection of all closed semi-algebraic sets in RY, etc.
The Monniaux Problem can now be formulated as a decision question: is it possible to adorn each control
location g with an element Z; € D such that the collection {Iq | qe Q} forms a separating invariant?
Associated with this decision problem, in positive instances one is also potentially interested in the

synthesis problem, i.e., the matter of algorithmically producing a suitable separating invariant {7 : g € Q}.

The Monniaux Problem is therefore parameterised by a number of items, key of which are (i) the abstract domain D
under consideration, and (ii) the kind of functions and guards allowed in transitions.

Our main interest in this paper lies in the decidability of the existence of separating invariants for various instances
of the Monniaux Problem. We give below a cursory cross-sectional survey of existing work and results in this direction.

Arguably the earliest positive result in this area is due to Karr, who showed that strongest affine invariants (conjunc-
tions of affine equalities) for affine programs (no guards, and all transition functions are given by affine expressions)
could be computed algorithmically [22]. Note that the ability to synthesise strongest (i.e., smallest with respect to set
inclusion) invariants immediately entails the decidability of the Monniaux Problem instance, since the existence of
some separating invariant is clearly equivalent to whether the strongest invariant is separating. Miiller-Olm and Seidl
later extended this work on affine programs to include the computation of strongest polynomial invariants of fixed
degree [30], and a randomised algorithm for discovering affine relations was proposed by Gulwani and Necula [31].
In [15], the least inductive invariant is computed by policy iteration for some families of abstract domains. More
recently, Hrushovski et al. showed how to compute a basis for all polynomial relations at every location of a given

affine program [19].

!In the remainder of this paper, the term ‘invariant’ shall always refer to the inductive kind.
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On the Monniaux Problem in Abstract Interpretation 3

The approaches described above all compute invariants consisting exclusively of conjunctions of equality relations.
By contrast, an early and highly influential paper by Cousot and Halbwachs considers the domain of convex closed
polyhedra [9], for programs having polynomial transition functions and guards. Whilst no decidability results appear in
that paper, much further work was devoted to the development of restricted polyhedral domains for which theoretical
guarantees could be obtained, leading (among others) to the octagon domain of Miné [27], the octahedron domain
of Clarisé and Cortadella [6], and the template polyhedra of Sankaranarayanan et al. [33]. In fact, as observed by
Monniaux [28], if one considers a domain of convex polynomial templates having a uniformly bounded number of faces
(therefore subsuming in particular the domains just described), then for any class of programs with polynomial transition
relations and guards, the existence of separating invariants becomes decidable, as the problem can equivalently be
phrased in the first-order theory of the reals.

One of the central motivating questions for the Monniaux Problem is whether one can always compute separating
invariants for the full domain of polyhedra. Unfortunately, on this matter very little is known at present. In recent
work, Monniaux showed undecidability for the domain of convex polyhedra and the class of programs having affine
transition functions and polynomial guards [28]. One of the main results of the present paper is to show undecidability
for the domain of semilinear sets? and the class of affine programs (without any guards)—in fact, affine programs with

only a single control location and two transitions:

TuroreMm 1.1. Let A, B € Q%*? be two rational square matrices of dimension d, and let x,y be two points in Q%. Then
the existence of a semilinear set I C R? having the following properties:

(1) xeI;

(2) AI C T andBI C I;and

G)yél

is an undecidable problem.

It is worth pointing out that the theorem remains valid even for a fixed d (our proof shows undecidability for d = 96,
but this value could be improved). If moreover one requires 7 to be topologically closed, one can lower d to having fixed
value 24. Finally, an examination of the proof reveals that the theorem also holds for the domain of semi-algebraic sets,
and in fact for any domain of o-minimal sets in the sense of [1]. The proof also carries through whether one considers
the domain of semilinear sets having rational, algebraic, or real coordinates.

Although the above is a negative (undecidability) result, it should be viewed in a positive light; as Monniaux writes
in [28], “We started this work hoping to vindicate forty years of research on heuristics by showing that the existence
of polyhedral inductive separating invariants in a system with transitions in linear arithmetic (integer or rational) is
undecidable.” Theorem 1.1 shows that, at least as regards non-convex invariants, the development and use of heuristics
is indeed vindicated and will continue to remain essential. Related questions of completeness of given abstraction scheme
have also been examined by Giacobazzi et al. in [17, 18]. We refer to [29] for a recent and personal point of view on the
Monniaux problem, by Monniaux himself.

It is important to note that our undecidability result requires at least two transitions. In fact, much research work has
been expended on the class of simple affine loops, i.e., one-location programs equipped with a single self-transition. In
terms of invariants, Fijalkow et al. establish in [13, 14] the decidability of the existence of semi-algebraic separating

invariants, and specifically state the question of the existence of separating semilinear invariants as an open problem.

2A semilinear set consists of a finite union of polyhedra, or equivalently is defined as the solution set of a Boolean combination of linear inequalities.
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4 Fijalkow et al.

Almagor et al. extend this line of work in [1] to more complex targets (in lieu of the point y) and richer classes of

invariants. The second main result of the present paper is to settle the open question of [13, 14] in the affirmative:

TuEOREM 1.2. Let A € Q%% be q rational square matrix of dimension d, and let x,y € Q% be two points in Q2. It is

decidable whether there exists a closed semilinear set I C R¢ having algebraic coordinates such that:

(1) xe I;
(2) AT € I;and
B)yel.

The proof shows that, in fixed dimension d, the decision procedure runs in polynomial time. It is worth noting that
one also has decidability if A, x, and y are taken to have real-algebraic (rather than rational) entries.

Let us conclude this section by briefly commenting on the important issue of convexity. At its inception, abstract
interpretation had a marked preference for domains of convex invariants, of which the interval domain, the octagon
domain, and of course the domain of convex polyhedra are prime examples. Convexity confers several distinct advantages,
including simplicity of representation, algorithmic tractability and scalability, ease of implementation, and better
termination heuristics (such as the use of widening). The central drawback of convexity, on the other hand, is its poor
expressive power. This has been noted time and again: “convex polyhedra [...] are insufficient for expressing certain
invariants, and what is often needed is a disjunction of convex polyhedra.” [2]; “the ability to express non-convex properties
is sometimes required in order to achieve a precise analysis of some numerical properties” [16]. Abstract interpretation
can accommodate non-convexity either by introducing disjunctions (see, e.g., [2] and references therein), or via the
development of special-purpose domains of non-convex invariants such as donut domains [16]. The technology, data
structures, algorithms, and heuristics supporting the use of disjunctions in the leading abstract-interpretation tool
ASTREE are presented in great detail in [8]. In the world of software verification, where predicate abstraction is the
dominant paradigm, disjunctions—and hence non-convexity—are nowadays native features of the landscape.

It is important to note that the two main results presented in this paper, Theorems 1.1 and 1.2, have only been
proven for families of invariants that are not necessarily convex. The Monniaux Problem restricted to families of convex

invariants remains open and challenging.

2 PRELIMINARIES

We start with necessary definitions and notations.

2.1 Real and complex numbers

We will mostly work in the field A C C of algebraic numbers, that is, roots of polynomials with coefficients in Z.
It is possible to represent and manipulate algebraic numbers effectively, by storing their minimal polynomial and a
sufficiently precise numerical approximation. An excellent reference in computational algebraic number theory is [7].
All standard algebraic operations such as sums, products, root-finding of polynomials, or computing Jordan normal
forms of matrices with algebraic entries can be performed effectively.

The set of complex numbers is C, and for a complex number z its modulus is |z|, its real part is Re (z), its imaginary
part is Im (z) and its conjugate is z*. Let C* denote the set of non-zero complex numbers. We write S for the complex
unit circle, i.e. the set of complex numbers of modulus 1. We let U denote the set of roots of unity, i.e. complex numbers
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On the Monniaux Problem in Abstract Interpretation 5

z € S! such that z" = 1 for some n € N. We write Diag(4s,...,Ag) for

M
A2

Ad

When working in C9, the norm of a vector z is ||z||, defined as the maximum of the modulus of each complex
component z; for i in {1,...,d}, where z; is the jth component of vector z. For ¢ > 0 and z in Cd, we write B(z, ¢) for
the open ball centered in z of radius ¢. The topological closure of a set 7 C €4 is 7, its interior 7°, and its boundary
oI, defined as 7 N m

For semilinear sets, defined below, we will need to view complex sets as real sets in twice the dimension. We introduce

some notations to clarify this part. For any d € N, we introduce the mapping
B cd - R
g
(x1,..,xg) > (Re(x1),Im(x1),- -+ ,Re (xg),Im (xg)).

We naturally extend this mapping to matrices so that if A € C?*? then Ax € R?@*?? i such that for all x € C,
ArxRr = (Ax)R. Furthermore, the following relation exists between the determinant of A and Ag:

LEMMA 2.1. For any A € C9%4 det(AR) = det(A)det(A)*.

Proor. Recall that the determinant is invariant when corresponding rows and columns undergo permutation. It is

not hard to check that Ag is the block matrix (R(A;;)); j where

Re (z) -Im (z)]

Riz) = |Im (z) Re(z)

for all z € C. Therefore by permuting rows, we can write

[Re (A)  —Im (A)

Ag = P!
|Im (A) Re(A)

where P has determinant 1 and Re (A) (resp. Im (A)) is the matrix whose entries are the real (resp. imaginary) parts of

the entries of A. Now note that for any matrices X, Y € RdXd,

X -Y| |-y ilg||X-iY 0 iy iy
Y X| | L I 0o X+iv||-i il
where I; is the identity matrix of dimension d.
Therefore, det(Ag) = det(Re (A) — ilm (A)) det(Re (A) + ilm (A)) = det(A*) det(A) = det(A)* det(A). O

2.2 Linear dynamical systems

A dynamical system is given by a set of functions f; : R? — R9 for t € [1,k]. Let x be an initial vector, the set of
reachable points from x is the smallest subset R of R4 containing x and closed under the functions f;: if z € R then
fi(z) € R. If there is a single function (k = 1) the set of reachable points from x is called the orbit of x under f. We say
that y is reachable from x if y belongs to the set of reachable points from x. The reachability problem is the following

decision problem: given a (dynamical) system S = (x, {f; : t € [1,k]},y), determine whether y is reachable from x.
Manuscript submitted to ACM



6 Fijalkow et al.

We are in this paper interested in linear dynamical systems, where the functions f; are linear: f; is induced by a
square matrix A; € A% with fi(2) = Asz. We simply write S = (x, {A; : t € [1,k]},y) for a linear dynamical system.

The special case of a single matrix (k = 1) is called “simple linear loops”.

2.3 Invariants

Natural certificates that y is not reachable from x are separating invariants: an invariant is a set 7 C C4 such that
fi(I) € I forallt € [1,k]. It is separating for (x,y) if additionally x € 7 and y ¢ 7.

Note that for a linear function f; (z) = A;z, the property f; (') C I is equivalent to A;J C 7, and in that case we
say that J is invariant under A.

The following are equivalent:

o there exists a separating invariant.

e y is not reachable from x,

It is clear that the existence of a separating invariant implies that y is not reachable from x. A stronger statement is: the
set R of reachable points from x is a separating invariant for (x, y) if and only if y does not belong to R. However the
set R may be very complicated, making it not so useful as a separating invariant. We therefore consider restrictions on

the class of invariants.

2.4 Semilinear sets

A set I C RY is semilinear if it is the set of (real) solutions of some finite Boolean combination of linear inequalities
with algebraic coefficients. We give an equivalent definition now using half-spaces and polyhedra. A half-space H is a
subset of R? of the form

H = {zeRd:z-u>a},

for some uin A% ain ANRand > € {>,>}. A polyhedron is a finite intersection of half-spaces, and a semilinear set a
finite union of polyhedra.

If T is a semilinear set, then I°, T and 97 are also semilinear sets. A classical (and non-trivial) result about semilinear
sets is their closure under projections as stated below. We will also need some effective bounds on sections of semilinear

sets.

LEMMA 2.2 (PROJECTIONS OF SEMILINEAR SETS). Let I be a semilinear set in R Then the projection of I on the first
d coordinates defined by {z eR?: 3t eR? (z1) € I} is a semilinear set.

LEMMA 2.3 (SECTIONS OF SEMILINEAR SETS). Let I be a semilinear set in R™? and t in R? . Then the section of I
along t defined by {z eR?:(z1) € I} is a semilinear set. Furthermore, there exists a bound B in R such that for all t in

R? of norm at most 1, if the section is non-empty, then it contains some z in R% of norm at most B.

PRrROOFS FOR LEMMAS 2.2 AND 2.3. Lemma 2.2 is a reformulation of Fourier-Motzkin elimination, from which the first
part of Lemma 2.3 also follows. We now prove existence of the bound B. Let us first assume that I is closed and write
I =P1U---UP, where the P;’s are closed polyhedra.

For each i, T; = {t eR? | ||t]| < 1and 3z, (z.1) € Pi} is a compact polyhedron, and the map f; : T; — R assigning
min{||z||, (z,t) € P;} to t in T; is continuous. Now since T; is compact, f; admits a maximum B; over T;. Then we simply
let B be the maximal B;.

Manuscript submitted to ACM



On the Monniaux Problem in Abstract Interpretation 7

If 7 is not closed, apply the above to I/ = T which yields a bound B’. Then for each ¢, the section of I along t
contains the interior of the section of 7’ along ¢; therefore the bound B = B’ + 1 applies to 7. O

For the reader’s intuitions, note that the last part of this lemma does not hold for more expressive domains. For
instance, consider the hyperbola defined by I = {(x, y) eR?:xy = 1}. Choosing a small x forces to choose a large v,
hence there exist no bound B as stated in the lemma for 7.

It will be convenient for the proofs to consider semilinear sets in cd, by identifying ¢4 with R%, Formally, 7 C cd
is a complex semilinear set if Iy is a (real) semilinear set. Note that this definition is consistent: 7 C R is semilinear if
and only if 7R is semilinear. We will refer to complex semilinear sets as simply semilinear sets when it is clear from the

context.

2.5 The semilinear invariant problem

The problem we study in this paper is the semilinear invariant problem, which asks whether given a linear dynamical
system there exists a semilinear separating invariant. The next section gives high level overviews of the proofs for our

two main results, namely Theorems 1.1 and 1.2.

3 MAIN RESULTS AND PROOF OVERVIEWS
3.1 Undecidability for two matrices

We sketch the proofs of two undecidability results; as an intermediate step and towards the (complicated) proof of
Theorem 1.1, we provide a simpler undecidability result regarding closed semilinear invariants. We will only sketch
proofs in this section and defer the full proofs to Section 4. As it will appear below, it is more convenient here to write
matrix-multiplication from the left, and vectors in row convention. We adopt this convention locally to this proof
overview (Subsection 3.1), as well as in the full proof (Section 4).

We will construct reductions from the w-Post Correspondence Problem (in short: w-PCP), an extension of the well-
known Post Correspondence Problem to infinite words. For a word w we let |w| denote its length, and for i € [1, |w]],
we write w; for the letter of w in position i, so w = wiws . ... We write wy__p for the prefix of w of length n.

An instance of the w-PCP is given by a set of pairs of non-empty words (u/, v%);¢ [1p] over some alphabet . The
objective is to determine whether there exists an infinite word w = wiws ... over the alphabet [1, p] such that the
following equality over infinite words holds: u™u™2 - .- = v™9™2 ... and in that case we say that w is a solution of
(!, Ui)ie[l’p]. A pair (u!,0") is called a tile, see Figure 1 for a graphical representation.

This problem is known to be undecidable [10] even for a fixed p and an alphabet of size 2. For the remainder of this
section, we let p denote the smallest number such that the ©-PCP is undecidable with a fixed number of tiles p. The

latest improvement on this result shows that p < 8 [10].

A first undecidability result for closed semilinear invariants
The first undecidability result we prove is for (topologically) closed invariants: it does not yet imply Theorem 1.1; the
reduction will be further refined later on.

THEOREM 3.1. The semilinear invariant problem is undecidable for closed invariants with p matrices of dimension 3.

Let us consider an o-PCP instance (u?, Ui)ie[l’p]. Without loss of generality the alphabet is ¥ = {0, 2}: this way a

word u = uy ...up € X is encoded as the digits of some real number in [0, 1] in base 4 (with least significant digits to
Manuscript submitted to ACM



8 Fijalkow et al.

a b ab a encode
(O.ababab - 0.ababa ,47° 4_5)
a b a b a
‘add tile apply matrix
a b a b a b a
encode

(O.abababa - 0abababaa , 477, 4’8)
a b a b a b a a

Fig. 1. Encoding using matrices: the partial solution consisting of 3 tiles on the left is encoded as three real numbers on the right
(here a and b are digits). For each tile we construct a matrix such that concatenating the tile on the left is equivalent to multiplying
this vector by the matrix corresponding to the tile.

the right):

n

[u] = Z uid 7k

i=1
The choice of base 4 and digits in {0, 2} instead of the more canonical base 2 is for having a sparse encoding, which will
be useful for defining invariants. A finite word w € [1, p]* induces two finite words u",0o" € =*:
W Wi W

Wp w wi 0 Wy

..U ;0T =0 Wn

u .0

We say that w is a partial solution if either 4™ is a prefix of o™ or o™ a prefix of u™.

We encode w by the vector ([u™] — [0"], 4= 14”1 4=19™1) of dimension 3. Figure 1 illustrates the encoding of «w-PCP.
The remarkable property of this encoding is that adding the tile (1, v’) to w, meaning considering wi, corresponds to
multiplying the vector by a fixed matrix A;. Formally, for a tile (u!,0), we construct a 3 x 3 matrix A; such that

([u™] = [0™], 47,4719 - Ay = (] = [0, 4710,
For a word w € [1,p]* we define A,,: it is obtained by multiplying the matrices A; following w. For instance?
A13422 = A1A3A4A2A;. Note that the set of reachable points from x is {x - A,y : w € [1,p]*}.
Let x = (0, 1, 1), the equality above implies that

x Ay = ([u™] = [0™], 47171 471071,

Let y = (0,0,0). Let us consider the system S = ({Ai}ie[l,p] ,%,1). We now argue the w-PCP instance (u}, Ui)ie[l,p]
does not have a solution if and only if there exists a closed separating semilinear invariant for S.

We first show that the existence of a solution implies the non-existence of closed separating invariants. Considering
the prefixes of a solution of the w-PCP yields a sequence of vectors which converges to the zero vector. In other words,
in that case y is in the topological closure of the reachable set from x. This implies that there cannot exist a closed
separating invariant (semilinear or not).

Conversely, if there is no solution to the »-PCP instance then an application of Kénig’s lemma implies that there

exists abound N € N such that there are no partial solutions of length greater than N. It follows that for any w € [1, p]*

3Here, it is convenient to use row-vectors and multiply from the left, otherwise the order would be reversed, e.g. Aj3420 = A2A2A4A3A;. This is the
reason why we adopt this convention for undecidability proofs.
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On the Monniaux Problem in Abstract Interpretation 9

the first coordinate of x - A,,, which is [u™] — [0"], is lower bounded in absolute value by 4~ From this observation

we can construct a closed separating semilinear invariant (we refer to the full proof for details).

The main undecidability result

The above reduction strongly relies on the fact that if the »-PCP instance has a solution then the target belongs to the
closure of the set of reachable points, since this property implies that there cannot exist a closed separating invariant.

To obtain the undecidability for the class of all semilinear invariants, we refine the reduction above.

THEOREM 3.2. The semilinear invariant problem is undecidable with p + 4 matrices in dimension 8.

Reducing to two matrices

In the reductions above we used p matrices in dimension 3 X 3 and p + 4 matrices in dimension 8 X 8. A standard
transformation reduces the number of matrices by combining all matrices into one large matrix A and adding a shift

matrix Agpift, yielding the following result strengthening of Theorem 1.1.

COROLLARY 3.3. The closed semilinear invariant problem is undecidable with 2 matrices of dimension 3p, and the

semilinear invariant problem is undecidable with 2 matrices of dimension 8(p + 4).

3.2 Decidability for simple linear loops

Our positive result concerns the case of a single matrix, classically called “simple linear loops”. In this case a system
is (x, A, y) and called an Orbit instance, and the orbit of A under x is {A"x : n € N}. The objective is to determine
whether there exists a semilinear invariant, meaning a semilinear set 7 such thatx € 7, A7 C 7,and y ¢ 7. We say
that an Orbit instance (x, A, y) is a reach-instance if y = A™x for some n; since it is decidable in polynomial time [20, 21]
whether (x, A, y) is a reach-instance, we may always assume that the answer is negative. Our decidability results
are only concerned with closed invariants, which is crucial in several proofs. We might sometimes omit the adjective

“closed”, but it is understood that whenever we consider an invariant it is closed.

Theorem 1.2 There is an algorithm that decides whether an Orbit instance with real algebraic coefficients admits a closed
semilinear invariant. Furthermore, for instances with rational inputs it runs in polynomial time assuming the dimension d
is fixed.

Before giving an overview of the proof of Theorem 1.2, we highlight some of the difficulties that occur by discussing

a few examples.

Example 3.4. Consider the Orbit instance £ = (x, A, y) in dimension 2 where

111 =2
A= - ,
212 1
x=(0,1) andy = —%, 0). The orbit is depicted on Figure 2 as the sequence of red dots.
The matrix A is a counterclockwise rotation around the origin with an expanding scaling factor. A suitable semilinear

invariant can be constructed by taking the complement of the convex hull of a large enough number of points of the

orbit, and adding the missing points. In this example, we can take

T = {x,Ax} U Conv ({A"x : n < 7})S,
Manuscript submitted to ACM
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Fig. 2. An invariant for example 3.4.

which corresponds to the shaded region in Figure 2.

Example 3.5. Let us remove the expanding factor from the previous example by considering instead the following

matrix:
1

V5

Now Aj being a rotation of an irrational angle, the orbit of x is dense in the circle of radius 1. It is not too difficult to

1 -2
2 1

A =

prove that there are no closed semilinear invariants (except for the whole space R?) for this instance, for any value
of y. This gives a first instance of non-existence of a semilinear invariant. Many such examples exist, and we will next
describe a more subtle one. Note that natural (non-semilinear) invariants do exist, such as the unit circle, which is a

semi-algebraic set but not a semilinear one.

Example 3.6. Consider ¢ = (A, x,y) in dimension 4 with

A I

Ay =
2 0 A

>

where A; is the matrix from Example 3.5, x = (0,0, 1,0) and y is arbitrary. When repeatedly applying A; to x, the last
two coordinates describe a circle of radius 1 as in the previous example. However, the first two coordinates diverge: at
each step, they are rotated and the last two coordinates are added. Again, it is the case that there are no semilinear

invariants (except again for the whole space R*), but it is much harder to prove than for Example 3.5.

However, even in instances similar to the one above, it may be the case that some coarse information in the input
can still be captured by a semilinear invariant, for instance if two synchronized blocks have some identical components.

Let us illustrate this on an example.

Example 3.7. Consider the Orbit instance £ = (x, A, y) in dimension 8 where

Ay
Az

A=
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x=(0,0,1,0,0,0,1,0) and y = (0,0,0, 1, 0,0, 0, 2). We know from the previous example that when projecting on each
block separately, there are only trivial semilinear invariants. However, there is indeed a semilinear invariant which

exploits the synchronous behavior between the two blocks:
I:{ZGR4:21 223and22224}.

This invariant has the property of being “strongly minimal”: it is contained in any semilinear set J satisfying AJ € J
and A"x € J for some n (this will be defined more formally below).

Let us discuss two more examples having such strongly minimal semilinear invariants.

Aq 0
o -1|

where Aj is the matrix of Example 3.5 and x = (1,0, 1). As we iterate the matrix A, the two first coordinates describe a

Example 3.8. Consider (A, x) in dimension 3 with

A=

circle, and the third coordinate alternates between 1 and —1: the orbit is dense in the union of two parallel circles (see

Figure 3). In this example, the strongly minimal semilinear invariant is the union of the two planes containing these
circles.

‘,.r w\.’
e
N AT

Fig. 3. The minimal semilinear invariant for Example 3.8.

Example 3.9. Consider (A, x) in dimension 8 with

Az 0

A= R
0 -A

where Aj is the matrix from Example 3.6. This can be seen as two instances of Example 3.6 running in parallel.
Let x = (0,0,1,0,0,0,—7,0), and note that both blocks of x are initially related by a multiplicative factor, namely
—7(x1, X2, x3, x4) = (x5, X6, X7, Xg). Moreover, as the first block is multiplied by the matrix A, while the second one is

Manuscript submitted to ACM



12 Fijalkow et al.

multiplied by —A2, the multiplicative factor relating the two blocks alternates between 7 and —7. Hence,
I = {u eR%. (u1, ug, us, ug) = +7(us, ue, u7,u8)},

is a semilinear invariant, which one can prove to be strongly minimal. Note that 7 has dimension 4. If however, we let

x =(0,0,1,0,0,1,-7,0), then the strongly minimal semilinear invariant becomes
I = {u eR®: (us,uy) = t7(u7,u3)},

which has dimension 6. This shows that the strongly minimal semilinear invariant depends on x. Intuitively, in the

second case no semilinear relation holds between (u1, uz) and (us, ug).

Proof overview. To prove Theorem 1.2, we proceed in three steps.

1. Identify positive cases, such as the one in example 3.4, in which semilinear invariants always exist. These instances
are called “simple instances”.
2. Reduce a non-simple instance to a so called “core instance”.

3. Prove that core instances admit only trivial semilinear invariants.

We now provide more details for each step separately.

Positive cases. The positive cases we identify fall into three categories:

(i) There is a Jordan block J whose eigenvalue has modulus > 1 and such that xj # 0 (this is just like example 3.4).
(ii) There is a Jordan block J whose eigenvalue has modulus < 1 and such that y; # 0.
(iii) There is a non-diagonal Jordan block J whose eigenvalue is a root of unity and such that xj 1 # 0, which means
that x has a non-zero coordinate on block J which is not the first one.
We say that an instance is simple if it satisfies one of the three cases above, and that it is non-simple otherwise. In

each of these cases, we rely on the divergent behavior of the orbit to construct a semilinear invariant.
THEOREM 3.10. Simple instances admit semilinear invariants.
While cases (i) and (iii) are fairly straightforward, (ii) is more involved. Details are presented in Section 5.2.

Core instances. We now explain the third step, which amounts to identifying a class of core instances for which no

non-trivial semilinear invariant exist. We say that a pair (x, A) defines a core pair? if

e A is in Jordan normal form.

o All eigenvalues of A have modulus 1.

o No eigenvalue of A is a root of unity.

e Two different Jordan blocks of A are associated with different eigenvalues A # A’, and such that neither their
product nor their quotient is a root of unity.

e For all Jordan blocks J, we have xj 4(7) # 0, meaning the last coordinate of x on each block is non-zero.
Intuitively, in a core pair, no synchronization phenomena may occur, so that there exist only trivial invariants.
THEOREM 3.11. Let (x, A) be a core pair of dimension d. The only closed semilinear set stable under A and containing x

isCq,
The proof of Theorem 3.11 is long and technical, it is the object of Section 6.

4Here, y is irrelevant, so we speak of pairs (x, A) rather that Orbit instances (x, A, y).
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Reductions. The second step hence aims at reducing a non-simple orbit instance (x, A, y) to a core pair (x’, A”). Towards
this goal, we develop different reductions allowing for instance to remove Jordan blocks where x is zero, or to identify
blocks J and J” when the associated eigenvalues A and A" satisfy some equations of the form (14”)" =1 or A = A’". In
essence, this allows to capture linear relations that may hold for x among Jordan blocks with a synchronized behavior,
as in examples 3.6, or 3.9. Figure 4 displays our full pipeline of reductions; formal definitions for all classes of instances

we consider appear in Section 5.3.

non-simple conjugated can decide existence of semilinear
instance (x,A,Y) invariant and compute one if it exists

l taking a large exponent

non-simple conjugated can decide existence of semilinear

aperiodic instance (x,A,y) invariant and compute one if it exists
identifying conjugated blocks

pre-normalized can decide existence of semilinear

instance (x,A,Y) invariant and compute one if it exists

removal of shrinking blocks

\

normalized pair (x,A)

can compute strongly
minimal invariant

removal of last zero coordinate
removal of identity blocks

reduction of equivalent blocks

\/

core pair (x,A) cd strongly minimal invariant

Fig. 4. The pipeline of reductions, from non-simple real orbit instances to core pairs.

This allows us to conclude with the implications on the right-hand-side of the figure. In the statement below,
conjugated instances refer to those instances in Jordan normal form which originate from real matrices; for formal

definition we refer to Section 5.3.

THEOREM 3.12. Assuming Theorem 3.11, there is a polynomial time algorithm deciding whether a non-simple conjugated

Orbit instance admits a semilinear invariant.

Details about reductions and establishing Theorem 3.12 are given in Section 5.3.

4 UNDECIDABILITY PROOFS

The structure of this section follows the outline given in Section 3, we rely on the explanations given there but state
and prove all technical details here.
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4.1 Proof of Theorem 3.1

We start with proving Theorem 3.1: the semilinear invariant problem is undecidable for closed invariants with p matrices
of dimension 3. We refer to Subsection 3.1 for the definition of w-PCP, a sketch of the proofs, and the statements. Recall
that p is the smallest number such that the »-PCP is undecidable with a fixed number of tiles p for an alphabet of size
2; we know that p < 8 [10].

Let us consider an w-PCP instance (u’, 0?);¢ [1p] Over some alphabet ¥ of size 2. A finite word w € [1, p]* induces
two finite words u™, 0" € X*:

u” =u™Mu™ L uMn g oY =M™ oW,

>

We say that w is a partial solution if either u™ is a prefix of v" or v™ a prefix of u™. We state (and prove for the sake of

completeness) a classical lemma on »-PCP.

LEMMA 4.1. Let (4}, v")ie[l’p] be an w-PCP instance and w € [1, p]®.

o The infinite word w € [1,p]® is a solution if and only if all prefixes of w are partial solutions.

o Ifthere are no solutions, then there exists a bound N such that all partial solutions have length at most N.

Proor. The first item is clear, so we focus on the second. We consider the infinite tree with branching [1, p]: the
set of nodes is [1, p]*. We remove from the tree a node w if w is not a partial solution (note that we remove all of the
descendants of w since they are also not partial solutions). Since the w-PCP instance (u?,v’) ie[1,p] does not have a
solution, there are no infinite paths in this tree. The tree is finitely branching, so K6nig’s lemma implies that it is finite.

Let N be the depth of this finite tree, then there are no partial solutions of length greater than N. O

Let us write 0 and 2 for the two letters in 3, meaning ¥ = {0, 2}: this way a word u = u; ...u, € X* is encoded as the
digits of some real number in [0, 1] in base 4 (with least significant digit to the right):

n

[u] = Z uid

i=1
The choice of base 4 and digits in {0, 2} instead of the more canonical base 2 is for having a “sparse” encoding as
explained later. We encode w € [1, p]* by the vector ([u™] — [0"], 4~ 14”1 4=19™1) of dimension 3. The remarkable
property of this encoding is that adding the tile (%, 0?) to w, meaning considering wi, corresponds to multiplying the

vector by the following matrix A;:
1 0 0

A= [ul] a7lul g
—[0] 0 4 lvil
For w € [1,p]®, we write wy_, for the prefix of length n of w. For w € [1, p]* we define A,, as follows: A,y is
obtained by multiplying the matrices A; following w, for instance Aj3422 = A1A3A4A247.
Let x = (0,1, 1). We state in the following lemma the key properties of the encoding.

LEMMA 4.2. Let (uf, Ui)ie[l,p] be an w-PCP instance.
(1) Letw € [1,p]*, we havex - A, = ([u™] — [oW], 4~ ™1 4= 121,
(2) Let us write x - Ay, = (s,¢,d). Then:

o Ifw is a partial solution then |s| < % (c+d).

o Ifw is not a partial solution then |s| > % (c+d).
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3) Let z = (s,c, and a > 0. Let us writez - A; = (s, ¢/, or somei € [1,p]. s| > £ (c+ + a, then
L d) and L ite z - A o d ] pl. T 2(c+d h

|s’| > % (¢ +d)+a.
Proor. We prove the three items.
(1) The calculation for x - A,, is done by induction on w, noting that:

([l =[], a7 L a1 4y = ([uug] = [0™o] 4717 4717,

since [u™u;] = [u™] +471%"[4;] and [0%o;] = [0™] + 412"

(2) Letx - Ay = (s,¢,d).

e Assume that w is a partial solution: either u" is a prefix of 0", or the other way around. Assume the former

[0i].

w‘

holds: we have 0" = u™u’ for some u’. This implies that [0*] = [u™] +4~1“"|[u’]. Since [1’] < 1, we obtain
Is| = [0"] = [u¥]] < 47" = ¢,
In the other case, the same reasoning yields |s| < d. Thus |s| < %(c +d) < % (c+d).

o Assume that w is not a partial solution, and let us write n for the smallest position such that u;’ # v,;’. Then

] - 10" = (@ = o) 5+ > ()=o) =

E.

The choice of base 4 and digits in {0, 2} is all contained in the following calculations. Since u,” # v,” and they

are digits in {0, 2}, we have |u)Y — 0| = 2. For j > n+ 1 we have |u]W - Uj‘."| <2so0

: -1 2 1 2 1
2 g < Ny Ty
j>n+1 70
It follows that
1 2 1
sl=[u”]-["]]|>2- ——-=- —
= 1™ = o] > 2+ - = -
41
T3 o4n
2
> - (c+d).
(c+d)

In the last inequality we use n < |[u"| and n < [0"].
(3) Letz=(s,c,d) and z- A; = (s’,¢’,d’) for some i € [1, p]. Assume that |s| > % (c+d) +a.

Is"| = Is + c[u'] ~ d[o"]]

v

Is| = c[u'] - d[o']
% (c+d)+a—clu'] —d[o}]

(é - [ui])c+(§ - [Ui])d+0{

N —’ S——
2, 4—|ut 2.4-lot
25.4 Jut| >§.4 |0t

[\

> %(c’+d’)+a.

We have used the inequality % —[u] > % - 4714l valid for |u| > 1. Thus |s’| > % (+d)+a.

Let y = (0,0,0). We construct the linear dynamical system S = ({A;}ic[1,p] % Y)-
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LEMMA 4.3. The w-PCP instance (u',0");¢ [1p] does not have a solution if and only if there exists a closed separating

semilinear invariant for S.

Proor. We distinguish two cases.

e Either the »-PCP instance (u/, Z)i)ie[l"p] has a solution w € [1, p]®. Thanks to Lemma 4.2 we have that for all
neN,

XAy, = ([uMen] = [o"n], 471 glomenly

Since w is a solution, wi__p is a partial solution, so again thanks to Lemma 4.2:

2 Wl..n —loWi..n
|[uW1__>n] _ [vwln“ < 5 (4—|u 1... |+4 |o™L... |))

implying that limp, x - A, , = (0,0,0) = y. In other words, y € {x - A,, : w € [1, p]*}, the topological closure of
the set of reachable points from x.

Note that an invariant set 7 for S containing x also contains the set of reachable points from x. If additionally 7
is closed, then it contains its closure, hence it contains y. Thus there are no closed semilinear invariants for S.

(Note that we did not use semilinarity here.)

Or the w-PCP instance (u!,0%);¢ [1p] does not have a solution. Thanks to Lemma 4.1 there exists a bound N such

that all partial solutions have length less than N. Let
2
a =min{|s| ~3 (c+d):x-Ay=(s,c,d) and |w| = N},

thanks to Lemma 4.2 we have a > 0.
Let us define the sets

I {x-Ay:|w| <N},
1 {(s,c,d):|s|2%(c+d)+a},
I = 1NLUI,.

We argue that I is a separating closed semilinear invariant. It is easy to see that 7 is closed, semilinear, contains

x, and does not contain y. We show that I is indeed an invariant: let z € 7, we show that z - A; € 7. We

distinguish two cases.

- Either z € I, meaning z = x - Ay, for |[w| < N. Then z- A; = x - Ay;. If |[w| < N — 1, then |wi| < N, so
z+Aj = x - Ay € I1. Otherwise |wi| = N, let us write z - A; = (s, ¢, d). Since there are no partial solutions of
length N, thanks to Lemma 4.2 and the definition of & we have |s| > % (¢ +d) + . This shows that z - A; € 1.

— Or z € 1. Thanks to Lemma 4.2 we have z - A; € I5.

4.2 Proof of Theorem 3.2

For technical convenience it will be useful to use affine transitions instead of linear ones; an affine transition is of the

form z < z - A + a for a matrix A and a vector a. A classical transformation reduces affine transitions to linear ones by

adding a single dimension, as stated in the following lemma.

LEMMA 4.4. Let S be a dynamical system with affine transitions in dimension d, we can construct a linear dynamical

system S’ in dimension d + 1 such that there exists a (semilinear) separating invariant for S if and only if there exists a

(semilinear) separating invariant for S’ .
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We work in dimension 7, and divide a vector z = (s, ¢, d, n, u, v, m) in two blocks: (s, ¢, d, n) and (u, v, m). Let us define

operations on each block:
e Resetting (s, ¢, d, n) is to perform the following operations, abbreviated Reset(s, c, d, n):
s—0;ce—1;de—1;n0.

We say that (s, ¢, d, n) is “reset” if (s, ¢,d, n) = (0,1, 1,0).
e Simulating i on (s,c,d, n) is to perform the following operations, abbreviated Simulation; (s, c, d, n), where

m = max(|uil, [0i]):
s — 4™ (s+ [ui]c - [0i]d) ; ¢ — 4™ Mle, g gm=loilg, e pyo.
o Resetting (u, v, m) is to perform the following operations, abbreviated Reset(u, v, m):
Uu—0;0«0; me<0.
We say that (u, v, m) is “reset” if (u,0,m) = (0,0, 0).
We can now define the transitions.

e For each i € [1, p], the transition t; does the following: Simulation; (s, ¢, d, n) ; Reset(u,v, m).

o The transition fiansfer does the following: u < 3s — 2c — 2d ; v « —3s — 2c — 2d ; m < n; Reset(s,c,d, n).
o The transition tjycrease(u) does the following: Reset(s,¢,d,n) ; u < u+1.

e The transition tjy rease(v) does the following: Reset(s,c,d, n) ; v « 0 + 1.

e The transition tgecrease(m) does the following: Reset(s, ¢,d,n) ; m « m — 2.

For a word w € [1, p]* we write t,, for the composition of the transitions #; following w: for instance t1423 = t1t4t213.
Letx = (0,1,1,0,0,0,0) and y = (0, 1,1,0,0,0, 1). We consider the system

S= ({ti tie [, P]} U {ttransfep lincrease (u)» tincrease(v)> tdecrease(m)} X, i/\) .

LEMMA 4.5. The w-PCP instance (u’, Ui)ie[l’p] does not have a solution if and only if there exists a separating semilinear

invariant for S.

Since S uses affine transitions in dimension 7, we obtain an equivalent system using linear transitions in dimension 8

using Lemma 4.4.

Proor. We distinguish two cases.

e Either the o-PCP instance (u/, vi)ie[l’l,] has a solution w € [1, p]®. Let us consider a semilinear invariant J for
S containing X, and show that it necessarily contains .
Letus consider theset 7/ = {m € R : (0,1,1,0,0,0,m) € I }.Itis semilinear by closure under sections (Lemma 2.3).
We argue that it contains all even natural numbers.
Let n € N. Starting from X and applying the transitions ty,, t,, . .., t,, we reach (sp, cp, dp,2n,0,0,0) with
Sn» Cn, dn € Z satisfying |s,| < % (cn +dp). Then applying the transition fynsfer We obtain (0, 1,1, 0, up, vp, 2n)
with up, v, € Z satistying up < 0 and v, < 0. From there applying the transitions fncrease(u) €xactly —un times
and fincrease (o) €xactly —vy, times yields (0,1, 1,0,0,0, 2n). Since 1 is invariant and contains x this implies that
(0,1,1,0,0,0,2n) € I,so2n € I’.
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Since any infinite semilinear set in dimension 1 over the reals must contain an odd natural number, it follows
that 7 contains (0,1,1,0,0,0,2m + 1) for some m € N. Indeed, a semilinear set in dimension 1 is a finite union
of intervals, so if it contains all even natural numbers then it must contain at least one odd number. Applying
the transition fgecrease(m) €Xactly m times this implies that I contains § = (0,1, 1,0,0, 0, 1). Thus there are no
separating semilinear invariants for s.

Or the w-PCP instance (u, Ui)ie[l,p] does not have a solution. Thanks to Lemma 4.1, there exists a bound N

such that all partial solutions have length less than N. Let us define

I = {tw(X):we[1p]* with|w| < N, and (u, v, m) is reset},

L, = {z s > % (c+d) and (u,0, m) is reset},

Iz = {z:(m<0orme2-[0,N]oru>0oro>0),and (s,c,d,n) is reset},
I = LN[Ululs.

We argue that 7 is a separating semilinear invariant for S. First T is semilinear, contains ¥ (because 7; does) and
not ¥.

We show that 7 is invariant. Let z = (s,c,d, n,u,0,m) € I, in the following case distinction we write ¢(z) =
(s',¢’,d’,n’,u’,v’,m’"). We distinguish three cases, and for each consider all types of transitions:

- If z € I3, then z = t,,(X) for some w € [1, p]* with |w| < N.

x For i € [1,p], we have t;(z) € I7 or tj(z) € Ip: if |[w| < N — 1 then t;(z) = ty;(X) € I; since |wi| < N,
otherwise |wi| = N and since there are no partial solutions of length N, wi is not a partial solution so thanks
to Lemma 4.2 we have |s’| > % (¢’ +d’), implying that t;(z) € I5.

x We have tiansfer(z) € Z3:sincen € 2- [0, N] we have m’ =n € 2- [0, N].

* We have lipcrease(u) (2) € Z3: we have m = 0 so m’ = 0.

* We have tipcrease(v) (2) € I3: we have m = 0 so m’ = 0.

* We have tgecrease(m) (2) € J3: we have m = 0 so m’ = —2.

- Ifz € Ip, then |s| > % (c+d).

* Fori € [1,p], we have t;(z) € I5: thanks to Lemma 4.2 because (u, v, m) is reset.

* We have tiansfer (2) € I3: either u” > 0 or v’ > 0.

* We have tincrease(u) (2) € Z73: we have m = 0 som’ = 0.

* We have fipcrease(v) (2) € I3t we have m = 0 so m’ = 0.

* We have lqecrease(m) (2) € I3: we have m = 0 so m’ = —2.

- Ifze I3,thenm <0or (me2-[0,N])oru>0orov>0.

* For i € [1,p], we have t;(z) € I7: indeed t;(2) = t;(X).

x We have tipansfer(z) € Z3:indeed n =0 so m’ = 0.

* We have tincrease(n)(2) € I3: indeed m < 0orm € 2 [0,N]oru > Ooro > 0,s0m’ < Oorm’ €
2-[0,N]oru’ >0o0ro” > 0.

* We have tinrease(0) (2) € J3:indeed m < 0Oorm € 2-[0,N]oru > Oorv > 0,som’ < Oorm’ €
2-[0,N]oru’ >0o0ro” > 0.

* We have lgecrease(m) (2) € J3:indeedm < 0Oorm € 2- [0,N],som’ <0orme€2-[0,N —1].

It follows that 7 is a semilinear invariant for S.
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4.3 Proof of Corollary 3.3

Consider a linear dynamical system Sy = ({Ai};e[1,p], . y) in dimension d, we construct a second linear dynamical
system Syq = ({A, Ashit}» x’,y’) in dimension pd using only two matrices such that there exists a (closed, semilinear)
separating invariant for Sy if and only if there exists a (closed, semilinear) separating invariant for Sg

We let I; denote the identity matrix of size d X d, 04 4 the zero matrix of size d X d’, and 04 the zero vector of size d.

In particular for d’ = 1 we write 04 for the zero vector of size d. We now define A and Agp;:

A e 0 0ga Ig 04,4
Ay :
A= s Ashift =
: E Iy
0 - Ap I 0d.d

Forze R andi e [1, p], the ith shift zli € RP9 of 7 is
Oa(i-1)
= z
Od(p-i)
Note that zV - Agyip = 2L (2 m0d P)+1 jystifying the name “shift”.
We let ¥’ = x!! and ¢/ = yil.

LEmMaA 4.6. Let Sy be a linear dynamical system using p matrices, the linear dynamical system Spq constructed above
satisfies the following: there exists a (closed, semilinear) separating invariant for Sy if and only if there exists a (closed,

semilinear) separating invariant for Spq

PRrOOF. Let I be a separating invariant for S;. Let
p .
J=U{zl’eRPd:zeI}4
i=1

We argue that J is a separating invariant for S,; Clearly x” € J and y’ ¢ J. Let e Jforie |1, pl, then
ZH - Agyg = 2V mod P+ whichisin J, and 2V - A = (z- 4)Y € J isalsoin J. Thus J is a separating invariant
for S4, and it is closed and semilinear if 7 is closed and semilinear.

Conversely, let J be a separating invariant for Spq. Let
I={26Rd:zil ej}.
We argue that 7 is a separating invariant for S;. Clearly x € 7 andy ¢ 7. Let z € 7 and i € [1, p], we show that
z-Ai€ Y, e (z-Al-)ll € I.We have
e = a4 Al e 7

since z!! and 7 is invariant under A and Aghift- Thus 7 is a separating invariant for Sy, and it is closed and semilinear if

J is closed and semilinear. m|

Corollary 3.3 directly follows:
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e Theorem 3.1 yields undecidability for p matrices of dimension 3, and using Lemma 4.6 this implies undecidability
for 2 matrices of dimension 3p.
e Theorem 3.2 yields undecidability for closed invariants for p + 4 matrices of dimension 8, and using Lemma 4.6

this implies undecidability for 2 matrices of dimension 8(p + 4).

5 DECIDABILITY PROOF: REDUCING TO CORE INSTANCES

This section details the two first steps in our proof of Theorem 1.2. Section 5.1 introduces some terminology about
reductions and Jordan normal form. Then in Section 5.2, we eliminates simple instances, thereby proving Theorem 3.10.

Last, in Section 5.3, we proceed to reduce from real non-simple instances to core pairs, establishing Theorem 3.12.

5.1 Reductions and Jordan normal form

Reductions between Orbit instances. Recall that an Orbit instance is (x, A, y) where x is the initial vector, A is a matrix,
and y the target vector.

A reduction from a class of Orbit instances C to another class of Orbit instances C” consists of the following:

e A function R mapping an Orbit instance £ € C to an Orbit instance R(¢) € C’.
e For each Orbit instance ¢ € C, a function ¢ mapping any semilinear invariant J of ¢ into a semilinear invariant
¢(I) of R(?).

e A function y mapping any semilinear invariant 7’ of R(¢) into a semilinear invariant /(7”) of £.

We say that the reduction is polynomial time is all involved functions are computable in polynomial time. Clearly, if C
reduces to C’/, then for all £ € C, we have that £ and R(¢) are equivalent: one admits a semilinear invariant if and only if
the other one does.

We will also consider reductions where we construct many Orbit instances instead of a single one; the definitions

above are easily adapted to this scenario.

From real to complex orbit instances. 1t is crucial in our proof to reduce a matrix to its Jordan normal (recalled below).

This requires working with complex semilinear invariants, which is not an issue thanks to the following Lemma.

LEmMMA 5.1. There exists a polynomial time reduction from real Orbit instances to complex Orbit instances using complex

semilinear invariants.

ProoF. Let £ = (x, A, y) be a real Orbit instance. We show that ¢ admits a real semilinear invariant if and only if
it admits a complex one. Let I be a real semilinear invariant for £ and let 7/ = {z €C%:Re(z) € T andIm (2) = O},
Then 7" is a complex semilinear set, x € I’, y ¢ I’ and A7’ C I’ so it is complex invariant for ¢£. Conversely, let 7 be a

complex semilinear invariant for £ and let 7’ be the section of 7 along the real numbers:
I’ = {UERdZHZEI,UIRe(Z) and Im (z) :O}.
Then 7’ is a (real) semilinear set by Lemma 2.3, x € I’ since x is real, y ¢ I’ for the same reason and A7’ C I’ since

A has real coefficients. Therefore 7’ is a (real) semilinear invariant for £. O

Jordan normal form. Recall that every matrix A can be written in the form A = Q~1JQ, where Q is invertible and J is in
Jordan normal form (JNF), meaning that J is a diagonal block matrix where the blocks (called Jordan blocks) are of the
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form:

1

A
The complex number A is an eigenvalue of A. We will sometimes use notation J;(A) for the Jordan block of size d with
eigenvalue A. A Jordan block of dimension one is called diagonal, and A is diagonalisable if and only if all Jordan blocks
are diagonal. Note that the transformation into the Jordan normal form can be performed in polynomial time [3, 4].

The following convenient lemma states that changes of bases define structured reductions.

LEMMA 5.2. Consider a class of Orbit instances C along with a fixed invertible matrix Qp for each ¢ = (x,A,y) € C,
computable in polynomial time. There is a polynomial time reduction from C to C’ = {(Q;lx, Q;lAQg, Q;ly) | ¢ =
(x,Ay) € C}.

ProoF. Fix £ = (x,A,y) € C and let Q denote Q¢ and ¢ = (Q™'x,071AQ,071y) = (x", A", ¢).

Let I be an semilinear invariant for £: x € 7,AT C T andy ¢ 7. Let I’ = Q7 '7. Thenx’ = Q" 'x e Q717 = I/,
likewise y’ = Q 'y € I’ and A’T' = Q7'AQQ~'T = Q71AT € Q7'7 = I"’. Therefore I’ is a semilinear invariant for
’. Conversely, given a semilinear invariant 7’ for ¢/, the proof that 7 = QI is a semilinear invariant for £ follows

exactly the same lines. O

Notations regarding coordinates and Jordan blocks. When A is in JNF, we index the d coordinates in the matrix A by
pairs (J, k), where J ranges over the Jordan blocks of A and k € {1,...,d(J)}, with d(J) being the dimension of the
Jordan block J. For instance, if the matrix A has two Jordan blocks, J; of dimension 1 and J5 of dimension 2, then the
three dimensions of A are (Ji, 1) and (J2, 1), (J2, 2).

For z € C¥ and a subset S of dimensions, we let zg be the projection of z on the dimensions in S, and extend this
notation to matrices. For instance, zj € €/ is the vector corresponding to the dimensions of the Jordan block J, and
zj > is its projection on the coordinates of the Jordan block J whose indices are greater than k. We write S€ for the

dimensions which are not in S. We also write 7g : cd > S , where S is a set of coordinates, for the projection z - zg.

Conjugated instances. We say that a matrix A is conjugated if it is in JNF and there is an involution J + J* between its
Jordan blocks such that for all blocks, Ay = A}. We say that an orbit instance (x, A, y) is conjugated if A is conjugated
and moreover for all blocks J we have x;+ = xj and yj = yj.

The generalized eigenspace theorem states that for real matrices A, there is an invertible matrix Q such that

[T, (A1)

Ta, (r)
Tar ()

~140 =
e Ja; (A7)

T (A5)

Ja, (A5}
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where the A;’s are real and the A’s are non-real. Moreover, Q and 07! are of the form

7y

T
T/

_ ’ % ’ /% -1 _
o=[a . o @ o oo o] e =l

I
*
75"}

where the Q;, T;’s are matrices and all above matrices can be computed in in polynomial time [3, 4]. We give a more
detailed proof of this fact in Appendix D. Now if x and y are taken to be real vectors, it follows that the Orbit instance
(07 1x,071AQ, 0~ ly) is conjugated. Combining this observation with Lemma 5.1 and 5.2 we obtain the following.

COROLLARY 5.3. There is a polynomial time reduction from real Orbit instances to complex conjugated instances in JNF.

5.2 Positive cases
We now eliminate some positive cases. Recall that an Orbit instance ¢ = (x, A, y) is simple if either

e there is a Jordan block J whose eigenvalue has modulus > 1 and such that x; # 0; or
e there is a Jordan block J whose eigenvalue has modulus < 1 and such that y; # 0; or

e there is a non-diagonal Jordan block J whose eigenvalue is a root of unity and such that x7 > # 0.

The goal of this section is to establish the following result.
THEOREM 3.10. Simple instances admit semilinear invariants.
It is naturally broken into three parts which correspond to the three cases above.
5.2.1 Some eigenvalue has modulus greater than 1. We start with a simple technical lemma.

LEMMA 54. Letxi,...,xn € Candps,..., pn € (0,00). If Conv ({x1,...,xn}) contains an open ball centered at 0 then

Conv ({p1x1, ..., pnXxn}) contains an open ball centered at 0.

Proor. Let C = Conv ({x1,...,xp}) and C’ = Conv ({p1x1, ..., pnXn}). Assume that B(0,¢) C C and let z € B(0, ¢).
Then there exists a1, ..., an € [0, 1], such that 3.7 | ajx; = zand 37 a; = 1. Let y; = %: andT = Y7, y;. Let o] = %,
then a € [0,1] and X7, &} = 1 by definition. Therefore X7, ap;x; € C" but X7 aipix; = 11- >, aixi = & This
shows that B(0, ) = %B(O, £) CC. O

LEMMA 5.5. Let A be a complex non-real number and x be a non-zero complex number. Then there exists n € N such that

Conv ({Aix : i € [0,n]}) contains an open ball centered at 0.

Proor. Let a = ﬁ which is also non-real. We claim that there exists n such that C,, := Conv ({ai :i€[0,n] })
contains an open ball B(0, ¢) for some ¢ > 0. Indeed, let @ = Arg («) where Arg (-) € (-, ] denotes the principal
argument. Then 6 ¢ {0, r} since « is not real.
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o If 0 ¢ 7Q then {ai (i€ N} is dense in the unit circle. Therefore for sufficiently large n, C, contains four points
at distance at most % from 1, i, —1 and —i. The resulting four points will then form a polygon that contains the
open ball B(0, \/LE)

o Otherwise, the set {ai tie N} is finite and equal to the group of the n'” roots of unity for some n > 3 (n # 1,2
for otherwise 6 € {0, }). Therefore, C, is a regular polygon with n faces, centered at the origin, so it contains

an open ball of radius 1/2, centered at the origin.

It follows by Lemma 5.4, for p; = |A!| > 0, that C/, := Conv ({/li :i €0, n]}) contains an open ball B(0, ¢’) for some
&’ > 0. But then, Conv ({)Lix 1i€ o, n]}) = Cpx D B(0,¢")x = B(0, ¢’|x|) which is open since x # 0. O

LEMMA 5.6. Let A be a complex non-real number of modulus greater than 1 and x be a non-zero complex number. Then

the sequence of polyhedra (Conv ({)\.ix :ie [0,n] }))nEN is strictly increasing and its union is C.

Proor. Let C,, = Conv ({Aix :ie[0,n] }) for all n € N. To see that the sequence is strictly increasing, observe that
for all n in N, we have C,, € B(0, || - |x|). It follows that A"*!x is not in Cy,. To see that its union is C, apply Lemma 5.5

to get ng such that Cy,, contains an open ball B(0, ¢) for some ¢ > 0. Then note that for any n € N,
Cngn 2 Conv ({Ano”x cie o, n]}) = 2%Cp, o 2KB(0, €) = B(0, |A[Fe).
This concludes because the union of all such balls for n € N is C since |A| > 1. O

THEOREM 5.7. Let £ = (x, A, y) be a non-reach Orbit instance in JNF. If there exists a Jordan block ] associated with an

eigenvalue whose modulus is greater than 1 and such that xj # 0, then there exists a semilinear invariant for £.

On an intuitive level first: some coordinate of (A"x),en diverges to infinity, so eventually gets larger in absolute
value than the corresponding coordinate in y. This allows us to construct an invariant for ¢ by taking the first points
and then all points having a large coordinate in the diverging dimension. For the invariant to be semilinear we consider

the complement of the convex envelope of an initial segment of points.

Proor. We distinguish two cases. Let (J,s) denote the last coordinate of the Jordan block J such that xj; # 0;
observe that (A"x); s = A"xj ;.

e Suppose that A is a real number.
For all n € N, we have (A"x) s = A"x s, so it diverges to infinity in modulus. It follows that there exists ng in N
such that [(A™x) | > 2v2 - lyys|. Let

I = {x,Ax,...,A""_lx} U {z ec?. Re (z75) | + |Im (2),5) | > 2|y],s|}.

We argue that 7 is a semilinear invariant for £. The non-trivial point is that 7 is invariant under A. First, A™x is
in I because
1
[Re ((A™x)75)| + [Im ((A™x) 1 5)| = 5 [(A™x)ys] > 2]y sl.

Then, let z € C¥ such that ’Re (z],s)| + |Im (z],s)| > 2|y |, we have that (Az); s = Az, so since A is real,

[Re ((A2)7,5)] + [Im ((Az)7)| = Al ([Re (z7,5)| + [Im (z76)]) > 2lyzsl;

thus Az isin 7.

e Suppose that A is not a real number.
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For any n € N, let C,, = Conv (~{/1ix],S ci€[1,n] }) By Lemma 5.6, the sequence (Cp),en of polyhedra in C is

strictly increasing and its union is C. Let ng in N be such that y; s is in the interior of Cp,. Finally, let
I:{x,Ax,...,A"Ox}UI_’, wherePz{zECd:z],ssécno}.

Note that 7 is a closed semilinear set. We argue that I is a semilinear invariant for £. The non-trivial point is
that 7 is invariant under A.

We first need to prove that A™*x is in 7. We have (A™*x); ¢ = A™*1x; , which is not in Cp, because
Cny+1 = Conv ({/1"°+1x],s} U Cp,) and we have argued that the sequence (Cp)nen is strictly increasing. Thus
Am*ly e pcPCT.

Second, we will show that AP C 1_3; by continuity of matrix multiplication, it is sufficient to show that AP C P.
Letz € P, ie zj5; ¢ Cp, and assume towards contradiction that Az ¢ P, i.e. (Az);s € Cp,. But note that

(Az)js =Azjss0z55 C A_lcno. However,
/1_1CnU = Conv ({/lix],s :ie [0, no]}) = Conv ({x],s} U Cny—1) € Cn,
by convexity, since xj s € Cp, and the sequence (Cp),, is increasing. Hence, zj s € Cp,, a contradiction. O

5.2.2  Some eigenvalue has modulus less than 1. We now move on to the second case, which is the most involved of the

three. We start with a simple lemma.

LEMMA 5.8. Let A be a complex non-real number of modulus less than 1 and x be a non-zero complex number. Then
the sequence (Conv ({A'x : i € [0,n]}))
neighbourhood of 0.

nen Of polyhedra in C is ultimately constant, and its union contains an open

Proor. Let C,, = Conv ({Aix cie [0,n] }) for all n € N. Apply Lemma 5.5 to get ng such that Cy,, contains an open
ball B(0, ¢) for some ¢ > 0. Since || < 1, there exists n; > ng such that |A|™ - |x| < ¢. Note that C,, C B(0, |x|) for all n
since |A| < 1. Therefore,

AMC, € AMB(0, |x|) = B0, [A™] - |x|) € B(0,¢) C Cp,.

It follows that for any n > ny,

Cp, € Cp = Conv (Cn1 U™ Cn_nl) C Conv (Cn1 U Cno) =Cp,. O

1
The following lemma is the cornerstone for this section.

LEMMA 5.9. Lete > 0 and A € C with |A| < 1. There exists a convex closed semilinear set I C B(0,¢) € C? which is

invariant under the Jordan block J;(A) and contains B(0,¢’) for some 0 < ¢’ < ¢.

Proor. We let J denote J;(1). Note that |z| < |[Re (z) | + |Im (z) | < V2|z| for any z € C. We first treat the case
where A € R. Let
I= {z e C?.Vie [1,d],[Re (z) |+ [Im (z:) | < e(1 - |)L|)i} C B(0, ¢).
Then B(0, (1 — |A|)?//2) C I. We show that J7 C I.Let z € 7. Then (Jz); = Azg, so since A is real |Re ((Jz)4) | +
IIm ((J2)a) | < 1A(|Re (zq) | +Im (zq) |) < £(1 = [A)?. Now if i < d, (J2)i = Azi + zis1, 50
[Re ((J2):) | + Im ((J2);) | = |ARe (2;) + Re (ziv1) | + [AIm (2;) + Im (241) |
< |A(Re (2:) | + [Im (2:) [) + (IRe (zi41) | + [Im (zi41) )

< Ale(1 =AD" + (1= AN = 2(1 - A"
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Hence 7 is invariant under J, which concludes this first case.

We now assume that A ¢ R, and prove the result by induction on d. We start with the base case d = 1. Fix u € C of
modulus ¢, for instance u = ¢. By Lemma 5.8, there exists n such that 7 := Conv ({)Liu :i€[0,n] }) contains an open
ball centered at 0 and Conv ({/liu 1i € [0,m] }) = 7 for all m > n. Since the extremal points of 7 are of the form Ay, of
modulus |A|’e < &, it holds that 7 C B(0, ¢). Finally,

]I=Conv({liu (i€ [l,n+l]}) c Conv({liu (i€ [0,n+1]}) =171.

Ford > 1, let ¢ > 0 to be fixed later on. By induction, there exists a convex closed semilinear subset 7’ of cd-1,

invariant under J;_1(A4), and such that
B(0,¢") c I’ € B(0,¢') c c1, (1)

for some ¢’ > 0. Intuitively, we want to define 7 of the form 7 = C X 7’ for some semilinear set C C C. Note that the

action of J on such a set satisfies
JCxINCAC+m(I)) X Jg_1MVI' € (AC+m(I") x I'.

Therefore we want to find C such that C € AC + 71(Z”). The idea to find C is to start from an arbitrary point u and
then add what we need until the set is stable. We will then see that this process converges (after infinitely many steps)
so, that eventually (after n steps), all those sets are contained in a small ball. We then define C to be the convex hull of
the first n sets: the first n — 1 sets will be stable by construction, and the the last element will be contained in the small
ball, itself contained in Conv ({Aiu :i€[0,n] }) thanks to Lemma 5.8.

Formally, let u be a complex number of modulus /2, for instance, u = ¢/2 € C. By Lemma 5.8, there exists ny such
that Conv ({Aiu :ie [0, no]}) contains an open ball B(0, §) for some § > 0. Let ¢’ = |1 — A|6/4 and 7’ defined as in (1).
Note that B(0,5) € Conv ({Aiu :i e o, no]}) C B(0, |u]) = B(0,¢/2) s0 8 < ¢/2,and ¢’ < §/2 < &. We then let

Co = {u}, and Cpy1 = ACp + 11 (1)
for all n € N. Since for convex sets S and reals a, b it holds that aS + bS = (a + b)S, it follows from convexity of 7 ()

that for all n € N,

n

on 1-4 ,
Cp=A"Co + ) m ().
Recall that 7/ C B(0,¢”) so w1 (Z”) C B(0, ¢’) and therefore
n 1-A" ’ n 1-A",
Cn C |A™B(0, |u]) + T3 B(0,¢") € B0, |A|"|u| + €] 2)

Since [A["[u] + |i 2¢

’
1-1]

1-A

& — ﬁ as n — oo, there exists n; > ng such that C,, C B (O, I ) = B(0,6/2) forall n > ny.

We now define

I =CxI’, whereCzConv(COU---UCnl).

It is clear that J is a convex closed semilinear set. We now claim that:

e 7 C B(0,¢): we have that 7/ C B(0,¢”) C B(0,¢) by construction, and C C B(0, ¢) by (2) since for all n € N,
1 _)hn

1-4

4 e
A u| + —_— < =+ =
[A]"|ul - <z2%2

e < |ul+2

since § < ¢/2 as argued above. This concludes because B(0, ¢) X B(0, ¢) = B(0, ¢) for the infinity norm.
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e [ contains the open ball B(0, §): we have that B(0, ) € Conv ({)Liu :ie o, no]}) by construction. Furthermore,
A"u € Cp, because 0 € I’ hence 0 € x(I’) therefore Cpy1 = ACy + n(I’) 2 ACy for all n. It follows that C
contains {Aju :j € [o, nl]} and this concludes because n; > ngy and C is convex.

7 is stable under J: recall that

JI=J(CxI)CAC+m(I") X Fy_1(MVI' C(AC+m(I))yx I’

since 7’ is stable under J;_;(A). Therefore it suffices to show that AC + m1(Z’) C C. We first claim that
ACp + (L") C C for all n € [0,n1]. Indeed, for n € [0,n; — 1], we have AC,, + m1(Z’) = Cp+1 C C since

n+1 < ny. And for Cy,, we have
ACp, +m1(Z") € B(0,|A|8/2) + B(0,¢") € B(0,8/2+¢") € B(0,5) € Conv ({Aiu cie|o, no]}) cC

by (1), (2) and the definition of ny, the convexity of C and the fact that ny > no.

Now let x € AC + 1 (I”) and write x = /12220 aix; +y where Z?:lo =1L,x€CyU---UCp andy € my(I"). We
can rewrite x as x = Z?zll ai(Ax; +y). Observe that for each i, x; € C; for some j so Ax; +y € ACj + 11 (I’) € C
by the above. Therefore, x € Conv (C) = C. O

We may now prove the following theorem.

THEOREM 5.10. Let £ = (x, A, y) be a non-reach Orbit instance in JNF. If A has a Jordan block ] associated with an

eigenvalue whose modulus is less than 1 and such that y; # 0, then there exists a semilinear invariant for f.

PROOF. Let ¢ = ||ys||/2. Thanks to Lemma 5.9, there exist ¢’ > 0 and a closed semilinear set J C c4U) sych that
JI € T and B(0,¢) C I C B(0,¢). Now (A"x); — 0, so there exists ng such that (A™x); € B(0,¢") C 7. Hence,
{x,Ax,...,A"O_lx} U {z ecd 12y € I}
is a semilinear invariant for ¢. O

5.2.3 Some non-diagonalisable eigenvalue is a root of unity. We now move on to the third positive case.

THEOREM 5.11. Let £ = (x, A, y) be a non-reach Orbit instance in JNF. If there exists a non-diagonal Jordan block |

associated with an eigenvalue which is a root of unity and such that xj 1 # 0, then there exists a semilinear invariant for {.

Proor. Let m be such that A™ = 1, and let (J, s) be the maximal coordinate such that x ; is non-zero. We rely on the
divergence of the coordinate (J, s—1) to construct an invariant. For any n € N, we have (A"x); 1 = A"x],s_1+n2"_1x]’s

and (A"x)js = A"xjs. Recall that z* denotes the complex conjugate of z € C. Hence,
Re (AM(A™x)75-1(A"x)s") = Re (Axy5-1x75") + n|x],s|2,

which goes to infinity when n grows. Note that this condition is quadratic, however since (A"x); s = A"x; s only takes

a finite number of values, we will be able to construct a semilinear set from it. Let ny be such that
M :=Re (A(A™x)]5s-1(A™x);s") > Re (Ayjs-1y5s") -

Finally, let

m—1
I = {x,Ax, .. .,A"O_lx} U U 1, where J; = {z ecd . Zjs = )Lix],s and Re (/12]!3,12],5*) > M} .
i=
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It is clear that x € 7 and y ¢ 7. Each J; is semilinear because the second condition is actually semilinear assuming
Zjs = /lixjss. There remains to see that A" x € I, 104 - Indeed, (A™0x); ¢ = A™0xy o = A mod m
defined M above so that Re (Azjs_1z]*) > M for z = A™x. Now if z € I;, we obtain that (Az); = Azjs = A*1x),

and

xj,s and we have

Re (A(Az)]’s_l(AZ)]’s*) =Re (/12]’5_12]’3*) + |Z]’s|2 > M+ |Z]!s|2 >M

so Az € Ijy1 if i < m,and Az € I if i = m (since A™ = 1). Hence 7 is invariant under A. m]

We conclude with Theorem 3.10 by combining Theorems 5.7, 5.10 and 5.11.

5.3 From non-simple real instances to core pairs

We now present our sequence of reductions moving from non-simple real Orbit instances to core pairs. The goal of this
section is to establish the following result, which assumes that the only semilinear invariant for a core instances of

dimension d is C¥.

THEOREM 3.12. Assuming Theorem 3.11, there is a polynomial time algorithm deciding whether a non-simple conjugated

Orbit instance admits a semilinear invariant.

Figure 5 recalls our pipeline of reductions; we now include detailed definitions of the classes of instances (and pairs)
that we consider.

This section is broken into four parts which correspond to the four downwards arrows in Figure 5.

Ensuring aperiodicity. We say that two complex numbers are equivalent if their quotient or their product is a root of
unity. We say that a matrix A is aperiodic if any two equivalent eigenvalues are in fact equal, and if any eigenvalue
which is a root of unity is in fact 1. Note that choosing m to be a common multiple to all orders of roots of unity that
occur as eigenvalues or quotients or products of eigenvalues, we get that A is aperiodic.

We obtain the following reduction.

LEMMA 5.12. There is a polynomial time reduction from a non-simple conjugated Orbit instance to many non-simple

conjugated Orbit instances which are aperiodic.

ProOF. Let (x, A, y) be a non-simple conjugated Orbit instance, and let m be such that A™ is aperiodic. For each
ke{0,...,m— 1}, set (x’,A;C, yl'c) = (Akx, A™,y). By Lemma A.2 proved in Appendix A, m is indeed polynomial. We
now prove that (x, A, y) admits a semilinear invariant if and only if for all k, (xI’C,A;C, yl’c) does.

Let J be a semilinear invariant for (x, A, y). Then by an easy induction, A1 C 7, and clearly Akx € T for all k and
y ¢ 1 by assumption. Hence, for all 0 < k < m — 1, it holds that 7 defines a semilinear invariant for (xI’C,A;C, yl’c).

Conversely, consider a family of respective semilinear invariants (7 )o<k<m-1 for (x;. AL, Y} Jo<k<m-1- Then for
all k, let

Iy ={z| AFz e I},

Note that for any element z € 7; we have A¥z € 1]/ thus Amtk s ¢ A™I] C I’k and therefore A™z € Ii.. Hence, I, is

m-—1
=)
k=0

stable under A™, and so the same holds for
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.‘)\J‘<l = y; =0

o[ \j[>1 = 2;=0 non-simple conjugated can decide existence of semilinear
e \Ni=1= 2551=0 instance (x,A,y) invariant and compute one if it exists
e conjugated )
\ taking a large exponent
e\l <l = y;=0 ¢ (reduces to many
° ‘)\J‘> 1l = z2;,=0 e
e Nj=1= w2;-1=0 non-simple conjugated can decide existence of semilinear
e )M~ )N — X=X\ or \* — )\ | aperiodic instance (x,4,y) invariant and compute one if it exists
e\N'=1 = A=1
e conjugated

identifying conjugated blocks

o ‘)\/‘ <l = Yyj = 0

e [As[>1 25 =0 pre-normalized can decide existence of semilinear

eNj=1= z,51=0 instance (x,A,y) invariant and compute one if it exists
oA~ N = A=)
e \N"=1 = A=1

removal of shrinking blocks

e [N\ >1

Ag|>1 = 2;=0 2 : te st 1
* 12| “ normalized pair (x,A) can compute strongly
eN;j=1= 2;51=0 minimal invariant

e A~ N = A=)
eN'=1 = A=1

removal of last zero coordinate

removal of identity blocks

e\ =1 reduction of equivalent blocks

° )\'"/ # 1

e JFJ = A Ay ‘ core pair (x,A) ‘ Cd strongly minimal invariant
e zy4)#0

Fig. 5. Pipeline of reductions with detailed definitions.

Finally, we let
m—1
1= Ak,
k=0
which we claim to be a semilinear invariant for ¢. First, we have x € I & for each k and thus x € 7. Second, the fact that
7 is invariant under A follows directly from the fact that T is invariant under A™. Third, assume for contradiction
that y € 7: there is k such that y € AT ¢ Akjk. Then y = AXz for some z such that AFz ¢ Ik' andthusy € 7/, a
contradiction.
To conclude the proof of the lemma, we should argue that the resulting instances (A¥x, A™, y) are non-simple and

conjugated. This requires an additional base change since A™ is no longer in JNF; however this base change preserves

respective Jordan blocks and does not affect being non-simple or conjugated. We conclude by applying Lemma 5.2. O

5.3.1 From aperiodic conjugated to pre-normalized. We say that an orbit instance is pre-normalized if it is non-simple,
equivalent eigenvalues are in fact equal, and eigenvalues which are roots of unity are in fact 1.

We proceed with the following reduction, which identifies synchronized conjugated Jordan blocks.
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LEMMA 5.13. There exists a polynomial time reduction from non-simple aperiodic conjugated Orbit instances to pre-

normalized ones.

Proor. Consider a non-simple aperiodic conjugated Orbit instance £ = (x, A, y). Let S be the union of all Jordan
blocks whose eigenvalues are either real or have positive imaginary part, and put ¢’ = (x’, A”,y’) = (xs, As, ys). Note
that ¢’ is non-simple, aperiodic, and such that no two different eigenvalues are conjugate; it is thus pre-normalized.

Let 7 be a semilinear invariant for £. Consider the semilinear set
I = {z/ € C5 | z € T where z is such that for all block J, ny(z) = n](z)*} .

Since (x, A, y) is conjugated, we have x” € 7', and y’ ¢ I’ otherwise we would have y € 7. Now if z’ € 7’ then the
vector z as in the definition belongs to 7, therefore Az € 7, and since A is conjugated it follows that (Az)s = A’z
belongs to 7.

Conversely, let 7’ be a semilinear invariant for ¢’ and consider the semilinear set
I = {z € C% | zg € I’ and for all block J, ny-(z) = n](z)*} .
Since ¢ is conjugated we have x € 7,y ¢ 7 and A7 C 1. O

From pre-normalized instances to normalized pairs. We say that a pair (x, A) is normalized if

o all eigenvalues have modulus > 1;

e blocks J such that [A;| > 1 satisfy x; = 0;

e blocks J such that A; is a root of unity satisfy x; 1 = 0;
e equivalent eigenvalues are equal; and

e eigenvalues which are roots of unity are in fact 1.

Thus, turning a pre-normalized Orbit instance (x, A, y) to a normalized pair (x’, A”) amounts to removing blocks
whose eigenvalues have modulus < 1; we call these blocks shrinking. It turns out that normalized pairs admit strongly
minimal invariants, which we now define.

Say that J is a weak invariant for a pair £ = (x, A) if AT C J and there exists n such that A”x € J. A strongly
minimal invariant 7 for a pair ¢ = (x, A) is a semilinear invariant for ¢ (that is, x € 7 and A7 C I'), which is contained
in any semilinear weak invariants J for . Note that strongly minimal invariants are always assumed to be semilinear.
Note also that when such an invariant exist, it is unique.

The following lemma states the existence of a weak kind of reductions, which will turn out to be sufficient for our

needs.

LEMMA 5.14. Let (x, A, y) be a pre-normalized Orbit instance in JNF. There exists a normalized pair (x’, A"), computable
in polynomial time from (x, A,y), such that given a strongly minimal invariant I’ for (x’, A’), one may decide whether

(x, A, y) has a semilinear invariant in polynomial time, and in this case, compute one in polynomial time.

Note that Lemma 5.14 does not assert existence of strongly minimal invariants for normalized pairs; this will however

follow from the rest of the proof. The proof makes use of Lemma 5.9 from the previous section.

PRroOF. Let S be the union of all coordinates from shrinking blocks of A. Since (x, A, y) is non-simple, it holds that
ys = 0. We distinguish two cases. First, if A% x = y for infinitely many n’s, then since ys = 0, it follows that y belongs

to the topological closure of the orbit {A”x, n € N} and therefore there exists no closed semilinear invariant. Note that
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this can be tested in polynomial time: first test if y belongs to the orbit of xsc under Agec, and then test if some power of
Agc is the identity matrix, which amounts to testing whether all eigenvalues of Asc are roots of unity.

So we now assume that there is ny such that yg ¢ {Agcxsc, n > ng}. First, we claim that Agfjxsc, for some ng as
above, can be computed in polynomial time. Indeed, if ysc does not belong to the orbit of xgc under Agc, then we may
pick no = 0, and if yge = A% xsc then we take no = n + 1 and compute Aggxsc = Agey.

We let (x/,A”) = (Aggxsc, Age); it is a pre-normalized pair. Let 7’ be a strongly minimal invariant for (x’, A”).

Ifysc ¢ 17, is is a direct check that {x, Ax, ..., A" Ix} U 7{5_51 (Z7) is a semilinear invariant for (x, A, y).

Otherwise, yse € I’, and we claim that in this case there exist no semilinear invariant for (x, A, y). Towards a
contradiction, consider such an invariant 7: x € 7,y ¢ 7 and A7 C J.Lete = %dist(y,] ) (recall that we compute
distances with respect to the infinity norm).

For each shrinking block J, apply Lemma 5.9 to obtain a closed semilinear Pj satisfying AjP; € Py and B(0, §) C
Py € B(0,¢) C €/, Let Pg be the Cartesian product of the Pj’s over shrinking blocks; we have AsPs C Ps and
B(0,£) C Ps C B(0,¢€). Take n > ng large enough so that [lAgxs]| < £, and hence Alxs € Ps.

Let

J ={s€T|zsePs}.
By construction, A"x € J,AJ € J andy ¢ J. Now let J’ = 7gc(J). It holds that A% xsc € J’ and Ase I’ € J”:
g’ is a weak invariant for (x’, A”). Hence since 7" is strongly minimal, it holds that 7’ C 7, and thus ysc € J”.
By definition, this means that there exists zg € CS such that z = (zs, ysc) € J, meaning that z € 7 and z5 € P,

which implies ||zg|| < €. But then since ys = 0, we get
2e =dist(l,y) < [z -yl = llzs]| < &,
a contradiction. O
Before reducing normalized pairs to core instances, we introduce structured reductions.

Structured reductions. Define complex affine maps to be function f : cd — ¢ of the form f:z v Az +u, where
AeC¥>d andy e c? . Let C be a class of pairs (x, A) in dimension d and C’ be a class of pairs (x’, A”) in dimension d’.
A structured reduction from C to C’ is given by a function R : C — C’ mapping a pair (x, A) to a pair R(x, A) = (x’, A7),
and for each pair (x, A) € C, two complex affine maps f : c? - ¢4 and g: cd - cd satisfying that

o f(x) =x;

e forallz’ € C? it holds that g(f(z')) = 2/;

e forallz/ € C¥ it holds that f(A’z’) = Af(2').
It is easy to see that the compositions of structured reductions are structured reductions.

Note that for a complex affine map f and a semilinear 7, both f(I) and f~1(I) are semilinear. We now prove that

structured reductions indeed give rise to reductions (as defined in Section 5.1), and that moreover, they reflect strongly

minimal invariants.

LEMMA 5.15. Consider a structured reduction between classes of pairs C and C’. Then the following properties hold for
all pair (x,A) € C:
e For all semilinear invariants I for (x, A), it holds that f 1 (I') is a semilinear invariant for R(x, A).
e For all semilinear invariants I’ for R(x, A), it holds that f(I”) is a semilinear invariant for (x, A).
o If I’ is a strongly minimal invariant for R(x, A), then f(I") is a strongly minimal invariant for (x, A).
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Stated differently, if there is a structured reduction from C to C’, then for all (x, A) € C, (x, A) admits a semilinear
invariant if and only if R(x, A) does. Moreover, if R(x, A) admits a strongly minimal invariant then so does (x, A). We

now prove Lemma 5.15.

ProOOF. Let us consider a pair (x, A) € C and let us write (x’,A”) = R(x,A) € C'.

Let I be a semilinear invariant for (x, A), we show that f~!(T) is a semilinear invariant for (x’, A’). First, f(x’) =
x € T sox’ € f7I(I). Second, let 2/ € f~1(I), meaning f(z’) € I. We want to show that A’z € f~!(I). By
assumption f(A’z’) = Af(z’), and because 7 is stable under A this implies that f(A’z’) € I thus A’z’ € f~1(I).

Let 7’ be a semilinear invariant for (x’, A”), we show that f(7”) is a semilinear invariant for (x, A). First, f(x") = x
and x’ € I’,sox € f(I’). Second, let z € f(I’), meaning f(z’) = z for some z’ € I’. We want to show that
Az € f(I’). By assumption f(A’z") = Af(z’) = Az, and because I is stable under A” we have A’z’ € I’, implying
that Az € f(I”).

Let 7’ be a strongly minimal semilinear invariant for (x’, A”), we claim that f(Z”) is a strongly minimal semilinear
invariant for (x, A). Let J be a semilinear weak invariant for (x, A). As we proved above f~1(J) is stable under
A’, and we obtain by an easy induction on n that f(A""x’) = A"x. Thus, since A"x € J for some n, it holds that
Ay’ € £f71(J) for the same n. Hence f~1(7) is a semilinear weak invariant for (x’, A’). By minimality of I’ we
have 7’ C f~1(J). This implies that f(I’) C f(f~1(J)) = J, as required. O

From normalized to core pairs. Recall that (x, A) is a core pair if:

o all eigenvalues have modulus 1;
e no eigenvalue is a root of unity;
o two different blocks have non-equivalent eigenvalues;

o the last coordinate xj (7 of x on each block is # 0.
To reduce from normalized pairs to core pairs, we will use three structured reductions:

1. removal of the last coordinate (J, d(J)) of a block J assuming x; 4(7) = 0;
2. removal of diagonal blocks with eigenvalue one (called identity blocks);

3. removal of a coordinate assuming there exists two different block Ji, J» associated with the same eigenvalue and

Xpd(k) * O

These reductions are detailed below. To obtain a core pair, we proceed as follows.

e We start by applying the first reduction repeatedly to remove all blocks J associated with eigenvalues of modulus
> 1; this is possible since in normalized pairs, such blocks satisfy x; = 0.

e Then for each non-diagonal block with eigenvalue 1, we apply the first reduction repeatedly to remove the last
dimension until obtaining an identity block; this is possible since in normalized pairs, blocks with eigenvalue

one satisfy xj »1 = 0. We then apply the second reduction to remove the identity block.

At this stage, all blocks have eigenvalue # 1 and with modulus 1, and equivalent eigenvalues are in fact equal:
we say that an instance (x, A) with this property is strongly normalized. Now while there exist two blocks Ji, J2
with the same eigenvalue, we apply either the first reduction (if x, 4(,) = 0) or the third one (if x7, 4(7,) # 0) to

reduce the dimension.

This process terminates (after applying reductions at most d times) with a core pair. We now detail the three structured

reductions.
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LeMMA 5.16. There exists a structured reduction mapping pairs (x, A) where xj q(7) = 0 to (X(7.a(y))» A(,d(J))e)-
ProoF. Write p for the dimension (J, d(J)). Define the affine maps f : cr - cd by f(z) = (z,0) and g : cd - crf
by g(2) = zpc. Then we have f(xpc) = x, and for all 2’ € cr’, 9(f(2')) = zand f(Apcz’) = Af(2'), as required. O
LEMMA 5.17. There exists a structured reduction mapping pairs (x, A) where J is an identity block to (xjc, Ajc).
Proor. Define the affine maps f : ¢/° — C? by f(z) = (z, x7)and g : c? - ¢/ by g(z) = zjc. Then we have
f(xjc) =x,and forall 2’ € /%, g(f(z)) = zand f(Ajez’) = Af(2’), as required. O
The third reduction is a bit more involved technically but the intuition is simple: the last coordinates of block J; and

J2 stay proportional throughout the iteration and can thus be compressed in a single dimension.

LEMMA 5.18. There exists a structured reduction mapping strongly normalized pairs (x, A) with blocks J1, Jo associated
to the same eigenvalue and xj, 4(7,) # 0, to strongly normalized pairs of dimension 1 less.

Proor. Write d; = d(J1) and d2 = d(J2) and let p = (J1,d1). Let A" be obtained from Ayc by adding a 1 in position
((J1, (d1 — 1)), (J2,d2)). For example, if

A1
A1
A1 .
A= J }z A , thenA’ = 4
J 11
A
A

Let x" = xpc and pi = % € C. We define a structured reduction from (x, A) to (x”, A”) by letting f : CcP* - 9 be
2,42
given by f(z')p = ,uz}z’dz and f(2")pe :C ;c and g : c? - c* by 9(2) = zpe.
Clearly f(x") = x and for all 2/ € CP we have g(f(z’)) = z’. We now prove that f(A’z") = Af(z’). For coordinates

out of J; or Jp, the equality is clear. Armed with patience we verify that for z/ € CP*:

fori<di—1, (A'Z); = A+
A2 a1 = A4 47 4
for i < da, (A'2') i = At
(A2 pa, = A7 4.
Calculating Af(z’) we obtain the same results as for f(A’z’):
fori<dy—1 (f(A'Z))y, = Mtz = AFGED
(FAZ) a1 = Az}lydl_l +z}2’d2 = (Af(Z')} 41>
FAD e = w7, = (W EDna
fori < ds (FA'Z)) 1 = Az}z’i + Z}z,i+1 = (Af(2))pi»
(fA)pa, = 2, = (Af&)pa

Note that the obtained matrix A’ is indeed one dimension lower, but it is not in JNF. To prove the lemma, there remains
to apply a base change and reduce once more, to (x”’, A”) = (Q7x’, Q~1A’Q). It is a direct check that this defines a
structural reduction, with affine maps f : z — Qz and g : z > Q™ !z. Last, we should argue that (x”/, A”’) is strongly
normalized: this simply follows from the facts that strong normality depends only on the set of eigenvalues of A

(without multiplicity) and that A, A” and A’ have the same set of eigenvalues. O
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Combining Lemmas 5.16, 5.17 and 5.18, as explained above, we obtain the following result.
LEMMA 5.19. There exists a structured reduction from normalized pairs to core pairs.
5.3.2 Proof of Theorem 3.12. We are finally ready to prove Theorem 3.12, which we first recall for convenience.

THEOREM 3.12. Assuming Theorem 3.11, there is a polynomial time algorithm deciding whether a non-simple conjugated

Orbit instance admits a semilinear invariant.

Proor. Consider given a non-simple conjugate Orbit instance (x, A, y). Apply the following reductions:

Lemma 5.12 Lemma 5.13 Lemma 5.14 Lemma 5.19
(6, Ay) ——— (x1, AL y1) ————— (x2,A2,y2) ————— (x3,A3) ————— (x4, Aq).
By Theorem 3.11, the only semilinear invariant for the core pair (x4, A4) is Cyitisa strongly minimal invariant. Since
Lemma 5.19 provides a structured reduction, this gives a strongly minimal invariant 73 for the normalized pair (x3, y3).
At this point, Lemma 5.14 allows to decide whether (x2, A2, y2) admits a semilinear invariant, and if it does, construct

such an invariant 7. Then Lemma 5.13 gives the same conclusion for (x1, A1,y1), and then Lemma 5.12 concludes. O

6 DECIDABILITY PROOF: CORE INSTANCES

A matrix A € C9%4 is a core matrix if it is in Jordan normal form, eigenvalues of A have modulus 1, are not roots of
unity and eigenvalues associated to different Jordan blocks are non-equivalent. Recall that a pair (x, A) is a core pair if
A is a core matrix and the last coordinate of x on each Jordan block is non-zero.

Fix a core matrix A. Say that a set is a basic invariant if it is of the form

I_[ CPI x {0y4) P,

Jeg
where J stands for the set of Jordan blocks of A, and for each J € 7, py is an integer in [0,d(J)]. Note that basic
invariants are indeed invariant under A, closed, and semilinear.

The goal of this section is to prove that they are the only possible invariants.

THEOREM 6.1. Let A be a core matrix. Then all closed semilinear sets that are invariant under A are unions of basic

invariants.

Observe that if (x, A) is a core pair, then the last coordinate of x on each block is non-zero hence the only basic

invariant containing x is C¢. Thus Theorem 3.11 follows from Theorem 6.1.

6.1 Dimension of invariants for core pairs

We start by establishing that invariants for core pairs have full dimension (Lemma 6.8 below). First, some definitions,
and some technical results.

The dimension of a set X of Rd, which we denote by dim(X), is the minimal k in N such that X is included in a finite
union of affine subspaces of dimension at most k. The dimension of a set X in €4, which we denote by dimp (X), is the

dimension of Xg. The following lemma is a standard result about semilinear sets.

LemMA 6.2 (DIMENSION OF SEMILINEAR SETS). Let T be a semilinear set in R%. If it has empty interior, meaning IT° = 0,

then I has dimension at mostd — 1.

COROLLARY 6.3. For any semilinear set I in Rd, 01 has dimension at mostd — 1.
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We will make use of the following powerful theorem about linear recurrence sequences. This result is due to
Skolem [34], and more general versions were subsequently obtained by Mahler [25, 26] and Lech [24]. This result can
also be found in the recent monograph of Everest et al. [11, Theorem 2.1 and subsequent discussion]. Recall that U
denotes the set of roots of unity and S! the complex unit circle. Recall that a linear recurrence sequence is degenerate if

some quotient of two distinct roots of its characteristic polynomial is a root of unity.

THEOREM 6.4 (SKOLEM, MAHLER, LECH). Let (un)nen be a real non-degenerate linear recurrence sequence. Then
{n € N : u, =0} is either finite or all of N.

We will also require the following technical lemmas.

LEMMA 6.5. Let A € C?*? be in Jordan normal form, [ its Jordan blocks and let Aj denote the eigenvalue of each
Jordan block J € J. Let x € C% and M = |xg (Ax)p - (A2d—1x)R]. If all the eigenvalues of A are distinct and
Xya(y) %0 forall J € J then det(M) # 0.

PRrROOF. See Appendix B. O

LEMMA 6.6. Let A € C9%4 be q core matrix and J range over its Jordan blocks. There exists a change of basis P that
stabilizes any basic invariant, and such that PA~1P~! = Diag(Ja(y (A]’I),] €9).

Proor. See Appendix C. O
LEMMA 6.7. Let (x, A) be a core pair. Then for any vectorv € R24 \ {0}, vT (A"x)g is zero for finitely many n.

PRrOOF. Let u, = 0T (A"x)g which is a real linear recurrence sequence. Furthermore, the roots of the characteristic
polynomial of (up);, are the eigenvalues of Ag. It is not hard to see that the eigenvalues of Ag are A1,..., A5, 41", ..., A"

so in particular the quotients of any two distinct such eigenvalues are of the forms

Ai Ai A1 LA

- — = A}, — =T : =2
Aj At A Aidj At A

none of which are roots of unity by our assumptions (recall that for complex number z of modulus 1, z* = z~!). We can
now apply Theorem 6.4 to conclude that either u,, = 0 for all n, or there are only finitely many n such that u, = 0. We
will show that the former case implies that v = 0 which is excluded.

Assume that u, = 0 for all n. In particular, Z)T(A"X)R =0foralln € {0,1,...,2d — 1}. Hence, v is in the kernel
of M = [XR (Ax)g -+ (A%~ 1y)p|. But by our assumptions, the eigenvalues of A and their conjugates are all
distinct (if two were equal, their product or quotient would be 1, hence a root of unity). Furthermore, xj 4(7) # 0 for all

J. It follows by Lemma 6.5 that M is invertible so v = 0. O
We now prove that invariants for core pairs have full dimension.

LEMMA 6.8. Let I be a non-empty closed semilinear invariant for a core pair (x, A). Then I has full-dimension, i.e. Iy

has dimension 2d.

Proor. Let m = dimp (1) and assume, toward contradiction, that m < 2d. Then I is contained into the union of

P
el JF,
j=1

finitely many affine subspaces of dimension m:

Manuscript submitted to ACM



On the Monniaux Problem in Abstract Interpretation 35

where forall j, F; C R2 is a real affine subspace of dimension m. For all n € N, (A"x)r € Ig, since 7 is invariant under
A, so there exists jn € [1,p] such that (A"x)g € Fj,. Hence, there must be some jo, such that F;_ contains (A"x)g for
infinitely many values of n. Since F;_ has dimension m < 2d, it is contained is some hyperplane H = { ye R2 . yTo = 0}

of normal v € R?? \ {0}. Therefore 07 (A"x)g = 0 for infinitely many n’s, contradicting Lemma 6.7. O

6.2 The diagonal case

We now deal with the case where the matrix A is diagonal. This case is important for two reasons. First, it plays the role
of the base case in our general induction. Second, it is also used as a technical tool in the general case to rule out certain

scenarios.

LEMMA 6.9. Let A be a diagonal core matrix, and let I be a non-empty closed semilinear set invariant under A, which

moreover contains a point x € I which is nonzero on each coordinate. Then I = C4.

Proor. We show a few facts:

(i) Z must have full dimension (i.e. real dimension 2d),
(ii) 97 is invariant under A,

(iii) if 97 is non-empty (that is, if 7 # C%), then it contains a point which is nonzero on each coordinate.

This implies the desired result: if towards contradiction we had that 7 # C4, then I’ := oI would be a non-empty
closed semilinear set invariant under A thanks to (ii) and it would contain a point which is nonzero on each coordinate
thanks to (iii). Therefore we could apply the same reasoning to 7’ which would satisfy the above points as well and

have full dimension thanks to (i), which contradicts Corollary 6.3.

(i) This is proved by Lemma 6.8.

(i) Since multiplication is continuous, AT¢ C 7€ implies A7¢ C 7¢. Now since I is closed we have a7 =7 N ¢
and therefore since 7 is invariant under A, it suffices to show that 7€ is invariant under A.
We now show that 7€ is invariant under A. This amounts to proving that I is invariant under A~!. Let x in T
and
Iy= {u ezd: .. 3% :1}
be the set of all multiplicative relations holding among Ay, ..., A4. Notice that Ly is an additive subgroup of 74,

Consider the set of diagonal d X d matrices

Ty = {Diag(,ul,l..,,ud) TpE s% and Vo € Ly (" - -,uZd = 1)}

whose diagonal entries satisfy the multiplicative relations in L4. Using Kronecker’s Theorem on inhomogeneous
simultaneous Diophantine approximation [5], it is shown in [32, Proposition 3.5] that {A" : n € N} is a dense
subset of T4. This implies that

{APx:neN} ={Mx: MecTy}.
Since x is in I and 7 is invariant under A, we have that {A"x : n € N} C T = I.Now observe that A™! =

Diag(/ll’l, . A{;l) is in Ty, and thus A~ !x isin 7.

(iii) Assume that 97 # @.LetQ = U;.izl Ci=1 % {0} x €4~ be the set of points with at least one zero coordinate. Note
that Q is closed. Observe that Q¢ is path-connected (this follows from applying coordinate-wise the fact that
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C\ {0} is path-connected). Note that since I is closed, C9 = J° U a7 U I where the union is disjoint. Assume
for contradiction that 97 C Q. Then

Q°=c\Q=(C*\ar)\Q=(I°UI)\Q=(I°\Q)U(I°\Q).

Now 7°\ Q is open and it is non-empty because 7 contains a point x ¢ Q by assumptionsox € 7 \Q =7°\ Q@
since @7 C Q. Similarly, 7¢ \ Q is open (I is closed) and non-empty because otherwise 7¢ C Q so Q° C T
hence C? = Q¢ C T = I which implies that 07 = @ contrary to our assumption. Therefore Q¢ is the disjoint

union of two non-empty open sets, hence disconnected, a contradiction. O

We may easily deduce that Theorem 6.1 holds in the diagonal case (which corresponds to having Jordan blocks of

size 1).

TuEOREM 6.10. Let A € C9*4 be q diagonal core matrix. Closed semilinear invariants sets which are invariant for A are
of the form H?:l &i, where g; € {{0},C}.
{0} ifx;=0

Proor. We show that for any x € 7, 7 must contain []; ¢, with ¢; = , which implies the result.
C otherwise

This follows directly from applying Lemma 6.9 to the projection of 7 N []; ¢; on coordinates {i € [1,d] : x; # 0}. O

6.3 General case

We now work with a general (not necessarily diagonal) core matrix A; as usual we let J range over the Jordan blocks
of A and let s = | J|. The proof of Theorem 6.1 will proceed by induction on d. Since it involves several nontrivial steps,

we explicitly spell out the induction hypothesis.

(HR;) The only closed semilinear invariants for core matrices of dimension d are unions of basic invariants.

We let last denote the set of last coordinates of Jordan blocks of A:

last = {(J.d())) | J € T}

Recall that 775 : C¢ — CS denotes the projection on a given set of coordinates S.

We start with the intuition. Let 7 be a semilinear set that is invariant under A. We will project 7 on the last coordinate
of each block (using 7j,). Since A acts diagonally on these coordinates, this projection is invariant under a diagonal
matrix so that we may apply Theorem 6.10 and decompose 7,5 () as above. Assuming that 7y, () is not the whole
set C*, then some of its components are identically zero which allows us to reduce the dimension and conclude by

induction.

LEMMA 6.11. Let I be a closed semilinear set that is invariant under a core matrix A of dimension d. If (HRy) holds for

alld’ < d then either I is a union of basic invariants or mj,,(Z) = C5.

Note that the only basic invariant which has full dimension is Cd; therefore, the conclusion of the lemma implies
that if 7 has full dimension, then 7,4 (1) = C*.

PROOF. Let Ay,..., A be the eigenvalues of A associated with the Jordan blocks Ji, ..., Js. Let 7 be a semilinear set
invariant under A and consider 7’ = (7)) € Ct, the projection of I on the last coordinate of each block. We
identify C125t with C5 by identifying the coordinate (J;, d(J;)) with i. Since (Ax) 7.d(i) = 4iXg.d(j) and I is invariant
under A, 7’ is invariant under B = Diag(Ay, ..., As).
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Observe that B is a core matrix therefore we may apply Theorem 6.10 to I’ and B; it follows that 7/ = Ulle I
for some k, where I, = []jc s &7 and e,; € {{0},C}. Therefore we have I = Ulfle Iy where I = I N ”l;slt(l:”)'
Furthermore, it is not hard to check that Az, ! ;) = p o (Z/) given the special form of 1. It follows that I and

ﬂlgslt(][’) are invariant under A so Iy is invarliz:rtlt under /tls/tklso note that since 7, C I’, we have that m,s (%) = ;.
Therefore, it now suffices to prove the result for each Z to prove (HR;). Hence we now assume that 7,5 (Z) = X for
some set X = [] ¢ 7 &, as above. If X = C° then the lemma holds.

Now assume that X # C®. This means that there exists J such that e, ; = {0}. In particular, X C {z €Cizygy) = O}
and therefore 7 C ﬁl;slt(x) c {z ecd: Z5d()) = 0} =: Py. Let p = (7 4(J))c be the projection on all coordinates but
(J,d(]J)). Intuitively, I is identically 0 on the coordinate (J,d(J)) so projecting it away (via p) and then pulling-back
(via p~1) and setting (J,d(J)) to zero (i.e. intersect with Pj) yields the same set. Formally, since I C Pj, we have that
p~Hp(I) N Py = 1. Furthermore, Pj is invariant under A (since (J,d(J)) is the last coordinate of the block and it is
zero) so for any set X C Pj, p(AX) = Bp(X) where B := A(j 4(jy)c- Hence, Bp(I) = p(AT) = p(I) so p(Z) is invariant
under B. But now, B has dimension d — 1, is a core matrix and p(7) is a semilinear set invariant under B. Hence, by
(HRg-1), p(I) is a union of sets of the form [/ ¢ 4 CPr x {O}d(],)_pf’ where J” is the set of Jordan blocks of A and

pj are some integers. By pulling back through p~ ! as explained above, we get that 7 is a union of sets of the form

p! 1_[ cPr x {0y¢U)=Pr | n Py = 1_[ cPr x {0340 -pr | x (@PJ x {0}2U)=1=ps {0})
J'eg J' e T\{J}
since p~1(-) N P 7 leaves all Jordan block unchanged except for J where it adds one component which is 0. This shows
that (HRy) hold for 7. m]

Overview of the remainder of the proof. We now focus on the case where m,4(7) = C#t, which is the difficult case.

The remainder of the proof proceeds in two steps, which we now roughly describe.

o First, we establish that 7 contains the set Q of points which are zero on the last coordinate of each block (Lemma
6.11). This goes through a careful examination of the behavior of the second-to-last coordinate (Lemma 6.12).

e Then we will describe the structure of I in the close neighborhood of Q. Assuming that 7 # C? and applying
the previous point yields that Q € 7 and also Q C 7¢. This will allow us to obtain a precise understanding of
the shape of 7 in the neighborhood of @, which eventually leads to a contradiction.

We now proceed with the first step. Lemma 6.12 shows that if each block has size 1 or 2 then 7 contains an element
that is 0 on the last coordinate of each block but nonzero on the second last coordinate (of each block of size 2). The
intuition is as follows: let J be a block such that d(J) = 2 and let A be its eigenvalue. If z € T is such that z; 5 # 0, then
forall k € N,

(AF2)p1 = 2Fzpq + kA 1z,
Now recall that || = 1 so AFz 7,1 has constant modulus while kK12 7,2 diverges to infinity in norm since we took
zj 2 # 0. Essentially, this means that by carefully choosing k, we can ensure that (Ak z),1 belongs to some “donut”, that
is bounded away from 0 but not too far away from the origin either. In other words, the orbit of z under A (which is
contained in ) always intersects a set K which is essentially a donut on the second last coordinates of each block.
If we now consider a sequence of points z, as above and make sure z,, — 0 with nonzero last coordinates (which is
possible since 7,5 (1) contains a ball around 0), then we can make sure that the orbit of each z, intersects the same set
K. Since the donut is compact, this means that we can find a converging subsequence and since z, — 0, this limit will
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be 0 on the last coordinate of each block but nonzero on the second last of each block because of the definition of the K.

The technical aspects of the proof lies in how we choose z,, and how we ensure that the set K is the same for all n.

LEMMA 6.12. Let A be a core matrix of dimension d with d(J) € {1,2} forall J € J and let I be a closed semilinear set
that is invariant under A and such that nj,(T) = C*. Then there exists z € I such that mj,4(z) = 0 and forall J € T, if
d(J) =2 thenzj; #0.

PROOF. Let x, be a sequence of non-zero complex numbers of modulus at most 1, that is a decreasing (in modulus)
and converges to 0. Let y(") = (xp,...,xp) € C°. Since mux(L) = C5, y(") € mast(Z) for all n, so the section
{x €1 : mpg(x) = y(”)} is non-empty. By Lemma 2.3, since y(™) has norm less than 1, there is some B such that for
all n, there exists z™) € I of norm at most B such that m,(z(") = y(") for all n. Since the z(") are bounded in
norm, without loss of generality, we can assume that they converge to some z(®) by extracting a subsequence. Since
T is closed, it is the case that z(®) € I and by continuity, Tiast (2(%)) = limp,_00 Mgt (2(™) = limp e y(”) =0. Let

J2={JeJ:d(J)=2}and I’ = {JGJQ ();EO}Nowlet
5:min(l,min{|z}°1°)‘:]ej’})>O
(In the case where J’ = @, we have § = 1.)

Let n be large enough so that l2(") = z(*)|| < §/4. Since nlast(z(oo)) = 0 we have |x,| = |lyn| = ||rrlast(z(”>)|| < 6/4.
Then for any J € J, and k € N, using that the eigenvalue A; of J has modulus 1,

'(Akz(n))]d(]) PLEC;

5
17 a| = Pl < 3 G)

Let k € Nand J € 95, then

(Akz("))] A’j( ) 4 k2! }';)) )L’]‘( ") 4 kA xn)

Let k(n) = [2|35c ] Then forall J € 7,
1)
k(n) ,(n)
(akm )1,1 O 4+ k(n) [xnl < +0 T+ (zml + 1) lxnl < 5+z (@)
We now make a case analysis on J € Ja:
e If ] € J’ then
k(n) ,(n) ()] _ o 538
‘(A . )11 > ||~ k() lxal > 6 - (ZI whs 1) bl > 5 )
by the definition of 8.
e Ifje L \J'’ thenz}of) =0so z;nl) < 6/4 and
km,m) |5 e s 0 2908
(45M=) 1> kG T ©)

Now, I being invariant under A, the sequence (A%("™)z(")),, has its elements in 7, and ultimately lies in the compact set

5 5 w
K:{uecdzvf€~7s|”f,du)|<z e V]€~72>Z<|u],1|<‘z},l)|+5}
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thanks to (3),(4), (5) and (6). We may then extract a converging subsequence in K, with its limit u(®) in I NK. Clearly,
mast(u(‘x’)) = 0 since lim,— o mast(z(">) = 0. Furthermore, for all J € %, % < |u}°f)| so u}of) # 0. This shows the
result. O

We now extend this result to the case where the blocks do not necessarily have size 2. We first project the invariant
I on the last two coordinates of each block to obtain I'’. It is easy to see that 7’ is invariant under the suitable
restriction of A to those coordinates. Hence, by Lemma 6.12 we can find a point that is zero on the last coordinate
but nonzero on the second last coordinate of each block. We can then pull back this point through the projection
and obtain a point x € 7 with the same property. We next argue that the existence of x implies that 7 must contain
Q= nlgslt({o}) =[ljeq CcdU)=1 % {0}. Indeed, if we project 7 N Q on all coordinates except the last one of each block,
we obtain an invariant set again and so by applying (HR;_,) we conclude that it is a union of basic invariants. Now
since x € T N Q, it follows that 7 N Q = C4~S. We now formalize this proof.

LEMMA 6.13. Let A € C%%4 pe a core matrix and I be a closed semilinear set that is invariant under A and such that
Tiast () = CS. If (HRy) holds for all d’ < d then Q C T where Q = 7,1 ({0}) = [Tje.7 V) =1 x {0}.

last

ProoF. In this proof, we will need to refer to coordinates with respect to both the original matrix A and some
sub-matrices Ag with S a subset of the coordinates. To avoid confusing notations, we view the coordinates of Ag as a
subset of that of A, so that d(J) still refers to the size of the Jordan block J in A. We will also write projection zx with
different domains, i.e. wx : cd — cX and X CS — X, it should be clear from the context what the domain of each
projection is.

First note that if last® = @ (which corresponds to the diagonal case) then 7 = mj,5¢(Z) = C® so the result is trivially
true. Hence, we now assume that last® # @. In particular, A has at least one Jordan block of size at least 2.

Note that Q C 7 is equivalent to < (Z) = C45. Let p = mqe, let 7/ = p(I N Q) and let A’ = Aj,gc. The last
coordinate on each block in I N Q is zero, therefore 7 NQ = p~ (p(IF NQ)) NQ and p(A(I NQ)) = A'p(I N Q).
It follows that 7’ is invariant under A’ and of dimension d — s < d. By (HR;_;), it holds that 7’ is a union of basic
invariants. If 7/ = C9~S then the lemma holds. Therefore we assume, toward a contradiction that 7/ # cd-s,

Basic invariants corresponding to A’ are those of the form
rl CPI x {oydU)-1-py,
J€T>2
where Jo2 = {J € J | d(J) > 2}, and note that each such set which is not C4~5 is identically zero on at least one
coordinate (J,d(J) — 1) for some J € J>3. It follows that
-1 .
e U mGlag-n0hs
JE€T>2

in words, for each z’ € I/, there is a block ] € J>2 such that the last coordinate of z’ on J is zero. But since
InQ=p1(I")NQ, wehave

rn@c | (”(de(])—l)({‘)})”@): U st -1y 10D )
JeT>2 NS
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in words, all vectors of 7 N Q have a second-to-last coordinate which is zero on some block. We will now project on

the last two coordinates of each block. Formally, let

last-two = {(J,1) : J € J,d(J) =1} U U {U.d()) - 1), (J.d())}
J€T>2

and consider 7" = mjug;-two (£). We claim that 77/ is invariant under A" := Ajg1.two Since the last two coordinates of
each block do not depend on the other coordinates when applying A. Furthermore, since last C last-two, we have that
Tast (X)) = Mast (Mast-two (£)) = Mast(Z) = C°. Therefore we may apply Lemma 6.12 to 7’ and A’ and get that there
exists z € " such that 7, (z) = 0 and for all J € J, if d(J) > 2 then zj 4(7)—1 # 0. But this contradicts (7) because

A | : ’ ’
7' = 7 o (%) is now such that 2’ € Q but Zan-1? 0forall J € J>2. o

At this stage, we may thus assume that the invariant 7 satisfies m,5(Z7) = C* and contains Q := ﬂl:lslt({O}). We now

aim to show that this implies that 7 = €4, and in particular 7 is a basic set.

LEMMA 6.14. Let A be a core matrix of dimension d and I be a closed semilinear set that is invariant under A and such

that ju(X) = C. If (HRy) holds for alld’ < d then I = cd,

The rest of the section establishes Lemma 6.14; together with Lemma 6.11, this concludes our inductive proof of
Theorem 6.1.
Let A be a core matrix of dimension d and 7 be a semilinear set invariant under A such that () = C°, and

assume that (HR ;) holds for all d’ < d. Since I is a closed semilinear set, we have

r=Jr. P= (%

PeP HeHp
where P is a finite set of polyhedra P, and each P is the intersection of a set Hp of finitely many closed half-spaces.
We let H = | Upcp Hp denote the set of all half-spaces that appear in the definition of 7.
We let Py = { € P | dimg ¥ = 2d} denote the set of fully-dimensional polyhedra appearing in the definition of 7.
By Lemma 6.8, 7 has full dimension 2d therefore Py is non-empty. We will now show that we may, without loss of

generality, ignore polyhedra which do not have full dimension.
LEMMA 6.15. The semilinear set I’ = Upepf P is invariant under A.

Proor. Since all polyhedra in 7’ are closed and of full dimension, we have 77° = /. Thus it suffices to prove that
A(Z’°) € I’, and conclude by continuity.

Let z € 7'° and let ¢ > 0 such that B(z,¢) C 7’. Then AB(z,¢) C AT C 1. Note that for some small enough ¢’, we
have B(Az,¢’) C AB(z, ¢) thus B(Az,¢’) C I. It follows that Az € I”, since I \ I’ has empty interior. O

Now by Lemma 6.11, either /5 (Z’) = C* or I is a union of basic invariants ¢ C%. But the latter case is excluded
since such basic invariants do not have full dimension. Thus 7j,5(Z”) = C°. Therefore in the remainder of the proof,
we now assume without loss of generality that Py = P: all polyhedra have full dimension.

By Lemma 6.13, 7 contains Q := HI;;t({O}) =[ljeq c4=1 % {0}. Let Pgyy denote the set of polyhedra # in P such
that £ N Q has dimension 2(d — s). Since Q € 7 and Q has dimension 2(d — s), we have Pg,;; # 0. We now exclude the

case where all polyhedra in Py are included in Q.

LEMMA 6.16. There is P € Pp,y such that Py € Q.
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PRrOOF. Assume towards a contradiction that for all £ € Py it holds that P C Q. Let 7’ be the closed semilinear

set defined by
r=J »
P €P\Pgy

First, note that 7’ is non-empty, otherwise we would have I C Q which implies 71,5 (Z) = {0}, however 7,5 (I) = C°.

We now prove that 7’ is stable under A. Again, since all polyhedra have full dimension, it suffices to prove that
A(I’°) C I'.Letz € I’°. There exists P ¢ Py, and ¢ > 0 such that B(z,£) € $ C I’. But then it cannot be that z € Q,
otherwise it would hold that P € Pgyy. Since Q¢ € QF, we get Az € 7 N Q° which is contained in 7’ by our assumption.
Hence I is stable under A.

Now since 7 is stable under A and full dimension, it contains Q by Lemma 6.11. However, Z” is a finite union of

polyhedra whose intersections with Q have dimension < 2(d — s) = dimg Q; thus 7 cannot contain Q. O

Therefore there exists P € Ppyy which is not contained in Q. Let Hyeperal be the family of half-spaces in H that
do not contain Q in their boundary. Now if H € Hgeneral then dH N Q has dimension < 2(d — s). It follows that the

countable union

X = U UA‘k(anQ)

HeHgeneral k€N
has dimension < 2(d — s), so it may not cover Py N Q. Letz € (Po N Q) \ X.

LEMMA 6.17. For all H ¢ Hgenerql it holds that mjag(H) is a closed half-space of C* satisfying H = nl;;t(nlast((H)) and
0¢€ a7l'last(7-{)~

Proor. By definition if H ¢ Hgeneral then Q C 0H C H. Since Q is a linear subspace of €4, this implies H +Q = H.
Now Q = ker(smy,s) therefore nlgslt(mast(‘]‘()) = H + ker(m,s;) = H. Finally, we have 0 € F C oH and thus
0 € st (H). O

We proceed with another technical lemma which prepares for our final construction.

LEMMA 6.18. For all k € N, there exists e > 0 such that for all H € Hgeperay, the set B(AKz, &) NH is either empty or
the whole ball B(A¥z, ¢}.).

Proor. We distinguish three cases.
o If Az € H°, then there exists &4 > 0 such that B(A¥z €) N'H = B(A¥z,¢) for all £ < kM-
o IfA¥z ¢ 9H thenz=A%A*z ¢ A%9H and z € Q = A%Q. But since H € Hgeneral this implies z € X which
is not possible.

o If ARz ¢ H, then there exists e >0 such that B(Akz, eNH =0 forall ¢ < ek 4 since H is closed.

Since the set Hyeneral is finite, we conclude by taking e to be the smallest e ¢/ for all H € Hyeneral- O

We then pick a sequence (¢)reny as above, and take it to be non-increasing and converging to 0 without loss of

generality. For each # € P we then have

B(A¥z e) N ﬂ H = B(A¥z, e0) NErp (8)
(I{EHP mI'Igeneral
where Ej p is either empty or C?. Now that z € T so for all k, Akz € T so there exists P € P such that AKz € P and

then AKz € H for all H € Hyp, by definition. Hence for all k, there exists ? € P such that Epp = ce,
Manuscript submitted to ACM



42 Fijalkow et al.

It follows that for all k and P,

B(A*z ) NP = B(AFz, &) N Exp N ﬂ H
‘HeHp \ngneral

= B(AkZ, &) N Erp N ﬂ ﬂl_aslt(ﬂlast (H))
‘HeHp \ngneral

k -1
=B(A"z, &) N Egp Ny, L () Fast(H)
HeHp \ngneral

= B(Akz, &) N ”l;slt (Cr.p)
where C p = Ny epy, H' with

_ {”last((]_{) :H € Hp \ngneral} if Ek,?’ =c?

Hyp
ifEk’ap =0

)
Note that by Lemma 6.17, Hy, p is a finite set of closed half-spaces H’ of C® such that 0 € 9H’. We further let
Ck = Upep Ck p. Since I = Jpep P, it follows that for all k € N,

B(A*z &) N T = B(AFz, &) 0 7L (Cp). (10)
We now establish further properties of the Cy’s.

LEMMA 6.19. For all k € N, it holds that Cy has full dimension 2s, that Cy. # C* and that Cy. is a union of convex cones.

Moreover, there are finitely many different sets Cy. when k ranges over N.

Proor. We prove the properties one by one.

o Cy has full dimension 2s. For this we argue that B(Akz, &,) NI has full dimension and therefore by (10), ”l;slt(ck)
also has full dimension which concludes. To show that B(Ak z, &) N I has full dimension, it suffices to observe
that A¥z € T so AKz € P for some P € P, all of which are fully-dimensional.

o Cr # C2s. For this, let us consider I_C, a closed semilinear set which is invariant under A™1. Using Lemma 6.6,
A~! rewrites as Diag(Ja(y) (/1]’1), J € J) under an appropriate change of basis which preserves basic invariants.
Hence we may apply Lemma 6.11 applies to 7 ¢ which yields that either 7€ is a basic invariant or 7, (7€) = C°.
But since 7 is closed and # C, it holds that 7 is fully-dimensional, hence 7, (I¢) = CS. It follows from
Lemma 6.13 that Q C T .

Now recall that A¥z € Q so there exists x € 7¢ N B(A¥z, &;.). In particular, it follows that B(A¥z,&,) N T #
B(Akz, k). By (10), this implies that B(Akz, &) N 7'[1_1 (Cp) # B(Akz, &r) and therefore C. # C®.

ast

Cy is a union of convex cones: it suffices to show that each Cy p is a convex cone. To show this, recall that
Ck.p = Nerem, , H' which are such that 0 € 9H” and H” is a closed half-space.contain a line, if the intersection

consists of just one half-space.

There are finitely many different sets Cy for k in N. Indeed, by (9), Hy, p, and thus Cy, is determined only by
whether Ex p = R4 or @, so there are only 2! possible values. Note that on the other hand, ¢, does depend on

k, and may take arbitrarily small values if Ak gets arbitrarily close to some H in H when k ranges over N. O

We are now finally in a position to present the final step of our proof.
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As we have seen in the proof of Lemma 6.9, {(Ak, .. /lé‘) k € N}isdensein {(Af,..., /1§), t € R}. Hence, there exists
an increasing sequence ¢ : N — N and ¢, /2 < pg < ¢ such that for all k, (A(f(k), e A;p(k)) = (/'\.Illk, LAY LetC
be such that C = Cy (¢ for infinitely many k. Since C has full dimension by Lemma 6.19 it contains a point which is
nonzero on every coordinate. Therefore, C cannot be stable under M = Diag(2y, ..., As), otherwise Lemma 6.9 would
conclude that C = C?, contradicting Lemma 6.19. In particular, there is @ € C such that Mu ¢ C.

Let tp = sup{t € [0,1] | M'd € C} where M? := Diag(A!,...,AL). Since t — M"% is continuous and C is closed,
it holds that M € C, hence ty < 1. Now let u = M%4. Then, for all sufficiently small ¢ > 0, we have M°u ¢ C by
definition of the supremum.

We let N € N be such that for n > N, ¢, is small enough in this sense, and N’ be such that ¢(N’) — ¢(0) > N. Recall
that C is a cone so we may re-scale u so that |ju]| < 27¢N /)e(p( N7y and everything proved above about u remains true.
Let o = A?(©)z 4 y. Recall that z € Q, that m,,(Q) = {0} and Q is stable under A so A?(?)z € Q, hence 5 (0) = u.
Therefore,

v e [BAP@z270 N, ) 1 ()] € [BAPO)z 00 Nl (0)] € T

where the last inclusion holds by (10). We argue that AP(N)=0(0)y ¢ B(A‘P(N/)z, €p(N"))- Indeed, A is 2-lipschitzian,
so A?(N)=¢(0) jg 2‘”(N,)-Iipschitzian (for the infinity norm || - ||), so

|AP(N)=0(0) gy _ g0 (N) 71| < 20 (N) |1y — 42 (0) )| < Ep(N')-

Hence, since 7 is stable under A, and by (10),
APNI=0©)y ¢ BAPN 7 ¢, nn) N T = BAPN )z e, (ny) 0 (O). (11)
On the other hand,
Jrlast(Aq’(N,)_q’(o)v) = Diag(/ltlp(N,), . .,Af(N’))u = Diag(ﬂ.‘lllNl, G AN = MENTy,

Since pnv < env < en and we chose N such that M%u ¢ C for any 0 < « < ¢, this shows that Jrlast(A‘p(N')_‘p(o)v) ¢ C,
contradicting (11) and concluding the proof.

7 CONCLUSIONS

In this paper, we have proved that the Monniaux problem is undecidable already in a very restricted setting: using
semilinear invariants for affine programs (without guards), and in fact using only a single control location and two
transitions. This very foundational undecidability result shows that there is little hope for decidability for the Monniaux
problem, as most natural classes will include them. What we leave as an open question is whether convex invariants can
help recover decidability. This is a very exciting perspective, since as pointed out in the introduction, convex invariants
appear naturally in many practical scenarios.

Our decidability result considers the case of a single transition. On a technical level, the proof helps us understand
what exactly semilinear invariants can be used for in the context of affine programs. This surprising positive result
opens several perspectives. First, going beyond semilinear invariants: it is already known that the Monniaux problem is
decidable for semialgebraic invariants [13, 14], but it remains open for other natural classes of invariants. Second, this
decidability result implies a complexity result, but not yet an efficient algorithm. We leave open whether the problem

can be efficiently solved and what consequences are there for static analysis of programs.
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A UPPER BOUND ON APERIODICITY INDEX
In this section, we give an polynomial (when the dimension d is fixed) upper bound on the smallest number n such that
A" is aperiodic. We start with the following lemma.

LEMMA A.1. IfA is an m-th root of unity and an algebraic number of degree d then m < 2d°.

PRrOOF. Let m > 1 be the smallest integer such that A = 1 and let ®,,, be the m-th cyclotomic polynomial. Then @,
is the minimal polynomial of A by definition of m. Furthermore, recall that the degree of @, is ¢(m) where ¢ is Euler’s

totient function. But since @y, is the minimal polynomial of A, its degree is exactly d, hence d = ¢(m). It is well-known

that ¢(m) > \/m/2, therefore m < 2d2. O
LEMMA A.2. Let A be a rational matrix whose eigenvalues A1, . .., As have modulus 1. Any number of the form A;, A;/A;

or AjAj, if it is a root of unity, has order bounded by a polynomial in the dimension of A.
If follows that A™ is aperiodic for some n which is at most polynomial.

Proor. We first consider the case where A is an eigenvalue of A that is a root of unity. Since A has rational coefficients,
its minimal polynomial p 4 also has rational coefficients. Furthermore, p4 (1) = 0 since A is an eigenvalue. Therefore A is
an algebraic number of degree at most n, the dimension of A. It follows by Lemma A.1 that the order of A is polynomial
in n. Now assume that A and p are two eigenvalues of A such that Ay is a root of unity. Since A and y are algebraic
numbers of degree at most n, Ay and A/mu are algebraic of degree at most n?. Therefore, by the same argument, the

order of Ay and A/mu is polynomial in n?, hence in n. O

B COMPUTING SOME DETERMINANTS

In this appendix, we prove Lemma 6.5, which we first restate for convenience.

LEMMA 6.5. Let A € C9%4 be in Jordan normal form, J its Jordan blocks and let A; denote the eigenvalue of each
Jordan block ] € J. Letx € C¢ and M = [xR (AX)r -+ (A20-1x)g |. If all the eigenvalues of Ag are distinct and
x5d(y) # 0 forall ] € J then det(M) # 0.

Towards proving 6.5, we first compute a similar determinant in a complex setting.
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Lemma B.1. Let A € C%%4 pe in Jordan normal form, J its Jordan blocks and let Aj denote the eigenvalue of each

Jordan block ] € . Let x € c? and M = [x Alx ... Ad’lx]. Then
detM) = [ [ (xpag?@ - [] (g =A@,
Jeg JHeJ,J+H
ProOF OF LEMMA B.1. We let M(A, x,n) = [on Alx .. A"‘lx] for any A € C9%4 which is a rectangular

matrix, and M(A, x) = M(A, x, d) which is a square matrix. First check, by an easy induction, that for any integer n,
Jordan block J € J and i € [1,d(J)],
adJ)
n L n n+i—j X
(A" = JZ:; (j B i)/lf XJj-
We now proceed by induction on the number of blocks. If d = 0 then det(M(A)) = 1 so the formula is true. Let
A € €4 with s > 0 blocks. Fix a Jordan block Jo € . To avoid any confusion, let u = Ay. By performing linear

combination of the columns, we can transform M(A, x) into

n-1
B= [CO Cd_l] where C"=A"x+ Z(—,u)"_k(Z)Akx.
k=0

Note that these linear transformations are all of the form “add a multiple of a column to another one”, hence it does not
affect the determinant. Let J € J and i € [1,d(])], then

n—1
Chy= (A™x)p; + kZ(—u)""‘(Z)(Akx)],i
=0

P\ D
= AT g+ )" ( ) ( _)/1 s
(J—l)] 7 ,;)( W) 2=

=1

~

n—

1
n n+i—j n—k k+i—j[n k
i [(j_i)/l] j+kzzo(_”) K j(k)(f'—i)}x]’j

- n—k k+i—j n k
S

Now observe that

z i—i[n k - i in k k
Z(_ﬂ)n_klljﬂ_j (k)( ) ) — Z (_u)n—k/l'];"'l—] (k) ( ] ) since ( . ) =0 for k < ] —i
J—1 ~ j—i j—i
k=0 k=j-i
n—j+i .
= Z (—.U)n_k_jﬂllj (k +r; 3 i) (k ;i ; l) by re-indexing
k=0

nJH n \(n—j+i n \(k+h n\(n-nh
_ \n—j+i—kk - . . — -
,;)( # Af(j—i)( k ) bytheldenmy(“h)( h ) (h)( k

n n n—j+i
_ \n—j+i—k k(™"
L2 & o

k=0

= ( . g ) (A= =i+ by the binomial theorem.
j—i
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Therefore,
da(J)

n _ n _ o \n—j+i .

Cyi= JZ:; (j_l.)(/'l D) X
Note that this is exactly the expression for a Jordan block with eigenvalue A — p. In other words, det(M(A, x)) =
det(M(A4, x)), where A = A — pI; has the same Jordan blocks as A but different eigenvalues. In particular, the block Jo

has eigenvalue Ay — p =01in A so it is a nilpotent block. Thus A(]{](]“) =0so0
~ ~d ~ ~
M(Ap, xj,d(Jo) AP M(Ag, xp,d = d(Jo)) | [M(Ap,xp) 0

M(A,x) =

M(Ajg e (o) AP M(Aj e d = d(o)) |~

idU0) ar i :
I * A]oc M(AJOC,X]OC)

In particular,
det(M(A, x)) = det(M(A, x)) = det(M(Ay,, xp,)) det(A )X det(M(Aje, xc)).
It is not hard to see that
XJo,1 X hd(h)
M(A]o, X, )=
XJo.d (o)
so its determinant is (—xp 4, ))d(ﬁ)). Furthermore, since A is in JNF, its determinant is the product of its eigenvalues
(with multiplicities). Now let J =T\ {Jo} denote the Jordan blocks of A, i 7 = Aj — A3, denote the eigenvalue of the
block J in A. Then

d(h)
det(M(A, x)) = (=xp, a(jp) ¢ (1‘[ ijU)) det(M(Aj, xj))
JeJ

= (—x](]’d(]o))d(]o) . 1_[ (A _Ajo)d(f)d(fo) 'det(M(A~]OC,x]0c)),
Jeg

By the induction hypothesis applied to A]Oc and xje, we get that (note that (x]Uc )1.d() = xg.4()) for J # Jo)

detM(Age,xp)) = [ [ (=xag)®™- ] G-2? P = [T (=xpa)? [ =040,
JeJ JHeZ J+H JeJg JHeJ.J+H

And we get the result by putting everything together. O

We are now ready to show Lemma 6.5.

PROOF OF LEMMA 6.5. It is not hard to check that A is the block matrix (R(A;;)); ; where

Re(z) -Im (z)]

R(z) = Im(z) Re(z)

for all z € C. Furthermore, there is a change of basis Q (independent of z) such that

0 1R(2)Q = [z 0}
0 z
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Therefore by applying Q block-wise and permuting rows and columns, we can build a change of basis P such that
Ag = P7!BP and xg = P~'y where

A 0 ES
0 A*| v x|
It follows that PM = [y By --- BZd_ly]. One can check that Q and P have determinant 1 so det(M) = det(PM)

and we have reduced the problem to computing the determinant of
N = [y By --- BZd—ly]

where B is in Jordan normal form. Specifically, the Jordan blocks of B are the Jordan blocks of A and their conjugates.
By Lemma B.1,
det(N) = 1_[ (=yr.a)?V) - 1_[ (,153 — AB)d()d(H)
JeIB JHeIp,J+H
Since we assume all the eigenvalues of Ag to be distinct, the second product in this expression is nonzero. The first

product is equal to

2 2\d(J)
d(J) _ * d(J) —
[T vao? = [T Crramxgag)?™ = 11 (—Re (xran) =1 (700 )
JeJs Jeda JeJa
and therefore is nonzero if xj 4(7) # 0 for all J. O

C INVERSE OF A CORE MATRIX

We now prove Lemma 6.6 which we first restate for convenience.

Lemma C.1. Let A € C%* be a core matrix and J range over its Jordan blocks. There exists a change of basis P that
stabilizes any basic invariant, and such that PA"'P~1 = Diag(Jy () (/1]_1),] €9).

ProoF. Recall that a core matrix A is a diagonal block matrix, where blocks are of the form

A1
A
Ay =
1
A
where ] ranges over the set of Jordan blocks 7. Then we have
ATtz . A=d0)
A~ -2 A—d(]>+1
-1 _
A] =
)’—2
A_l
Then we get P ]A]_IP]_1 = (A71) with P 7 upper triangular, and the lemma follows. O

D SPECIAL JNF FOR REAL MATRICES

We now prove the following statement about Jordan normal form of real matrices.
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LEMMA D.1. For every real matrix A, there is an invertible matrix Q such that

[ Fa, (A1)
Ja, (Ar)
07'AQ = Ja, () . ,
Ty (%)
Ja; (A5)
Ja, (265
where the A;’s are real and the A}’s are non-real. Moreover, Q and Q7! are of the form
7]
T,
* * - T,
o=l . o @ o oo e ot=| k]
1
T
75" ]

where the Q;, T; ’s are matrices and all above matrices can be computed in in polynomial time.

Intuition: we start with a high-level description of the proof. Start with the JNF M = Diag(J1, ..., Ji) of a real matrix
A. We can always re-order the blocks so that the first blocks have real eigenvalues, followed by the ones with positive
imaginary component and finally negative imaginary component. We write M = Diag(R1, ..., Rr, J1, ..., Js; Js - - -, J5)
this decomposition. We would like to argue that there is a relationship between the J; and J/ but this is unclear:
we do not even know that s = s’. The approach is therefore to simply drop the J; and replace them by J;: M =
Diag(Ry,...,Rp, Ji,- - "]5’]1*’ ..., J$). By using that A is real and that eigenvalues come in conjugate pairs, we can argue
that M is still a JNF for A. We then argue about the particular shape of the transformation matrices using the fact that if

AP = PM for some matrix P then the columns of P are generalized eigenvectors of A.

Let A be a real matrix. Recall that we can compute the (complex) JNF in polynomial time [3, 4] and get a invertible
matrix P and a matrix M of Jordan blocks such that P"AP = M. This means that M is a block diagonal matrix of
Jordan blocks, where each block has an associated eigenvalue. Without loss of generality, we can re-order the blocks so
that the blocks Ry, .. ., R with corresponding real eigenvalues Ay, ..., A, come first, followed by the blocks Ji, ..., Js
with corresponding eigenvalues py, . . ., us with positive imaginary component (Im (g;) > 0), and finally the remaining
blocks J|, ..., J/, with corresponding eigenvalues y}, ..., i/, with negative imaginary component (Im (1) < 0). Note

that at this point, we do not claim that there is any relationship between s and s”. With these notations, we have that

. ’
M =Diag(Ry,..., R, J1,.. -st,]{, .. ~,Js)~
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The spectrum of A is exactly {/11, R S T T .,ys,pi, .. .,,u;,}. Since A is real, the non-real eigenvalues come in
conjugate pairs, therefore for all i = 1,...,s’, there exists j such that y] = ,u;f (note however that this implies no
relationship between J! and Jj, they could have different sizes). Furthermore, a consequence of the equation AP = MP
is that P is of the form

P= [51 e S Ty e Ty T e T

where the columns of each S;, T; and Tl.' form a Jordan chain, which means that for each i,

T=|xbl o xbdUD)

where x*1, ..., xb4Ui) are generalized eigenvectors of A that satisfy
Axl = g, At = el 4 b1
for j = 2,...,d(J;). Finally, we introduce a few notations for vector spaces: given a (not necessarily square) matrix X,

we let Vx be the span of the columns of X. A consequence of the JNF (i.e. P is invertible) is that
RY = Vg @ Vv @ V-
where
Vr=Vg, & - ®Vg, Ve =Vy@--- 0V, (V]—z(V]{ea-~-eB(V]5',

are the generalized eigenspaces of the real and complex eigenvalues. We now let

P=lsy 8 T T Tp Ty . M=DiagRi R ST )

which are essentially P and M where we have replaced the T and J/ (which can be anything and possibly be unrelated
to T; and J;) by T;" and J;* (the conjugates). Note that at this point, it is not clear that P and M are square matrices. We
claim that

AP = PM.
For sub-matrices S; and Tj, this follows directly from the equation AP = PM but we need to verify that it holds for T;".
For that, we simply note that A = A* (A is real) and AP = PM so

AT} = (A'T)" = (AT)" = (T)* =T J;
which is what we wanted. Therefore, it only remains to see that Pis square and invertible. The submatrix X :=
RR -+ R T, --- Ts] has linearly independent columns since it’s a subset of the columns of P which is
invertible. Furthermore, Vx = Vg ® Vr+. The columns of Y := [Tl* e TS*] are also linearly independent because
"VTi* = (VT*, and therefore
Vy=Vpt Vo =Vp ++Vp = (Vi ++ V) = (V@ 0V) =V,

Therefore, we need to show that Vx & Vy = Rd, that is to say RY = Ve ®V5+ @ (V}Jr,

First, we make an observation: for any i, since we have AT;" = T;"J and J;' is a Jordan block for p}, then T;" is a
Jordan chain for g} and therefore (VT;« is included in the generalized eigenspace of A for .

We claim that this implies that Vg & Vr+ and ’V;Lr are in direct sum. To see that, we need to show that "V]i* and
Vg @ Vr+ are in direct sum for all i. On the one hand, (V]i* is included in the generalized eigenspace of A for the
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eigenvalues ;. On the other hand, Vg @ V7+ is the direct sum of all generalized eigenvalues & that satisfy Im (&) > 0
and therefore are all distinct from y because Im (,u:‘) = -Im (y;) < 0 (a consequence of Im (A;) = 0 and Im () > 0 for
all j) as just shown. By standard facts, generalized eigenspaces for distinct eigenvalues are in direct sum which shows
the claim.

Finally, we claim that R = Vg @ V7+ & V%, . To do that, we will show that V7 _ C V7. which will conclude since
RY = Vg ® Vi+ ®Vr-.Let 1 < i < ', we will show that Vr: € V7, Recall that T} is a Jordan chain and AT = T/'J],
hence

AT = (A'T))* = (AT))* = (T J)" = 1" ;"
since A is real. Since ]l.’* is Jordan block, Ti’ * is a Jordan chain for ,ulf * and VTL;»« is included in the generalized eigenspace
of y/*. But Im (1) = —Im (1}) > 0'so y/* = pj for some j and then Vy+ is included in the generalized eigensace of i;
and therefore in Vy+. At the same time, V; v = (V;, so Vry € V7. L

In summary, we have shown that AP = PM Whére M is in JNF with conjugated blocks and P has correspondingly
“conjugated” columns.

It remains to see that P~! has a similar structure. In what follows, we rename P to P and M to M so that AP = PM. ,
and P and M are “conjugated”. Assume for the moment that A is invertible. We claim that we can compute an invertible
matrix Q, with the same conjugation pattern as P, such that QA™! = M~1Q. The details on how to compute such a
Q can be found in [3, Theorem 4.1 and Appendix 1] but in short this is exactly the same algorithm used to compute
P but in “row form”, or equivalently since A~T QT = QTM~T, can be seen as another version of the JNF applied to
A~T where the “ones” are below the diagonal. Intuitively, this works because the generalized eigenspaces of A~! have

exactly the same structure as that of A. Having found such a Q, we note that
MQP = M(QA™")(AP) = M(M~'Q)(PM) = QPM

so M and QP commute. But M is block-diagonal so it follows that QP must also be block-diagonal, i.e. QP = X :=
Diag(Xi, ..., Xr+2s) with the same block structure as M. Furthermore, since both P and Q have the same conjugated
structure, it follows that X is conjugated with the same structure. Finally, we observe that P~! = X ~1Q which preserves
again the conjugated structure and shows the result. In the case where A is not invertible, we instead replace A with
A’ = A + 8, for some very large § so that A’ is invertible. It is then not hard to see that the JNF of A" is M’ = M + 51,.
We can then compute P and P! with the conjugated structure from A’ as above and those will be acceptable for A as

well.
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