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Résumé

Ce mémoire présente les themes sur lesquels ont porté mes travaux de re-
cherche depuis mon arrivée a I'université d’Aix-Marseille en 2015. Leur problé-
matique commune est de mettre en évidence des comportements statistiques
réguliers dans des familles d’objets arithmétiques naturels : les fonctions multi-
plicatives ou additives, et les valeurs centrales de certaines familles de fonctions
L.

La premiere partie concerne une question centrale en théorie multiplicative
des nombres : celle d’estimer la corrélation des valeurs f(n) et g(n+1), ot fetg
sont deux fonctions multiplicatives, notamment lorsque I'une des deux fonctions
est la fonction « nombre de diviseurs ». Ce probleme est naturellement lié a la
répartition de certaines suites dans les progressions arithmétiques, et trouvent
des applications a d’autres questions arithmétiques, par exemple les zéros de
petite hauteur des fonctions L de Dirichlet. Les majorations de sommes d’expo-
nentielles algébriques sont un outil crucial dans cette partie du mémoire.

La seconde partie concerne certaines fonctions f : Q — C nommées par
Zagier « formes modulaires quantiques », caractérisées par certaines symétries
analogues a celles des formes modulaires. Mes collaborations sur ce sujet ont
consisté d’une part a établir ces relations de modularité quantiques dans certains
cas : celui de tordues additives de fonctions L de Dirichlet, et celui de sommes de
symboles de Pochhammer ; et d’autre part a les utiliser pour en déduire, par des
méthodes de systemes dynamiques, I'existence de lois limites pour les valeurs
de f aux nombres rationnels ordonnés par dénominateurs croissants.

Mots clés : Fonctions multiplicatives, nombres premiers, progressions arith-
métiques, sommes de Kloosterman, formes modulaires, formule de Kuznetsov,
tordue additive, forme modulaire quantique, loi limite, invariant de Kashaev.



Abstract

This manuscript presents the themes of my research works in Aix-Marseille
university since 2015. Their common theme is the search for simple statisti-
cal behaviour among families of natural arithmetical objects: multiplicative or
additive functions, functions defined in terms of numeration systems (decimal,
continued fractions...) and central values of L-functions.

The first part concerns a key question in multiplicative number theory: to esti-
mate the correlation of values of f(n) and g(n + 1), where f and g are two mul-
tiplicative functions, with an emphasis on the case of the divisor function. This
naturally involves bounds on algebraic exponential sums, and leads to applica-
tions in various problems, all linked in some way to the distribution of certain
sequences in arithmetic progressions.

The second part concerns maps f : Q — C called by Zagier “quantum modular
forms”, which satisfy certain symetries analogous to those satisfied by modular
forms. In several collaborations, we established the modular quantum behaviour
in some cases related to additive twists of central L values, or to Pochhammer
symbols, and we deduced through methods from dynamical systems the exis-
tence of limit laws for values of f along rationals ordered by denominators.

Keywords: multiplicative functions, prime numbers, arithmetic progressions,
Kloosterman sums, modular form, Kuznetsov formula, additive twist, quantum
modular form, limit law, Kashaev invariant
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Introduction

Ce mémoire présente les résultats obtenus depuis 2015 dans le cadre de mes
recherches en théorie analytique des nombres. Leur socle commun est la mise
en évidence de lois limites dans des familles d’objets arithmétiques naturels :
les fonctions multiplicatives ou additives, les fonctions définies en termes de
systemes de numération (décimal, fractions continues...), les valeurs centrales
de familles de fonctions L.

La premiere partie du mémoire est centrée sur la question d’estimer asympto-
tiquement la corrélation

C(f,g;x) =) f(n)g(n+1)

n<zx

lorsque f et g sont des fonctions multiplicatives. Heuristiquement, I'on s’attend a
ce que les factorisations de n et de n+ 1 soient statistiquement indépendantes en
moyenne sur n. On s’attend donc a ce que C(f, g; z) soit comparable au produit
des moyennes de f et de g jusqu'a z, c’est-a-dire

C(f,g;7) =2 'C(f,1;2)C(1, g; ).

Nous nous concentrons sur le cas particulier ou f(n) = 7(n) = >4, 1, la fonc-
tion nombre de diviseurs, et ou les valeurs g(p) ont une description simple. Ce cas
est d’'une importance particuliere puisque qu’il délimite le seuil au-dela duquel
les méthodes analytiques connues actuellement sont essentiellement inefficaces.
Les progres les plus significatifs sur cette question ont été réalisés dans les années
1980, avec le développement des méthodes provenant des formes automorphes
pour étudier certaines sommes d’exponentielles algébriques qui interviennent
naturellement.

Dans la section 1.1, nous présentons une généralisation des résultats de De-
shouillers et Iwaniec sur les coefficients de Fourier de formes modulaires, et des
majorations de sommes de Kloosterman qui en découlent par la formule de Kuz-
netsov. Ces estimations seront ensuite employées pour en déduire un résultat
arithmétique sur la majoration en moyenne des sommes de Kloosterman sous
I'’hypothese de zéros de Siegel, obtenu avec J. Maynard.

Dans la section 1.2, nous revenons a 'estimation de C(r,¢;x), et nous pré-
sentons des travaux qui répondent a deux questions naturelles : 'influence de
la localisation des zéros des fonctions L de Dirichlet sur le terme d’erreur dans



I'estimation de C(7, g; z) ; et une caractérisation simple des fonctions g pour les-
quelles nous sommes actuellement en mesure d’estimer précisément C(7, g; x).
Le premier travail repose sur les majorations de sommes de Kloosterman évo-
quées ci-dessus. Le second, obtenu avec B. Topacogullari, dépend de nouvelles
décompositions combinatoires pour certaines fonctions multiplicatives.

Dans la section 1.3, nous présentons un travail avec K. Pratt et M. Radziwilt
qui porte sur la densité des zéros de fonctions L de Dirichlet au voisinage de
'axe réel, en moyenne sur le caractere et le module. Les majorations de sommes
de Kloosterman permettront d’estimer cette densité pour des fonctions test dont
le support de la transformée de Fourier est élargi au-dela du domaine permis par
les inégalités de grand crible.

Enfin, dans la section 1.4, nous présentons un travail avec R. de la Breteche sur
la répartition de valeurs de polynémes quadratiques dans des progressions arith-
métiques, qui repose également sur les majorations de sommes de Kloosterman
évoquées ci-dessus. En corollaire de ce travail, nous avons précisé un résultat de
Deshouillers et Iwaniec sur le plus grand facteur premier de n? + 1.

La seconde partie du mémoire est centrée sur I'existence de lois limites pour
certaines fonctions sur les rationnels.

Le premier résultat de cette seconde partie concerne la répartition des valeurs
des fonctions f : Q — C telles que pour toute homographie v € PSLy(Z) les
fonctions h.,(x) := f(x) — f(yx) soient régulieres, en un sens précis. Ces fonc-
tions ont été nommeées par Zagier “formes modulaires quantiques” (de poids 0
et niveau 1) car certains exemples proviennent d’invariants quantiques en théo-
rie des nceuds. En utilisant I'algorithme d’Euclide et les propriétés dynamiques
de l'application de Gauss, nous montrons sous des hypothéses assez générales
sur les fonctions k., que les valeurs de f(x) pour x variant parmi les nombres
rationnels de dénominateurs au plus () se répartissent suivant une loi stable
lorsque (Q — oo. Ce formalisme nous permet d’étudier la fonction d’Esterman,
qui est la valeur au point central s = 1/2 de la “tordue additive” de la fonc-
tion ((s)?,

n

D(S,ZL‘) — Z 7_(7:) eQﬂinx )
n>1

Cette série ne possede pas de produit eulérien; par contre, la fonction =
D(1/2, z) est une forme modulaire quantique a laquelle nos résultats s’appliquent.
La méthode est essentiellement dynamique, I'arithmétique intervenant unique-
ment pour prouver la modularité quantique de la fonction z — D(3, z).

Notre second résultat concerne le g-analogue du symbole de Pochhammer,

(@) = ﬁlu — ),

lorsque ¢ est une racine de l'unité. Nous montrons que les fonctions qui a x € Q



associent respectivement (e(z)), et (e(z)), (ott h/k = (h~' mod k)/k (mod 1))
satisfont chacune, pour tout v € PSLy(Z), une formule de modularité qui re-
lient leurs valeurs en z et en . Ces deux formules sont cousines de I'équation
de modularité de la fonction n de Dedekind et en partagent certains aspects.
Ces formules sont cohérentes avec la conjecture de modularité de Zagier sur les
invariants de Kashaev de nceuds hyperbolique. Nous montrons, en utilisant ces
formules, que les invariants de Kashaev du noeud de huit

Jio(@) = [(e(@))al”

n>0

ont, pour presque tout nombre rationnel x (en un sens précis), un comportement
asymptotique qui s’exprime en termes tres simples du développement en fraction
continue de z.



1 Sommes d’exponentielles et
indépendence statistique de
fonctions arithmétiques

1.1 Sommes de Kloosterman

1.1.1 Majoration en moyenne

Pour tout ¢ € N et a,b € Z/qZ, on définit la somme de Kloosterman (Kloos-
terman 1927)
b —1
S(a,b; q) = Z e (W>

ne(Z/q7Z) q

ou e(x) := e*™@ et n~! désigne un inverse de n modulo ¢q. Nous avons bien
entendu la majoration triviale

1S(a, b;q)| < »(q).

Tout amélioration de cette inégalité est susceptible de nous renseigner sur le
caractere pseudo-aléatoire de la suite (n~') lorsque n parcourt (Z/qZ)*. Nous
avons en toute généralité la borne de Weil (Weil 1948) : pour tout € > 0,

1S(a,b;q)] < ¢*™,  ((a,b,q) = 1)

ou (a, b, q) désigne le pged. L'exposant 1/2 est optimal. Lorsque a, b sont non nuls
et fixés, et que 'on somme sur g, nous pouvons nous attendre a des compensa-
tions supplémentaires. Le premier résultat de ce type est du a Kuznetsov (Kuz-
netsov 1981), et affirme que pour tout ¢ > 0 et (a,b) € Z*\ 0,

S(a,b;
(CL Q) <<e,a,b x1/6+€_

>

q<z

Cette piste a été développée de maniere systématique par Deshouillers-Iwaniec (De-
shouillers ; Iwaniec 1982a) (voir aussi (Iwaniec 1982)). Ces idées ont prospéré
et ont contribué a certains des résultats les plus précis de la théorie analytique
des nombres moderne (Bombieri; Friedlander ; Iwaniec 1986 ; Young 2011 ; Pitt
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2013; Bettin; Bui; Li et al. 2020 ; Pratt; Robles; Zaharescu et al. 2020 ; Assing;
Blomer ; Li 2021 ; Maynard 2020).

Les résultats de Deshouillers-Iwaniec (Deshouillers ; Iwaniec 1982a) concernent
des sommes d’exponentielles de la forme suivante :

—1
SE S fugte e (n70),
n ¢ d 7T s sC
ou (f,,s) est une suite a support fini, et g une fonction lisse a support compact.
Le casou f3,,s = 1 sin =r = s = 1 et 0 sinon, c’est-a-dire lorsque que la somme
porte uniquement sur c et d, correspond a celui des sommes de sommes de Kloos-
terman considérées par Kuznetsov (Kuznetsov 1981), aprés une sommation de
Poisson sur la variable d. La somme quintuple ci-dessus est une généralisation
naturelle a un cadre réaliste, ou les variables “lisses” ¢ et d sont perturbées par
convolution multiplicative.
Le résultat suivant est une généralisation du Theorem 12 de (Deshouillers;
Iwaniec 1982a). Il a été prouvé dans (Drappeau 2017), puis précisé dans (Drap-
peau; Pratt; Radziwilt 2022).

Théoréme 1 (Drappeau 2017). Soient C,D,N,R,S > 1 et q,co,dy € N avec
(q,codg) = 1. Soit (by,,.s) une suite a support dans [1, N] x [R,2R] x [S,25] N N3.
Soit g : R — C une fonction lisse d support compact dans [C,2C]x [D,2D]x (R%)?
qui satisfait la majoration

am +ro+r3+tratus g

Oc’1 Qdv20nvs Orvadsvs (e, d,n, 7, 8) Kupwawgaws 177 d7P 0™ s 7% (L1)

pour un certain g9 > 0 et tous v; > 0. Alors

zc: zd: zn: ; ZS:bnmsg(Cv d,n,r, s)e (n (rd)_l)

c=cp et d=dgp mod q
(grd,sc)=1

ey (CDNRS)FO P (C, D, N, R, S)||bx.rs|2,

01,\6 ‘|bN7R,S‘|§ = Zn,r,s ‘bn77‘7s‘27 Gt

K(C,D,N,R,S)*=qCS(RS + N)(C + RD)

1.2
+ CDS((RS + N)R)'"™ (1 + ££)* + D°NR. (1:2)
Signalons que dans un article récent, Assing, Blomer et Li (Assing ; Blomer ; Li
2021) prouvent une estimation qui généralise le Theorem 12 de (Deshouillers;
Iwaniec 1982a) dans une autre direction, liée a 'uniformité en n.
La principale différence par rapport a (Deshouillers; Iwaniec 1982a, Theo-
rem 12) tient en le fait que les variables ¢, d, attachées a un poids lisse, peuvent
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étre restreintes a des progressions arithmétiques. L'idée principale pour ce faire,
introduite par Blomer et Mili¢evi¢ (Blomer ; Milicevi¢ 2015), est d’utiliser la pos-
sibilité de faire varier le caractere central des formes automorphes pour I'y(q)
considérées dans (Deshouillers; Iwaniec 1982a). La réussite de 'argument dé-
pend ensuite d'un choix convenable de séries de Poincaré, dont le développe-
ment en série de Fourier autour de pointes bien choisies fera apparaitre les
sommes de Kloosterman voulues. L'utilité de ce cadre d’étude plus étendu s’est
confirmé dans d’autres travaux récents sur les fonctions L modulaires, ou la for-
mule de Kuznetsov joue un réle : citons (Kiral; Young 2019), (Petrow ; Young
2020) et (Zacharias 2019).

Une différence plus accessoire est la dépendance en 6, qui est explicitée, la
ou la borne # < 1/4 de Selberg était utilisé dans (Deshouillers ; Iwaniec 1982a).
Cela n’affecte que le second terme dans (1.2). Dans la plupart des applications,
ce terme n’est pas le terme limitant, mais ce n’est pas systématiquement le cas,
comme nous le verrons au théoréme 6 ci-dessous.

Les majorations en moyenne du type du théoreme 1 confeérent aux sommes
de Kloosterman une place de choix dans la théorie analytique des nombres. Il
serait extrémement souhaitable de disposer d’estimations de la méme qualité
pour d’autres sommes d’exponentielles, comme les sommes de Birch, les sommes
de Kloosterman de rang 3, ou par exemple les sommes d’exponentielles dont la
phase paramétrise les solutions de n® = 2 mod p. Des travaux récents sur ce
sujet ont notamment été menés par Buttcane (Buttcane 2022).

1.1.2 Valeur moyenne le long des nombres premiers et zéros
de Siegel

Les travaux de Blomer et Mili¢evi¢ (Blomer ; Milicevi¢ 2015), auxquels il a été
fait référence ci-dessus, permettent de majorer des sommes du type

> x(q)S(a,b;q), (1.3)

q<z

dans laquelle y est un caractére de Dirichlet. Il est naturel de se demander si la
flexibilité permise par la présence du caractere y permet d’obtenir de nouvelles
applications arithmétiques. Un énoncé qu’il serait particulierement souhaitable
de démontrer est

Z S(a, b;p) 2

p<z \/]_9

ol p désigne un nombre premier.

La question (1.4) est toujours ouverte. Elle découlerait de la conjecture de Sato-
Tate “horizontale” énoncée par Katz (Katz 1980). En 2007, Fouvry et Michel (Fou-
vry ; Michel 2007) ont obtenu une majoration non-triviale lorsque la condition de
primalité est relachée a la condition que n appartient a 'ensemble P, des entiers

o(z/logx), (1.4)
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ayant au plus k facteurs premiers, pour tout nombre £ suffisamment grand. Leur
méthode a fait 'objet de plusieurs améliorations, et la meilleure valeur connue
d’un k admissible est k£ = 7 par Xi (Xi 2018).

La possibilité d’exploiter la dépendance en le caractere y dans (1.3) trouve une
application dans la circonstance exceptionnelle ou il existerait un caractere de
Dirichlet prenant la valeur —1 anormalement souvent sur les nombres premiers.
Plus précisément, on sait qu’il existe ¢ > 0 tel que pour chaque ) > 2 et chaque
caractere quadratique yx primitif et non trivial de module ¢ < @, I'inégalité

L(1,x) > ¢/logq

a lieu a 'exception d’au plus un caractere y, qui est alors quadratique. On conjec-
ture que ces exceptions n’existent pas, et de fait 'hypothese de Riemann généra-
lisée pour les fonctions L de Dirichlet implique I'inégalité L(1,x) > 1/loglogq;
mais aucun progres substantiel n’a été fait sur cette question depuis qu’elle a été
posée. En toute généralité, la borne de Siegel L(1, x) >. ¢ ¢ pour tout € > 0, qui
est non effective des que ¢ < 1/2, est la meilleure connue.

Supposons que I'on ait une suite de caracteres quadratiques primitifs y,, (mod D,,)
tels que L(1,x,)log D,, — 0 lorsque n — oo. Ces caracteres fourniraient alors
une famille de fonctions multiplicatives qui “imitent” la fonction de Mobius sur
les entiers de taille DOM), tout en étant d’une complexité analytique contrdlée
puisque ce sont des fonctions périodiques de période D,,.

Cette idée a été poursuivie dans un travail fondateur de Heath-Brown en
1983 (Heath-Brown 1983), et plus récemment dans plusieurs travaux de Fried-
lander et Iwaniec (Friedlander ; Iwaniec 2004 ; Friedlander ; Iwaniec 2005 ; Fried-
lander; Iwaniec 2013). Il résulte de ces travaux que I'existence de caractéres de
Siegel permet de résoudre plusieurs problemes qui sont situés au-dela des mé-
thodes d’analyse moderne : le probléme des nombres premiers jumeaux (Heath-
Brown 1983), ou en progressions arithmétiques de grands modules (Friedlander ;
Iwaniec 2003), ou dans les tres petits intervalles (Friedlander ; Iwaniec 2004).

Avec James Maynard, nous avons montré dans (Drappeau; Maynard 2019)
que l'existence de caractéres exceptionnels entrainerait une majoration non-triviale
des sommes de Kloosterman de modules premiers.

Théoréme 2 (Drappeau; Maynard 2019). Pour tout € > 0, il existe A, B > 0 tels
que pour tout caractére quadratique primitif x (mod D) et tout x > DA, 'on ait

S(1,1;p)
Y

Puisque [S(1,1;p)| < 2,/p par la majoration de Weil, I'’énoncé précédent n’est
non trivial qu’a condition qu’il existe une suite y,, (mod D,,) de caracteres qua-
dratiques primitifs qui satisfasse L(1, x,) log D,, — 0, autrement, sous I'existence

< 7(x)(e+ BL(1,x) log z).
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de caracteres de Siegel-Landau. L’estimation du théoreme 2 est alors pertinente
dans un intervalle de la forme [D#, D] avec C arbitraire mais fixé.

La stratégie de base est celle suivie par Heath-Brown (Heath-Brown 1983) et
Friedlander-Iwaniec (Friedlander; Iwaniec 2005 ; Friedlander; Iwaniec 2004),
qui consiste a approcher la fonction de van Mangoldt A(n) = log*u(n) par la
convolution logxx(n). Du point de vue de la complexité analytique, cette der-
nieére est comparable a la fonction diviseur 1« 1(n). Le probleme se ramene donc
essentiellement a 'étude des sommes

> > S(1,1,mn).

N<n<2N M<m<2M

Lorsque M < N'7¢ ou N < M'~¢, les estimations de Deshouillers-Iwaniec, du
méme type que le théoréme 1, fournissent une majoration acceptable. Le princi-
pal obstacle est constitué par le cas M = N. Dans ce cas, nous ne parvenons pas a
tirer partir des compensations dans le signe de la somme de Kloosterman. L’idée
cruciale est de remplacer log(n/d) dans la convolution A(n) = ¥4, u(d) log(n/d),
par log(y/n/d). Ceci n’a aucun effet sur le reste des arguments, mais a I'avan-
tage d’atténuer la contribution des d de l'ordre de /n, qui correspondent au cas
problématique ci-dessus. Le reste de 'argument reprend une méthode de Fouvry-
Michel (Fouvry; Michel 2003), basée sur une idée de Hooley (Hooley 1964) et
la coincidence numérique 8 < 3w, qui prouve que |S(1, 1,n)| devient négligeable,
en moyenne sur n, a mesure que n possede de plus en plus de facteurs premiers.
Cette idée se retrouve dans d’autres travaux dans le domaine, notamment un tra-
vail récent de Xi (Xi 2020) sur la non coincidence entre sommes de Kloosterman
et valeurs propres de Hecke-Maass.

1.2 Convolution décalée avec la fonction diviseur

1.2.1 Terme d’erreur dans le probléeme de Titchmarsh

Les majoration de sommes d’exponentielles du type du théoréme 1 trouvent
naturellement des applications a I'estimation de “convolutions décalées”

> f(n)g(n+1), (1.5)

n<x

ol f et g sont supposées multiplicatives, ou ayant un lien fort avec une fonction
multiplicative, comme la fonction indicatrice des nombres premiers.

Une approche dans ce probléme consiste a approcher f et g par des convolu-
tions de Dirichlet non triviales, ce qui revient a factoriser n = abetn + 1 = cd,
puis a essayer de compter les solutions de I'’équation cd — ab = 1 affectées de
certains coefficients (Duke; Friedlander; Iwaniec 1994). Dans les cas les plus
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favorables, les coefficients varient de maniere lisse avec a, b, ¢, d, et par analyse
de Fourier, on se ramene a des sommes d’exponentielles qui sont du méme type
que les sommes de Kloosterman. Ceci explique que les estimations basées sur les
sommes de Kloosterman trouvent un intérét particulier en théorie analytique des
nombres (Kowalski 2003).

La fonction diviseur 7 = 1 % 1 peut étre vue comme la fonction arithmétique la
plus simple qui ne soit pas une perturbation d’'une fonction constante. Les fonc-
tion diviseurs d’ordre supérieur, 7, = 1x*- - -x1 (k fois) en sont des généralisations
naturelles. La fonction indicatrice des nombres premiers n — 1p(n), quant a elle,
est vue comme une forme de limite des fonctions 7, au sens ou si une question
concernant une fonction f peut étre résolue pour f = 7, k arbitraire, avec une
certaine uniformité en &, alors on peut espérer la résoudre pour f = 1p. Cette
forme de vague classification des fonctions multiplicatives se matérialise dans
des « identités combinatoires », les plus connues étant celles de Linnik, Vaughan
et Heath-Brown, et dont il sera question dans cette section.

Le probléme des diviseurs de Titchmarsh (Titchmarsh 1930) consiste a estimer

la somme
T(z):=> 7(p—1).

p<w

C’est un cas particulier du probléme (1.5). La meilleure estimation connue

T(x) =1z + e li(z) + O((logx)A> (1.6)

est due indépendamment a Fouvry (Fouvry 1985) et Bombieri-Friedlander-Iwaniec
(Bombieri; Friedlander ; Iwaniec 1986). La forme du terme d’erreur découle de
l'utilisation du théoréme des nombres premiers en progressions arithmétiques, et
de l'utilisation du théoreme de Siegel-Walfisz. La question se pose naturellement
de savoir si une hypothése comme celle de Riemann sur la fonction { permet
d’obtenir un terme d’erreur en puissance de x, comme c’est le cas dans le théo-
reme des nombres premiers. Le résultat suivant, obtenu dans (Drappeau 2017),
montre que la réponse est oui.

Théoréme 3 (Drappeau 2017). Supposons ’hypothése de Riemann généralisée
aux fonctions L de Dirichlet. Alors il existe 6 > 0 tel que

T(z) = c1x + e li(z) + O(x7%) (x >2).

Ce résultat est celui qui avait motivé originellement le théoréme 1. Une valeur
effective de ¢ a été obtenue par Tang (Tang 2020). Il serait naturel de s’attendre
a ce que le terme d’erreur optimal soit /2, mais la meilleure valeur de § que la
méthode premettrait d’obtenir en est loin.

La stratégie est similaire a celle de Fouvry (Fouvry 1985) et Bombieri-Friedlander-
Iwaniec (Bombieri; Friedlander ; Iwaniec 1986), mais la contrainte d’obtenir un

15



terme d’erreur en puissance de = nous impose d’éviter le recours a certaines
techniques, de crible notamment. En tenant compte de ces contraintes, il ap-
parait que la somme d’exponentielles que 'on doit estimer in fine a une forme
semblable a

-1 -1
Y bursgle,d)e (n(sc) + (cd) ) (1.7)
c,d,n,r,s rd q

ol ¢ > 1 est un entier relativement petit, de 'ordre de z°. Les travaux précé-
dents (Fouvry 1985 ; Bombieri; Friedlander; Iwaniec 1986) utilisaient diverses
réductions pour se réduire au cas ¢ = 1, ce qui amenait la somme dans le gi-
ron des estimations originelles de Deshouillers-Iwaniec (Deshouillers; Iwaniec
1982a). Mais cette réduction se fait au cofit d’un terme d’erreur en O(x e~ °V1o87)
dans le meilleur cas. En revanche, munis a présent du théoreme 1, nous pouvons
travailler directement avec la somme originelle (1.7) en séparant les sommes
sur ¢ et d suivant les classes de congruence modulo ¢, avec des termes d’erreurs
en puissance de x tout au long de 'argument. C’est ce qui mene a la preuve du
théoreme 3.

1.2.2 Probléeme de Titchmarsh pour d’autres fonctions
multiplicatives

Considérons la somme (1.5) avec f = 7. Nous savons en obtenir un dévelop-
pement asymptotique pour g = 1p, comme on I'a vu dans le paragraphe précé-
dent. Cependant, en 2017, rien ne semblait connu pour des fonctions considérées
comme étant de difficulté équivalente ou moindre, comme g = 15, la fonction
indicatrice de 'ensemble 5 des entiers qui sont sommes de deux carrés.

Plus généralemment, on s’attendait a pouvoir traiter le cas de la fonction g = 7,
pour z € C, car on considere celle-ci comme étant de la méme “difficulté analy-
tique” que la fonction indicatrice des nombres premiers : par exemple, le prolon-
gement holomorphe de sa série génératrice s — ((s)* possede des singularités
aux zéros de la fonction ¢, qui sont de nature logarithmique.

Nous avons résolu ce cas dans un travail commun avec Berke Topacogul-
lari (Drappeau; Topacogullari 2019). La “difficulté analytique” a laquelle il a
été fait allusion se matérialise, dans notre résultat, par I'intermédiaire d’'une hy-
pothese de périodicité sur le comportement de la fonction g le long de la suite
des nombres premiers.

Théoréme 4 (Drappeau ; Topacogullari 2019). Supposons que la fonction multipli-
cative g : N — C satisfait les hypotheses suivantes :
— Il eziste D € N tel que sip, q sont deuz nombres premiers avec p = q (mod D),

alors g(p) = g(q)-
— Il existe A > 0 tel que |g(n)] < 7(n)? pour tout n € N.
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Alors pour tout B > 0, l'on a

1
Z gn)t(n —1) =2 Z Z — Z g(n)x(n) + Op.ap(x/(log z)?).
1<n<z X primitif ¢</x QO(Q) ?<n<zx
cond(x)|D cond(x)|q (n,q)=1

(1.8)

La somme sur n dans le membre de droite est facile a estimer en utilisant des
résultats classiques sur les régions sans zéros de fonctions L de Dirichlet. Fouvry
et Tenenbaum (Fouvry ; Tenenbaum 2022) ont récemment obtenu un résultat qui
contient le théoreme (1.8) et fournit des applications nouvelles sur le probleme
de convolution décalée (1.5) pour certaines fonctions additives f, g.

Par rapport aux arguments qui sous-tendent le probléme de Titchmarsh (1.6),
le point que nous améliorons est la partie communément appelée “identité com-
binatoire”. C’est un argument qui a beaucoup été étudié dans le cas des nombres
premiers (Vinogradov, Linnik, Gallagher, Vaughan, Heath-Brown) ; nous renvoyons
al’article de survol (Ramaré 2013) pour une discussion plus détaillée de I'histoire
de ces techniques. L’élément nouveau dans le théoréme 4 est une identité combi-
natoire valable pour une fonction multiplicative ¢ satisfaisant les conditions du
théoréme 4. Nous obtenons en fait deux identités.

La premiere est une identité de type Heath-Brown (Heath-Brown 1982) pour 7,
avec o € Q. La possibilité d’obtenir une telle formule était suggérée par une
identité due a Vaughan pour 7/, qui nous a été aimablement communiquée par
Hugh Montgomery par l'intermédiaire d’Olivier Ramaré. Cette identité pour 7y s,
que nous ne reporterons pas ici, apparaitra dans le volume II de Multiplicative
Number Theory, mais nous n’avons pas réussi a en tirer parti pour 'appliquer au
probleme de Titchmarsh. Apres quelques tatonnements, nous avons trouvé une
généralisation convenable de I'identité de Heath-Brown. Pour reprendre le cas
particulier simple de la fonction 7 /5, elle prend la forme

> an(C(s) 2 Ma(s) = 1)) = C(5)/2 + D0 beC () Ma()* ™, (L9)

m>4 0>1

ou (am), (by) sont des nombres complexes, ( est la fonction de Riemann et

My(s)= > 7_1pm)n®

n§11/4

est une approximation de ((s)~'/2. La série de Dirichlet formée par le membre
de gauche de (1.9) ne comporte aucun terme d’indice < z, tandis que le membre
de droite fait apparaitre ¢'/2 d’une part, et des puissances entiéres de ¢ et de la
série tronquée M, d’autre part. Les coefficients a,, et b, sont obtenus en trouvant
d’abord un polynéme de la forme P(X) =1+ XQ(X?), Q € C[X], qui sannule
en 1al'ordre 4, par exemple P(X) =1—-32X 43 X3 2L X5+ 2 X7 On substitue
ensuite formellement X = ¢('/2M dans I'égalité P(X) = 1 + XQ(X?), puis on
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multiplie par ¢'/2.

Il est moins évident de voir que cette méthode se généralise a la fonction 7,
pour o = u/v rationnel, avec un bon controle en termes de v, sur la taille des
coefficients b,. Ce dernier point est crucial. Nous prouvons que c’est effective-
ment le cas; la taille de b, est alors essentiellement controlée par la taille (ar-
chimédienne) de |u/v|. Cela nous a permis, dans un premier temps, d’estimer la

somime
Z Ta(n)T(n 4+ 1)

n<x

uniformément en o € Q, |a| < 1, denom(a) < (logx)*, avec un terme d’erreur
en O(z/(logz)4).

Pour aborder le cas général 7,, = € C, |z| < 1, la seconde idée que nous
utilisons est tout simplement une interpolation de Lagrange sur la fonction poly-
nomiale

2 Y T(n)T(n+1).
n<x

La simplicité de cette approche cache, bien entendu, le probleme de maitriser
la dépendance en x dans I'étape d’interpolation. On estime d’abord la contri-
bution des termes de degrés > C'loglogz par Oc(x/(logx)“+9:()) pour C' >
7.1 Lordre de grandeur loglogxz provient de la valeur typique du nombre de
facteurs premiers des entiers inférieurs a = (théoreme de Hardy-Ramanujan).
Ensuite, un choix naturel de points d’échantillonage rationnels de dénomina-
teurs O(loglog z), dans l'interpolation de Lagrange, mene a un terme d’erreur de
la forme

[terme d’erreur aux points d’échantillonage] x exp(|[degré]), (1.10)

autrement dit ici Toa )™ X exp(C'loglog z), avec A arbitrairement grand. Finale-

ment, nous obtenons pour z quelconque une estimation avec terme d’erreur

Orc({ogzeor * fogaye)
o (log 2)¢+0-(1) ~ (logx)A=¢ )’

et un choix convenable de A et C' conclut 'argument. La réussite de cette ap-
proche dépend de facon essentielle de la dépendance en le degré dans (1.10).

La seconde preuve que nous avons obtenue présente beaucoup de similari-
tés avec les travaux originels de Vinogradov (Vinogradov 1937). Elle ne repose
pas sur une étape d’interpolation, et est donc un peu plus simple dans sa mise
en ceuvre. Le point de départ reprend l'identité de Linnik (Linnik 1963, Cha-

1. L’exposant n’est pas optimal asymptotiquement mais il nous suffit qu’il tende vers 'infini
avec C.
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pitre VIII), et consiste a écrire

5:41+@>4»2:§:C)@—1ﬂ

Jj=0

Lorsqu’on développe le membre de droite en série de Dirichlet, le coefficient
d’un entier n fait intervenir des indices j de taille O(logn), ce qui est trop élevé
en pratique. L’idée est de factoriser la partie y-friable des entiers au niveau des
séries de Dirichlet, c’est-a-dire d’écrire

g = CyMy7 gy(s) = H(l _p_s)_la My(‘S) = H(l _p_s)_l'

Py P>y

On choisit alors y = z° pour une petite valeur de £ > 0 a déterminer. En appli-
quant la stratégie de Linnik a la partie qui concerne ), on obtient

Aﬁ=2¢)%—w,
>0 \J

et si 'on souhaite détecter le coefficient d’'un entier n < x, la somme sur j peut
étre tronquée a j < 1/e. Puis pour conclure nous réintroduisons les divers fac-
teurs (,, ce qui n’a pas d’impact sur nos arguments des que ¢ est suffisamment
petit. En pratique ¢ < 1/4 convient. Ceci est du au fait que la fonction indicatrice
des entiers friables bénéficie de bonnes propriétés de factorisation au sens de la
convolution de Dirichlet. Dans le cas de la fonction diviseurs, nous obtenons par
exemple la décomposition

T.(n) = Z Co Z To—e(n1)1e(n2), (n < x), (1.11)

0<¢<3 n=ninz

pln1 = p<a'/4

ou
11 2 1.3 5.2 1.3
Co.=1—Fz+2"— 327, ¢, =3z— 352"+ 327,
2 1.3 1 1.2 , 1.3
c27zz—%z+2,z—§z, C3,=32— 32"+ 352,

Partant de la formule (1.11), il est relativement simple de poursuivre les argu-
ments de Bombieri-Fouvry-Friedlander-Iwaniec. On vérifie que > ,¢,., = 1 (ce
qui est cohérent avec (1.11) en n = 1) et que > ,lc,. = z (ce qui est cohérent
avec (1.11) lorsque n = p > z'/4),

L'uniformité par rapport au parametre =~ permet d’exploiter la formule de Cau-
chy pour en déduire des formules asymptotiques pour les entiers ayant exacte-
ment k facteurs premiers.
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Corollaire 1 (Drappeau; Topacogullari 2019). Pour 1 < k < loglogx, l'on a

J P .(logl log1 k
S o1y = Ly Puellos og@w#(m@g 0g ) )

logz = (logz)/ kl(log)’/—1+e

n<x
w(n)=k

ot pour tout j > 1, P; est un polynome de degré au plus k — 1.

Pour k = 1, 'on retrouve le théoreme de Bombieri-Fouvry-Friedlander-Iwaniec
avec le méme terme d’erreur. On note que le nombre des entiers n < z tels
que w(n) > Cloglogz est <¢ x(logz)¢~1-¢sC La condition sur k dans le
corollaire 1 est donc naturelle puisqu’elle correspond a la région dans laquelle le
terme d’erreur, qui provient d’'une utilisation du théoreme de Siegel-Walfisz, est
pertinent.

Le cas z = 1/2 dans (1.11) nous a permis de répondre a la question qui nous
motivait initialement.

Corollaire 2 (Drappeau ; Topacogullari 2019). Si B désigne ’ensemble des nombres
qui s’écrivent comme somme de deuxr carrés, alors pour un certaine suite de
nombres (5;)>0 et tout J >0, l'on a

J—1
—1)=z(1 1/2 L O (z(1 1/2=Jy
ne{%mf(n ) = z(log 7) ;J (log )7 + Os(x(log v) )

Ces résultats sont encore valables lorsque n — 1 est remplacé par n —h avec h €
Z, h # 0 et |h| < 2° pour un certain § > 0.

Dans la continuation de ce sujet, on souhaiterait pouvoir estimer la somme au
membre de gauche de (1.8) méme dans des situations ot la valeur moyenne de f
est négligeable devant toute puissance négative de log x. Le terme d’erreur donné
par le théoréme 4 n’est alors plus négligeable devant le terme principal. Un cas
particulier important, celui des entiers friables, a pu étre traité dans (Fouvry;
Tenenbaum 1990; Drappeau 2015), en particulier grace a un travail de Har-
per (Harper 2012). Il est naturel de se poser la méme question pour ’ensemble
des entiers ayant k facteurs premiers lorsque k/loglogx — oo, autrement dit,
un analogue du corollaire 1 pour ces grandes valeurs de k. La fonction caracté-
ristique de ces entiers bénéficie de bonnes propriétés de factorisation, et il est
plausible que certaines des techniques utilisées dans (Drappeau 2015) puissent
étre adaptées pour traiter ce cas. Le probleme de remplacer la fonction 7 dans le
membre de gauche de (1.8) par une fonction plus générale semble, en revanche,
actuellement hors de portée. Le cas le plus simple apres la fonction 7 est celui
de la fonction diviseurs 73 ; I'estimation asymptotique de ), ., 73(n)73(n + 1) est
une question ouverte majeure en théorie analytique des nombres, sur laquelle
essentiellement aucune approche n’est effective pour le moment.
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1.3 Zéros de fonctions L de Dirichlet

Dans cette section on suppose que '’hypothése de Riemann généralisée aux
fonctions L de Dirichlet est vraie.

Le probleme dont il est question ici concerne la répartition verticale des zéros
de fonctions L de Dirichlet. Etant donné un caractére de Dirichlet primitif y, on
s'intéresse au multi-ensemble des zéros de sa fonction L dans la bande critique,

Zy ={yveR,L(5+iv,x) =0,},

puis aux multi-ensembles

Zg = U Zys
x (mod q)
primitif
ZSQ = U Zq.
9<Q

Par des méthodes dues notamment a Riemann et Weyl, il est connu que I'on a

card{v € Z, N[0,T]} ~ zlog (q)’ (T — o0, T < ¢°W).
27 27
Au vu de cette estimation, il est donc naturel de s’attendre a trouver, a distance =<
1 de l'axe réel, un nombre de l'ordre de log ¢ éléments de Z, . Peu de choses sont
connues pour un caractére y donné, lorsque ¢ — oo. En revanche, on dispose
de conjectures précises lorsque l'on fait varier y parmi tous les caracteres de
Dirichlet de module ¢, autrement dit, lorsqu’on étudie I'’ensemble Z,,.

Etant donnée une fonction ¢ : R — C et un entier ¢ > 1, on s’intéresse a la

quantité
W(p,q) = Y Z¢(;Tlogq>.

x (mod q) vE€2Zx
primitif

Notons v)(¢) le nombre de caracteres primitifs modulo g.

Conjecture 1. Supposons que la transformée de Foum'erg?) est a support compact.
Alors l'on a

W(0.q) ~ Ulq) [ 6(6)dg (1.12)

des que le membre de droite tend vers ['infini.

Cette conjecture est un cas particulier d'une conjecture plus vaste énoncée par
Katz-Sarnak (Katz; Sarnak 1999), qui fait un lien conjecturel avec la répartition
des valeurs propres de matrices aléatoires. Ces conjectures trouvent leur source
dans un article de Montgomery (Montgomery 1973) sur la corrélation de paires
de zéros de la fonction ¢ de Riemann.
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La conjecture 1 peut étre établie sous des conditions relatives a la taille du
support de la transformée de Fourier de ¢. Le résultat suivant, qui est établi par
exemple dans (Sica 1998), découle relativement rapidement de I'’hypothese de
Riemann généralisée.

Théoréme 5. Sous [’hypothese de Riemann généralisée auz fonctions L de Dirichlet,
I’équivalence (1.12) est vraie lorsque ¢ est a support dans |—2,2].

Dans un travail avec Kyle Pratt et Maksym Radziwilt (DrAappeau; Pratt; Rad-
ziwilt 2022), nous étendons la condition sur le support de ¢, au prix d’effectuer
une moyenne supplémentaire sur le module q.

Théoréme 6 (Drappeau; Pratt; Radziwilt 2022). Sous [’hypothése de Riemann
généralisée aux fonctions L de Dirichlet, l'on a

S Wioua) ~ (X vla)) [ole)ag

q<Q 7<Q

lorsque & est a support dans |—2— 6,2+ d[ avec 6 = 50/1093.

L’hypothese de Riemann peut étre retirée dans cet énoncé, sous réserve de
remplacer v par —i(p — 1/2) dans la définition de W (¢, q).

Le principal intérét du théoréme 6 est que 'on dépasse le seuil 2 sur la taille
du support de ¢, ce qui ne pouvait étre déduit directement d’une application de
I'hypothese de Riemann comme au théoreme 5. La situation est analogue a celle
de compter des nombres premiers en progressions arithmétiques de modules ¢,
ol une utilisation triviale de I'’hypothese de Riemann généralisée mene a une
condition ¢ < 2'/27¢, que l'on peut dépasser inconditionnellement dans certains
cas (Fouvry 1985 ; Bombieri ; Friedlander ; Iwaniec 1986) a condition d’effectuer
une moyenne supplémentaire sur ¢. Cette analogie est plus que formelle, puisque
les mémes outils sont au cceur de la preuve dans les deux cas.

La méthode commence par une application de la formule explicite de Riemann-
Weyl, qui prend essentiellement la forme

W~ (L) [oier T (%g};nmé(}jﬁi).
primiti

Par 'orthogonalité des caracteres de Dirichlet, la derniere somme peut étre bien
évaluée a condition de savoir estimer la somme

Yo X (=),

q<Q p=1 (mod q) 10g q

Nous sommes donc réduit a compter des nombres premiers en progressions
arithmétiques. Le probléme revient fondamentalement au suivant : prouver qu’il
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existe des réels k > 2 et n > 0, tels que l'on ait

> ( o1 1:;23) < QVWX, lorsque X = Q~. (1.13)
7<Q p<X
p=1 (mod q)

Cette question peut sembler paradoxale. En effet, dans les estimations de type
Bombieri-Vinogradov, le domaine X > Q%< est le plus facile d’accés, et tout le
probleme est de diminuer la valeur de X, tandis qu’ici 'on souhaite prendre X
légerement plus grand que Q2. Le principal enjeu réside en réalité dans le terme
d’erreur, que nous souhaitons rendre négligeable par rapport a Qv X, tandis
que dans I'étude des nombres premiers en progressions arithmétiques, la borne
triviale est plutét de I'ordre de X. Ainsi, lorsque X est l1égerement plus grand
que Q?, le terme d’erreur que nous souhaitons atteindre est de 'ordre de X'~7,
tandis que le théoreme de Bombieri-Vinogradov fournit un majorant de I'ordre
de X/(log X)4.

La “preuve de concept” du théoreme 6 est fournie par l'estimation du théo-
reme 3. Ce théoreme prouve que si 'hypothése de Riemann généralisée est vraie,

alors 'on a (%
S(x - e x=e)
q<Q p<X gb(q)
p=1 (mod q)

pour un certain n > 0, ce qui constitue une majoration de type (1.13) pour sk = 2.
Tout le travail consiste a montrer que 'on peut augmenter légerement la valeur
de ~ tout en gardant un terme d’erreur de la méme qualité.

Le fait que nous pouvons nous passer de '’hypothese de Riemann généralisée
dans le théoreme 6 est lié au fait que les caracteres y qui interviennent dans la
définition de W (¢, q) sont tous primitifs. Nous pouvons alors retirer, dans I'en-
semble des arguments, la contribution des caractéres de conducteurs au plus 2°
pour § > 0 suffisamment petit, qui constituent la seule obstruction a obtenir un
gain en puissance de X en 'absence d’une hypothese de Riemann.

1.4 Valeurs friables de polynémes quadratiques

Une autre application emblématique des estimations de Deshouillers et Iwa-
niec (Deshouillers; Iwaniec 1982a) concerne le niveau de répartition des poly-
nomes quadratiques. Cela tient a ce que les racines d’'un polynéme quadratique
donnent naturellement lieu a une somme d’exponentielle du méme type que les
sommes de Kloosterman.
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Le probleme est celui d’estimer la somme

Az, Q,N) = )\q( > 1— TP(x,q)),
q<Q n<z
n?=-1 (mod q)

ol ()\,) est une suite de nombres complexes de modules au plus 1, et TP(z, ¢) est
le terme principal attendu, c’est-a-dire

TP(z,q) := xp(q)’ p(q) = card{m (mod ¢q), m* = —1 (mod q)}.

q

Il est permis de conjecturer que pour chaque ¢ > 0, il existe 6 > 0 tel que
Alz,QN) =0, (Q<a*),

uniformément en \. En pratique, 'on a ., TP(z,q) < xlog(2Q), et toute
majoration de A(z, ¢, \) négligeable devant x log () est intéressante. Ce probleme
est de plus en plus difficile a mesure que la valeur de () est de plus en plus
grande.

Le résultat suivant a été obtenu dans travail en commun avec Régis de la
Breteche (La Breteche ; Drappeau 2020).

Théoréme 7 (La Breteche ; Drappeau 2020). Supposons que la suite (\,) soit bien
factorisable au sens d’lwaniec. Pour tout € > 0, il existe d > 0 tel que

Az, Q, )] < 20 pour (@ < p1125/178—¢

Ceci améliore quantitativement un résultat obtenu par Iwaniec en 1978 (Iwa-
niec 1978), c’est-a-dire avant la “kloostermanie”. Une telle majoration a des
conséquences sur les problémes qui concernent la factorisation du polynéme n?+
1; par exemple, Iwaniec utilise son estimation de |A(z, @, )| pour démontrer, a
Iissue d’un travail conséquent, que le polyndéme n? + 1 prend infiniment souvent
des valeurs ayant au plus deux facteurs premiers. C’est une approximation de la
conjecture de Landau que n? + 1 est premier pour une infinité de valeurs de n.

Nous avons appliqué le théoreme 7 a un autre probléme, issu de travaux de
Tchébychev. La question est de trouver des valeurs de n telles que n? + 1 a un
grand facteur premier. Le meilleur résultat avant 2017 était d{i a Deshouillers et
Iwaniec (Deshouillers ; Iwaniec 1982b), qui établissent la minoration

P*( I =+ 1)) > 120

r<n<2z

ou P*(m) désigne le plus grand facteur premier de m, avec la convention P*(1) =
1. Dans le cadre des travaux qui nous ont mené au théoréme 7, nous avons été
en mesure de mettre a jour ce qui est connu sur ce sujet, a la lumiére des progres
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réalisés sur la conjecture de Selberg sur les petites valeurs propres du laplacien
hyperbolique sur les surfaces de congruence. La dépendance explicite en # dans
I'estimation (1.2), en particulier, nous a permis de déduire le résultat suivant.

Théoréme 8 (La Breteche; Drappeau 2020). Nous avons

P+< H (n2—|—1)> s 12182

r<n<2z

Ce résultat a été ultérieurement amélioré de facon significative par Merikoski (Me-
rikoski 2022) : I'on sait maintenant que

P*( [T »*+ 1)> > o2,

r<n<2z

Une des nouveautés du travail de Merikoski est I'utilisation d’'un crible minorant
du a Harman dans I'argument de Deshouillers-Iwaniec, qui a eu pour effet d’am-
plifier considérablement I'efficacité des majorations de sommes d’exponentielles
sur ce probleme.

Une seconde partie du travail avec Régis de la Breteche (La Bretéche; Drap-
peau 2020), qui en constituait en fait la principale motivation, consiste en la
construction d’un crible majorant pour ’ensemble des entiers friables. Un en-
tier n est dit y-friable si P*(n) < y. C’est un ensemble d’entiers qui intervient
de facon récurrente en théorie multiplicative des nombres (Granville 2008 ; Hil-
debrand ; Tenenbaum 1993 ; Moree 2014), et sur lequel mes travaux de these
étaient centrés. On note

Sa,y):={n<wpln = p<yj,
U(z,y) := card S(x,y).

Pour chaque réel u > 1, il est connu que
U(a,z'") ~aplu) (x> o0),

ou p : R>; — [0, 1] est la fonction de Dickman. Lorsque u — oo, 'on a asymp-
totiquement p(u) = u~(+°())%, De facon analogue aux nombres premiers, nous
aimerions étre en mesure de savoir compter asymptotiquement le cardinal des
entiers n < x tel que n? + 1 soit y-friable. Ceci peut étre vu comme une instance
du probléme (1.5) lorsque f est la fonction caractéristique des entiers y-friables,
et g est la fonction caractéristique des entiers carrés ; ou bien encore comme une
version “duale” de la conjecture de Landau. L’on conjecture que

C(x,z""*) := card{n < x : n* + 1 est z*/*-friable} ~ 2p(2u),

sur la base du fait que l'entier n? + 1 est typiquement d’ordre de grandeur 22,
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et de I'heuristique que cet entier, qui n’a pas de diviseur fixé, prend des valeurs
friables a une fréquence similaire a celle des entiers de méme taille.

Le probléme de majorer asymptotiquement la quantité C(z, z'/*) est plus simple.
La meilleure estimation connue, due a Khmyrova (Hmyrova 1964), fournit

C(z, 2M") < 2p(u)

pour tout ¢ > 0 et u < logz/loglogz, en se basant sur estimation élémentaire
de A(z,Q,\) pour Q < z'~¢. Dans l'article (La Bretéche ; Drappeau 2020), nous
construisons un crible majorant pour les entiers friables, qui fournit, en associa-
tion avec le théoreme 7, 'estimation suivante.

Théoréme 9 (La Breteche; Drappeau 2020). Pour tout € > 0 fizé, il existe ¢ > 0
telle que pour 1 < wu < clogx/loglogz, l'on ait
C(x, z"") <. zp((1+ 2 —e)u).

Lorsque u =< logx/loglog z, nous gagnons donc asymptotiquement une puis-
sance de x par rapport aux estimations précédentes.

Le théoréme 7 apporte deux améliorations par rapport a la littérature exis-
tante. La premiére concerne la valeur numérique de ’exposant. Le précédent tra-
vail sur ce sujet était du a Iwaniec, qui a obtenu une estimation analogue avec
exposant 1/15, en utilisant la majoration de Weil des sommes de Kloosterman.
L'utilisation des travaux récents sur les sommes de Kloosterman en moyenne,
et notamment le théoréme 1, est la raison principale au gain numérique. La se-
conde amélioration apportée par le théoreme 7 est plus substantielle mais aussi
plus technique : nous n’avons nullement besoin que la suite (),) soit a support
sur des nombres premiers ou sans facteur carré. Cette flexibilité découle d'une
amélioration d’'un argument de Duke-Friedlander-Iwaniec (Duke ; Friedlander;
Iwaniec 1995), et utilise de facon cruciale 'uniformité en ¢ permise dans la ma-
joration du théoréme 1.
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2 Modularité, fractions continues
et lois limites

Dans cette seconde partie, les résultats présentés concernent des objets d’ori-
gine arithmétique qui sont étudiés par des méthodes relevant plut6t de systemes
dynamiques.

On décrit d’abord le probléme qui a initié les travaux présentés dans cette
partie. Il concerne la série

D(s,z) =Y —e(nz),
n>1 n
ou l'on rappelle que 7(n) est le nombre de diviseurs de n, et e(z) = ™=,

Cette série est absolument convergente pour Re(s) > 1 et z € R quelconque.
Lorsque = € Q, Estermann (Estermann 1930) a prouvé que la fonction D(-,x)
possede un prolongement méromorphe a C, et une équation fonctionnelle qui
relie la valeur D(s,a/q) avec D(1 — s, —d/q) lorsque ad = 1 (mod ¢). Cela peut
se voir, par exemple, en exprimant la fonction périodique n — e(nz) en termes
de caracteres de Dirichlet.

La valeur D(1/2,a/q) est ainsi intimement liée aux valeurs centrales L(1, x)
des fonctions L de Dirichlet. Bettin prouve dans (Bettin 2016) que lorsque ¢ est
un nombre premier et (a,q) = 1, le second moment tordu

1
My(q,a) := 7z > x(@)]L(5x)?
7"  (mod q)

est proche de la valeur en x = a/q de la fonction d’Estermann au point central,
Ms(q,a) ~ReD(3,a/q) + Im D(3,a/q). (2.1)

Ainsi que le remarque Bettin (Bettin 2016), I'estimation de M5(q, a) est lié a celle
du quatriéme moment des fonctions L de Dirichlet,

1

My(q) = o, %;dq) LG5, )%,

dont I'estimation avec terme d’erreur en puissance de ¢ par Young (Young 2011),
successivement améliorée dans (Blomer ; Fouvry ; Kowalski et al. 2017 ; Wu 2020),
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a été un succes remarquable des méthodes décrites dans la premiere partie
(sommes d’exponentielles algébriques, formule de Kuznetsov). En effet, 'on a
par orthogonalité des caracteres

My(q)= > |Ms(g,a)f”

a (mod q)

Au vu de (2.1), ceci motive donc naturellement la question de comprendre la
taille des valeurs prises par D(3, ) lorsque z varie dans un ensemble de nombres
rationnels.

2.1 Répartition statistique des valeurs centrales
de fonctions L

2.1.1 Equirépartition d’orbites rationnelles pour
I’application de Gauss

Améliorant des résultats antérieurs de Young (Kiral; Young 2019) et Conrey
(Conrey [s. d.]), Bettin (Bettin 2016) démontre que la fonction

¢(x) == D(3,2) — D(3,—3), (2.2)

initialement définie pour x € Q \ {0}, se prolonge en une fonction holderienne
sur R\ {0}. En conjonction avec la 1-périodicité, ceci implique plus généralement
que pour tout v € SL(2,Z), la fonction

Oy ()t — D(%,x) — D(%,'yx)

se prolonge en une fonction hélderienne sur R \ {7y 'oo}. Ceci fait de D(3, ) ce
que Zagier, dans un article séminal (Zagier 2010), appelle une forme modulaire
“quantique” pour SL(2,Z).

L’égalité (2.2) ouvre la voie a une offre une expression de D(
de l'orbite finie du rationel x sous 'application de Gauss

1

5, L) €n termes

T :10,1[— [0, 1], T(x)={1/x},

ou {-} désigne la fonction « partie fractionnaire », c’est-a-dire a I'aide de I'algo-
rithme d’Euclide :
r(x) . 4
D(3,2) = D(3,0) + >_ o((—=1)'"T7 " (2)), (2.3)

j=1

ol r(x) > 0 est le plus petit entier tel que 7" (x) = 0. Cette égalité raméne entié-
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rement le probléme a celui de la répartition en moyenne des orbites de nombres
rationnels sous I'application de Gauss. Toute I'arithmétique du probléme est enco-
dée dans les propriétés analytiques de la fonction ¢, qui est couramment appelée
« 'observable » dans la théorie des systemes dynamiques.

Notons 'ensemble des rationnels dans [0, 1| de dénominateur ¢ fixé par

Qf] = {CL/q, OSG<Q7(G’7Q):1}

La question a laquelle nous aimerions répondre est la suivante : lorsque z est un
nombre rationnel pris uniformément au hasard dans (2,, que peut-on dire de la
variable aléatoire D(3},z) lorsque ¢ — oo ?

Les méthodes dont nous disposons ne permettent pas d’obtenir des résultats
précis sur €, '. Le probléme devient abordable dés lors que l'on effectue une
moyenne supplémentaire sur ¢, c’est-a-dire si 'on travaille sur 'ensemble plus

grand
QSQ = U Qq
q<@Q

des nombres rationnels de dénominateurs au plus (). La répartition des sommes
de Birkhoff de la forme (2.3), le long des orbites de nombres rationnels de 2«
est un sujet qui est entré récemment dans le giron des méthodes de la théorie des
systemes dynamiques mesurés, par les travaux de Vallée (Vallée 2000) et Baladi
et Vallée (Baladi; Vallée 2005).

Munissant 2 de la mesure de comptage uniforme, on note Pg et Eg la
probabilité et la variance associée. Un des théorémes principaux de Baladi et
Vallée dans (Baladi; Vallée 2005) est le suivant.

Théoréme 10. Soit (¢(n)),>1 une suite de nombres réels vérifiant ¢(n) = O(logn)
pour n > 2. Pour tout x € QN (0,1), l'on pose

ot aj(x) = [1/T9 " (x)| désigne le j-iéme coefficient dans le développement en
fraction continue
1

p— 71 .
a1 - a2+%

T

1l existe 6 > 0 et deux fonctions U,V définies et holomorphes sur un voisinage W C
C de lorigine, telles que lorsque QQ — oo, l'on ait

EQ<eXp (wf(x))) = exp (U(w) log@Q + V(w) + O(Q_5)) (weW). (24)

1. On refére néanmoins a (Aistleitner ; Borda; Hauke 2022) pour quelques résultats généraux
récents.
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La qualité du terme d’erreur au membre de droite de (2.4) repose notamment
sur 'adaptation d’'une méthode de Dolgopyat (Dolgopyat 1998) permettant d’ob-
tenir un trou spectral uniforme pour la famille d’opérateurs de transfert associée
arT,

1
H,: f Z o 2+2Tf<n+x) (r €R).

Ainsi qu’il est expliqué dans la section 1.1 de (Baladi; Vallée 2005), des ana-
logues du théoréme 10 sont connus et classiques dans la situation ot = € [0, 1]
est pris uniformément au hasard selon la mesure de Lebesgue, et lorsque que
la fonction étudiée est fy(z) = S, c(a;(z)) avec N — oo. Le parametre N
joue formellement le role de log (), a une constante pres, qui est la longueur
typique du développement en fraction continue d’une fraction dans Q2. L’ana-
logue continu du probleme est plus simple a de nombreux égards : par exemple,
I'analogue continue de I'estimation (2.4) s’obtient a I'aide d’informations sur les
perturbations de l'opérateur H, pour 7 = 0 uniquement, ce qui releve de mé-
thodes classiques de la théorie des perturbations des opérateurs, sans qu’il y ait

lieu de faire appel aux techniques de Dolgopyat.

Dans le théoreme 10, la fonction f(z) peut étre interprétée comme une somme
de Birkhoff de méme nature que (2.3), ot I'observable est ¢(z) := ¢(|1/z]). Pour
la question qui nous intéresse, celle de la fonction D(3,-), les deux principales
différences par rapport a '’énoncé du théoréme 10 sont les suivantes >

1. notre observable ¢ est holderienne, et n’est pas constante par morceaux sur

les intervalles [-15, 1],

2. notre observable ¢ n’a pas de moment exponentiel, et plus précisément,
Pon a ¢(z) ~ cx~/?1og(1/x) lorsque = — 0.

Dans (Bettin ; Drappeau 2022b), nous obtenons une généralisation du résultat
de (Baladi; Vallée 2005) qui résout ces deux points. Etant donnée une applica-
tion ¢ : [0, 1] — R, 'on note

r()
So(x) = (T H(x)),  (2€QN(0,1)).

j=1
Dans le cas du théoréme 10, nous avons donc f(x) = Sg(x) pour ¢(z) = ¢(|1/x]).
Dans le cas de la fonction d’Estermann, nous avons D(3,z) = D(3,0) + Sy(z)
ol ¢ est une certaine fonction holdérienne.
L’expression de notre résultat fait intervenir I'intégrale
Lo dx
Io(t) = [ (@9 1)t (teR). 2.5
o) = [0 g Tes (teR) (25)

2. Nous négligeons dans la suite l'effet du changement de signe (—1)7~! dans (2.3).
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Théoréme 11 (Bettin; Drappeau 2022b). Soient kg, Ao, g > 0. Supposons que la
fonction ¢ : (0,1) — R vérifie les propriétés suivantes :
— Pour chaque n € N, la fonction ¢|j1/(ni1),1/n[ S€ prolonge en une fonction kg-

hélderienne.
— L’on a
| . d(x) — p(y)™
> 2( sup |p(z)|[* +  sup () /\(OH1| ) < 00. (2.6)
n>1 V7 N\ e[y 1] syeltr.t] |z —yl

Alors il eziste ty,0 > 0 et deux fonctions U,V : [—to,to] — C telles que

EQ<eXp (itS¢(x))> — oxp (U() Iog Q+ V() +0(Q 7)), (t € [~to,to]), (2.7)

ainst que

121log 2
U(t) = =22 1,(t) + O-(8 + [t**°79),

V(t) = Oc(Jt] + [¢[*7).
Si, de plus, l'on a ag > 1, alors il existe C' € R tel que

~ 12log2

u) Iy(t) + Ot + O( + [t]T*0 7).

La conclusion du théoreme 11 correspond au cas ¢ = iw du théoreme 10
de Baladi-Vallée. Une estimation pour ¢ complexe au voisigane de l'origine est
valable, avec une preuve identique, a condition que ¢ admette des moments
exponentiels, au sens ou

Z 1 sup - exp <UO|¢(x)|> < 00

n>1 n? vel,2

pour un certain o, > 0. Ceci est équivalent a demander que ¢(z) = O(|log(2/z)|),
de facon similaire a ’hypothése de croissance dans le théoreme 10. Cette hypo-
thése n’est pas vérifiée dans le cas de la fonction d’Estermann.

La preuve que nous proposons avec Bettin du théoreme 11 repose sur une
adaptation des arguments de Baladi et Vallée (Baladi; Vallée 2005), et notam-
ment de la partie qui utilise les travaux de Dolgopyat (Dolgopyat 1998). Pour ré-
soudre 'objection 1., nous travaillons dans un espace de fonctions holderiennes,
ce qui releve de méthodes d’analyse standard. Cette modification s’est avérée
tres utile pour permettre des valeurs arbitraires de A\, > 0 dans la condition (2.6).
Pour résoudre I'objection 2., nous utilisons des résultats récents de Kloeckner (Kloe-
ckner 2019) sur le spectre d’opérateurs sujets a une perturbation, qui sont va-
lables sans condition d’analyticité de ladite perturbation. Le prix a payer pour
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obtenir notre énoncé général est de faire intervenir l'intégrale /4(¢) sans I'éva-
luer a priori.

Dans un article compagnon (Bettin; Drappeau 2022a), nous fournissons des
énoncés généraux permettant d’évaluer l'intégrale /,(¢) dans la plupart des cas
pratiques. Dans les cas les plus favorables, ¢ est de carré intégrable, et nous pou-
vons estimer l'intégrale (2.5) en insérant un développement de Taylor a 'ordre 2.
L’on obtient alors le corollaire suivant.

Corollaire 3 (Bettin ; Drappeau 2022b). L’on reprend les hypothéses et notations du
théoréeme 11. Supposons de plus que oy > 2, et qu’il n’existe pas de constante c € R
et de fonction f sur[0,1] telles que ¢ = c+ f— foT. Alors il existe p € R et 0 > 0
telles que pour tout t € R, lorsque Q) — oo, l'on ait

<S¢(x)—ulogQ §t> _te /zdv—l—o(l).

ov/log () o V27

L’expression de p est

12 1 dx
'u_;/o ¢($)1+:c'

La quantité o, quant a elle, ne semble pas admettre en général d’expression
explicite en termes de ¢.

Nous illustrons enfin le théoréeme 11 par un théoreme limite sur la somme des
coefficients a;(x) dans le développement en fraction continue,

L’on a manifestement ¥(z) = Sy (x) pour le choix ¢(x) = |1/z]. Cette fonction ¢
n’est pas intégrable au voisinage de 0. Pour énoncer la loi limite, 'on définit G,
comme étant la fonction de répartition de la loi stable S, (£, 1,0), c’est-a-dire

v 1 o] . .
Gi(v) = [ g@)de, )= o [ eI g (2)

_ "o

Nous notons aussi 7 la constante d’Euler-Mascheroni.
i

Corollaire 4 (Bettin; Drappeau 2022b). Pour chaque v € R, nous avons

(2(%‘) loglog @ — o
Q

logQ 72 /12 = v) = Gil0)

lorsque () — oo.

Laloi G; n’admet pas de moment d’ordre 1, ce qui correspond au fait que ¢(x) =
|1/z] n’est pas intégrable sur [0, 1].
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L’analogue continu du corollaire 4, c’est-a-dire lorsque = est pris au hasard
dans [0, 1] (la somme ¥(x) étant tronquée a j < N pour un parametre N € N
qui tend vers l'infini), avait été établi par Heinrich (Heinrich 1987) en 1987.

2.1.2 Application a la fonction d’Estermann

Nous pouvons maintenant appliquer le théoréme 11 a la fonction D(%, -). Pour
simplifier 'exposition, 'on considere sa partie réelle, qui a 'avantage d’étre paire,
et 'on pose 1) = Re ¢ ou ¢ est définie par (2.2). Ainsi que I'a montré Bettin (Bettin
2016), la fonction ¢ prend essentiellement la forme

P(x) = x_1/2(01 logx + ¢9) + E(x),

ol F est holderienne sur R d’exposant « pour tout o < 1/2, et ¢y, ¢, sont deux
constantes. Dans (Bettin ; Drappeau 2022a), l'intégrale /,,(¢) est estimée par

Iy(t) = 1 +iut — o*t*|log t|* + o(t?| log t|*)

lorsque ¢ — 0T, oli 4 € R est une constante et o = 1/7. En évaluant I'espérance
de D(1/2,x) sur {2, on montre que p = 0. On en déduit alors le résultat suivant,
qui répond a notre question initiale.

Corollaire 5 (Bettin; Drappeau 2022b). Pour o = 1/m, l'on a

Re D(z) t e V2 dy
P <t)= ——— +o(1
Q<“\/(10gQ)(loglogQ)3 N ) v

lorsque () — oo.

L’apparition du facteur supplémentaire (loglog ), que nous n’avions pas an-
ticipé, est intimement 1ié au fait que la fonction v n’est pas de carré intégrable.
Cela découle in fine de la présence d’un pole double en s = 1 pour la série de
Dirichlet ((s)?, dont D(s, z) est la tordue additive.

La simplicité avec laquelle le corollaire 5 est déduit du théoreme 11 occulte
nos nombreuses tentatives d’obtenir le corollaire 5 par d’autres méthodes, qui
ont toutes échoué. A titre d’exemple, la stratégie la plus naturelle était de passer
par 'estimation des moments, afin de tirer parti de 'orthogonalité des caracteres
additifs. Ce calcul fut réalisé par Bettin dans (Bettin 2019) avec la conclusion
que l'estimation n’est plus pertinente a partir du deuxieme moment, du fait de
la contribution prépondérante d’'un ensemble asymptotiquement négligeable de
nombres rationnels. Mener a bien cette stratégie aurait nécessité une compré-
hension plus fine des nombres rationnels en cause et une facon analytiquement
viable de retirer leur contribution aux moments. A contrario, les méthodes dyna-
miques qui sous-tendent le théoréme 11 analysent cet obstacle de facon naturelle
et transparente.
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En ce qui concerne le lien avec les moments des fonctions L de Dirichlet,
dont nous avons parlé au début de cette partie, il est décevant que la relation
exacte (2.1), entre le second moment tordu des fonctions L de Dirichlet et la fonc-
tion d’Estermann, n’ait lieu que lorsque ¢ est premier ; lorsque ¢ n’est pas premier,
cette relation est perturbée par une convolution multiplicative supplémentaire.
Cela ne nous permet pas de transférer directement les résultats ci-dessus, qui
sont valables en moyenne sur ¢ entier sans contrainte. Nous pouvons néanmoins
émettre une conjecture plausible sur la répartition des valeurs des moments tor-
dus Ms(q, a).

Conjecture 2. La répartition du multi-ensemble

{ M2(a7 Q)
(log q)'/2(loglog q

suit asymptotiquement, lorsque ¢ — oo, une loi gaussienne centrée.

2.1.3 Application aux tordues additives de valeurs centrales
de formes modulaires

Le théoréme 11 a trouvé une application a un autre type de fonctions sur Q,
qui sont construites a 'aide de formes modulaires. Soit f une forme modulaire
holomorphe cuspidale de poids % et de niveau NV, ce que I'on notera f € S(k, N).
Notant

flz)=> ann V2 e(nz), (Im(z) > 0)

n>1

le développement de Fourier de f a l'infini, on définit la fonction L

L(f,s) =)

n>1

an
ns’

initialement sur Re(s) > 1. Il est connu depuis Hecke que cette fonction se pro-
longe en une fonction entiere de s, qui satisfait une équation fonctionnelle de la
forme
L(f7 S) = ’yf(S)L<f7 1- S)

ou v est essentiellement un quotient de fonctions I' d’Euler. Lorsque f est une
forme de Hecke, la fonction n — a,, est multiplicative, et L( f, s) possede alors un
produit eulérien. La méthode de Hecke consiste a exprimer L(f,s) comme une
intégrale, ou période, de la forme f :

(2n)’
il'(s)

Lfs) = o | T )t s, (seQ), (2.9)

ol le chemin d’intégration est une droite verticale.
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De facon analogue avec la construction de la fonction d’Estermann, 'on peut
former la tordue additive :

L(f,s,x) = Z %e(nx)

n>1

qui converge pour Re(s) > 1 et z € R. Nous avons une expression analogue a
celle de Hecke (2.9) :

(2n)
il'(s)

L(f,s,x)= /:OO f(z)(Im z)s+%_1 dz, (Re(s) > 1),

le chemin d’intégration étant encore une droite verticale. Lorsque = € Q, la
décroissance de f au voisinage de z le long de la demi-droite {z + iy, y > 0}
permet de prolonger analytiquement I'intégrale au membre de droite, et donc
aussi la fonction L(f,-,z), a tout le plan complexe. La fonction qui en résulte
satisfait encore une équation fonctionnelle de la forme L(f,s,a/q) <+ L(f,1 —
s, —d/q) lorsque ad = 1 (mod ¢). Nous pouvons donc définir la valeur centrale

Ly(x):=L(f,1/2,2) (r € Q).

Lorsque k£ = 2, nous retrouvons, a un facteur multiplicatif pres, une quantité
connue sous le nom de symbole modulaire :

Li(@) = cp(a)y,  (a); = /mmf(z)dz (h=2).

Les symboles modulaires sont notamment utilisés pour calcul explicitement des
formes modulaires (Cremona 1997).

Motivés par des applications liées au rang du groupe des points rationnels
d’une courbe elliptique le long d’'une famille d’extensions, Mazur et Rubin ont for-
mulé une série de conjectures sur la répartition des valeurs des symboles modu-
laires () ; en moyenne sur = (Mazur; Rubin 2021). Leurs conjectures originelles
portaient sur le comportement en moyenne pour x de dénominateur donné, c’est-
a-dire pour z € €, avec les notations de la section qui précede. Ces conjectures
sont encore ouvertes et présumées tres difficiles. Le calcul du deuxieme moment
de ces quantités se situe a la frontiére des techniques connues actuellement (Blo-
mer ; Fouvry ; Kowalski et al. 2023).

Toujours lorsque k = 2, Petridis et Risager (Petridis ; Risager 2018) ont montré
que la question peut étre résolue en effectuant une moyenne supplémentaire sur
les dénominateurs, ce qui revient a choisir x € ()<, avec les notations de la
section précédente. Leur théoréme principal s’applique a toute forme modulaire
de poids 2 sur un groupe Fuchsien de premiére espece, et implique en particulier,
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pour une forme f € Si(IV), I'existence de o; > 0 telle que pour tout ¢ € R,

Ly(x) t e /2y
PQ(W@ < t) [ S @ (2.10)

La méthode de Petridis et Risager (Petridis ; Risager 2018) passe par I'estimation
de la fonction génératrice des moments, et est capable de fournir un énoncé de
type “quasi-puissances” analogue a (2.4).

Lorsque k = 2, 'une des propriétés connues du symbole modulaire se traduit
dans le fait que I'application

v Ly(x) = Ly(72)

est constante pour vy € I'y(N) (c¢f. (Mazur; Rubin 2021)). Cette propriété est cru-
ciale dans le formalisme de (Petridis; Risager 2018). Cela en fait certainement
une forme modulaire quantique au sens de Zagier.

Considérons maintenant le cas ou le poids £ € Z est supérieur a 2. Pour
tout v € I'y(N), posons

6 (x) s @ s Ly(z) - Ly(ya) (2.11)

Lorsque k > 2, la fonction x +— Ls(x) — L¢(yx) pour v € I'y(N) n’est plus néces-
sairement constante. En revanche, ainsi qu’il est montré dans (Bettin ; Drappeau
2022b; Nordentoft 2021a), les fonctions ¢, se prolongent toutes en des fonc-
tions (1 — ¢)-holderiennes et bornées de x € R. Lorsque N = 1, c’est-a-dire
si f est modulaire pour SL(2,Z), le corollaire 3 nous permet d’en déduire le
théoreme de la limite centrale suivant sur les valeurs L;(z) pour x € (1<, C’est-
a-dire un analogue du théoréme de Petridis-Risager ou 'hypothese “f € Sy(N)”
est remplacé par “f € Si(1)”.

Théoréme 12 (Bettin ; Drappeau 2022b). Supposons que f € Si(1). Il existe oy > 0
tel que ’estimation (2.10) ait lieu pour tout t € R, lorsque QQ — oo.

L’aspect véritablement nouveau de notre travail réside en le fait que nous n’uti-
lisons aucune information sur f au-dela de 'existence de la formule de récipro-
cité (2.11) et d’'une faible hypothese de régularité sur ¢.. C’est la stratégie de la
méthode, basée sur 'expression en termes d’itérées de 'application de Gauss, qui
permet cela.

Lee et Sun (Lee; Sun 2019), indépendamment de nous et a peu pres a la
méme période, ont eu la méme idée d’utiliser les techniques de Baladi-Vallée sur
ce sujet, et ont pu traiter le cas f € S3(/N). Un nouvel ingrédient particuliérement
important dans leur travail est d’utiliser une extension naturelle de 'application
de Gauss afin de travailler sur un groupe de congruence.

Toujours a la méme période, Nordentoft (Nordentoft 2021b) a obtenu I’es-
timation du théoreme 12 pour toute forme f modulaire holomorphe sur un
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groupe Fuchsien de premiere espéce, ce qui inclut le théoreme 12. La méthode
de Nordentoft est encore différente, mais se rapproche plutot de celle de Petridis-
Risager, et passe par I'étude des moments.

Dans un travail avec Nordentoft (Drappeau; Nordentoft 2022), nous avons
obtenu un résultat de régularité sur les fonctions (2.11) dans le cas général d’'une
forme de Maal3 sur un sous-groupe Fuchsien de SL(2,R) de premiere espece,
ce qui généralise tout a la fois le cas des formes holomorphes que nous venons
d’aborder, ainsi que la situation de la fonction d’Estermann ou a,, = 7(n), dans
laquelle la forme de Maal3 est une certaine série d’Eisenstein. Cela permet d’ob-
tenir un théoreme limite semblable au théoréme 12 lorsque f est remplacée par
une forme de Maal3 pour SL(2, Z).

Dans un travail en cours avec Bettin et Lee, nous nous efforcons d’obtenir un
analogue du théoreme 11 pour 'action d’un groupe Fuchsien de premiere espece
sur ses pointes. Lorsque ce travail aura convergé, nous aurons alors une loi limite
du type (2.10) valable pour les tordues additives de fonctions L de rang 2, au sens
de (Iwaniec; Kowalski 2004, Chapitre V).

2.2 Répartition des valeurs d’invariants
quantiques de nceuds

Dans l'article de Zagier (Zagier 2010) ou les formes modulaires quantiques
sont introduites, un exemple singulier provient des invariants de Kashaev en
théorie des nceuds. La définition de cet invariant fait intervenir une construction
combinatoire délicate a partir d'un diagramme du nceud. Dans le cas non-trivial
le plus simple, celui du noeud “de huit” noté 4,, cet invariant prend la forme
d’une fonction J : Q — R donnée par

J(x) = if{lyl —e(raz)]?. (2.12)

La somme est finie lorsque x € Q. Zagier a remarqué numériquement que la
fonction h définie par

log J(z) — log J(1/x) = h(x) (2.13)

semble se prolonger a R \ {0} en une fonction réguliére, par exemple continue
presque partout, la ou la fonction J elle-méme est tres irréguliere. Ces deux
fonctions sont tracées aux figures 3 et 4 de (Zagier 2010).

Conjecture 3 (Zagier). — La fonction h se prolonge en une fonction sur R\{0}
qui est continue aux nombres irrationnels, et continue a gauche et a droite
aux nombres rationnels.
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— Lon a h(z) = € — 3logx + O(1) pour z € ]0,1], ot C = Vol(4,)/2m ~ 0,323

T 2
avec Vol(41) le volume hyperbolique du complément du neud de huit.

Cette fonction nous donne 'opportunité d’un cas d’application intéressant du
théoreme 11. En effet, nous avons par définition de h et par la valeur J(0) = 1,

r(z)

log J(z) = 3 (T (). (2.14)

j=1

La fonction h ne satisfait pas tout a fait les conditions de régularité énoncées
au théoréme 11, mais elle n’en est pas loin. Si la conjecture 3 était vraie, nous
pourrions déduire un résultat de convergence vers une loi stable de parametre 1
similaire a (2.8), pour les valeurs prises par log J(z).

Nous nous sommes donc mis avec Sandro Bettin a la recherche d’une preuve
de la conjecture de Zagier. Cela nous a mené a étudier plus particulierement le
g-symbole de Pochhammer

(v =1 —q)...(1—¢"), (N € N), (2.15)

dont le module au carré intervient dans la définition (2.12). Ce produit est aussi
appelé, dans d’autres contexte, produit de Sudler (Sudler 1964), et nous revien-
drons sur cela un peu plus loin.

Le symbole (¢),, peut étre vu comme une version tronquée de la fonction 7 de

Dedekind
n(z)=[[(1—e(nz)),  (Im(z)>0),
n>1
qui est une forme modulaire de poids 1/2.

L'un des deux résultats principaux dans le travail (Bettin; Drappeau 2022c)
avec Sandro Bettin est une forme de modularité pour le ¢g-symbole de Pochham-
mer. On dénote den(x) le dénominateur de € Q. Informellement énoncé, notre
résultat s’exprime ainsi.

Théoréme 13 (Bettin; Drappeau 2022c¢). Soit v € SL(2,Z). Pour 1 < r <
den(yz), l'on a

e(31)(e(2))r = x(7) e(g7)(e(@))r1hy (2, 7), (2.16)

pour un certain 1 <1’ < den(x), ou x est le caractére central associé a la fonction
de Dedekind (Twaniec 1997, p. 45), et 1, est une fonction satisfaisant certaines
conditions d’holomorphicité.

La variable en laquelle 1., se prolonge en une fonction holomorphe est z =
{rden(z)/den(vx)}. Le point de départ de la preuve est la formule sommatoire
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d’Abel-Plana appliquée a la somme

> log(1 — e(nz)).

n=1

La formule d’Abel-Plana est une version de la formule classique d’Euler-Maclaurin,
ol le terme d’erreur est exprimé de maniere exacte par une intégrale de la fonc-
tion sommée, ici log(1 — e(z)). Notre argument exploite, de facon cachée, le fait

que la fonction log(1 — e(z)) est proche d’une primitive de la fonction 7 cot(nz),

laquelle est le noyau de sommation associé aux entiers relatifs (elle possede un

pole simple de résidu 1 en chaque entier relatif).

Le fait que la formule (2.16) est exacte, et la propriété d’holomorphicité que
I'on a évoqué sur ., sont deux aspects cruciaux lorsque I'on souhaite sommer
cette formule sur r. Nous nous appuyons grandement sur les travaux d’Oht-
suki (Ohtsuki 2016) dans cette partie. Cela nous a permis d’obtenir une preuve
de la conjecture de Zagier pour certains cas particuliers de noeuds hyperbo-
liques 3. Dans le cas du nceud de huit, c’est-a-dire pour la fonction J(z), nous
déduisons en particulier la propriété suivante.

Théoréme 14 (Bettin; Drappeau 2022¢). Il existe une suite (c,) de nombres réels
telle que pour Q,N > 1 et x € 10,1}, lorsque den(z) < Q, l'on ait

C 3 N-1 N
h(z) = — - §loga: + Y cnz™ + Ogn(zV).
n=0

Muni d’une telle propriété, nous aimerions en déduire, par I'intermédiaire de
la définition (2.13), un théoréme limite sur les valeurs log J(x). Malheureuse-
ment, le fait que le terme d’erreur dépende implicitement du dénominateur de x
ne nous a pas permis immédiatement de mener a bien cette stratégie. Nous y
sommes cependant parvenus de facon indirecte, en complétant le théoréme 13
par une autre formule de réciprocité.

Ecrivons © = [0;ay, .. .,a,] le développement en fraction continue de x. L’ap-
plication de Gauss consiste a retirer de = son premier coefficient,

T(x) =0;aq,...,a].

Dans certaines circonstances (Bettin; Conrey 2013), il est analytiquement plus
favorable de tenter de retirer a x son dernier coefficient,

U(z) :=1[0;a1,...,a,-1].

Ceci revient, a un signe pres, a conjuguer 'application de Gauss par I'involution

3. Ce sont essentiellement ceux pour lesquels la conjecture volume de Kashaev (Kashaev 1997)
est connue; réciproquement, la conjecture de Zagier englobe la conjecture volume.
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qui a une fraction a/q € ]0,1[ associe (—1)""'a/q (mod 1), ott aa = 1 (mod q).
Cette involution revient, grossierement, a inverser 'ordre des coefficients dans
le développement en fraction continue.
La relation de Bezout N
R 1 (mod 1)
g a aq
est une version précise de 'assertion que les nombres x et U(x) sont proches 'un
de l'autre, ce qui se voit par ailleurs dans la définition.
Nous obtenons la relation suivante.

Théoréme 15 (Bettin; Drappeau 2022¢). L’on a
log J(z) =log J(U(x)) + Ca,(x) + E(x),

ot E(x) est un terme d’erreur qui est borné par loga,.(x) dans la plupart des
circonstances.

Ce théoreme est spécifique au noeud 4;, contrairement aux précédents théo-
remes 13 et 14. Le traitement du terme d’erreur a nécessité un lemme technique
spécifique portant sur des sommes de cotangentes (Bettin ; Drappeau 2020), qui
fut une des parties les plus délicates de ’'argument.

Les théoremes 13 et 15 fournissent juste assez d’informations sur la fonction .J
pour obtenir, par I'intermédiaire de l'itération (2.14), I'approximation suivante.

L’on rappelle que X(x) = ) a;(x).

Théoréme 16 (Bettin; Drappeau 2022c). Pour tout x € QN]0,1[, l'on a

log J(x) ~ C¥(z),

D’un co6té, il est classiquement connu que r(z) < log @ lorsque den(z) < Q.
D’un autre c6té, le corollaire 4 nous assure que I'on a

N(x) ~ ﬁ (log @) loglog @

pour une proportion 1 + o(1) des rationnels z € Qg *. On en déduit immédia-
tement le corollaire suivant, qui peut étre interprété comme une loi des grands
nombres pour les valeurs prises par log J(x) pour x € .

4. Ceci est en fait vrai pour une proportion 1 + o(1) des nombres = € €2, c’est-a-dire sans la
moyenne sur le dénominateur, par des travaux de Rukavishnikova (Rukavishnikova 2011); on
réfere aussi a larticle récent (Aistleitner ; Borda ; Hauke 2022).
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Corollaire 6 (Bettin; Drappeau 2022c). Il existe une fonction € : N — R,
avec £(Q) — 0 lorsque Q@ — oo, telle que

log.7(2) = (€ + 0(:(@)) ) (o @) oglog @

pour chaque z € Qq, sauf au plus €(Q)Q* d’entre eux.

Trés récemment, Aistleitner et Borda ont obtenu plusieurs nouveaux résul-
tats sur J(x) a l'aide de leurs travaux sur les perturbations de produits de si-
nus (Borda; Aistleitner 2022c ; Borda ; Aistleitner 2022b ; Borda ; Aistleitner 2022a).
En particulier, il est prouvé au corollaire 2 de (Borda; Aistleitner 2022a) que la
fonction h définie en (2.13) se prolonge par densité en une fonction presque par-
tout continue sur R \ {0}. Plus précisément, Aistleitner et Borda montrent que
ce prolongement de la fonction A est continu aux irrationnels = qui sont “bien
approchables” au sens ou la suite (a;(x)),; est non bornée. Cela leur a permis
d’obtenir, dans le Theorem 4 de (Borda; Aistleitner 2022a), un théoréme de la
limite centrale pour les valeurs log J(x), de la méme précision que le corollaire 4,

L'une des principales questions en suspens est la continuité de h aux irration-
nels qui sont mal approchables, et en particulier aux irrationnels quadratiques
comme 1/¢ = [0;1,1,...]. C’est I'objet d’une réflexion en cours avec Sandro Bet-
tin et Bence Borda. Nous avons bon espoir en ce qui concerne les irrationnels
quadratiques.

Une autre piste a explorer est la validité de la loi des grands nombres du
méme type que le corollaire 6, pour des nceuds plus généraux. Notre démonstra-
tion pour le nceud 4, utilise de facon cruciale la positivité des quantités sommées
dans (2.12), et une nouvelle idée est nécessaire pour s’en passer. C’est plus pré-
cisément notre preuve du théoreme 15 qui ne semble pas s’adapter. Les travaux
d’Aistleitner-Borda (Borda; Aistleitner 2022a), ainsi que nos travaux en cours
avec Sandro Bettin et Bence Borda sur la fonction h, fourniront peut-étre un
autre point de départ.
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3 Mémoires encadrés

G. de Murcia : Equirépartition de racines de
congruences quadratiques modulo p

Guillaume de Murcia était étudiant de M2 Mathématiques fondamentales a
AMU en 2019-2020. Le sujet de mémoire proposait la lecture de I'article de Duke,
Friedlander et Iwaniec “Equidistribution of Roots of a Quadratic Congruence to
Prime Moduli”, qui mélange un panel de techniques trés variées, qui vont des
méthodes de cribles a 'analyse de formes automorphes. Le but du stage était de
l'initier aux techniques plutot analytiques. Les questions d’ouverture préparées
pour ce sujet, qui n'ont pas été abordées par manque de temps, auraient porté
sur des variantes plus simple (dimension 1/2) de la partie sur le crible. Le sujet
proposé était a mi-chemin des thématiques vues par Guillaume en cours (arith-
métique et géométrie hyperbolique), et du sujet de thése proposé a son issue,
qui portait sur 'estimation de convolution additive de fonctions multiplicatives.
Sa demande de thése n’ayant pas été retenue pour financement, Guillaume s’est
orienté vers la préparation aux concours d’enseignement.

H. Noireault : Biais de Tchébychev dans des corps
de nombres

Hung Noireault était étudiant de M2 Mathématiques fondamentales a AMU
en 2021-2022. Je suis intervenu cette année-la dans le M2 en y donnant la moi-
tié d'un cours de théorie algébrique des nombres. Le mémoire de Hung portait
sur un article récent de Fiorilli-Jouve a propos d’'une généralisation du biais de
Tchébychev aux corps de nombres. Le sujet était a la frontiere entre la théorie al-
gébrique des nombres (fonctions I d’Artin), et la théorie analytique des nombres
avec laquelle je suis plus familier. Le but du stage était également d’initier Hing
aux méthodes analytiques en théorie des nombres. Une petite question d’ouver-
ture lui a été proposée, a laquelle il a eu le temps de répondre convenablement.
Ce sujet n’a pas donné suite a une thése, Hung s’étant orienté vers la préparation
a lagrégation.
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N. Sarkis : Spin d’idéaux premiers

Nicolas Sarkis était étudiant de M2 Mathématiques fondamentales a Paris-Sud
(Orsay) en 2021-2022. Ses cours étant de nature plutot algébriques, je lui ai pro-
posé également un stage a la frontiére entre théories analytique et algébrique
des nombres. Le mémoire a porté sur l'article “The spin of prime ideals” de
Friedlander, Iwaniec, Mazur et Rubin, et ses généralisations ultérieures par Chan,
Koymans, McMeekin et Milovi¢. Une question d’ouverture proposait d’étudier la
faisabilité d’'une caractérisation compléte des fonctions spin, a laquelle Nicolas a
répondu (par la négative). Le sujet ne visait pas a donner suite a une these sur
le méme sujet, puisque Nicolas avait déja un projet de theése en arithmétique et
cryptographie a Bordeaux.
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Sums of Kloosterman sums in arithmetic progressions,
and the error term in the dispersion method

Sary Drappeau

ABSTRACT

We prove a bound for quintilinear sums of Kloosterman sums, with congruence conditions on
the ‘smooth’ summation variables. This generalizes classical work of Deshouillers and Iwaniec,
and is key to obtaining power-saving error terms in applications, notably the dispersion
method. As a consequence, assuming the Riemann hypothesis for Dirichlet L-functions, we
prove power-saving error term in the Titchmarsh divisor problem of estimating Zpgx T(p—1).
Unconditionally, we isolate the possible contribution of Siegel zeroes, showing it is always
negative. Extending work of Fouvry and Tenenbaum, we obtain power-saving in the asymptotic
formula for }° _ 7i(n)7(n+ 1), reproving a result announced by Bykovskii and Vinogradov by
a different method. The gain in the exponent is shown to be independent of k if a generalized
Lindel6f hypothesis is assumed.
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1. Introduction

Understanding the joint multiplicative structure of pairs of neighboring integers such as
(n,n+1) is an outstanding problem in multiplicative number theory. A quantitative way to
look at this question is to try to estimate sums of the type

S Fn)g(n+1), (L1)

n<w

when f, g : N — C are two functions that are of multiplicative nature—multiplicative functions
for instance, or the characteristic function of primes. In this paper, we are motivated by two
instances of the question (1.1): the Titchmarsh divisor problem, and correlation of divisor
functions.

In what follows, 7(n) denotes the number of divisors of the integer n, and more generally,
Tr(n) denotes the number of ways one can write n as a product of k positive integers. Studying
the function 75, gives some insight into the factorization of numbers’, which is deeper but more
difficult to obtain as k grows.

Received 10 November 2015; revised 5 August 2016; published online 1 February 2017.
2010 Mathematics Subject Classification 11L07 (primary), 11F30, 11N75, 11N13 (secondary).

TThere are a number of formulas relating the characteristic function of primes to linear combination of
divisor-like functions, for instance Heath-Brown’s identity [32].
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1.1. The Titchmarsh divisor problem

One would like to be able to evaluate, for k > 2, the sum

Sl - 1), (1.2)

p<T

where p denotes primes. A priori, this would require understanding primes up to x in arithmetic
progressions of moduli up to ' ~/¥. The case k > 3 seems far from reach of current methods,
so we consider k = 2.

In place of (1.2), one may consider

T(z):= Y  A)r(n-1),

l<n<z

where A is the von Mangoldt function [39, formula (1.39)]. In 1930, Titchmarsh [53] first
considered the problem, and proved T'(z) ~ Cixlogx for some constant C; > 1 under the
assumption that the Riemann hypothesis holds for all Dirichlet L-functions. This asymptotic
was proved unconditionally by Linnik [42] using his so-called dispersion method. Simpler proofs
were later given by Rodriquez [49] and Halberstam [30] using the theorems of Bombieri—
Vinogradov and Brun-Titchmarsh. Finally, the most precise known estimate was proved
independently by Bombieri—Friedlander—Iwaniec [7] and Fouvry [23]. To state their result,

let us denote
1 log p
C, = 1+ > ) Cy = :
' H< p(p—1) ’ Zlﬂ?(p—l)

p p

THEOREM A (Fouvry [23], Bombieri-Friedlander-Iwaniec [7]). For all A > 0 and all z > 3,
T(z) = Ciz{logz + 2y —1—2Cs} + O4(z/(logz)™).

In this statement, v denotes Euler’s constant. See also [19, 20] for generalizations in
arithmetic progressions and [1] for an analog in function fields.

The error term in Theorem A is due to an application of the Siegel-Walfisz theorem
[39, Corollary 5.29]. One could wonder whether assuming the Riemann Hypothesis generalized
to Dirichlet L-functions (GRH) allows for power-saving error term to be obtained (as is the case
for the prime number theorem in arithmetic progressions [44, Corollary 13.8]). The purpose of
this paper is to prove that such is indeed the case.

THEOREM 1.1. Assume GRH. Then for some § > 0 and all x > 2,
T(x) = Crz{logz 4+ 2y — 1 — 2C5} + O(z'7°).

Unconditionally, we quantify the influence of hypothetical Siegel zeroes. Define, for ¢ > 1,

_ 1 1 —y_ ler
Cila) = @(Q)g<l+p(p—1)>’ @ %q:lﬂ’(??—l)’

where ¢ is Euler’s totient function. Note that C; = C1(1) and Cy = Cy(1).

THEOREM 1.2. There exist b > 0 and 6 > 0 such that

T(x) = Ciz{logx +2y—1—-2Cs} — Cl(q)x;{log (;) + 2y — ; — 202(q)}+ O(x e—®VIoET),

The second term is only to be taken into account if there is a primitive character x (mod q)
with ¢ < eV!°8 whose Dirichlet L-function has a real zero 3 with f > 1 —b/+/log .
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By partial summation, one deduces

COROLLARY 1.3. In the same notation as Theorem 1.2,

Y mlp—1) = Ci{z +2li(x)(y - Co)}

p<w

B
-G {5+ 200"~ loga - Cala)) | + Ol V%)

The method readily allows for more general shifts 7(p —a), 0 < |a| < 2° (cf. [21, Corol-
lary 3.4] for results on the uniformity in a). The contribution of the exceptional character
in Corollary 1.3 would then have a twist by x(a). Since x, if it exists, is a real character,
then x(a) =1 whenever a is a perfect square (for instance, a = 1), in which case we have an
unconditional inequality.

COROLLARY 1.4. With an effective implicit constant, we have

S r(p—1) < Cife + 21i(@) (7 — Co)} + O(we=0VIET),

PSZT

We conclude our discussion of the Titchmarsh divisor problem by mentioning the important
work of Pitt [46], who proves >  _ a(p—1) < x'7% for the sequence (a(n)) of Fourier
coefficients of an integral weight holomorphic cusp form (which is a special case of (1.1) when
the (a(n)) are Hecke eigenvalues). It is a striking feature that power-saving can be proved
unconditionally in this situation.

1.2. Correlation of divisor functions

Another instance of the problem (1.1) is the estimation, for integers k, ¢ > 2, of the quantity
Tro(z) == Z Te(n)Te(n + 1).
n<x

The conjectured estimate is of the shape
Trt(x) ~ Cy px(log x)F 2

for some constants Cj, o > 0. The case k = / is of particular interest when one looks at the 2kth
moment of the Riemann ¢ function [54, Section 7.21] (see also [11]): in that context, the size
of the error term is a non-trivial issue, as well as the uniformity with which one can replace
n + 1 above by n 4 a, a # 0. Current methods are ineffective when k, ¢ > 3, so we focus on the
case £ = 2. Let us denote

Te(z) := Z Tk(n)T(n + 1).

There has been several works on the estimation of 7;(z). There are nice expositions of the
history of the problem in the papers of Heath-Brown [33] and Fouvry—Tenenbaum [25]. The
latest published results may be summarized as follows.

THEOREM B. There holds:
To(x) = xPy(log x) + O (x?/3+9), [15],
T3(x) = zP3(logz) + O(x'9), [13,55], (1.3)
Ti(z) = zPy(logz) + Op(z e 0VI8®)  for fixed k >4, [28].
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Here € > 0 is arbitrary, § > 0 is some constant depending on k, and Py is an explicit degree k
polynomial.

The error term of (1.3) resembles that in the distribution of primes in arithmetic progressions,
where it is linked to the outstanding problem of zero-free regions of L-functions. However there
is no such process at work in (1.3), leaving one to wonder if power-saving can be achieved. In
[10], Bykovskii and Vinogradov announce results implying

Ti(z) = zPp(logz) + Op(z' =%y (k>4,z >2) (1.4)

for some absolute § > 0, and sketch ideas of a proof. The proposed argument, in a way, is dual
to the method adopted in [25]" (which is related to earlier work of Motohashi [45]). Here we
take up the method of [25] and prove an error term of the same shape.

THEOREM 1.5. For some absolute § > 0, the estimate (1.4) holds.

In view of [10], Theorem 1.5 is not new. However the method is somewhat different. In
the course of our arguments, the analytic obstacle to obtaining an error term Op(z'~?)
(6 independent of k) in the estimate (1.4) will appear clearly: it lies in the estimation
of sums of the shape }_  7i(n)x(n) for Dirichlet characters x of small conductors. This
issue is known to be closely related to the growth of Dirichlet L-functions inside the critical
strip [28].

THEOREM 1.6. Assume that Dirichlet L-functions satisfy the Lindelof hypothesis, meaning
L(5 +it, x) << (q(|t| + 1))¢ for t € R and x (mod ¢). Then for some absolute ¢ > 0,

Ti(z) = zPi(logz) + Op(z'0%) (>4, > 2). (1.5)

The standard conjecture for the error term in the previous formula is Oy, . (2'/?*¢). We have
not sought optimal values for ¢ in Theorems 1.5 and 1.6. In the case of (1.4), the method of
[10] seems to yield much better numerical results.

Our method readily allows to replace the shift n + 1 in Theorem 1.5 by n 4 a, 0 < |a| < 2°
with § independent of k. We give some explanations in Section 7.2 below regarding this point.

2. Overview

The method at work in Theorems 1.1, 1.2, and 1.5 is the dispersion method, which was
pioneered by Linnik [42] and studied intensively in groundbreaking work of Bombieri, Fouvry,
Friedlander and Iwaniec [7, 22, 24] on primes in arithmetic progressions. It has received a
large publicity recently with the breakthrough of Zhang [57] (see also [47]), giving the first
proof of the existence of infinitely many bounded gaps between primes (which was shown later
by Maynard [43] and Tao (unpublished) not to require such strong results).

In our case, by writing 7(n) as a convolution of the constant function 1 with itself, the
problem is reduced to estimating the mean value of A(n) or 74x(n) when n < x runs over
arithmetic progressions (mod ¢), with an average over ¢. It is crucial that the uniformity be
good enough to average over g < y/z. In the case of A(n), that is beyond what can currently be
done for individual moduli ¢, even assuming the GRH. The celebrated theorem of Bombieri—
Vinogradov [39, Theorem 17.1] allows to exploit the averaging over ¢, but if one wants error
terms at least as good as O(x/(log x)?) for instance, it barely fails to be useful.

fIn [25, 45], the authors study the distribution of 74, (n) in progressions of moduli up to z'/2, while in [10]

the authors address the distribution of 7(n) in progressions of moduli up to - 1/k,
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Linnik’s dispersion method [42], which corresponds at a technical level to an acute use of the
Cauchy—Schwarz inequality, offers the possibility for such results, on the condition that one has
good bounds on some types of exponential sums related to Kloosterman sums. One then appeals
to Weil’s bound [56], or to the more specific but stronger bounds of Deshouillers—Iwaniec [15]
which originate from the theory of modular forms through Kuznetsov’s formula.

The Deshouillers—Iwaniec bounds apply to exponential sums of the following kind:

d
Z bnrsg(c,d)e (nr> ,
sc

c,d,n,r,s

(rd,sc)=1

where ¢,d,n,r, s are integers in specific intervals, (b, , ) is a generic sequence, and g(c,d)
depends in a smooth way on ¢ and d. Here and in what follows, e(x) stands for >, and rd
denotes the multiplicative inverse of rd (mod sc) (since e(z) is of period 1, the above is well-
defined). It is crucial that the variables ¢ and d are attached to a smooth weight g(c, d): for the
variable d, in order to reduce to complete Kloosterman sums (mod sc); and for the variable
¢, because the object that arises naturally in the context of modular forms is the average of
Kloosterman sums over moduli (with smooth weight).

In the dispersion method, dealing with largest common divisors (appearing through the
Cauchy—Schwarz inequality) causes some issues. The most important of these is that the phase
function that arises in the course of the argument takes a form similar to

; <nd i d) (2.1)

sc q

rather than the above. Here ¢ can be considered small and fixed, but even then, the second
term oscillates chaotically.

Previous works avoided the issue altogether by using a sieve beforehand in order to reduce to
the favorable case ¢ = 1 (see [23, Lemma 4 and Section 3] and [7, Lemma 4 and Theorem 5*]).
Two error terms are then produced, which take the form

e—S(Iogw)/logz + Z_l,

where z < x is a parameter. Roughly speaking, the first term corresponds to sieving out prime
factors smaller than z, with the consequence that the ‘bad’ variable ¢ above is either 1 or larger
than z. The second term corresponds to a trivial bound on the contribution of ¢ > z. The best
error term one can achieve in this way is e V2% whence the estimate (1.3).

By contrast, in the present paper, we transpose the work of Deshouillers—Iwaniec in a slightly
more general context, which allows to encode phases of the kind (2.1). More specifically, whereas
Deshouillers and Iwaniec worked with modular forms with trivial multiplier system, we find
that working with multiplier systems defined by Dirichlet characters allows one to encode
congruence conditions (mod ¢) on the ‘smooth’ variables ¢ and d. This is partly inspired by
recent work of Blomer and Miliéevié [5]. The main result, which extends [15, Theorem 12] and
has potential for applications beyond the scope of the present paper, is the following.

THEOREM 2.1. Let C,D,N,R,S > 1, and q,cp,dy € N be given with (codo,q) = 1. Let
(bn,r,s) be a sequence supported inside (0, N] x (R,2R] x (S,2S]NN®. Let g : R}, — C be a
smooth function compactly supported in |C,2C|x]D,2D] x (R%)?, satisfying the bound

aV1+V2+V3+V4+ng
Ocv10dv20nvs Orv+0svs (

C,d,n, T, 8) Loy vn s waws L€ 1A 20T BT AgTYS }1_50 (2.2)
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for some small €9 > 0 and all fixed v; > 0. Then

EC: zd: zn: ET: Z: bprsg(c,d,n,r, s)e <n2i>

c=co and d=dy (mod gq)
(grd,sc)=1

Zecy (QCDNRS)=HOC) B2 (C, D, N, R, S)||bx.r.sl2, (2.3)

1/2

where |[bx rslla = (2,,.¢ [bnrsl?) '~ and

K(C,D,N,R,S)*> = qCS(RS + N)(C + RD) + C*DS+\/(RS + N)R + D*NRS .

We have made no attempt to optimize the dependence in ¢. In all of the applications
considered here, we only apply the estimate (2.3) for small values of ¢, say ¢ = O((CDNRS)®*)
for some small €1 > 0. Such being the case, the reader might still wonder why the bound tends to
grow with ¢. The main reason is that upon completing the sum over d, we obtain a Kloosterman
sum to modulus scq, which grows with q.

In the footsteps of previous work [16], for the proof of our equidistribution results,
we separate from the outset of the argument the contribution of characters of small
conductors (which is typically well-handled by complex-analytic methods). We only apply
the dispersion method to the contribution of characters of large conductors. There is
considerable simplification coming from the fact that no ‘Siegel-Walfisz’-type hypothesis
is involved in the latter, which allows us to focus on the combinatorial aspect of the
method.

In Section 3, we state a few useful lemmas. In Section 4, we adapt the arguments of [15]
to prove Theorem 2.1. In Section 5, we employ a variant of the dispersion method to obtain
equidistribution for binary convolutions in arithmetic progressions. In Sections 6 and 7, we
derive Theorems 1.1, 1.2, 1.5, and 1.6.

NoOTATIONS. We use the convention that the letter £ denotes a positive number that can be
chosen arbitrarily small and whose value may change at each occurrence. The letter § > 0 will
denote a positive number whose value may change from line to line, and whose dependence on
various parameters will be made clear by the context.

We define the Fourier transform f of a function f as

fle) = [R F(t) e(—¢t)dt.

If f is smooth and compactly supported, the above is well-defined and there holds

£(t) = /R Fle)eler) de.

If moreover f is supported inside [—M, M| for some M > 1 and || fY) || < M~ for j € {0,2},
then we have

~ M

flé) < T+ (MeE

It is more straightforward to study the mean value of Tk(n) in arithmetic progressions of
small moduli, than a k-fold convolution of slowly oscillating sequences, each supported on a dyadic
interval.



690 SARY DRAPPEAU

3. Lemmas

In this section we group a few useful lemmas. The first is the Poisson summation formula,
which is very effective at estimating the mean value of a smooth function along arithmetic
progressions.

LEMMA 3.1 [7, Lemma 2|. Let M > 1 and f: R — C be a smooth function supported on
an interval [—M, M| satisfying || )|~ <; M~ forall j > 0. For all¢ > 1 and (a,q) = 1, with
H := q¢'*¢ /M, we have

£ -t 5 I)(2) 0.

m=a (mod gq) |h|<H

The next lemma is quoted from the work of Shiu [51, Theorem 2], and gives an upper bound
of the right order of magnitude for sums of 7, (n) in short intervals and arithmetic progressions
of large moduli. It is an analog of the celebrated Brun—Titchmarsh inequality [39, Theorem 6.6].

LEMMA 3.2 [51, Theorem 2]. Fork >2,z > 2,2"? <y <z, (¢,a) € N with (a,q) = 1 and

q <y,

k—1
Z Tr(n) <g % <(p;q)logx> )

r—y<n<zx
n=a (mod gq)

Note that such a result could also be deduced from earlier work of Barban and Vekhov [2];
see also [34] for the most recent results on this topic.

The next lemma is the classical form of the multiplicative large sieve inequality [39,
Theorem 7.13].

LEMMA 3.3. Let (a,) be a sequence of numbers, and N, M,Q > 1. Then
2

YLy Y x| <@4N-1) Y

q<Q SD(Q) x (mod q) |M<n<M+N N<n<N+M
X primitive

We quote from [31, Number Theory Result 1] the following version of the Pélya—Vinogradov
inequality with an explicit dependence on the conductor.

LEMMA 3.4. Let x (mod ¢) be a character of conductor 1 # r|q, and M, N > 1. Then

Y x(n) < 7(q/r)v/rlogr.

M<n<M+N

4. Sums of Kloosterman sums in arithmetic progressions

Theorem 2.1 is proved by a systematic use of the Kuznetsov formula, which establishes a link
between sums of Kloosterman sums and Fourier coefficients of holomorphic and Maafl cusp
forms. There is numerous bibliography about this theory; we refer the reader to the books by
Iwaniec [36, 38] and to Chapters 14-16 of [39] for references.

Most of the arguments in [15] generalize without the need for substantial new ideas. We will
introduce the main notations, and of course provide the required new arguments; but we will
refer to [15] for the parts of the proofs that can be transposed verbatim.
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4.1. Setting

4.1.1. Kloosterman sums. Let g > 1. The setting is the congruence subgroup

I = Ty(q) = {(i 2) € SLy(Z),c=0 (mod q)}.

Let x be a character modulo ¢y|g, and x € {0,1} such that y(—1) = (—1)". We warn the reader
that the variable ¢ has a different meaning in Sections 4.1 and 4.2, than in the statement of
Theorem 2.1 (where it corresponds to ¢rs). The character y induces a multiplier (that is, here,

a multiplicative function) on I' by
a b
(8 0) =

The cusps of T' are I'-equivalence classes of elements R U {co} that are parabolic, that is,
each of them is the unique fixed point of some element of I". They correspond to cusps on a
fundamental domain. A set of representatives is given by rational numbers u/w where 1 < w,
wlq, (u,w) =1 and v is determined (mod (w, q/w)).

For each cusp a, let Iy denote the stabilizer of a for the action of I'. A scaling matrix is an
element o, € SLy(R) such that 0,00 = a and

1 b\ _
{aa<0 1)aa1,bEZ}:Fu.

Whenever a = u/w with u # 0, (u,w) =1 and w|q, one can choose

ay/[g, w?] 0 (1)
Oq = -1]. 4.1
g, w?] (a\/ g, wQ])
A cusp a is said to be singular if x(y) =1 for any v € I'y. When a = u/w with u and w as

above, then this merely means that x has conductor dividing ¢/(w, g/w). The point at infinity
is always a singular cusp, with stabilizer

=1 1))

For any pair of singular cusps a, b and any associated scaling matrices o4, 0y, define the set
of moduli

C(a,b) := {cGRj_: Ja,b,d € R, (Z Z) Eo;lfab}.

This set actually only depends on a and b. For all ¢ € C(a,b), let Dyp(c) be the set of real
numbers d with 0 < d < ¢, such that
a b _
<C d) co, 1FO‘5

for some a,b € R. For each such d, a is uniquely determined (mod c).
For any integers m,n > 0, and any ¢ € C(a, b), the Kloosterman sum is defined as (see formula
(3.13) and [37, Chapter 4])

_ a *\ _ am + dn
Sopoq (M,n50) = Z X (aa (c d> o, 1) e (c) ,
dEDab(C)

where (‘; Z) denotes any matrix v having lower row (c,d) such that oqyo, L€ T. This is well-
defined by our hypotheses that a and b are singular. This definition allows for a great deal of
generality. We quote from [15, Section 2.1] the remark that the Kloosterman sums essentially
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depend only on the cusps a, b, and only mildly on the scaling matrices o, and oy, in the
following sense. If @ and b are two cusps, respectively, I'-equivalent to a and b, with respective
scaling matrices o, and oy, then there exist real numbers ¢; and s, independent of m or n,
such that

Soeo (M, 1) = e(mt1 + nte) Sy 5 (M, n;c).

Moreover, the converse fact holds that for any reals ¢1,%s, any cusps a and b, and any scaling
matrices o, and oy, there exist scaling matrices o, and o} associated to a and b such that the
equality above holds. This rather simple fact is of tremendous help because all of the results
obtained through the Kuznetsov formula are uniform with respect to the scaling matrices, so
that one can encode oscillating factors depending on m and n at no cost (it is crucial for
separation of variables). Whenever the context is clear enough, we write

Sap(m,n;c)

without reference to the scaling matrices.
The first example is a = b = 0o and 0, = 0p = 1. Then C(00, 00) = gN and

Socco(m,n;c) =Sy (m,n;c) = Z X(d)e (dmi—dn) (c € gN) (4.2)
d (mod c)*

is the usual (twisted) Kloosterman sum. Here and in the rest of the paper, we write (mod ¢)*
to mean a primitive residue class (mod c).

The next example that we need is the case a=0b. The following is an extension of
[15, Lemma 2.5]. It is proven in an identical way, so we omit the details.

LEMMA 4.1. Assume a=u/w is a cusp with (u,w) =1, w|q¢ and u # 0. Assume that
a is singular. Choose the scaling matrix as in (4.1). Then C(a,a) = q/(w,q/w)N, and if
¢ =7q/(w,q/w) for some v € N,

Sualmenic) =e (/)™ ") ¥ x(asu®=E)e (M) gy

uq 6 (mod ¢) ¢

where, in the sum >_", § runs over the solutions (mod c) of
(Gg/w) =1, (y+ubw)=1, 8(y+ub)=u (mod (w,q¢/w)), (4.4
and « is determined (mod ¢) by the equations
ad =1 (mod yq/w), o =~"u +u'(y +u'd) (mod wy'), (4.5)

where v =~ /(y,u) and v’ = u/(7v,u).

The sums Sqq(m,n;c) are expressed by means of the Chinese remainder theorem (twisted
multiplicativity) as a product of similar sums for moduli ¢ that are prime powers. When ¢ = p”
and v > 2, a bound is obtained by means of elementary methods as in [39, Section 12.3]. When

¢ is prime, the Weil bound (cf. [41, Theorem 9.3]) from algebraic geometry can be used. In the
general case, one obtains

LEMMA 4.2. For all ¢ € C(a,a), m,n € Z, we have
Saa(m,n;c) < (m,n,¢)'*1(c)?M (eqo)'/?,

where qq is the modulus of .
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Finally, we consider as in [15] the following family of Kloosterman sums, which will be of
particular interest to us.

LEMMA 4.3. Assume that the level q is of the shape rs, with qo|r, where qq is the modulus
of x, and (r,s) = 1. The two cusps co and 1/s are singular. Choose the scaling matrices

N 0
0o = 1d, Ul/s:<s Fo1E)

Then C(00,1/s) = {cs\/r,c € N, (¢c,r) =1}, and for (c,r) = 1, we have

ns

Soc1/s(m,m; esyr) =xl(c)e (7) S(m7,n; sc),

where S(...) in the right-hand side is the usual (untwisted) Kloosterman sum.

The main feature here is the presence of the character outside the Kloosterman sums, as
opposed to (4.2). It is proven in a way identical to [15, p. 240], keeping track of an additional
factor (D) in the summand.

4.1.2. Normalization. In order to state the Kuznetsov formula, we first fix the normaliza-
tion. We largely borrow from [3]. We also refer to [17, Section 4] for useful explanations on
Maaf} forms, and to [48] for a discussion in the case of general multiplier systems.

For each integer k > 0 with k£ = x (mod 2), we fix a basis Bi(q, x) of holomorphic cusp forms.
It is taken orthonormal with respect to the weight k Petersson inner product:

(frghr = /F\H y’“f(Z)g(Z)dz;iy (z = +iy).

We let B(q, x) denote a basis of the space of Maaf} cusp forms. In particular they are functions
on H, are automorphic of weight x € {0, 1} (meaning they satisfy [48, formula (5)]), are square-
integrable on a fundamental domain and vanish at the cusps (note that when x = 1, they do not
induce a function on I'\H). They are eigenfunctions of the L?-extension of the Laplace-Beltrami

operator
0? 0? 0
2 .
A=y <8x2 8y2> Y oz

This operator has pure point spectrum on the L?-space of cusp forms. For f € B(q, ), we
write (A +s(1—s))f =0 with s = § + ity and t; € RU[—i/2,i/2]. The (tf) ep(q,y) form a
countable sequence with no limit point in C (in particular, there are only finitely many t; € iR).
We choose the basis B(q, x) orthonormal with respect to the weight zero Petersson inner
product. Let

§:= sup |Jmty|, (4.6)
feB(a,x)
then Selberg’s eigenvalue conjecture is that § = 0, that is t; € R for all f € B(q, x). Selberg
proved that 0 < 1/4 (see [15, Theorem 4]), and the current best-known result is 6 < 7/64, due
to Kim [40] (see [50] for useful explanations on this topic).

The decomposition of the space of square-integrable, weight « automorphic forms on H with
respect to eigenspaces of the Laplacian contains the Eisenstein spectrum &£(q, x) which turns
out to be the orthogonal complement to the space of Maafl forms. It can be described explicitly
by means of the Eisenstein series Fq(z; % + it) where a runs through singular cusps, and t € R.
Care must be taken because these are not square-integrable; see [39, Section 15.4] for more
explanations.
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Let j(g,2) :=cz+d where g= (] 7)€ SLy(R). We write the Fourier expansion of
f € Bi(g, x) around a singular cusp a with associated scaling matrix o, as

f(0a2)j(04, 2 pra )(47n)*/2 e(nz). (4.7)
n>1
We write the Fourier expansion of f € B(q, x) around the cusp a as
f(Ua ) —ikargj(oa,z) _ pra W| \ it (47r\n|y) )
n#0

where the Whittaker function is defined as in [38, formula (1.26)]. Finally, for every singular
cusp ¢, we write the Fourier expansion around the cusp a of the Eisenstein series associated
with the cusp ¢ as

1 ik are 4 ; —i
E. (Uaz, 3 + Zt) e rargi(0a,z) — Cl,c(t)yl/zﬂt + Cz,c(t)y1/2 *
£ pealm, W, (4mlnly) e(nz).
n#£0

4.1.3. The Kuznetsov formula. Let ¢ : Ry — C be of class C* and satisfy
6(0)=¢'(0)=0, ¢V (x) < (1+2)>" (0<j<3) (4.8)

for some 1 > 0. In practice, the function ¢ will be C*>* with compact support in R’ . We define
the integral transforms

o(k) := 4" /OOO Jk_l(x)¢(a:)d§, (4.9)

~ 2mitt [ R T (N dz

30 = g [ (@) = (1Tl o() T (110)

d(t) := 8" cosh(nt) /OO Kgit(x)cﬁ(a:)d%, (4.11)
0

where we refer to [38, Appendix B.4] for the definitions and estimates on the Bessel functions.
We have borrowed the normalization from [4], apart from a constant factor 4 which we included
in the transforms. The sizes of these transforms are controlled by the following lemma (we need
only consider [t| < 1/4 in the second estimate, by Selberg’s theorem that 6 < 1/4). The bounds
we state are not the best that can be obtained, but they will be sufficient for our purpose.

LEMMA 4.4. If ¢ is supported on x < X with ||¢\)| . < X7 for 0 < j < 4, then

; |6(t)] : 1+ |log X| . 14 X3/2
|p(t)] + T+t + (1) < 1+Xm1n{L <1—|—|t\3)} (t € R),

(4.12)

~ . —2[t]
B0 +130)] € T (e [-i/4, i),

Proof. These bounds are analogs of [15, Lemma 7.1; 4, Lemma 2.1]. Taking into account

the factor ¢t” in front of g(t), the arguments there are easily adapted. The only non-trivial fact
to check is that the decaying factor in (4.12) only requires the hypotheses ||[¢17)]|o < X~
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for 7 < 4. This is seen by reproducing the proof of [4, Lemma 2.1] with the choices j =1
and ¢ = 2. O

Recall that & is defined by x(—1) = (—1)". We are ready to state the Kuznetsov formula for
Dirichlet multiplier system and general cusps.

LEMMA 4.5. Let a and b be two singular cusps with associated scaling matrices o, and oy,
and ¢ : Ry — C as in (4.8). Let m,n € N. Then

3 %Sab(m,n;c)gb (W) —H A E+ M, (4.13)

ceC(a,b)

Z éSuh(m, —n;c)p (W) =&+ M, (4.14)

ceC(a,b)
where H, £, M (‘holomorphic’, ‘Eisenstein’, ‘Maaf}’) are defined by
He= > > R (k)Vmnpsa(m)pss(n), (4.15)

k>k feBr(q,x
k=k (mod 2) k(@)

g:zz / o(t) Cosh )pm(m ) pes(n, t)dt, (4.16)

¢ sing.

M= Z qbtf

FEB(g,x)

AE

)Pfa( )pre(n), (4.17)

gi=y L / e >pca(m,t)pcb(—n,t)dt, (4.18)

¢ sing.

3

M= N ¢tf ( )pfa(m)be(_n)- (4.19)

feB(a,x)

Proof. For a = b = oo, the formula (4.13) and the case k = 0 of (4.14) can be found in [3,
Section 2.1.4]. The extension to general cusps a, b is straightforward.

The case k = 1 of (4.14) was obtained by Topacogullari (private communication). We restrict
here to mentioning that it can be proved by reproducing the computations of [15, p. 251] and
[17, Section 57]. O

The right-hand side of the Kuznetsov formula (the so-called spectral side) naturally splits into
two contributions. The regular spectrum consists in H, £ and the contribution to M of those
f € B(q, x) with t; € R; the conjecturally inexistant exceptional spectrum is the contribution
to M of those f with t; € iR* (similarly with £ and M’). The technical reason for this
distinction is the growth properties of the integral transforms. Indeed, when X is small (that
is, when the average over the moduli of the Kloosterman sums is long, since X < \/mn/c), we

fNote that in the expression for hp(t) given on page 518 of [17], the term I'(1 — % — ir) should read I'(1 —
k .
5 + 17‘).
2
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see from Lemma 4.4 that while ¢(t), (t), and ¢(t) are essentially bounded for t € R, ¢(it) is
roughly of size X 2"l when t € [-1/2,1/2].

We remark that in contrast with other works (for example, [6]), we do not make use of
Atkin—Lehner’s newform theory, nor of Hecke theory. In fact, we do not use any information
about the Fourier coefficients psq(n) and peqa(n,t) other than the fact that Kuznetsov’s formula
holds, so the reader unfamiliar with the subject can go through the following sections without
knowing what they are. The main feature of the Kuznetsov formula which is used is the decay
properties of the integral transforms (4.9)—(4.11), and the fact that it separates the variables
m and n in a way that combines very nicely with the Cauchy—Schwarz inequality.

4.2. Large sieve inequalities

4.2.1. Quadratic forms with Sqq. Given N € N, ¥ € R%, A > 0, a sequence (b,,) of complex
numbers, a singular cusp a and ¢ € C(a, a), let

Bq(A\,95¢,N) := Z bmae*’\mSaa(m,n, c)e (2 :*m19> )

N<mn<2N

We also define

1/2
oallz = S0 [bal?
N<n<2N
The following extends [15, Proposition 3].
LEMMA 4.6 [15, Proposition 3]. We have
|Ba(A,95¢, N)| < 7(c)?D(goe) /2N b |, (4.20)

|Ba(A\, 95 ¢,N)| < (c+ N 4+ VOeN)|by|?,
|Ba(\, 05 ¢, N)| < 97 Y2 2NY24 by |12, (4.21)

where the last bounds hold for ¥ < 2 and ¢ < N.

Proof. Suppose A = 0. The first bound is an immediate consequence of Lemma 4.2. For the
second bound, the proof given in [15, p. 256] transposes without any change: after expanding
out the sum Sqq(. .. ), one uses the triangle inequality with the effect that the factors involving x
are trivially bounded. For the last bound, the proof is adapted with the following modification:
the Cauchy—Schwarz inequality yields

01 — )
Ba(0, 95, N2 < lon ]z Y bmlby,ux(rl)x(m)e(w)Zﬂn), (4.22)

C
N<mi,mo<2N
61,02

where f(n) is defined as in [15, p. 256], J; and J5 run over residue classes modulo ¢ satisfying
(4.4), and r; := 5;1 + u(a;0; — 1)/ for j € {1,2}, where «; is determined by (4.5). The only
difference is the presence of the x factors. Upon using Poisson summation on the sum ) f(n),
the argument is split in two cases according to whether ay = as (mod ¢) or not. If oy #
a2 (mod c), then one uses the triangle inequality on (4.22) so that the x factors do not intervene.
If on the contrary a; = as (mod ¢), then we deduce from (4.5) that also §; = d2 (mod ¢). The
x factors cancel out and the rest of the argument carries through without change.
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The case of arbitrary A > 0 reduces to the case A = 0 by Mellin inversion

1 1+ico 1 —1/2+ico
eV =— I(s)y *ds=1+ — I(s)y *ds
21t J1 oo 2mi —1/2—ico
at y = Ay/mn, using the first expression when AN > 1 and the second otherwise. (|

4.2.2. Large sieve inequalities for the regular spectrum. We proceed to state the following
large sieve-type inequalities, which extend [15, Proposition 4].

PROPOSITION 4.7. Let (a,) be a sequence of complex numbers, and a a singular cusp for
the group I'g(q) and Dirichlet multiplier x (mod qo). Suppose T' > 1 and N > 1/2. Then each
of the three quantities

2

S ot Y | Y aninnm) | (4.23)

k<k<T fEBL(g,x) |[N<n<2N
k=k (mod 2)

+k
2. it} > anVnpra(En)| (4.24)

cosh(mt )
feB(a,x) N<n<2N
[ty |<T

:i:fc
Z/ ) > anVnpa(En,t)| dt, (4.25)

r cosh(mt)
¢ sing. N<n<2N

is majorized by
O ((T? + g (@) N ) an ||2).

Here, if a is equivalent to u/w with w|q and (u,w) = 1, then p(a) := (w, q/w)/q.

Proof. These formulas are deduced from two summation formulas, namely the Petersson
formula [37, Theorem 3.6]

1y + 2mi " Z %Saa(m,n; e)Jk_1 <4W\£ﬁ) =4AT'(k — 1)y/mn Z pra(m)pra(n),

ceC(a,a) FeBr(a,x)

(4.26)

valid for k > 1, k = k (mod 2), and a ‘pre-Kuznetsov’ formula [17, Proposition 5.2] which, for
general cusps, is

I(1F & +ir)|? A/
‘(:':2 ) 1, + Z aa:tmzl:nC)Ii<7T mn>
c

472

ceC(a, a)

— Z CO\/mH(tf, r)psa(E£m)psa(£n)

s S [ G () (427)
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for all real r and positive integers m, n. Here,

cosh(rt) cosh(mr)

HT) = oot = 1) cosh(x(t + 1)

(r,t € Cor & £t +1/2+147),

Ii(z) = —2x/ (—iv) =1 Ky, (ve)dv (2 > 0),
where v varies on the half-circle |v| =1, QRe(v) > 0 counterclockwise. Note that by the
complement formula

€ 2 T 1, e=1,

P(1-S+ir)| = —T—= %41 4.28

‘ 2 o cosh(7r) 8 1 +7r?, e=—1. (4.28)

Given formulas (4.26) and (4.27), the arguments in [15, pp. 258-261] are adapted as follows.

When k = 0, the details are strictly identical. Consider the case k =1 of (4.23). We multiply

both sides of (4.26) by (k —1)e~*~1/Tg1qa, and sum over k, m and n. The analog of the
function Ek (x) defined in [15, p. 258] is (up to a constant factor) the function

1 1 ! uw?xJ; (ux) du
E — -1 32 —2¢/T — _“sinh( = / 1
T(x) ;( )2le Joe(x) 5 sinh | | Tcosh(1/T)2 — w2)P "

as can be seen by reproducing the computations in [35, p. 316]T. We then write (see [29,
equation (8.411.3), p. 912])

/2
Ji(y) = / cos 7 sin(y cos 7) d,
0

split the integral at A € (0,7/2] and deduce the bound (4.23) by following the steps in
[15, p. 259).

Consider next the case k = 1 and positive sign of (4.24) and (4.25). We multiply both sides
of (4.27) by r? cosh(mr) e~ (/TG a,,, integrate over r € R and sum over m and n. The analog
of the function ®(z) of [15, p. 260] is the function

O, (z) = / 2 e (/T 'Kgir(a?v) dvdr.

—1

We use the expression Ky;,-(y) = fooc e Yot cog(2re) dE (Rey > 0). For z > 0, we obtain by
integrations by parts
oo 1 1
O, ()= — iﬁT3/ e‘(ET)zftanhf {cos(a: cosh§) — 2/
0

-1

cos(z cosh §) dl?} d¢

:iV@#ZE a]e*@Ty(l——2@732)$nhﬁnamh§)—§§—
z J cosh ¢’
and from there, the bounds (4.24) and (4.25) are obtained by reproducing the computations
of [15, p. 261].

Consider finally the case of negative sign in (4.24) and (4.26). We multiply both sides of
(4.27) by r% cosh(mr)/(§ +r?) e~ (/TG a,,. The analog of the function ®(z) of [15, p. 260] is
now

] i
d
O_(x) = / 2= (r/T)? Kgir(M))—g dr,
o ; v

—1

fThere is a slight convergence issue in the Fourier integral for y.Ji (y), which is resolved by changing
b= cosh(1/T) to b+ ie, € > 0 and letting € — 0.
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and we have by integration by parts

2 1 i e—vazcosh£
e €T ¢ tanh & {cos(m cosh§) — / — dv} d¢
2 ), v

e
0

O (2) = iy/7T? /

T3 [ 2 1 [t g—wvcosh§ d
= — zﬁ/ e~ €17 (1 —2(eT)?) {sinh(w cosh &) + / c dv} 3
x Jo i

» v3 cosh¢’

From there, it is straightforward to reproduce the computations of [15, p. 261] using the bounds
of Lemma 4.6. O

4.2.3. Weighted large sieve inequalities for the exceptional spectrum. The objects we would
like to bound now are of the shape
2

ByalVia))i= S0 Y2l S an2ps(m)|
feB(q,x) N<n<2N
thiR
where Y > 1 is to be taken as large as possible while still keeping this quantity comparable to
the bounds (14 p(a)N) Y, |an|* coming from Proposition 4.7. The following is the analog of
[15, Theorem 5].

LEMMA 4.8. Assume that the situation is as in Proposition 4.7. Then for any Y > 1,
Eqa(Y, (an)) <o (14 (u(@)NY)"2) (14 (qop(a) N)/249) lax 3.

The important aspect in this bound is that it is as good as those coming from the regular
spectrum (that is, the upper bound in Proposition 4.7) in the situation when u(a) = 1/¢ (which
will typically be the case), N < ¢ and Y < ¢/N. Note also that the previous bound holds for
any individual gq.

Proof. The arguments in [15, Section 8.1, pp. 270-271] transpose identically". O

The next step is to produce an analog of [15, Theorem 6|, which is concerned with the
situation when an average over g is done. Deshouillers and Iwaniec make use of the very nice
idea that with the choice a = oo for each ¢, the roles of ¢ and ¢ can be swapped in the Kuznetsov
formula. Through an induction process, this enhances significantly the bounds obtained. This
switching technique is specific to the choice a = oo for all ¢, with scaling matrices independent
of q.

LEMMA 4.9. Assume the situation is as previously. Recall that x has modulus qo > 1. Then
forallY > 1 and Q > qo,

Y EqoolYi(an)) < (QN)(Qay ' + N+ NY'?)|lax |3,

q<Q
qolq

where the scaling matrices are chosen independently of q.

Note that now, in the situation when N < @, the parameter Y is allowed to be as large
as (Q/N)? while still yielding a bound of same quality as the regular spectrum. The final
situation is the special case when (a,,) is the characteristic sequence of an interval of integers.

fNote that in the last display of the proof [15, p. 271], L(Y) should read L(Y~1).
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Then Deshouillers and Iwaniec are able to provide an even stronger bound [15, Theorem 7],
by enhancing the initial step in the induction.

LEMMA 4.10. Assume that the situation is as in Lemma 4.9. Assume moreover that
(an)N<n<on Is the characteristic sequence of an interval of integers. Then

) " Byl (an)) <c (@N)*(Qqy " + N + (NY)/?)N.
q<Q
qolq

In the situation when N < @, the parameter Y can then be taken as large as Q%/N while
still yielding an acceptable bound.

We now proceed to justify Lemmas 4.9 and 4.10. For the rest of this section, we rename g
into qopq, so that now ¢ runs over intervals. The object of interest is

SQY,N,s):= > > v N anttPp, (n)

Q<q<16Q feB(gog,x) N<n<2N
tyciR

LEMMA 4.11. Let N,Y,Q > 1 and a sequence (a,,) be given. Then

S(Q,Y, N,0) <<5/ S(WNY Y, N, t)

_ N  NY ,
R el +(QYN) (QJrqé/ngl/zQ) lax|l2-

4

(4.29)

Moreover, if (a,) is the characteristic sequence of an interval, then

S(Q,Y,N,0) <. (NY)5(Q + N +Y)N (4.30)

Proof of (4.29). The arguments in [15, pp. 272-273] are adapted with minimal effort;
however we take the opportunity to justify more precisely one of the claims made there.
Fix a smooth function ® : R — [0, 1] supported inside [1/2,5/2] and majorizing 1f; o). Letting
9(q) = ®(¢/Q) and ¢(z) = ®(Yx) (these kinds of homotheties of ® we refer to as test functions)
we have

S(Q,Y,N,O) < |Sl|a

S = ZQ(Q) Z Zan pfoc n)
cosh Trtf

=1 feB(qoq,x)
tyciR

2

This is seen by approximating the Bessel function in the definition of 5 by its first order term,
as in [15, formula (8.1)]. Opening the squares in S; and applying the Kuznetsov formula and
the large sieve estimates (Lemma 4.5 and Proposition 4.7), one gets

S = Z@ané’g(m,n) + O, <(QNY)E (Q + ]1\§2> Z |an|2> :
m,n QO n
Z g(q

Gl qogc

(477\/%

qogc

) Sooso (M, 15 gC).
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Letting h(z) = hyyn.c(z) = ¢(z)g(4m/mn/qocz), one applies the Kuznetsov formula for the
group I'g(goc) (which requires that the scaling matrices be independent of ¢) and obtains

S1 < |S3| + O: <(QNY)E <Q+ 1/2 1/2 ) Z|an‘2>

S=Yama Y M o).

cosh(mt
C<c<16C feB(qoe,x) ( )
ty ciR

Note that h(tf) = hpn.c(ty) =0 unless C' < ¢ < 16C, where C = 7NY/(qoQ). Let
Kit(@) = (ot () — (=1)" T 20t (),

and g(s) := [ g(x)2*~* dz be the Mellin transform of g. Then

ht) = % / Zg(n) <4ﬂ%> /O K (2)2"" () da dr.

Inserting into the definition of S5 and using the triangle inequality, we obtain

Sy < / G0 Y [ awm® 02 m)| |3 a0 g (m)
n

—oo C<c<16C feB(qoe,x) | m
tyciR

Kot (:zz)x”gzﬁ(x) dz|dr

From there, the arguments in [15, p. 273] apply and yield

wi(@)a'Tg(x) da| < Y 4 ye

from which the claimed bound follows in the same way as [15, p. 273]. O

Proof of (4.30). Assume that (a,)nv<n<on is the characteristic sequence of the integers
inside (N, N] for some N; < 2N. We proceed as in [15, p. 276]. By applying the Kuznetsov
formula and the large sieve inequalities, one obtains

sQNYn< Y Y| W ¢><4Wm) Socoo (1, 113 440¢)

C
Q<q<16Q c>1 N<m,n<N, 09

Nl-‘rE
0]

for a test function ¢ supported inside [1/(2Y"),5/(2Y)]. Here one may restrict summation to
C/4<ce<8C for C:=7NY/(qoQ). Let k := qogc. The first term above is majorized by

qogc

k=qoQC | N<m,n<Np
qolk
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Let ¢(z) = % f ~"dt, where the Mellin transform d) fo 2t dx satisfies
o(it) < ( th)

, SO that (after reinterpreting ¢ by 2t)

T<@eo) ™ [ g X | X ) elm— w8, (i)
k=qoQC |[N<m,n<N;
2|k
for some ¥ € [0,1) (depending on the scaling matrix). By m~* = N, + it fgl w1 du, we
obtain

T < (QC)™*  sup > Uik, M',N'),
NSN/,M'SN1 . =
qolk

Uy(M',N') = | Y e((m —n)d)Sy(m,n; k)|

m<M'’
n<N’

Opening the summation in Sy, we have

Ur(k,M',N') < Up(k, M',N") := )~ > (Terﬂ) > e<‘5:—m9) .

§ (mod k)* |m<M’ n<N’

It is crucial to note that the quantity on the right-hand side also exists for & not multiple of
qo, so trivially

T < (QC)™ ' sup > Us(k, M',N'),

NSM'N'SN1 2=

From there on, the calculations in [15, p. 276] apply and yield, in the notation of
[15, Lemma 8.2],

Us(k, M',N') < >~ far(m) e(m) f: (n) e(—nd) S (m, n; k).

m,n€z

The proof of [15, Theorem 14] follows through, and yields for all K > 1

> Us(k, M',N') < (KMN)°K (K + MN).
k<K

Taking K < goQC, we conclude that
T < (90QC) (0QC + N?).
The rest of the arguments in [15, p. 277] applies and yields
S(Q,N,Y,0) <. (NY)5(Q + N + Y)N
as claimed. 0
Proof of Lemmas 4.9 and 4.10. In addition to the recurrence relation (4.29), we have the
properties

S(Q,Y,N,0) < (Y/2)Y%8(Q,Z,N,0) (1< Z<Y),

S(Q.1.N.0) <. (QN)* <Q+ 1 /2> a3
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The second one follows from Proposition 4.7. Having these at hand, the induction arguments
in [15, p. 274; 15, p. 277] are easily reproduced. It is useful to notice that gy appears only with
negative powers in the error terms, and that its presence in the denominator of 7TNY/(qoQ) in
(4.29) is beneficial for the induction. O

REMARK. The previous three lemmas used only Selberg’s theorem that 6 < 1/4 (recall the
definition (4.6)). One could make the bounds explicit in terms of # and thus benefit from
recent progress toward the Ramanujan—Selberg conjecture. It is straightforward to check that
Lemmas 4.8, 4.9, and 4.10 hold with the right-hand sides replaced by

(14 (u(@NY ) (14 g (@) N) 249 a3,
(Q@N)*(Qqy ' + N + Y’ NYQ" ") [lan |3,
(QN)(Qay + N + YN Q)N
respectively (cf. [39, Proposition 16.10]). We refrain from doing so because it would not impact
the applications considered here.
4.3. Proof of Theorem 2.1

4.3.1. Estimates for sums of generalized Kloosterman sums. We begin by the following
statement regarding the generalized Kloosterman sums Sy (m, n; ¢). For the sake of simplifying
the presentation of the bound obtained, we discard powers of the modulus ¢. This does not
have consequences on our applications.

PROPOSITION 4.12. Let the real numbers M, N, R,S > 1, X > 0 and the integer ¢ > 1 be
given, let x be a character modulo q, let ¢ be a smooth funct1on supported on the interval
[X,2X] such that ||<b(j)HC>O < X for 0< j <4, and let (a,) and (b, s) be sequences of
complex numbers supported on M <m <2M, N <n<2N, R<r <2R and § < s <25.
Assume that (a,) is the characteristic sequence of an interval of integers. Then

41t/m
Z ambn,'r',s Z ¢ < T > Soo,l/s(mv +n; C)
(v =1 ceclootfs)

< (q(X + X TYRSMN)*{Lyeg + Lexce}, (4.31)

N VR
Lyeg := (H—XJFVRS) <1+X+\/;> 1+X\ﬁHbNRSH2>

N 1+XxX1/( MN \'* VRS
Lexc =1 e :
( * \/RS> \/ RS <RS+N> 1+X\ﬁHbNRsH2

where the Kloosterman sum is defined with respect to the congruence group I'(qrs) with
multiplier induced by x, with scaling matrices 0, and oy, that are both independent of m
and n, with o, independent of r and s as well.

REMARK. If (a,,) is not the characteristic sequence of an interval, then the bound (4.31)
still holds with Ley. replaced by M4 L. (see [15, Theorems 10 and 11]).

Proof. This estimate is deduced from Proposition 4.7 and Lemmas 4.8 and 4.10 by following
the computations of [15, Section 9.1]. It is useful to notice that the bounds of Lemmas 4.8,
4.10, and Proposition 4.7 (for a € {co, 1/s}) decrease with go. O
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4.3.2. Estimates for the complete Kloosterman sums twisted by a character. We now
justify the transition from Proposition 4.12 to an estimate for twisted sums of usual
Kloosterman sums S(m,n;c).

PRrROPOSITION 4.13. Let the real numbers M, N, R, S,C > 1, and the integer q > 1 be given,

let x be a character modulo ¢, let g be a smooth function supported on [C,2C| x [M,2M] x
(R%)? such that

az«ﬁ-l/l +V2+V3+V4g

Ocvo Om¥1Onv20rvs Jsvs

(c,myn,r,s) K C "M "N 2R 8" (4.32)

for 0 < v; < 12. Let (b, s) be a sequence of complex numbers supported on N <n < 2N,
R <r < 2R, and S < s < 2S. Then uniformly in t € [0,1),

Z bn.rsx(c)g(c,m,n,r,s)e(mt)S(nr, £mg; sc)

c,m,n,r,s
(sc,rq)=1

< (OCRSMNq)*¢**{ Kreg + Kexe }VM by .52, (4.33)

K2 — RS (C?S?R+ MN + C?SN)(C?*S?R+ MN + C?*SM)
reg T C2S2R+ MN ’

K% :=C3S*\/R(N + RS).

Proof. We present the proof in the case where there is a + sign in the Kloosterman sums.
The complementary case is similar. The main issue is separation of variables, as explained in
[15, p. 269]. The nuisance is mainly notational. We write

4
g(c,m,n,r, S) - /1;{4 SC\]_/T»qG <4(:c\/\/7/?:7€1a€27§37§4> e(_mgl - ng? - T§3 - 8§4) H df]v

by Fourier inversion, where for all (z,&1,...,&) € R} x R,

j=1

4
Gz, &, &) 1= A4g*<x,x1,...,x4>e<x1£1+~-+x454>H daj,
j=1

47\ /2122 A\ /x122
G, 21, ..oy 24) 1= . g<m4 g Tl )

By integration by parts, for any non-negative integers (¢, ¢1,...,¢4) with £ <4 and ¢,

8ZG 8£+£1+'"+£4
W(x7§17'”7£4) :H(27T7’£j)_ej/ (a 9*($7$17~-71’4)>

ozl ol
j R4+ \ 0z*0z; Oz,

N

2,

xe(xi& + - +x4és) H dz;
J

assuming &; # 0 if £; > 0. The derivatives are estimated using (4.32). Choose ¢; =0 or ¢; =2
according to whether [£;|M < 1 or not, and similarly for ¢, ¢35, £4,. Then

yﬁ(m < MNRS*C\/qR(VMN /(CS\/qR))~*
dxt Sl TS (T (G M) (1 + (&N (1 + (ER)2)(1+ (£49)2)
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We abbreviate further

B0 = e (o) e LEEEMDI0  @NP)(L4 EGR) (1L (E:S5)°)

MNRS2C+\/qR

This function satisfies the hypotheses of Proposition 4.12, with! X =+/MN/(CSVqR),
uniformly in §;. Define

G((L’,fl,... 764).

bors = bprse(—=n(§2 +3/(rq)) — réz — 354)-

Finally, by Lemma 4.3 with the scaling matrices
(1 & -t [ /Tq 0
Too = <O 1 >’ 91/s = (s rq 1/7q)’

X()S(nF, s sc) e(m(t — &) +15/(rq)) = Suc.15 (m, s s0/7).
Proposition 4.12 can therefore be applied and yields

~ 1 41/ mn
s Soo,1/5(m, n; sc/
Z ”(z;lcsm¢<scm> /5 sey/Tq)
c,rq)=

we have

S
3/2 €
q°’*(CMNRS)
€ Wre‘ Wexc M b B
< CSval (Wreg + Wexe)VM|by,r,s]|2
with
w2 RS(CQSQR + MN + C?SN)(C*S?R+ MN + C?*SM)
ree C2S?R+ MN ’
W2 . =C3*S*\/R(N + RS).
From the definitions of ¢ and G, we deduce the claimed bound. O

4.3.3. Bounds for incomplete Kloosterman sums. In this section, we prove Theorem 2.1.
As a first reduction, we remark that it suffices to prove the result when the sequence b, ;. 5 is
supported on N < n < 2N, by summing dyadically over N and by concavity of 1/ (losing a
factor (log N)'/2 in the process). Second, we let 5o (mod ¢)* be fixed and assume without loss
of generality that

bn.rs = 0 unless s = 5o (mod q). (4.34)

We will recover the full bound (2.3) by summing over sy (mod ¢)* (losing a factor ¢'/? in the
process by concavity). Let

[ee]

gle,m,n,r,s) = / g(c,&n,r, s)e(Em) dE. (4.35)

— 00

By Poisson summation, we write the left-hand side of (2.3) as

Z b r.s Z e(nii) Z g(c,d,n,r,s)

G118 6 (mod sc) d=6 (mod sc)
(qrisc)=1 (6,5¢)=1 d=do (mod q)
c=co (mod q)

fNote that in [15, p. 278], some occurrences of X should read X ~!.
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- > bch > e(n?;)%:g(c,m/sqc’n’r7s)e<_mdosc_mdq)

q sc
¢Mn,T,8 (8,s¢)=1
(gr,sc)=1
c=cop (mod q)

bn TS o - d — —
= Z ———g(c,m/scq,n,r,s)e <mosoco> S(nr, —mq; sc), (4.36)

c,m,n,r,s scq q

(gr,sc)=1

c=co (mod q)

where S(...) is the usual Kloosterman. Let M > 0 be a parameter. We write (4.36) as Ao +
Ao + B, where Ag is the contribution of m = 0, A, is the contribution of indices m such
that |m| > M, and B is the contribution of indices m with 0 < |m| < M. By the bound for
Ramanujan sums [39, formula (3.5)],

1 bnr.s . -
asr S Pl o ol s < 08 SPDINR/SY by sl

SscC
c,n,r,s

(gr,sc)=1
c=co (mod q)

By repeated integration by parts in the integral (4.35), for fixed k > 1 and m # 0 we have

k
gle,m/(scq),n,r, s) < D=0 <ch|> '
m

Taking k =< 1/e, we have that there is a choice of M =< (SCqD)*+t?(*0)SCq/D such that the
bound

gle,m/(scq),n,r,s) <= 1/m*  (jm| > M)
holds. Bounding trivially the Kloosterman sum in (4.36) by sc, we obtain
Ao <. (SCgD)FOC) g 2DINR/SY V2 |by 152 (4.37)

which is also acceptable (if gy is small enough, the factor ¢=2++°(=0) is bounded).
There remains to bound B; we may assume that M > 1 for otherwise B is void. By dyadic
decomposition,

|B| < log2M  sup  |B(M,)],
1/2<M <M

where
—mdo S0Co

bTL'V'S .
B(M;) = Z ———g(e,m/scq,n,r, s)e( .

, s scq
c,m,n,r,s
(gr,sc)=1

M <|m|<2M;

c=co (mod q)

) S(nF, —mg; sc).

We insert the definition of § after having changed variables £ — £scq/m, to obtain

DM,
B Ml < sup B/ M17§ )
|B(M;) SCq ngMl/(SCq)| ( )l
where
bn Tr,8 _meSOCO — —
/ R ) .
B'(My,§) = Cn;” - g(c,&scq/myn,r,s)e <q> S(nr,—mg; sc).  (4.38)
(gr,sc)=1

My <|m|<2M;
c=cp (mod q)
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By orthogonality of multiplicative characters, we have

1
B/ M, - C S M7 ) ’
X (mod q)
where
S(Mlvé-u X) = Z Z bn,r,s Z wgl (C, m,n,r, S) (S (_Tndqosoco> S(n?, —mq, SC),
T8 m,n (c,rq)=1

(s,qr)=1 |m|=M,
g1(e,myn,r,s) == Mlm_lg(c, Eseq/myn,r, s).

Proposition 4.13 can be applied to the sums S(M,&, x), at the cost of enlarging the bound
by a factor O((CDN RS)%%0) in order for the derivative conditions (4.32) to be satisfied. We
obtain

S(M17§7 X) <e qg/Q(CDNRSq)E+O(EO) {Lreg + Lexc} V Ml HbN,R,SH27

12 . pglCZSRAMN + C*SN)(C2S*R + MiN + C2SM,)
reg " CZS2R+M1N y

L% .= C3S%*\/R(N + RS).

From there, computations identical to [15, p. 282] allow to bound

C?’M,N
L%, < RS <C2S2R + MN + Tl + C2S(M; + N)) .
We deduce successively
DM
[BOMY)| < (CDNRSq)™ OO =Ll L (M) b s o,

L*(M,)? := RS(C?S?R + M\N + C*M,N/R + C?>S(M, + N)) + C*S*\/R(N + RS),
and finally
B <. (CDNRSq)TOE0) 4K,
K? := qCS(N + RS)(C + RD) + C*DS+/(N + RS)R. (4.39)

Grouping our two bounds (4.37) and (4.39), and summing over sy (mod ¢)*, we obtain the
claimed result.

5. Convolutions in arithmetic progressions

In this section, we proceed with an instance of the dispersion method, for convolutions of two
sequences one of which is supported in [z, 2'/377] for some 1 > 0. This extends [7, Section 13;
23, Section V].

Given a parameter R > 1, an integer ¢ > 1 and a residue class n (mod q), we let

X¢(R) == {x (mod g), cond(x) < R},
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and

HR(TL; Q) =1, (mod q) — 1) Z X(n)

w9 Sln)
1 Z ) (5.1)
= — X n
pla) | o=
cond(x)>R
Note that this vanishes when ¢ < R or (n,q) > 1. We have the trivial bound
R7(q)
ur(n;9)| < ly=1 (mod + . 5.2
‘ ( )| 1 (mod q) S0(6]) ( )

It will also be sometimes useful to write

1q)= 1
ug(n; Q) = (17151 (mod ¢) — () 1) - Z X(n). (5.3)
©(q) v X (aod @)

1<cond(x)<R

THEOREM 5.1. Let M, N, Q, R > 1, and n be given, with  := MN and z'/* < Q. Then
there exists § depending at most on n such that the following holds. Let two sequences (),
(Bn) supported in n € (N,2N] and m € (M,2M] be given, which satisfy for some A > 1,

o] < 7(m)A,  [a] < 7(0), (5.4)
Let ay,as € Z ~ {0}, and assume that
2" <N < QY3
Q < z'/*H, (5.5)
R, |a1], |as| < 2°.

Then for small enough 1, we have

Y. D amBaur(mnaiay;q) < z(logz)? VR (5.6)
Q<q<2Q  nm
(g,a1az)=1 (n,a2)=1

The implicit constants depend on 1 and A at most.

Introducing ug(n;q) is technically much more convenient than the usual

Lng)=1
©(q)

Indeed, there are no equidistribution assumptions on our sequences in Theorem 5.1.

Uy (nv q) =1,=1 (mod ¢q) — (57)

5.1. Bombieri—Vinogradov range
Before we embark on the dispersion method we need an estimate which is relevant to values of
the moduli less than the threshold z'/2~¢.

LEMMA 5.2. Let M,N,R>1. Let x = M N, and suppose we are given two sequences
(o) and (5,,) supported on the integers of (M,2M] and (N, 2N], respectively, satisfying the
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bounds (5.4). Suppose that Q < z'/?/R and R < Q. Then

Z e, Zamﬁn”R(mna;q) < z(logz)° (R~ + M~Y/2 4 N~V/2),
0<a<gq
Q<q<2Q (g,q)=1 IMun

Proof. See [39, Theorem 17.4]. Only the case r > R appears in our case. O

5.2. First reductions

First we apply two reductions, following [23, Section V.2] and [24, Section 3]. We replace
the sharp cutoff for the sum over ¢ by a smooth function v(q); and we transfer the squareful
part of n into the number as, allowing us to assume that n is squarefree. The squarefreeness
assumption on n will be useful when dealing with GCDs (in particular in equation (5.24)
below). Note also that the statement of Theorem 5.1 is monotonically weaker as § — 0, so that
whenever needed, we will take the liberty of reducing the value of § in a way that depends at
most on 7).

ProposITION 5.3. Let x, M, N,Q, R,n and the sequences (a,,) and (f3,) be as in Theo-
rem 5.1. Assume that (f3,) is supported on squarefree integers. There exists § > 0 such that
for any smooth function v : Ry — [0,1] with

Lic@.20) < V(9) < loe(@/2.3Q/2) (5.8)

and |79 || <; Q77FP% for some B > 0 and all fixed j > 0, under the conditions (5.5), we
have

Yo oale) Y amBuur(mnaiasig) < z(loga)? VR (5.9)

q n,m
(g,a1a2)=1 (n,a2)=1

The implicit constants depend on n, A (in (5.4)), B and the function 7 at most.

Proof that Proposition 5.3 implies Theorem 5.1. We replace the sharp cutoff Q) < ¢ < 2@
by a smooth weight v(g) such that

Lie@.2q) < V() < 1ye(@1-@-109) 2Q(1+Q-109)]-

We can pick v such that |7 <; Q77197 for all fixed j > 0. The error term in this
procedure comes from the contribution of those integers ¢ at the transition range 2Q) < ¢ <
2Q(1 + Q') and Q(1 — Q'%%) < ¢ < Q. It is bounded by the triangle inequality, using our
trivial bound (5.2) and following the reasoning of [7, pp. 219, 240], choosing Qg = z'%° there.
We obtain

Y (e —7(@) Y amBaur(mnaias;q) < zR(logz)?MQ ™. (5.10)

q n,m
(g,a1a2)=1 (n,a2)=1

Given our hypotheses R < z° and Q > z'/4, this is an acceptable error term.
Let I denote the set of squareful numbers:

K={keN: pk=pk}.
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Factor each integer n as n = n'k with u(n’)? =1, (n/,k) =1 and k € K, so that k < 2'/3 and
(k,as) = 1. Here p is the Mdbius function. There are only O(K'/?) squareful numbers up to
K [18], therefore

1
» T < K12 (K>1).
k>K
ke

Proceeding as in [23, Section V.2] and using the trivial bound (5.2), we deduce for any K > 1,

Yo @ Y amBuur(mnaiaz;q)

q n,m
(g,a1a2)=1 (n,a2)=1
= S Y @ Y wnn)*Beur(mnkaiag: q) + O(Ra(log )0 V2,
k<K q n,m
ke (g,a1a2)=1 (n,kas)=1
(k‘,a2)=1

(5.11)

We are left to analyze, for k € K, k < K, (k,a2) = 1, the sum

Z V(q) Z amﬁkmu(nfuR(mnailkaQ; q)'

q n,m
(g,a1a2)=1 (n,kaz)=1

Assume K < 2%, For each fixed k, the sequences (v, )y, and (k=% u(n)%Bxn)n are supported in
m € (M,2M] and n € (N/k,2N/k], respectively. We apply Proposition 5.3 with 7 replaced by
n/2, N replaced by N/k, and as replaced by kas (the factor k~° ensures that condition (5.4)
holds for (k=°u(n)?Brn)n). If 6 is small enough in terms of 7, we obtain, uniformly for k < K,

Z ~(q) Z O Breni(n)*ug (mnatkas; q) < k= ox(logz)* DR~

q n7m
(g,a102)=1 (n,kaz)=1

Note that the sum Y, ., k= converges. Inserting in (5.11), we obtain

Y ) Y. amBaur(mndias;q) < z(logz)V (R + RK/?)

q n,m
(g,a1a2)=1 (n,a2)=1
and so we conclude by the choice K = R*. 0

5.3. Applying the dispersion method

Let us prove Proposition 5.3. Recall that the sequence (f,,) is assumed to be supported on
squarefree integers. Let D denote the left-hand side of (5.9). By the triangle inequality

> . (5.12)

Define a smooth and non-negative function a(m) (not to be confused with our sequence «,y,),
with a(m) > 1 for M < m < 2M, supported inside [M/2, 3M] and such that ||a/) |, <; M7,

|D| = Z 7(‘]) Z O‘mﬁnuR(mnmaQQQ) < Z <‘O‘m|

,aiaz)=1 m,n m
(g,a1a2) (n,a2)=1

o




ERROR TERM IN THE DISPERSION METHOD 711

Note that |a,,| < 7(m)?a(m) by the hypothesis (5.4). Therefore, the Cauchy—Schwarz
inequality yields

1/2 2\ /2
ID| <« (Z a(m)T(m)A> dam) D
< (logz)° M MY2(S) — 2Re Sy + 83)'/%, (5.13)

where

Si= Y Ae)v(@) D, BuB > a(m)

(q192,a1a2)=1 71,172 _ mni=aiaz (mod qr)
(n1nz,az)= mna=ajaz (mod ¢2)

and S; and S3 are defined similarly, replacing the sum over m by

Y (mame) Y. alm)xa(m),

QO(QQ) X2E€Xg, (R) mni=aiaz (mod ¢1)
1 -
o(@)p(g2) Z Z X1 (nia@raz)xa(nearas) Z a(m)xixz(m),
SO Q1 SD QQ Xlqul (R) X2€Xq2 (R) (mn17q1):1
(mna,q2)=1

respectively. We will prove

S; —2%ReS, + S5 = O((logz)° YV MN2R™2). (5.14)

5.3.1. Evaluation of S3. The term S3 is defined by

Go Y dehe) s~ o

(q192,a1a2)=1 Q,O(ql)SO(QQ) X1€Xq, (R) T2
X2EX,, (R) (nj,q5a2)=1

X Z a(m)x1(mniataz)x2(mnaaras). (5.15)
(m,q1q2)=1

Let W := [q1,¢2] and H := W'*¢/M. By Poisson summation (Lemma 3.1),

S atmparim = 0SS )

m b (mod W)*
(h bh _
t 2 a(y) X oo om0
0<|h|<H b (mod W)*

The conductor of y1¥z is at most R, so that [39, Lemma 3.2]" yields

bh
3 e(W)Xlﬁ(b) <R Y 4
b (mod W)X d|(h,W)
We deduce
__ a(o) J— epl/2
D almxixa(m)=—= > xixa(b) + O(W R'?).
m b (mod W)X

fNote that in [39, Lemma 3.2], 7(x) should read 7(x*) and an additional factor x*(m/(dm*)) should appear
in the summand.
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The error term is O(2?) while the trivial bound is M > 2%/3. We deduce
S3 = a(O)Xg + O(MNzx_l/z),

where, having changed b to bajas,

= Y v(a1)7(g2) 3 S BB Y. xa(bn)xa(bng).

q1,92 B [qlqu]gp(QI)@(q2> X1€Xq, (R) .nlv,ng_ b (mod W)X
(q192,a1a2)=1 X2€Xq, (R) (nj,qja2)=1

By orthogonality,
Z Xlﬁ(b) = “P(W)]'XlNsz
b (mod W)X

where by x1 ~ x2 we mean that y; and x5 are induced by the same primitive character—which
necessarily has conductor dividing (g1, g2). Therefore,

Yoo oxam)em)lyee = Y xo(mm).

Xlqu1 (R) XUE‘X(ql,qz)(R)
X2 EX(IQ (R)

Since ¢([q1, g2]) = ¢(q1)¥(q2)/¢((q1,92)), we deduce

Xo— Y ehle)l ose s o). (5.16)

(q142.a1a2)=1 [(h? Q2]80((q17 Q2)) XOEX(ql,qg)(R) (nj?qu’:;):l

5.3.2. Evaluation of So. The term Sy is defined by

S2= Z M Z 6“1/87”2 Z Z Oé(m)XQ (mngchag).

2 —
(q192,a102)=1 SO(C] ) n1,M2 X2€Xq, (R) m=aiazny (mod q1)

(nj,qja2):1
(5.17)
As before, let W = [q1, q2] and H = W'*¢ /M. By Poisson summation,
> a(m)xa(m) = a(0) > X2(b) + O (R 4+ W*) (5.18)
Z 2 W 2 € 2 ) .
m=ajazn; (mod q1) b (mod W)*
b=aiazn (mod ¢1)
where
M bh
Ro := W Z x2(b) e (W) . (5.19)
0<|h|<H b (mod W)*

b=ajazni (mod q1)

We wish to express the sum over b as a complete sum over residues. We write W = [q1, ¢2] =
4145, where (¢5,q1) =1 and ¢}|¢f° (meaning that p|g) = p|g1). Note that then ¢;|g] and

(q1,45) = 1. Let
Vi (Z/QZ) x (Z/4,Z) — (Z/WZ)
denote the canonical ring isomorphism (so 1~ is the projection map). Note that

by = x2(1(1, b2))
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defines a character (mod ¢5) of conductor at most R. Finally, we have

1 ¢ ¢
— == 4+ = (mod 1).
W g CA( )

The sum over b in (5.19) is in absolute values at most

> > xe(¥(1,by))e (bsz‘ﬁ) (5.20)

q
b1 (mod ¢7)* bz (mod g4)* 2
bi1=aiazny (mod ¢1)

since (b1, b2) = by (mod ¢1), and by factoring

X2(1(b1,b2)) = x2(1(b1, 1)) x2(¥ (1, b2)).
The sum over by in (5.20) is a Gauss sum; by [39, Lemma 3.2],

> X2(¢(1>bz)>e<62qhéqll> <RYVZ ) d (5.21)

by (mod q5)* d[(h,q3)

Note that

> =4 (5.22)

b1 (mod ¢7)*
bi1=aiazny (mod ¢1)

which is a shorthand for []

we obtain

p"[|g0, plg P”- Multiplying (5.21) with (5.22) and summing over h,

Ro < Wor(g2) (g2, 47°) R/
Inserting this estimate into (5.18) then (5.17), the error term contributes

< peNewe Y T@dl) s nag

q2
q1,92<Q

In the last inequality we used standard facts about the kernel function k(n) =[]
we refer to [9]. The error term above is acceptable, since

pln Ps for which

23120 < g1/2H38 & 421372 L NR24
if 9 is small enough. We therefore have

Sy = a(0)Xs + O(MN?R™?)

with (having changed b into baiaz)

Y= S @ s mE S ) Y ).

(q1g2,a1a2)=1 [q17Q2](P(q2) ni,ny X2E€Xq, (R) b (mod W)X
(nj,q5a2)=1 b=n7 (mod q1)
Fix x2 € X, (R) and let X2 (mod g2) be the primitive character inducing xs. If S denotes the
sum over b above, then S = x2(¢)S for any ¢ (mod W)*, ¢ =1 (mod ¢1). Thus S = 0 if x5 is not
q1-periodic, that is, if g2 1 (¢1, g2). If on the contrary ¢2|(¢1,q2), then S = xa(71)e(W)/¢(q1) =
x2(m1)e(q2)/¢((q1,q2)). We therefore find

Yo b= (p(qQ)))lqz(ql,qg)?z(m)-

b (mod W)* w((qu ©
b=n1 (mod q1)
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Summing over xs € X, (R) and since (nin2, (¢1,492)) = 1, we obtain

Plq2 _
Z x2(n2) Z x2(b) = <p((q<q))) Z Xo(Tn2),
X2E€Xy, (R) b (mod W)* b X0€X(qy ,42) (1)

b=n7 (mod q1)

and so Xy = X3.

5.4. Second reduction

We now wish to evaluate

Si= > (e > Br Bra > a(m).

(q192,a1a2)=1 n1,Mm2 . m=ajazni (mod ¢1)
(nj,q5a2)= m=ajasns (mod g¢2)
n1=ns (mod (q1,92))

—

The expected main term is «(0) X7, where

Xi= Y Y(@1)v(42) > Brr Brs- (5.23)

(q192,a102)=1 [Qh QQ] ni,na
(nj 7qja2):1
n1=nz (mod (q1,92))

For all integers qo, no with (ng, o) = 1, let S1(go, no) denote the contribution to S; of those
integers satisfying (g1, ¢2) = qo and (nq,n2) = ng. Then we have

|S1(q0,m0)] <e 2° Z Z Z a(m)

q1,92<Q/qo0 n1,m2<XN/ng aznonam=ai (mod qoq2)

((IUQQ,azno)il ni=nsz (IHOd QO) q1|ma2n0n1—a1
(n2,90q2)=1
<L 2° E g E a(m)T(|magsnon; — ail)
q2=Q/no n1,n2<N/ng masngna=a; (mod gog2)
(q0q2,a2n0)=1n1=n2 (mod qo)
(n2,90q2)=1
_(MN? MN
Le T 55 ’
no4qo Noqo

where we used our hypotheses on M and |a1| to justify that m|a; cannot be satisfied. Therefore,
for some d >0 and all 1 < K < x6, we have

Z |S1(qo, no)| < 2 MN?K~ 1,
(q0,m0)=1
max{qo,no}>K

Similarly, if X;(qo,n¢) denotes the contribution to X; of indices with (¢1,¢2) = qo and
(n1,n2) = ng, we have

N N
Y. Xilwno)l<ca® Y —— < + 1) < aN2K,
(g0,m0)=1 (40.m0)=1 qomo \ qoTo
max{qgo,no}>K max{qo,no}>K

By choosing K appropriately, it will therefore suffice to show that

S1(qo,m0) = @(0) X1 (g, no) + O(MN?27%) (g0, no < 2°).
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5.5.  Evaluation of S81(qo,no)

Let the integers qo, no be coprime, at most z°, such that (qo,aias2) = (ng,a2) = 1. Let us
rename ¢; into goq1 and ¢o into gogo, and similarly for n; and no. We wish to evaluate

S1(q0,n0) = > Y(9091)7(q042)

q1,92
(q192,a1a2)=(q1,92)=1

Z 6n0n1 ﬁnonz Z a(m)

ny,n2 m=aiaznon; (mod qog;)
(nonj,qogjaz)=1
(n1,n2)=1
ni1=n2 (mod qop)

Using Poisson summation, we have

S1(q0,m0) = a(0)X1(q0,n0) + R1 + O (2°R2)

where, having put W = qoq1q2 and H := WTeM 1,

Ri= Y S a0m) (@082 By Y ;a<£>eﬁyy

q1,92 n1,Mm2 0<|h|<H
(q192,a102)=(q1,92)=1(non;,q0q;a2)=1
(nl,ng):l

n1=ns (mod qo)
1 e N2
e Y Y heow
q1,92XQ/qo0 n1,m2<XN/ng
and the residue class p (mod W) satisfies
= arazngn; (mod gog;) (J € {1,2}).

We seek an error term O(M N2x~?). The contribution of R, is acceptable.
We now focus on R;. Recall that (3, is non-zero only when n is squarefree (so that
(ng,n1)=1). We have the equality modulo 1

a ny—n asnon n
[ 1 4o 2 @1a2non2 - 4od192M (mod 1). (5.24)
404142 qoq1492a2non1 q0 niqz a2m0

This is found following the steps in [24, p. 208|, but can also be more easily verified by
multiplying each side by qoqig2a2n9n1, and checking the resulting congruence modulo asng,
n1qo, 9oq1, and qoqs, respectively. Taking the exponential, we may approximate

h h
e((h>_1+o<lml>_
dog1g2a2M011 QOqqu\GQ\nom

Inserting in R1, the error term contributes a quantity

lailgoH  Q* N? e 253 r—1
Lo — L2 |[NQ°M
aslno@?N 8 my <"
which is clearly acceptable. We therefore evaluate

' v(q091)7(q091) - h
= ——————"Bnoni Bngn. &
! Z q0491492 ’ o qoq192

q1,92,n1,N2

N1 — N2 qi1az2nopn2 qoq19211
xelarh —aq h—————|.
q0 niqz a2mo
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Now we insert the definition of & as

- h
« <qoq1q2) = CJOQ1Q2/ROZ(C]0611¢]2§)G(—h€) d¢,

we detect the condition (aj,q1g2) = 1 by Mé&bius inversion, and we split the sums over ¢, g2
into congruence classes modulo ngas. We obtain

M
IR, | <. x°(nolas])? ZO sup sup sup i (5.25)
Q £XA{QO/Q2 61762|a1 )\17)\2 (mod noag)x
(61,02)=1
(6152,7’1,0(12):1
where
1= Z Y(906191)7(q00262) Z Broni Prons
41,92 ni,n2
(51(]1,52(]2):1 (7L07Lj7(106]‘(1ja2)=1
quAj(Tj (mod ngaz) (n1,m2)=1

ni1=n2 (mod qo)

QO)\I)\Qn1> < ny —ng a2n0n251Q1>
—— )elaih .
asng q0 n102q2

X Z a(£qod102q1G2) e (‘fh —ah

0<|h|<H

We write RY in the form (2.3), with

C < (2, d(—ql, n(—alh%, I'(—CL21’L()TL251, s<—n152, q < Nnoag,
0
HN No
C<—£, D<—i, New R+ a1 N, S+ 2, (5.26)
qo02 qod1 qono no

Here bold letters denote the ‘new’ summation variables in (2.3). The analog of the sequence
bn.r,s is defined through

bn,r7s = Z Z Bnonlm Z e (—fh — alh%) .

ni N2 0<|h|<H
(7zgnj,q06ja2)=1 qon:alh(nlfng)
(n1 ¢n2):1

n1=nz (mod qo)
r=asngnsdi
s=n102

Note that this has at most one term since the case ny; = ng is prohibited by the conditions
(n1,n2) =1 and N > 2. Note also that it is void unless (r,s) =1 (here we use the fact that
B is supported on squarefree integers). The quantity g(c,d,n,r,s) in (2.3) is

Y¥(qo01d)y(qod2c)(Eqodid2cd).

The derivative conditions (2.2) are satisfied with €y = B4, by virtue of our hypothesis on ~.
Note that the congruence and coprimality conditions on ¢; and ¢o translate exactly into

c= X3 (mod q), d=Xd (modq), (d,cs)=(c,r)=1.

At this point, we are in a situation analogous to [7, formula (13.2)]. Applying Theorem 2.1
and estimating the resulting expression as in [7, p. 241], we obtain

Rlll <<.’EO(6)A1/281/2,
where A < HN? is the contribution coming from ||bx g s||3 in (2.3), and

B<@QN’N(H+N)+Q’N*VH + N+ Q*HN < (QN)*{N(H + N) + QVH + N}.
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We have H < 290N, so that B < Q*N?z°)(N? 4 Qv/N) (compare with [7, formula
(13.4)]). Inserting in (5.25), we obtain

R’l < $O(5)MN2(Q_1N3/2 + Q_1/2N3/4) < 2—1/2+0(8) pr N2

by the hypothesis N < Q%/3~". Taking ¢ sufficiently small in terms of 7, we have the required
bound O(M N2%z~?).

5.6. The main terms

The main terms X; and X3 defined in (5.23) and (5.16) are real numbers. They combine to
form

X1 —X3= Z W Z By Brywr(mamiz; (g1, q2))-

(q192,a1a2)=1
(nj,qjaz2)=1

Note the summands are zero unless (g1, ¢2) > R. We use Mobius inversion

Linjq)=1= Z n(d;)

dj|(qj,m;)

to detect the conditions (n;,q;) = 1, in order to separate the sums over ni, ny from those over
q1, q2- We insert the definition of ug in the form

ur(ming; (g1, q2)) = M Z x(mr)x(n2).

X primitive
cond(x)>R
cond(x)[(q1,q2)

We can assume (d;, cond(x)) = 1 because of the factors x(n;). Quoting from [52, Theorem 1.5.4]
the bound ¢(q) > ¢/ loglog g, we obtain

X1 — X3 < (loglogx) Z Z Z L Z H Z Banx(n)] -

R<r<Q di,ds ana D92 |y Siimitive j=1 | (n.ag)=1
d;<LQ/r 7;=Q x (mod r)
rd;|q;

The sum over q;, g2 is O(1/(r?dyds)). By Cauchy—Schwarz, and the symmetry between n; and
no, we obtain

X — X35 < (log x)? Zé > %2 > > Banx(n)

d<N R<r<@Q X primitive |(n,a2)=1
x (mod r)

For all t > R, the multiplicative large sieve inequality (Lemma 3.3) and our hypothesis (5.4)
yield
2

G(t) := Z Z Z Banx(n)| < (log2)°Wr(d)* (t* + N)N

R<r<t x primitive |(n,a3)=1
X (mod r)

after ignoring denominators d. We obtain by partial summation

Q
et 3 (99 [0 0) < oy e

d< N
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By hypothesis R < 2°, so we have the desired bound X; — X3 < N?R~2(logz)°("). Given
a(0) < M, our claimed estimate (5.14) is proved, and therefore Proposition 5.3 as well.

6. Application to the Titchmarsh divisor problem
The aim of this section is to justify Theorems 1.1 and 1.2. Recall the definition

T(z):= > Am)r(n—1).

1<n<z
We let
d(rsga):= Y An), Yula)i= Y Am), Ple,x) =Y An)x(n).
n<x n<x n<x
n=a (mod q) (n,q)=1

Let us recall the following classical theorem of page [39, Theorems 5.26, 5.28].

LEMMA 6.1. There is an absolute constant b such that for all Q,T > 2, the following
holds. The function s — [],<q I1, (moda ¢) L(8; X) has at most one zero s = 3 satisfying Re(s) >
1 —0b/1log(QT) and |Im(s)| < T. If it exists, the zero ( is real and it is the zero of a unique
function L(s, X) for some primitive real character X.

Given a large z, we shall say that ¥ is z-exceptional if the above conditions are met with
Q=T =eV'°e® For all ¢ > 1 for which glq, we let X, denote the character (mod ¢) induced

by X.
6.1. Primes in arithmetic progressions

We deduce from the previous sections the following result about equidistribution of primes in
arithmetic progressions.

THEOREM 6.2. Assume the GRH. For some § > 0, all x > 1, Q < z'/*9 and all integers
0 < |a1l, |as| < 2°,

> <¢(w;q, ai1az) — go(lq)¢Q(x)> < z' 0.
q<Q
(q7a1a2):1

Unconditionally, under the same assumptions,

+ 1y Xaxa) (e, X _
> <w(x;q,a1az) _ %a@) q|q;<<(;)2a1)¢(a: Xq)) < ze OVIET,
<@

(q,aqla2)=1

where the term 1 (x; X,) is to be taken into account only if the z-exceptional character X exists.

Using the Dirichlet hyperbola method (see in particular [23, Section VII]), it follows that
the same estimate holds on the condition ¢ < 2'~¢ for any fixed ¢ > 0 (the implicit constants
and 6 may then depend on ¢). Note however that the symmetry point is at ¢ ~ (2]az|)/?,
rather than x'/? (so the flexibility of taking Q somewhat larger than x'/? is not superfluous).
We refer to [21] for more explanations on what happens when @ is very close to z.

As mentioned in the Introduction, the uniformity in a; and as is an interesting question.
At the present state of knowledge, bounds coming from the theory of automorphic forms are
typically badly behaved in that aspect. By using a more refined form of the combinatorial
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decomposition (6.4), Friedlander and Granville [26] prove that |a;| < #'/47¢ is admissible for
all € > 0 (in the case ay = 1), with a somewhat larger error term.

For the application to the Titchmarsh divisor problem, the following slightly weaker
statement suffices.

PROPOSITION 6.3. For some 6 >0, all 2 >2 and 0 < |a| < 2°, assuming the GRH, we
have

> <¢($;q,a) — (g% g, a) - W) <az'° (6.1)

oy v(9)
(¢,a)=1
Unconditionally,
. _ 2. _ M 1~ ——P(T;Xg) — w(q2§%q)>
Zf (¢<x,q,a> o(sg,a) - A g )
(g,a)=1
< zeOVloeT (6.2)

We will focus here on proving Proposition 6.3 only because the presentation is slightly simpler
and addresses all the essential issues.

Proof of Proposition 6.3. Let 1 < R < 21/10 be a parameter. Let

Sy = Z Z A(n).

a<VT  ¢*<n<a
(¢,a)=1n=a (mod q)

By orthogonality of characters,

S= 3 —— 3 Y xtma)Am). (6.3)

q<v/z QD((]) x (mod q) ¢><n<z
(g,a)=1

We decompose S; = S; + S; where S; is the contribution of those characters x of conductor

at most R, and
St= Y Y Amuntnaa).

VT ¢ <n<a
(g,a)=1

We first focus of S;". By the Heath-Brown identity [7, Lemma 5] and a dichotomy argument
similar to [25, Section 2(a)], the problem is reduced to showing

Z ZZ ,u,(ml)...,u,(m]-)(lognl)uR(nlml CemmT; q)

Q<as2Q (1—-A)M; <m; <min{ M;,z'/*}

(g,a)=1 (1-A)N; <n; <N;
1<igy
< .CC(]Og x)O(l)Rfl’ (64)

where j € {1,2,3,4}, 271/ < A < 1/2, and Q, M;, N; > 1 (1 < i < j) are real numbers such
that

Q° < HMiNi <z, M; <22
i
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Let us justify briefly this step. The Heath-Brown identity states that S, is a linear
combination of the expression on the left-hand side of (6.4) for various values of j, with
the conditions ¢ < v/z, m; < /4, and ¢®> < ming - -- m;n; < x. We then localize ¢ in dyadic
intervals, and each n;, m; in intervals [(1 — A)X, X] (X = N, or M;). Having done this, the
subset of (M;, N;) for which the condition ¢ < [[; min; < x is relevant will only concern those
indices with [, m;n; € [(1 — A)%z, (1 — A)~8z] or [(1 — A)%¢?, (1 — A)~3¢?]. For those M;, N;,
we apply Lemma 3.2 or a trivial bound (if ¢ is very small); for the others, the bound (6.4) will
apply. We deduce, respectively,

S < xA(log 2)°WV + zA 8 (log z) VR (6.5)

and optimizing A yields S;” < z(logz)?M R~1/9.

Let 7 > 0 be small. The contribution of tuples such that [[, M; N; < 217" is trivially bounded
by O.(z'~7"¢) using Lemma 3.2. Suppose then [], M;N; > ' ~". For convenience we rename
x =[], M;N;. Our objective bound for (6.4) is O(x'~°) and we now have M; < z/4*7 if 5 is
small enough.

Fix n € (0,1/100]. At least one of the three following cases must hold:

(a) there exists an index k such that Nj, > z'~(7=1n;
(b) we have min{Ny, Ny} > 2'/377 for two indices k # k';
(¢) there exists an index k such that My or Nj lies in the interval [z, z'/37].

In case (a), our sum (6.4) is at most

Sy = 1af Z Z Z Brur(mna; q) (6.6)

Q<q<2Q M/2<m<M [(1-A)N<n<N
(q,a):l

with 8 =1 or log, MN =z and N > 2'~77. Choose n < 1/30, for the sum over n, we express
ur as (5.3). Using

1= 2 +0(1) (221,(a,q) € N?) (6.7)

n<z
n=a (mod q)

and partial summation in case 8 = log, we get that the sum over n above is

Z Brur(mna; q) < logx + b Z Z Brnx(n)] .

(1-A)N<n<N SD(Q) x (mod ¢) |[(1-A)N<n<N
1<cond(x)<R

For each y in the above, the sum over n is estimated using Lemma 3.4 as
Y. Bax(n) < RY*(logz)*7(q).
(1-A)N<n<N
Dropping the condition cond(x) < R, we obtain for (6.6) a crude bound
S, <- l’EMQRl/Z < QRl/Q.Z'gn < x11/20+8n+6

which is acceptable.
Consider case (b). Then the sum on the LHS of (6.4) is of the form

Spi= D> D3 a(m)B(n)yur(mnla;q), (6.8)

Q<q<2Q (1-A)N<n<N
(g,a)=1 (A—-A)M<m<M
(1-A)2 2L <L
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where M, N > z'/3=1 MNL = z, a and 3 are either 1 or log, and 7, satisfies
|7el < m25-2(€) log €.

By partial summation and upon rewriting the size restrictions on m,n, £, q as differences of
one-sided inequalities, it suffices to establish the bound

S} = Z Z Z Z up(mnla; q)| < «'°

(<L qg<Q m<Mn<N
(g,a)=1

whenever M, N > /327 and Q < 2v/x. Writing up as in (5.3), we have by the triangle
inequality

Sp < Sy + Spo,s

where

Shi=>1 > > > w(mntaq),

(<L| ¢<Q m<M n<N

(g,at)=1
$H=XYom X | X xm)| | X )
I<L q<Q (P(q x (mod q) m<M n<N

1<cond(x)<R

Theorem 7 of [7] yields the acceptable bound S}, < ' as long as 1 < 1/30. In Sj,, by
Lemma 3.4, the sums over m and n are majorized by O(7(¢q)R'/?*¢). Dropping the condition
cond(x) < R, we obtain for (6.8) a bound

Shy <. t°LRQ <. x'4/15+5m

which is also acceptable.
In case (c), we write our sum as

S. = Z ZZ QU Brtr (Mmna; q), (6.9)

Q<q<2Q (1-A)P " M<m<M
(g;a)=1  (1—A)N<n<N

where 27 < N < 171/3*”, so M > z2/3. We may assume that R < /2 If Q< x1/271/2 then
Lemma 5.2 is applicable. If on the contrary z!/2-"/2 < Q < Vx, then Theorem 5.1 is applicable
with 1 < 1/2 (assuming |a| < 2°/? as we may). In both cases, we obtain that the quantity (6.9)
is majorized by

S, < z(logz)° VR,
Summarizing the above and in view of (6.5), we have obtained
St < x(logz)° VR0,
We consider now &; , which we recall is

si= Y — 3 3 Awx(na). (6.10)

q<VzT SD(C]) X (mod q) q2<n§ac
(g,0)=1 cond(x)<R
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First let us assume the GRH. Isolating the contribution of the principal character, we write

- Po(x) —(d®) | o
Si= 2 o(q) S

say. For any non-trivial character x (mod ¢) with ¢ < z, the GRH [44, formula (13.19)] yields

> x(n)A(n) < 2'2(log ).

q2<n<r

We therefore have

1
S) <« x/?(log z)? Z — Z 1 < Rz'?(log z)*

By LN

cond(x)<R

which is acceptable. The choice R = x° for small enough § concludes the proof of (6.1).
Unconditionally, for any ¢ < eV!°8® and any non-principal, non z-exceptional character

X (mod q), we have by a straightforward adaptation of [44, Theorem 11.16] the estimate
Z X(n)A(n) < ze cVios®

q2<n§z

for some absolute constant ¢ > 0. Choose R = e“V1°8%/2, We extract from S the contribution
from the principal character and the possible z-exceptional characters, and write accordingly

- wq(x) - %(qz) + 15‘(1)((@)(1&(33; S(Vq) - ¢(q2; 55(1))
Si= 2 (g

+8 + O(weVioer/?)

~—

<z
(g,a)=1

the error term being there to cover the trivial case when either ¥ was inexistant, or ¢ > R. By
the same computation as above,

S? <« Rx(logx)e cVioe® « gecviesz/3,
This concludes the proof of (6.2) hence of Proposition 6.3. O

6.2. Proof of Theorems 1.1 and 1.2

It is now straightforward to deduce Theorems 1.1 and 1.2. By the Dirichlet hyperbola method
[25, p. 45], we have

T(x)=2 Y (¢¥(z;9.1) = ¥(¢*q,1)) + O(Vzlog ).
<V
Assume first the GRH. Then Proposition 6.3 yields

_ 2
9<Vz A
The GRH [44, formula (13.19)] allows us to deduce

T(x)=2 s +0(z'0).
oyl

The main term is computed using [22, Lemme 6], which yields the claimed estimate.
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Unconditionally, from Proposition 6.3, we merely have to add to our estimate for T'(x) the
additional contribution of the z-exceptional character (if it exists), which takes the form

P Xq) — (%5 Xq)
9 Z ] (6.11)
< v(q)

We have from [44, Theorem 11.16]

B
= €z —o0y/1logx
V(@3 Xq) = 5 +O(zem0VIosT)
and similarly
o~ >’ 5+/Tog
¥(a% Xq) = 5 +O0(ze "VET)

at the possible cost of changing the numerical value of 6. We obtain that (6.11) equals

9 B _ 428
—= Z r o4 —i—O(a:e_‘Svlogm).
B ¢(q)
a<VT
qlq

The sums over ¢ are computed using [22, Lemme 6] (and partial summation in the form
P —¢* =5 fqi t8=1dt), which yields Theorem 1.2. Corollary 1.3 is straightforward.

There remains to justify Corollary 1.4. Note that Cy(q) is absolutely bounded, while ¢ <
evVioe® by definition. Therefore 2 — oo, and Bli(x”)/2? ~ (logz)~!. We deduce

log g + Ca(q) — v
D (Bl@7) e

in an effective way. For x large enough, it is less than 1/3 and Corollary 1.4 follows.

REMARK. If we were to consider 7(n — a) instead of 7(n — 1), for some a which is not a
perfect square, then the Siegel zero contribution (if it existed) would have a twist by x(a),
which is a priori of unpredictable sign.

7. Application to correlation of divisor functions
In this section, we justify Theorem 1.5. The proof has the same structure as that of
Theorems 1.1 and 1.2, replacing the function A(n) by 74 (n).
7.1. An equidistribution estimate
The analog of Theorem 6.2 is the following:

THEOREM 7.1. There exists n > 0 such that under the conditions k > 4, 0 < |a| < 2" and
Q <a!/PH,

> > min) — — Y mn) | <2t (7.1)

q<Q n<w n<
(g;a)=1 \n=a (mod q) (n,9)=1

If the Lindeléf hypothesis is true for all Dirichlet L-functions, then the right-hand side can be
replaced by z'".
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In order to simplify the presentation, we put

£— {a: if the generalized Lindelof hypothesis is assumed,

z'/F  unconditionally.

To handle the small conductor case, we require the following.

LEMMA 7.2. For some 6 >0 and any non-principal character x (mod q) with ¢ < x, of
conductor r < E° we have

Z me(n)x(n) <, z€°.

n<x

Proof. Starting from the representation

1 14+1/(log x)+ico x5 ds
> () = o [ L(s, )

27

(z ¢ N),

n<w 14+1/(log x)—ico

one may truncate the contour at T'= x%/% and shift it to the abscissa Re(s) = 1 — §/k. The
convexity bound |L(1 — 6/k + it, x)| < ¢°(r(|t| + 1))05/k+5 (for some ¢ > 0) yields the desired
estimate if & = 2!/, If the Lindelof hypothesis L(% +it,x) < (q(|t| + 1))° is true, then one
chooses T' = 2’ and shifts the contour to PRe(s) = 1 — §, where the bound L(1 —§ +it,x) <
(q(|t] + 1))¢ holds by convexity. O

7.1.1. Small conductors. Let Sy denote the quantity in the left-hand side of (7.1), and let
R < &%. The contribution of those characters y having conductors at most R is

SO @Y = Y amxn).

1<r<R x (mod 7) q<Q SO(Q) n<x
X primitive (g,a)=1 (n,q)=1
rlq

By Lemma 7.2 applied to the character (mod q) induced by x, we have a bound

zE° Z Z Z — << 2 °R(log )%

r<R x (mod ) q<Q
X primitive 7|q

Letting R = £9/2, this is an acceptable error term. There remains to bound

Z ZTk n)ur(na;q).

qg<Q n<z
(g,a)=1

7.1.2. Dyadic decomposition. We dyadically decompose in §; the sums over ¢ and n in
(7.1), yielding an upper bound

S < (logz)*  sup Z Z n)ug(na;q)|. (7.2)

s ?ﬁmn Q <q<2Q’ N<n<2N
v (q,0)=

Let 7 > 0 and assume throughout that ¢ is small with respect to . When N < 2'~7, by the
triangle inequality, our trivial bound (5.2) and Lemma 3.2, the sum over ¢ and n above is
Op(z'=7/2), so we may add the restriction N > x'~7 in the supremum with an acceptable
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error. Then we relax the condition Q' < /2" into Q' < N'/?*27, Renaming N into z, and
expanding out 74 (n), we obtain that it will suffice to prove

g = Z Z ugr(ni---nga; q) < z€7" (7.3)
Q<q<L2Q xz<ny - np <2
(Q7a):1

under the constraints |a| < 2?7 and Q < /2727, We decompose the sums over ny,...,ng
dyadically to obtain an upper bound

Sy < S := (logz)* sup Z Z ug(ny -+ -nga;q)| . (7.4)
Ny...,Np21/2 QR<gL2Q z<ny - np L2z
(q,a)=1 N;j<n;<2N;

7.1.3. Splitting cases. Let the parameter 0 < ¢; < 1/100 be fixed. We separate into two
cases according to whether there is a subset J C {1,...,k} such that

I~ e @ a3,
j€T

or not. Suppose there is no such subset, and let
Ki={j: 1<j<k, Nj>a'/3701}

Necessarily card K < 3. Since N; < x% for each j ¢ K, and by assumption there is no subset
L {1,...,k} \ K such that [T, . N; € (2%, 2'/37%] it is necessarily the case that

H Nj < 1'61.
JEK

This implies card I > 1. Define
W= {(un) € CV ¢ up| < 7(n)" (n>1)}.
Summarizing the above, we have
Sz Lo °(A+ Bs + By + By), (7.5)

where

A= sup E E o Brutr (nma; q)
) 1/3—6
21Nz PN N0 20<2Q  Nangot N

MN=x S =
(am),(Bryew | @D=1 Mok amcanm
z<mn<2x

Bs = sup > > amUg(ninansma; q)| ,
N1,]\]4V]2\;N]s>]\ifll3761 Q<q<L2Q N7<nj<2N7
1N2 V3 =T (g,0)=1 M/8<m<2M
(am,)ew r<mningng <2
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By = sup Z Z amUpr(n1noma; q)|

Nl,Nz>xll/f;51 Q<q<2Q N,;<n;<2N;
NiNo>z 1 (q,0)=1 M/8<m<2M
A{Nlé\g\/:\/w r<<mning <2z

Qm,

By = sup Z Z anup(nma;q)| .
Nl\?ﬁlz_jnl Q<q<2Q  N<ng2
e [l s
We will focus on A and Bs, since the treatment of By and Bj is analogous to Bz and actually
simpler.

7.1.4. Separation of variables. Fix another small parameter d, > 0. We smoothen the
cutoff using a smooth function ¢:R — [0,1] with ¢(§) =1 for £ €[1,2], #(§) =0 for
£ ¢ [l —E7% 24 £7%], whose derivatives satisfy ||¢\7)||o. <; £7°2. The cost of replacing in A
and B3 the sharp cutoff condition x < nm < 2z (respectively, z < ninonzym < 2x) by ¢p(nm/x)
(respectively, ¢(ninanzm/x)) is at most O(x€~%2/2), by trivially bounding the contribution of
the transition ranges using Lemma 3.2.

Integration by parts shows that the Mellin transform gg(s) = fooc H(€)¢3 1 d€ satisfies

502

1T+t

)

o(it) <

(t € R).

We use the inversion formula ¢(&) = (21) ! [ d(it)€ " dt at &€=nm/x (respectively,
& = mningng/x) in the case of A (respectively, Bs), to obtain the upper bounds

A < zE %212 4 5% sup Z Z o Bt (mna; q)| (7.6)
201 <ﬁjgvz_1/3—61, Q<4<2Q Nen<obN
(am),([ﬁ;)xEW (g,a)=1 M27k<m<2]\/[

1
By < pa€ %212 4 £5% sup —3
Ni,Ng,N3>z'/37m 1+ [t
(am)EW, teR
X Z Z A (n1n2n3) M up (ninonsma; q)| . (7.7)

(g,0)=1 M/8<m<2M

7.1.5. The case of A. Let (o), (Bn), and N be given as in the supremum in (7.6). We
wish to bound

S, = Z Z am Brur(mna;q). (7.8)
Q<q<2Q  N<n<2FN
(@:a)=1 pro—Fkcmeonm
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By dyadic decomposition, enlarging our bound by a factor of k2, we may assume the conditions
are N1 <n < 2N; and My < m < 2M; for M N; € [227F, x25H1]. Suppose first Q > zl/2-01/2
Then Theorem 5.1 with < min{d;/2,1/30} gives the existence of d3 > 0 depending on d; such
that (7.8) is majorized by O(2¥2£%), on the condition that |a| < 27 2% and Q < 2~ Fa1/2+%,
which are satisfied assuming 7 < d3/4 and taking = large enough in terms of k.

If on the contrary Q < x'/279/2 we appeal to Lemma 5.2. We again obtain for (7.8) a
bound

S, < 2FxE0

for some d3 (depending on d;).
Summarizing, we have obtained in any case

A < 2E7%2/2 4 g £5927% (7.9)

for §3 > 0. Choosing Jo appropriately, it is an acceptable error term once we can prove that
01 > 0 can be chosen independently of k.

7.1.6. The case of Bs. Let (o), N1, No, N3 > 2'/37% and t € R be as in supremum in
(7.7). The quantity we wish to bound is at most

Sy : L Z Z Z (n1nang) " ug(ningnsma;q)|,

IR M/8<m<2M Q<q<2Q | M1:n2,n3
Y m / q 5 5
ST (qam)=1 I N;<n; <2N;

where Ny NoN3sM =z and M < 2%, Writing né—t = (2N;)" — it ijJ 2*=1dz, the above is
bounded by

Sy <. sup Z Z Z ur(ningnsma;q)| . (7.10)
NLNé,Né A,{/ggmgM Q<q<L2Q ni,nz,n3
N; <N;<2N; (g.am)=1 | N;<n; <N
Fix Ni, Nj, Nj as in the supremum. Using (5.3) and the triangle inequality,
Sb < Sé + Sl/;/)

where

81/7 = Z Z Z uy (nlngngma) , (711)

M/8<m<M Q<q<2Q | N1,m2,n3
(g,am)=1 |N;<n; <N;

3
Si= > > (P(lq) > TI DD x| (7.12)

M/8<m<M Q<q<2Q x (mod ¢) J=1|N; <n<N]/.
1<cond(x)<R

To S; we apply [8, Lemma 2] for each ¢ individually (note that this is a very deep result
[27, 33], relying on Deligne’s proof of the Weil conjectures [12]). For some small, absolute dy,
on the condition that @ < z'/?*% (requiring n < 6,/2), the quantity (7.11) is bounded by

Sp < M=o  gl0t30, (7.13)
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Consider then S;’. By Lemma 3.4, each sum over n is bounded by O. (2 R'/?), and so we obtain
a bound

l/;/ <. st5/2M
which is absorbed in the term (7.13). Inserting in (7.7), we have obtained for B3 a bound
Bs <« x€7°%2 4 50217030 (7.14)

The terms B and B; are shown in the same way to satisfy the same bound with d4 > 0 absolute
and small enough. Choosing our parameters adequately, we can choose absolute constants d1,
02, 03 in such a way that both bounds (7.14) and (7.9) are true and O(x€~"). Inserting back
into (7.5) and (7.4), we obtain the claimed bound (7.3).

7.2. Proof of Theorems 1.5 and 1.6

As a last step, we deduce from Theorem 7.1 the estimate

1
> Yo ) ) Y ) | <w2ETT (0< Ja < 27), (7.15)
<V n<q® A e
(g,a)=1 \n=a (mod gq) (n,q)=1

whereas before £ = if the generalized Lindelof is true and & = z'/* otherwise. Let

A € (0,1/10) be fixed and decompose the sums over ¢ and n into intervals ((1+ A)~'Q, Q]
and ((1 4+ A)~IN, N]. Calling S] the left-hand side of (7.15), we have

S < Z Z Z Te(n)ur(na; q)|

J0,3120 (1+A)71'Q<q¢<Q (1+A) ' N<n<N
Q:(lJFA)_JO_\/E n<q2
N=(1+A) g

where we used the notation (5.7). The inner sums are void if Q% < N and the condition
n < ¢* is automatically satisfied if N < Q?(1+ A)~2. The contribution of jg,j; such that
(1+A)72Q%? < N < @Q? is at most

Z Z 7 (n) |u1 (n@; )| < Az(logz)”
q<VT 2 (1+A)=3<n<g? (1+A)2
(g,0)=1

by virtue of Lemma 3.2. Therefore,

S; < Az(logz)* + (logz)?A~? sup Z Z Tr(n)ui (na; q)| .
QS UEl0+8) T @<a<Q (148) TN <neN

Let @, N be as in the supremum, and let n > 0 be the real number given by Theorem 7.1.
Lemma 3.2 gives the bound

2 > Te(n)u1 (n@; q)| K 2°N

(1+4) 7' Q<q<Q (14+4) ' N<n<N



ERROR TERM IN THE DISPERSION METHOD 729

which is acceptable if N < z'~"/10, Suppose N > 2'~7/19 then Theorem 7.1 applies with
z < N and yields a bound O(z€~"/10) for |a| < /10, Therefore,

Si <<E,k :1:1+5A—|—A_2x1+€5_77/10.

Taking for example A = £77/39 and reinterpreting 1, we have the claimed estimate (7.15).
From the Dirichlet hyperbola method, Theorem 7.1 and estimate (7.15), we deduce

Ti(z) =2 Z Z 7(n) + O (z/#9)

a<Vz  ¢*<n<az
n=—1 (mod q)

=2 Z (1) Z 7(n) + O(x€7°).

q
<V v ?<n<a
(717(]):1

The main terms are computed in [25, Théoreme 2], with an error term O(x'~%/*) (uncon-
ditionally). If one assumes the generalized Lindeldf hypothesis, then the proof is adapted in
the following way. Under the hypotheses and in the notations of [25, Lemma 6], there holds
10(p¥)] < Cp_‘S(LkI;QJ) [25, first display page 52|. Therefore the series Fj(s) in [25, Lemma 7]
is bounded in terms of k only in the half-plane Re(s) > 1 — §/2. In the proof of [25, Lemma 7],
one chooses T = x9/? and shifts the contour to fRe(s) = 1 — §/2, where the Lindel6f hypothesis

implies ((s) < t¢ by convexity, to produce the conclusion

Z U(n)7i(n) = 2Qp—1(log z) + O j(x' ~9/21°),

n<x

The rest of the argument in Corollaries 1 and 2 of Lemma 7, and Corollary of Lemma 8 of [25]
are transposed verbatim to yield

1 1—c
2q§§¢(q) Z Tr(n) = Py (log z) + Ok (™)

q2<n§m
(n,q)=1

for some ¢ > 0, as claimed.

7.3. Remark on the uniformity in a

If we were to replace the shift 7(n + 1) by 7(n 4 a), 0 < |a| < 2°, then the deduction of an
asymptotic formula analogous to (1.4) from Theorem 7.1 would go along similar lines. We
briefly indicate how one reduces to our previous setting. From Dirichlet’s hyperbola method,
the problem reduces to the evaluation of

Skal@)=2Y Y. 7n).
4<VE  P<n<a
n=—a (mod q)

Extracting the largest factor dq|a® from n, we rewrite this as

Ska(z) =2 ) mld) ) > 71(n).

dy|a® a<VT ¢?/di<n<z/dy
(n,a)=1
ndi=—a (mod q)

Writing ds := (g, dy), the congruence condition is equivalent to ds|a and

n = —(a/dz)(d1/d2) (mod q/ds).



730 SARY DRAPPEAU

‘We therefore have

Ska(@)=2 ) mldi) >, 2. > 7 (n).
dy]a> d2|(d1,a) q<Vz/d2 q*/di<n<z/dy
(g,d1/d2)=(g,a/d2)=1 (n,a)=1
n=—(a/dz2)(d1/dz2) (mod q)

Summing for each d; individually, the contribution of d; > 2% is bounded trivially using
Lemma 3.2. When d; < z°, the sum over n and ¢ is handled by an adequate generalization of
Theorem 7.1, involving a congruence of the type n = b;by (mod ¢), as well as an additional
coprimality condition (n,b3) = 1, for integers |b;| < °. Our arguments readily adapt to account
for both these modifications. Note however that it is now important that the method is able
to handle values of the modulus ¢ up to 2'/?%9, with ¢ independent of k (cf. the statement of
Theorem 7.1).
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ABSTRACT. We prove that the existence of exceptional real zeros of Dirichlet L-
functions would lead to cancellations in the sum > KI(1,p) of Kloosterman
sums over primes, and also to sign changes of Kl_(l,n)7 where n runs over
integers with exactly two prime factors. Our arguments involve a variant of
Bombieri’s sieve, bounds for twisted sums of Kloosterman sums, and work of
Fouvry and Michel on sums of |KI(1,n)|.

1. INTRODUCTION

Kloosterman sums. For n € N5 and a residue class a (mod n), define the normal-
ized Kloosterman sum as

Kl(a,n):% (Z )e<%az7>’
v (mod n

(v,n)=1

where we write e(z) = ¢*™* and vv = 1 (mod n). These sums have a long his-

tory [Poill, Klo27], at the intersection of algebraic geometry and automorphic
forms. The Weil bound [Wei48, Mat11] yields |Kl(a,n)| < 2<(™) if 32 { n and
|Kl(a,n)| < 2¢0M+1/2 in general, where w(n) is the number of distinct prime fac-
tors of n. In particular, for a prime p

K1(1,p)| < 2.

Let 6, , € [0, 7] be such that Kl(a,p) = 2cos(f,,p). The “vertical” Sato-Tate law,
due to Katz [Kat88], asserts that the numbers

{00p|1<a<p}

become equidistributed, as p — oo, with respect to the Sato-Tate measure
%Sin(0)2d0. The “horizontal” Sato-Tate conjecture is the claim that the num-

bers
{01p|p <z}
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62 SARY DRAPPEAU AND JAMES MAYNARD

become equidistributed with respect to the same measure, as * — oo. This would
of course imply that

ZKI(Lp) = o(m(x)) (x — 00).

Unfortunately the horizontal Sato-Tato conjecture is still open, and very little is
known about this sum. Fouvry and Michel [FMO07] have obtained significant partial
progress on replacing primes by almost-primes: they show that

x
Kl(1 + KI(1 —.
Y (KK >
p|n:>p>x1/23'9

In particular, it follows that there are infinitely many sign changes in the set
{KI(1,n),w(n) < 23}. After further work by many authors [FMO03a, SF07, SF09,
Mat11, Xilbal, the best known current result is due to Xi [Xil5b] and shows that
there are infinitely many sign changes in the set {KI(1,7n),w(n) < 7}. We refer to
the recent preprint [Xil8] for more references and related questions.

Landau-Siegel zeros. In this work we study the implications of the existence of
Landau-Siegel zeros on this question. For D > 3 an integer and x (mod D) a real
primitive character, define the value

Ny = L(1, x)log D.
It would follow from GRH that 7, > (log D)/loglog D and so n,, — oo as D — oo.
Unconditionally, however, Siegel’s non-effective lower bound [Sie35] 7, >. D~¢
remains unsurpassed. It is as yet not even known if 7, is bounded away from 0;
this is equivalent to the non-existence of real zeros of L(s,x) close to 1. On the
other hand, if there were a sequence of characters x; (mod D;), x2 (mod Dy),...
such that 7,, — 0, then many desirable consequences would follow: the existence of
twin primes [HB83|, equidistribution of primes in arithmetic progressions to large
moduli [FI103], primes in very short intervals [F104], or prime values of discriminants
of elliptic curves [F105,F113], for example.
We are interested in obtaining cancellations in the sum

> KIi(1,p)

p<z

which go beyond the bound 27 (z) implied by the Weil bound should such excep-
tional characters exist.

Theorem 1.1. Let € > 0. Then there are constants A, B > 0, depending only on
e, such that for D > 3, x > D4 and any primitive real character x (mod D), we
have

‘ Z Kl(l,p)) < 7(x) <5 + BL(1, x) log x)

p<x

This statement is unconditional, but is only non-trivial if the value 7, is suitably

small. We note that if there is a sequence of characters with n,, — 0, then Theorem
1.1 shows that for a suitable sequence of values of =z,

> KI(1,p) = o(w(x)),
p<z
as predicted by the horizontal Sato-Tate conjecture.
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Unfortunately we do not know unconditionally the expected lower bound

(1.1) > K11, p)| > ().
p<z

In particular, even if there was a sequence of characters with n,, — 0, we would
not be able to conclude from Theorem 1.1 that there are even infinitely many
sign changes in the sequence Kl(1, p). If instead of considering primes we consider
products of exactly two primes, then the equivalent lower bound to (1.1) is known
thanks to work of Fouvry-Kowalski-Michel [FKM14]. For technical reasons, when
working with products of two primes we consider the variant

S(x) = Z ¢<%> log(pg)(log p)(log ¢) KI(1, pg)

where ¢ : Ry — C is a smooth function compactly supported inside R%}. We

note that the Weil bound implies unconditionally that S(z) < xlog? x, whilst a
variant of the horizontal Sato-Tate conjecture would suggest that we should have
S(z) = og(xlog” ).

Theorem 1.2. Lete > 0. Then there exist A, B > 0, depending at most on €, such
that for any D > 3, x > D4 and any primitive real character x (mod D), we have

(1.2) 1S(2)| <4 z(logz)?*{e + BL(1,x)logz}.
The implied constant depends only on the function ¢.
As with Theorem 1.1, this is unconditional but non-trivial only if a sequence of

exceptional characters exist. Thus, in the presence of Siegel zeros, we are able to
establish infinitely many sign changes of Kl(1, pq).

Corollary 1.3. For some absolute constants A,c >0, if n, < c, then every inter-
val [x,2z] C [DA, D994 contains two numbers (n1,ns) with w(ni) = w(ng) = 2,
and K1(1,n1) KI(1,n2) < 0.

Proof. Choose ¢ to be real-valued with ¢ > 1(; 5, and consider the unsigned sum

A(z)= > (logpg)(logp)(logq) KI(1, pq)|.

p,q
r<pq<l2x

We have the following lower bound, due to Fouvry-Kowalski-Michel [FKM14,
Proposition 5.1]:

(1.3) A(z) > z(log x)* (x> 2).

Comparing (1.2) and (1.3) yields the claimed statement. O

Notation. We denote by P~ (n) (resp., PT(n)) the smallest (resp., largest) prime
factor of n, with the conventions P~ (1) = oo and P (1) = 1. The letter p denotes
a prime.

2. OUTLINE

If there is a character x (mod D) such that L(1,y) is very small, then “most”
primes p € [D4, D'%94] have x(p) = —1 = u(p) for some suitable constant A. By
multiplicativity, this means that the (poorly understood) Moebius function p can
be well-approximated by the character y (which is periodic (mod D), and so better
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64 SARY DRAPPEAU AND JAMES MAYNARD

understood) on integers n < D'%94 with no small prime factors. In particular, for
n < D100A
(2.1) A(n) = (n *log)(n) = (x *log)(n),

and so we can approximate A by the convolution of two simpler sequences. By
applying the hyperbola method, this would allow us to estimate asum ) _ A(n)a,
provided we could suitably estimate

(2.2) > x(d)) an 10g% and ) logd ) “”X(%)

d<y; n<z d<Ys n<z
d|n dn
for some choice of Y3, Y, with Y1Ys = z = D004, Often one can suitably estimate
such sums for Y3 = Y, = /27, which just falls short of this requirement. Much of
the work on the distribution of primes under the assumption of a Siegel-Landau zero
followed this strategy, and the key technical challenge is then to obtain a suitable
estimate for one of the sums in (2.2) with Y} or Y3 slightly beyond z'/2.

In our situation, a,, = Kl(1,n), and estimates for the two sums in (2.2) with Y; =
Y, = 2'/27¢ are obtained in essentially the same way as Fouvry and Michel [FMO07].
Unfortunately we do not know how to extend this work beyond z'/2, and so this
strategy fails. However, in the convolution identity A(n) = -, u(d)log(n/d) it is

only terms with d € [z'/27%, 2'/2%¢] which we are unable to handle. We note the
alternative identity

Am) = 3 td) (10g ).

d|n

The presence of the term log(y/n/d) means we expect that terms with d =~ \/n to
contribute less, and so we might hope that these central values would be negligible.
This is a variant of the idea that Bombieri introduced in his asymptotic sieve
[Bom76], where terms in Az(n) = >, u(d) log®(n/d) from d < n'~¢ could be
handled by assumptions on equidistribution of congruence sums, and terms with
d € [n'~%,n] could be bounded by virtue of the fact that log(n/d) was small in
this range.

Unfortunately, as in Bombieri’'s work, this strategy fails if we wish to count
primes. To maintain the feature that the support is essentially restricted to numbers
with no small prime factors one multiplies by a short sieve weight, which loses a
factor €2 from the two variables d and n/d. This precisely cancels out the gains
of a factor €2 coming from the range of d and from the size of log(y/n/d). Whilst
this issue might appear to be a technicality, at least in Bombieri’s work this is
an expression of the fundamental parity problem of sieve methods. If instead we
counted with a weight involving a higher power of log(y/n/d) (thereby counting
products of a bounded number of primes), then this strategy can succeed.

In our case, we are interested in a, = Kl(1,n). Although in general we ex-
pect the Weil bound |KI(1,n)| < 29(™) to be essentially sharp, for most integers
n we expect |KI(1,n)| is actually much smaller than this. Indeed, the horizon-
tal Sato-Tate conjecture would predict that for any fixed a, the average size of
Kl(a,p)| is 2 [ 2| cos(t)] sin?(t)dt = 8/3m < 1. By multiplicativity, we might then
expect |KI(1,n)| ~ (8/37)“("™) on average over n. Fouvry and Michel [FMO03b,
FMO06] combined an argument of Hooley [Hoo64] based on the identity KI(1, ab) =
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Kl(a2,b) K1(b2, a) (for coprime a,b), with the vertical Sato-Tate law, to show un-
conditionally that the factor 2¢(™) can be indeed improved to (8/37)“("™) when
considering suitable averages. Since 8/37 < 1, numbers with a larger number of
prime factors contribute less to the problematic sums, and so there is less of a loss
from being restricted to a short sieve weight. This ultimately allows us to win an
additional factor of (¢!78/3™)2 for these sums involving middle sized d, which is

enough to conclude that such terms make a negligible contribution, and so we are
able to bound Y __ KI(1,p).

p<zx

3. PREPARATORY LEMMAS

3.1. Level of distribution for twisted Kloosterman sums. Here we make
precise the claim that the sums in (2.2) can be estimated with Y = Y, = z1/27¢
by a variation of the work of Fouvry-Michel [FMO07].

Proposition 3.1. Let ¢ > 0 be fized. There exists n = n(e) > 0, such that for any
real x > 2, positive integer D < x", all characters x (mod D), and any smooth
function ¢ : R — C compactly supported inside R’ , we have

(3.1) 3 ‘ 3 qﬁ(%)x(n)Kl(l,n) et

g<z'/?~¢ n=0 (mod q)

Remark. Note that the case D = 1 of the previous statement is a weaker form of
Proposition 2.1 of [FMO07].

Proof. We may plainly assume that the sums are restricted to (¢, D) = (n, D) = 1.
The bound we claim is a variant of Proposition 2.1 of [FMO07], which is based on
the Kuznetsov formula [Kuz80, DI83|, the Weil bound for Kloosterman sums, and
a uniform bound 0 < 1/4 — e towards Ramanujan-Petersson, which was first due to
Luo-Rudnick-Sarnak [LRS95].

The difference in our case is the presence of the character. Recently, Blomer and
Mili¢evi¢ [BM15] have succeeded in analyzing such sums in the context of modular
forms with non-trivial nebentypus; another argument was used in [Dral7], which
is simpler for our purpose here. We will rely on work of Topacogullari [Top15] to
estimate the spectral sums.

In our case, we will use the notation and normalization described in section 4.1.2
of [Dral7]. Our aim is to apply the Kuznetsov formula [Dral7, Lemma 4.5] for the
group I'y(¢D), nebentypus y (mod D), with cusps oo and 1/¢, and parameters m <
D, n < 1. For each ¢ in the left-hand side of (3.1), Lemma 4.3 of [Dral7|, with the
choice of scaling matrices (depending only on ¢ and D) given there, yields

X(n) KI(1,n) = x(q) e(=4/D)Sw,1/4(D; 1,0V D).
Let k € {0,1} be such that x(—1) = (—1)*. The Kuznetsov formula with test

function ¥(t) = ¢(4dw/(tz))\/4m/(tz) yields
X@e@/D) Yo%) Ki(Ln) = Va{H + &+ M},

n=0 (mod gq)

where

H= > Y. WRT(K)psec(D)psse(L),

k>k €Bk(gD,x
k=k (mod 2) feBx( X)
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ot) ————
- Z / cosh(t) p"OO(Dat)PcJ/q(l,t)dt,

¢ sing.

M= Y %pﬁ (Dos.1/aD)

__cosh(mt
feB(aD,x)
Split M = M 4+ M3y where M is the contribution of those f with ¢y € R, and M,
is the remainder contribution, which consists of f with ¢ty € [—i/4,i/4]. Consider

first Ms. Using the bound |1ﬂ(tf)| < z2Itsl we obtain by the Cauchy-Schwarz
inequality

Ma< (X il @P) (X @il mE)

feB(gD,x) feB(gD,x)

We have ¢v/D < z'/275+7 < 2/2 50 that Lemma 2.9 of [Topl5] may be applied
to both sums, which yields, as * — oo,
(1)(\/$D>49{ \/5

q

(3.2) My < z° 1+ T} < 22(x/q?)?.

The contribution of £, H and M is handled by similar standard arguments [DI83,
page 267], using instead Lemma 2.8 of [Topl5]. We obtain

(3.3) H+E+ My < 2°VDY?2 <« g7
as * — 0o. Grouping our bounds (3.3) and (3.2), we find
Z ‘ Z gb(%)x(n) KI(1,n)| <o g a8 4 gtH2n-(1/2-20)

g<z'/?~¢ n=0 (mod q)

By work of Kim-Sarnak [Kim03], we are ensured that § < 7/64 < 1/4, and therefore
our claimed bound follows if @) < z1/27¢ and 0 < n < 3¢/16. O

From Proposition 3.1 and the convolution p?(n) = 3 d2|n 11(d), we deduce the
analogous bound with n restricted to square-free numbers.

Corollary 3.2. In the setting and notation of Proposition 3.1, we have
n _
(3.4) S ‘ S ,LQ(n)qs(E) X KI(L,n)| <ep 27
g<z'/?~¢ n=0 (mod q)
for a possibly smaller value of n > 0, but depending on £ at most.

3.2. Sieve weights. To control the terms around the central point
dc [ZE1/2_5,$1/2+€]

we will introduce a short sieve weight to maintain the feature that our sums are
essentially supported on integers free of small prime factors. This is also crucial
for carrying out the approximation (2.1) as effectively as possible. We recall the
construction of the S-sieve from [FI10], and a few of its relevant properties for our

application. Let
=&
d|n

be an upper bound B-sieve of level y and dimension x > 0, for the primes less
than z. The parameters y, z, and x will be chosen later to be small powers of
x with the condition that 22 < y. (We will ultimately choose z = z°/(1°8 9’ and
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KLOOSTERMAN SUMS AND EXCEPTIONAL CHARACTERS 67

y = z€.) In particular, we have & = 1 and [£4] < 1; (£4) is supported on integers
up to y free of prime factor > z, and we have 6(n) > 0 for all n > 1. Moreover, for
any multiplicative function f with f (p) € [0, k], we have

(3.5) Z gdf ) « I1 (1 L 1w )

p<z

For some technical simplifications, we will work with the smoothed version
o' (n) —nglog( ) Ze( )

Note that 6'(n) = logn if P_(n) > z.
The key property we use of ' is the following estimate on averages of multiplica-
tive functions weighted by the sieve weight.

Lemma 3.3. Let the multiplicative function f be supported on square-free numbers,
with 0 < f(p) < k. Then

(3.6) Somim<ae I] (1+ —)
n<x z<p<lx
Proof. Denote S the sum on the left-hand side of (3.6). By definition of 8, we have
s=%"%y nw( )logp < 3" f(n)8(n) S f(p)logp
n<z pln n<w p<z/n
by positivity of the summand. Therefore,
0(n)f(n) 0(n)f(n)
S — —
Lk T Z n s Z
n<z Pt(n)<z

Opening the convolution in #(n), we arrive at

S<. @ Z §df Z f

Pt+(d)<z P+(n)<:c
(3.7) (n,d)=1
fdf fp)\ 1
=
), 3 )

By (3.5), the sum over d above is <, [[,.(1+ £P)y=1 " and our claimed bound
follows. U

4. ARGUMENT FOR THE UPPER BOUND

In what follows, we let € > 0 be fixed, and n > 0 be a small parameter, to be
chosen in terms of €. We assume that D < z".

4.1. Initial setup. For a positive integer r, define the arithmetic functions A, (n)
by

Z,u (log \/7) .

d|n

We note that A;(n) = A(n) and Ay(n) = Ag(n) — A(n)logn. On square-free n, Ay
is supported on primes, and Ay is supported on products of exactly two primes.
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Let ¢ be a smooth bounded compactly supported function approximating the
characteristic function 1y ;) of the interval [0, 1] from below, such that ¢ and 1o 1
differ only on [0, 6] and [1 — 4, 1] for some small constant § > 0. If we can show that
for any € > 0

(4.1) ]Z ﬁ(n)qs(g)(lognm(n) KI(1,n)| <4 cxlogz + O-(zL(1, x) log? ),

then, using the Weil bound to control the contribution from n < éx or n > (1—9)=z,
we see from partial summation that

\Z Kl(l,p)‘ < n(z) + Os(em(x)) + Os.(L(1, x) log ).

Thus, by choosing § small and then e sufficiently small in terms of §, we see it
suffices to show (4.1) for any fixed € > 0.
Since p?(n)A(n) is only supported on primes, we have

>~ 1(m)o( = ) (logm)A(n) Ki(1,m)
- ¥ /f(ﬂ)gb(%)@’(n)]\(n)Kl(l,n)—i—OE(a:E).

(n,D)=1
For products of two primes, we note that for all z > 2,

(4.2) Y. A<,

n<z
n#pq for all p#q,
pP,q prime
with the main contribution arising from pairs n = pg® (p, ¢ primes), while
(4.3) Z As(n) < xloglog

n<x
(n,D)>1

for 2 < D < z. Thus

> ¢(%> (log pg) (log p) (log ¢) K1(1, pq)

= > o(2)0 (wa)(1ogp)(log q) K(1,pg) + O((10g ) (log 2))
(4.4) :% Z pg(n)¢(g>9’(n)]\2(n)Kl(l,n)—I—O(x(log:c)(logz)).
(n,D)=1

We have used both (4.2) and (4.3) in the last line.
Thus, we see that to establish Theorem 1.1 and Theorem 1.2 it is sufficient to
show for every € > 0, every smooth compactly supported ¢ and each r € {1,2} that

S@) = S@.r)= > um)e(=)0 (A (n) Ki(1,n)
(n,D)=1
(4.5) < exlog” x4+ O (xL(1,x)log" ' 2),
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where D and z satisfy the hypotheses of Theorem 1.1 and y is any real primitive
character (mod D). Let

v(n) = (p*px)(n) = Y pw)u(v)x(v).

We write
- 1 ab\"
(4.6) Ar(n) = ﬂzzabf@’d“)(bg?) ,
so that for r € {1, 2},
1 9 abey ,, ab\"

(A7) S@)=— > u (abc)gb(?)G(abc)u(b)x(a)(log ?) KI(1, abe).

(a,b,c)EN®

(abe,D)=1

We split the sum over (a, b, c) into b > 1 or b = 1 and min{a,c} < 2'/2/y> orb=1
and min{a, c} > z'/2/y3. This gives

(4.8) r2"S(z) = Sp(x) + Sy (z) + Sc(x),
with
_ s taero( by’
(49)  Sp@) = > u (abc)¢( - )9(abc)u(b)x(a)(log C) KI(1, abe),
(a,b,c)EN3
b>1
(abe,D)=1
_ 2 9N\ g ay’
(4.10) Sn(z) = Z i (ac)gb( . >9 (ac)x(a)(log c> Kl(1, ac),
(a,c)EN?
min{a,c}<vz/y®
(ac,D)=1
acy ,, a\”
(4.11) Sc(z) = Z u2(ac)¢(—)9 (ac)x(a)(log —) KI(1, ac).
x c
(a,c)EN?
min{a,c}>V/z/y?
(ac,D)=1

We can control Sz (z) by L(1, ), since u?v is supported on integers with all prime
factors satisfying x(p) = 1 and 6’ is concentrated on integers free of small prime
factors. Thus if L(1, x) is small, we expect the support to be a lacunary sequence
and so the sum Sy (z) to be small.

We can control Sy (z) by the level of distribution estimates of Section 3.1, since
the sum over one of a or c is a long sum.

Finally, S¢ is the contribution near the central point, and we will show this is
small since |log(a/c)| < 6logy + Og(1), which is small compared with logz, a is
resticted to a short range on the logarithmic scale, and Kl(1,7n) is typically small
on numbers with many prime factors.

4.2. Bounding the lacunary sum S;. We begin by bounding Sy, (z) in terms of
L(1, x).

Lemma 4.1. For all small enough ¢ > 0, and D® < 25" < z < y'/(1°82)* e have

Sp(z) <4 z(logz)” <€_”‘_2L(1, x) logz + 5).
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Proof. We note that for square-free n, we have |v(n)| = (1 % x)(n), and we recall
that 8'(n) = (A*0)(n). Thus, bounding the summand of Sz (x) and letting d = ac,
and then expanding the definition of 8, we find

Sp(w) < (logz)™ Y (1 x) ()¢ (bd)7(bd)*u(bd)?

dbkx
b>1

= (logz)” > (1xx)(0)8(be)A(f)(bef)p(bef).

bef<Kx
b>1

When f > z is prime we see 0(be) = 0(bef). Thus the contribution from f > z can
be bounded by

(4.12) (log )™ )~ (1% x)(b)8(bg)” (bg) T (bg)*.

bgLx
b>1

The contribution from f < z can be bounded by

(4.13) (logz)” Y T A(f) D (1xx)(b)8(be)p*(be)T(be)?.
<=z beb<<>x1/f

These are precisely sums of the type considered in Section 24.7 of [F110]. Indeed,
there it is established [FI10, equation (24.58)] that if D® < z <y < Y'/® and p is
a completely multiplicative function with 0 < p(p) < k/6, then

Y log Y \ #/2+1
1 b)0(ab b —— | L(1,x)logY (==
3 100) (ab)p(at) < o (B log Y+ ) (32)
b>1

where t = logy/log z. Since p?(n)7(n)* < 252 (k = 2,4), we may apply this to
the bounds (4.12) and (4.13) above, and find that provided D® < z < y < z'/9 and
k> 6 x 2% we have

(log )™ Y (1% x)(b)0(bg)7(bg)*

bg<x
b>1

1 K/2+1
< a(logz)” (L(1, ) loga + e ) (1o )
log 2z

(logz)" > Ala) > (1xx)(b)0(be)T(be)”
<=z belf<>xl/f

< (log )" H(L(1,x) logz + ¢ ") (i’éj)” Ty #
<z

bl

< z(log )" (L(l, x) logx + e_t) <log:p)'€/2'

Putting this together, we find

log 2z

log ) /241

S () < o) (L(1,x) loga+ ¢ ) (o

If 257 < 2 < y!/(1°89)° then this gives

(4.14) Sp(x) < z(logz)" <€_”_2L(1, x) logz + 6),
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as required. O

4.3. Bounding the non-central sum Sy.

Lemma 4.2. Let y > x°. Then there is a constant n > 0 depending only on € such
that

Sn(r) <. '™,

Proof. Denote by xo(n) the principal character (mod D). Opening the summation
in 6’(ac), we obtain

SN(J?)

X S| X (i s (D)) (s 000)
d<y a</z/y3 n=0 (mod [a,d])

N | wme(B)xm (g (%)) (o 5) K10

d<y c<y/z/y3> n=0 (mod [c,d])

< sup  sup  » 7(g)(loga) !
x1 (mod D)0<j<r+1 4< vz /)y

(4.15)
| wAms( ) xalm)tog(n/x)) Ki(L,m)).

n=0 (mod q)
Recalling that we assume y > z® and applying Corollary 3.2, we obtain
(4.16) Sy (r) < ' 7"

for some n depending at most on €. O

4.4. Bounding the central point sum Sc.

Lemma 4.3. Let 2° <z < yl/(1°g€)2 and y < x%¢. Then we have
] 2
Sc(z) < ePz(logz)” + e/ Px(logx)” (10gy> .
og z

Proof. Recall that the sum S (x) is defined in (4.11). By construction, for all (a, ¢)
in the summation range, we have |log(a/c)| < logy.

Therefore, by the triangle inequality and the support condition on ¢, our task is
to bound

(logy) 3. #*(ac)'(ac) [KI(L,ac).

z/y° <a<azy®

acxx

Following an idea of Hooley [Hoo64], we let a parameter u € [y, z'/*] be given, and
decompose accordingly

a = ajas, P (a) <u, P~ (az) > u,
and similarly let ¢ = cyco. Notice that

0'(ac) = O(aic1)log(ascs) + 0'(arc1) < 0(arcr)logz + 0 (arcr)
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72 SARY DRAPPEAU AND JAMES MAYNARD

since P~ (agc2) > u > z. We write

(4.17) Z p?(aragcico) (arazeics) [KI(1, ajagcico)| = Sy + Sa,
ajagzcicakKx
xl/z/y3<a1a2<<zl/2y3
Pt(aic1)<u<P~ (azca)

1/10

where S7 is the contribution of a1c; < x , and S5 is the contribution of aicq >

£1/10
Concerning S, we have

S < Z p?(arc1){0(arci)logz + 0 (arc1) YT (ay, c1),

alclgxl/lo

Pt (a1c1)<u
with
T(a1,c1) = Z p?(azes) |KI(1, ajazcica)| -
azcaLx/aicy
P~ (aze2)>u
x1/2/y3<a1a2<<a:1/2y3
By a reasoning identical to page 277 of [FMO03b], for a;c; < /19, we have
T(Cll, Cl)
< Z \Kl(bQ, a101)\ Z 112 (agco)29(a2¢2)
b (mod ajicy) azcakz/aicy
(b,arci)=1 xl/z/a1y3<a2<<m1/2y3/a1

P~ (aze2)>u
bazce=1 (mod ajcy)

x 1 /logx\2 9w (az)
< Z ‘Kl(bQ,a101)| arcip(arer) o x<10gu) Z a
b (mod ajcy) raplaicy & & x1/2/a1y3<a2<<:r1/2y3/a1 2

(b,alcl)zl Pi((l2)>u

x logy /loga\4 ,
< (o) KI(b?, ayc
arc1p(aicy) log? z \log u Z [KI(b%, arc1)]

b (mod ajcy)
(b,a1 Cl):l

xlogy <10gx>4 2w(@ie) g (qcy)

"~ logZx \logu aicy

for a multiplicative function k. Fouvry and Michel [FMO03b, equation (3.4)] show
that A
_ = O —-1/4
h(p) = 5 +0@™"),

which they deduce from Katz’s Sato-Tate law for Kloosterman sums [Kat88]. We

insert this back into Sp, and we relax the summation conditions ajc; < 21/10,
Letting
f(n) = u2(n)4w(n)/@(n),
we obtain
1 1 4 1 /
(4.18) S, < &;‘%y(logfv> 3 (0(n)logw +0'(n))f(n)
log” xz \logu Prmcn n
Note that

16

L

f(p) +O0( Y (p<u).
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Taking Euler products, computations similar to (3.7) yield

(n)f(n) )f (n) f(p) log u 16/(37)
4.1 (1 ) (=) .
(4.19) 2 < II (0 or 2

Pt(n)<u z<p<u
On the other hand,
o’ (n f(g)logg logq O(n)f(n) log u 16/(37)
> > 3 O gy (52

log z
Pt(n)<u qsu Pt(n)<u
q prime (n,q)=1

by dropping the condition (n,q) = 1 and using (4.19). Inserting in (4.18), we find
logy\ /logx\4 /logu\16/(3™)

logw)(logu) (logz> ’

Consider now the contribution Sy to (4.17). Using the Weil bound |Kl(1,n)| <

2¢(1) we have

(4.20) S < x<

S < ) 0'(n)go(n)

n<x

oy o= [FOHE T T p > a1
0 otherwise.

where

By Rankin’s inequality, we have go(n) < p—1/(4log u)gl(n), where
g1(n) = u2(n)4‘*’(”) H pl/IOgu.

pln,p<u

Note that the function g; is multiplicative with
( ) 4p1/logu ifpgu,
I = 4 if p > w.

In any case we have g(p) < 4e. Assuming k > 4e, we obtain

Sy < g~/ (4legw) Z 0'(n)g1(n) < x<10g$)4<logu>4€ exp{ _ logz }

= log u log z 4logu

We now choose u = x1/(108¢)*, Recalling that we have assumed z= < z, we see
that this gives

(4.21) So(z) < &'V

Similarly, we substitute u = z!/(°g 9’ into (4.20). Using the assumption z < y <
2?¢ and noting that 2 — 16/37 > 3/10, we find

1 2—16/37 /] 16/37
(logy)S1 < xlogg;<1og ) ( ogy) < Ogy)

log log 2
10gy>2
logz/ =

(4.22) < 63/10:1;10gx<

Recalling that Sc(z) < (S1+ S2)(logy)”, that r € {1, 2}, and inserting the bounds
(4.22) and (4.21), we obtain

S

as required. O
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4.5. Conclusion. We choose

y g :L‘E’ z = xE/(lOgE)Q‘

With this choice, we see that y and z satisfy the assumptions of Lemmas 4.1, 4.2,

and 4.3. Thus, provided D¥ < 25" we may apply these lemmas, giving

S(z) < Sp(z) + Sn(z) + Sc(x)
1\4
< e " 22L(1,x)(log )"t + ex(log 2)" + O (x' ) 4 €3/ (log x)r<10g g)

for some quantity n > 0 depending only on . Reinterpreting ¢, we obtain the
claimed statement (4.5), which then gives Theorem 1.1 and Theorem 1.2.
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Combinatorial identities and Titchmarsh’s
divisor problem for multiplicative functions

Sary Drappeau and Berke Topacogullari

Given a multiplicative function f which is periodic over the primes, we obtain a full asymptotic expansion
for the shifted convolution sum ZI hl<n<x f(n)t(n—h), where T denotes the divisor function and & € Z\ {0}.
We consider in particular the special cases where f is the generalized divisor function 7, with z € C, and
the characteristic function of sums of two squares (or more generally, ideal norms of abelian extensions).
As another application, we deduce a full asymptotic expansion in the generalized Titchmarsh divisor
problem >, . _ = T(n — h), where @ (n) counts the number of distinct prime divisors of n, thus
extending a result of Fouvry and Bombieri, Friedlander and Iwaniec.

We present two different proofs: The first relies on an effective combinatorial formula of Heath-Brown’s
type for the divisor function t, with « € Q, and an interpolation argument in the z-variable for weighted
mean values of 7,. The second is based on an identity of Linnik type for t, and the well-factorability of
friable numbers.

1. Introduction

Understanding correlations of arithmetic functions is a fundamental question in analytic number theory.
In an explicit form, the problem can be stated as determining the asymptotic behavior of the sum

Y fgn—1), (1-1)
l<n<x

where f, g : N — C are arithmetic functions of multiplicative nature. Many important problems in number
theory can be rephrased in terms of correlations of arithmetic functions, the twin prime conjecture or the
Goldbach conjecture being two famous examples (see e.g., [Elliott 1994, Chapter 1]). Sums of the form
(1-1) also come up prominently in the study of growth properties of L-functions in the critical strip. In
this context, the problem is known as the shifted convolution problem and has a long and rich history

(see [Michel 2007] for an overview).
In general, determining the precise asymptotic behavior of the unweighted correlation (1-1) is a difficult
task and only very few unconditional results are known in this direction, all of them requiring at least one

We thank O. Ramaré, H. L. Montgomery, R. C. Vaughan, R. de la Breteche, E. Fouvry, G. Tenenbaum and the anonymous referee
for helpful discussions and remarks on the present work. In particular we thank E. Fouvry and G. Tenenbaum for remarks which
led to the second proof presented here. Part of this work was done during a visit of BT to Aix-Marseille university, supported by
the French-Austrian joint project MuDeRa (FWF I-1751-N26, ANR-14-CE34-0009).

MSC2010: primary 11N37; secondary 11N25.

Keywords: shifted convolution, divisor function, combinatorial identity.
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of the involved functions to be very close — in the convolution sense — to the constant function 1, the
divisor function t(n) or to Fourier coefficients of GL,-automorphic forms. Note that when f and g are
bounded, the logarithmically weighted correlation

Jf(m)gn—1)
Z JUJSVE

n
l<n<x

has been the object of a recent breakthrough of Tao [2016]. The case of higher-order correlations of
bounded functions with logarithmic weight was also recently settled in [Tao and Terdviinen 2019].

In the present paper, we focus on the particularly important case g(n) = 7(n) of the unweighted
problem (1-1), which is at the edge of current techniques. If the average value of f is not too small, it
was already observed by Vinogradov [1965] (in the case of primes; see also [Rodriquez 1965; Halberstam
1967]) that simple asymptotic equivalences for the sum

FLOLICESY (1-2)
l<n<x
can be obtained from analogues of the Bombieri—Vinogradov and Brun-Titchmarsh inequalities. We
refer to [Green 2018; Granville and Shao 2018; Fouvry and Radziwitt 2018] for recent works on this
topic. In particular, Corollary 1.3 in [Fouvry and Radziwitt 2018] leads to a partial asymptotic formula
for (1-2) (including all terms with nonnegative exponent of log x) for a large set of arithmetic functions f,
including the generalized divisor function 7, which we discuss further below.

It is a considerably more difficult problem to obtain full asymptotic expansions for (1-2), say, with an
error term of the form O(x(logx)~") where N > 0 is fixed but can be chosen arbitrarily large. The gap
in difficulty is related to the “x'/?”-barrier for primes in arithmetic progressions on average over moduli.
To our knowledge full asymptotic expansions are known for only very few specific examples of functions
f of arithmetic interest:

 The indicator function of primes [Fouvry 1985; Bombieri et al. 1986].

 The indicator function of integers without large prime factors [Fouvry and Tenenbaum 1990; Drappeau
2015].

e The k-fold divisor functions 1 (n), k € N, k > 2 [Motohashi 1980; Topacogullari 2016; 2018].

The methods from the last example can also be used to handle the case where f is given by Fourier
coefficients of GL;-automorphic forms, although this does not seem to be worked out explicitly in the
literature.

The purpose of the present paper is to introduce two new methods which lead to an asymptotic
expansion for (1-2) for a wide class of multiplicative functions. Let A, D > 1 be fixed integers. Define
Fp(A) to be the set of all multiplicative functions f : N — C which are D-periodic over the primes in

the sense that

f(p1) = f(p2) forany primes p; and p, with p; = p> mod D,
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and which satisfy the growth condition,
| f(n)| <tg(n) forallneN,
where t4(n) denotes the generalized divisor function. Our main result is the following preliminary
asymptotic formula for the sum (1-2) for f € Fp(A).
Theorem 1.1. Let A, D, N > 1. Forall f € Fp(A) and all x > 2, we have

Y. fmrin—H=2 > Z Z f(n)x(n>+0((log+w>, (1-3)

l<n<x X primitive  g< q Z<p<x
cond(x) | D cond(x) lq (n,q)=1

where the implied constant depends only on A, D and N.

Remarks. « The main term in (1-3) can be evaluated asymptotically by classical methods, for instance
the Selberg—Delange method [Tenenbaum 1995, Chapter I1.5]. The ensuing expression will in general
take the form

X
© 2 oz Z(l o+ (e ) -

KEKf

for some finite set K ; C C and some sequences (cy, g)é\]:() of complex numbers. We spell this out in detail
in three particular cases below.

o If f satisfies a Siegel-Walfisz estimate in the sense that

Y Fmx(n) = 0a(x(logx)™™),

n<x
uniformly for all primitive characters of conductor 1 < g < (logx)4, then only the trivial character
contributes to the main term in (1-3), and the formula simplifies to

> f(n)r(n—l)—ZZ— Z fm)+0 ((lo )N)

l<n<x
(nq) 1

For the main term one then has an expansion as in (1-4) with K = {k s}, where «  is the average value
of f(p) over all primes p.

o We stress that the implied constant is uniform in all f € Fp(A), and depends only on A, D and N.
This feature can be useful in applications (see Section 1C).

e On the other hand, our result is badly behaved with respect to D, partly due to the use of the Siegel—
Walfisz theorem. The arguments presented here do not seem sufficient to obtain an improvement in this
aspect, although this does not affect our applications.

e The error term in (1-3) corresponds to an application of the Siegel-Walfisz theorem. If the Riemann
hypothesis is true for all Dirichlet L-functions, then it can be improved to O(x!~?%) for some absolute
constant § > 0.
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Theorem 1.1 may also be interpreted as a result of Bombieri—Vinogradov type “beyond /x” for the
average of f € Fp(A) in the residue classes of a fixed integer and without absolute values. By a slight
modification of the method presented here, it is possible to show that for f € Fp(A),

1
Z( Z f) ——— Z Z f(”)X(n))=OA,D,N((IOg+)N).

g<Jx = l<n=x (q) X primitive  1<n<x
n=1 mod g cond(x) | (D,q) (n.q)=1

We refer to [Green 2018; Granville and Shao 2018] for recent works related to this point of view.

In many applications correlation sums with more general shifts appear and it is important to have
results which are uniform in large ranges of the involved parameters. Our methods are robust enough to
be applied to these cases as well, and Theorem 1.1 1s in fact the special case a = h = 1 of the following

more general result.

Theorem 1.2 (general shifts). Let A, D, N > 1. There exists an absolute constant § > 0, such that, for
all f € Fp(A),allx >2and all a, h € Z satisfying 1 <a, |h| < X%, we have

3 f(n)r(an—h)=Mf(x;h,a>+o<r<<a,h)>L),

N
|h|/a<n<x (lOgX)

where M ¢(x; a, h) is given by

—( h
5 (A
My(ciah)y=2 ) > E(hq’q); >, foox(Grg):

Xprimitive q<i/ax (h,(I) qz/afnfx
cond(x) | D cond(x) | (qq—h) (an,q)=(h,q)

and where the implied constant depends only on A, D and N.

Unfortunately, the range of uniformity in /2 in Theorem 1.2 is comparatively short. This is due to a
known uniformity issue of arguments based on exponential sums estimates underlying our bilinear sums
estimate (see [Fouvry and Iwaniec 1983, page 200]). Out of the same reason, the methods used here are

not able to address the dual problem
N—1

Y f)T(N—n)

n=1
(for which results are available for instance when f = 7 or f = 13, see [Motohashi 1994; Topacogullari
2016)).

We mention that results are known for affine correlations whose linear parts are pairwise independent
[Matthiesen 2012; 2016], or when there is an additional, long enough average over the shift [Mikawa
1992; Matomiki et al. 2019a; 2019b]. See also [Andrade et al. 2015; Bary-Soroker and Fehm 2019] for a
function field analogue in the large ¢ limit.

Finally, we mention the work of Pitt [2013]. He considered an analogue of the Titchmarsh divisor
problem (see Section 1C) with the divisor function replaced by Fourier coefficients of holomorphic

cusp forms. In many situations, these Fourier coefficients and the divisor function exhibit a similar
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behavior, since the latter can also be viewed as the Fourier coefficients of an Eisenstein series (see e.g.,
[Iwaniec 2002, Chapter 3.4]). Remarkably, Pitt obtained an estimate with a power saving in the error
term unconditionally, something which is not known for the original Titchmarsh divisor problem. It
seems possible that his ideas can be adapted to our setting, and that one might obtain an analogue of
Theorem 1.2 with the divisor function replaced by Fourier coefficients of holomorphic cusp forms and
with a power saving in the error term. We do not pursue this here.

We apply Theorem 1.2 to three functions f of particular arithmetic interest:

(1) The generalized divisor functions t,(n) with z € C.
(2) The indicator function of integers n which are norms of an integral ideal in an abelian extension.

(3) The indicator function of integers n with exactly k different prime factors.

1A. Correlations of divisor functions. Our first application is related to the generalized additive divisor
problem, which asks for an asymptotic evaluation of

Die(x,h) = Y w(m)r(n+h)

|h|<n<x

for integers k, £ > 2. This problem has received a lot of attention, partly motivated by its connection to
the 2k-th moment of the Riemann zeta function (see [Ivi¢ 1991, Chapter 4] or [Conrey and Keating 2016;
Ng and Thom 2019]).

It is conjectured that for some constant Cy ,(h) > O,

Dy o(x, h) ~ Cro(h)x(log x)* T2,

and it is known [Henriot 2012] that this is the correct order of magnitude. However, this has been proven
only for the cases where either k = 2 or £ = 2. In these cases, the best-known results in the literature are
of the form

Dyo(x, h) = x P p(logx) + O(x%T)  for h < x™,
where Py ) 1s a degree k polynomial depending on £, with:

o O = % and n, = % [Deshouillers and Iwaniec 1982a; Motohashi 1994].

e O3 = % and n3 = % [Friedlander and Iwaniec 1985; Topacogullari 2016].

o O = max(l — %, g—g) and n; = }—g (k > 4 fixed) [Linnik 1963; Fouvry and Tenenbaum 1985;

Topacogullari 2018].

In the case k = ¢ = 2, a similar asymptotic formula holds in a much larger range of uniformity for 4,
although with a weaker error term (see [Meurman 2001] for the currently best results in this direction).

For k, £ > 3 the problem remains completely open.
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The functions 7 are special cases of coefficients of the Dirichlet series

Z Tzn( " =¢(s)* forz e Cand Re(s) > 1.

n=1

On prime powers, they are given explicitly by

z+£—1
w(p") = ( . ) (1-5)
The functions t, for z ¢ N have a more complicated behavior than those for z € N. When z = —1 for

instance, we recover the Mobius function 7_1(n) = u(n).
Theorem 1.2 leads to an asymptotic expansion of D, »(x, h) for arbitrary z € C, uniformly in any fixed
disk |z|] < 1.

Theorem 1.3. Let A,N > 1 and ¢ > 0. There exist a constant § > 0 and holomorphic functions
Mne : C— C, such that, for |z < A, x >2and 1 < |h| < x°,

N An,e(2) +O(x(logx)9‘ie(z))

Z ., (n)t(n+h) =x(logx)ZZ s
i=y (ogx)* (log x)N+1

where the implicit constant only depends on A, N and ¢.

(1-6)

|h|<n<x

The coefficients Aj ¢(z) can be computed explicitly; see (8-4) infra for an expression of the leading
coefficient. If z is a nonpositive integer, all the coefficients A ¢(z) vanish and (1-6) effectively becomes
an upper bound.

Our method leads to a power saving error term in Theorem 1.3 when z = k € N. This is solely due to
the fact that in these cases the k-th power of Dirichlet L-functions L(s, x)* can be continued analytically
to a strip Re(s) > 1 —§ for some § > 0 (excluding the possible pole at s = 1). We do not focus of the
case z € N here, since the works mentioned above then give quantitatively stronger estimates.

1B. Norms of integral ideals. Let K /() be a Galois extension with discriminant Ag. We define

Ni :={N(a) : a ideal of Ok, a # 0}.
This set has a rich multiplicative structure, described by the Artin reciprocity law. When the extension is
abelian, the Dedekind function ¢ (s) factorizes into Dirichlet L-functions mod Ag, so that the integers

in Nx can be detected by looking at the congruence classes of their prime factors mod Ag. Theorem 1.2
eventually applies and leads to the following result.

Theorem 1.4. Let K /Q be an abelian field extension. Let N > 1 and ¢ > 0. There exist a constant § > 0
and real numbers kj, ¢(K), such that, for x > 2 and 1 < |h| < x0,

_ 1-1/[K:Q] «p,0(K) )
PR Z(logx)ﬁ@ Gogoyr o ) ()
nENK

where the implicit constant depends only on K, N and €.
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An interesting special case is given by the extension Q(i)/Q. In this case, N is simply the set of
integers which can be written as a sum of two squares, and Theorem 1.4 takes the following form.

Corollary 1.5. Let B be the set of all integers which can be written as a sum of two squares. Let N > 1
and & > 0. There exist a constant 8§ > 0 and real numbers By, ¢, such that, for x > 2 and 1 < |h| < x°,

N
— by =x(logn) 23 Pt 4o a . 1-8
lh;;xt(” )= x(logx) ;(logx)z—‘_ (log x)N+172-¢ (1-8)
neB B

where the implicit constant depends only on N and ¢.

The first term in the asymptotic formula for the left-hand side of (1-8) can also be obtained using a
recent extension of the Bombieri—Vinogradov theorem due to Granville and Shao [2018], along with the
Brun-Titchmarsh inequality. The coefficients kj, ¢(K) and B , can be computed explicitly; see (8-5) infra
for an evaluation of the leading coefficient B o in (1-8). Note that, since the indicator function b(n) of
the set B correlates with both the principal and the nonprincipal character mod 4, there are two genuine
contributions on the right-hand side in (1-3) when f(n) = b(n). This also explains the discrepancy
between the conjectures made in [Iwaniec 1976] and [Freiberg et al. 2017] on autocorrelations of b(n).

We stress that the multiplicity of representations as ideal norms in Corollary 1.5 is not taken into
account. Thus the estimate (1-8) is more difficult to obtain than an estimate for the correlation sum

Z rp(n)t(n—~h) withry(n) .= |{(r,s) € 721 +5° = n},

|h|<n<x

for which classical methods suffice.

1C. Integers with k prime divisors. The Titchmarsh divisor problem [1930] asks for an asymptotic
evaluation of the sum

Y. tp—h), (1-9)

|h|<p=<x

where p runs over all primes up to x. Following the initial works by Titchmarsh [1930] and Linnik
[1963], the best known result was obtained independently by Fouvry [1985] and Bombieri, Friedlander
and Iwaniec [Bombieri et al. 1986]: For any fixed N > 0, we have, for 1 < |h| < (log N,

/T X
> r(p—h):Chx+Ch11(x)+O(W>, (1-10)

|hl<p=<x
where

£(2)¢(3) ( p ) / ( log p p*log p )
C) =22 1—— 2 ), c=(y-Y" =L 4 C,.
! £(6) 1_[ p>—p+1 =\ sz—pﬂ Z:(p—l)(pz—erl) !

plh P plh
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An interesting generalization of this problem concerns the sum

> tm—h), (1-11)

|h|<n<x
w(n)=k

where w(n) denotes the number of distinct prime divisors of an integer n. An asymptotic equivalence for
this sum was proven by Khripunova [1998, Theorem 3], uniformly for k£ < loglogx and /& < x.

Our methods allow to obtain a full asymptotic expansion for (1-11), at least for small shifts /. In order
to circumvent the obstacle that the indicator function for integers n with w(n) = k is not multiplicative,
we use a classical method due to Selberg [1954], which allows us to reduce the evaluation of (1-11) to
the evaluation of the correlation sum of the divisor function with the multiplicative function n — z®®.
This eventually leads to the following result.

Theorem 1.6. Let N > 1 and ¢ > 0. There exist a constant § > 0 and polynomials P}Il" ¢(X) of degree
k — 1 such that, for 1 <k < loglogx and |h| < x°,

Pf ,(loglog x) log log x )k
> se-m=x 3 +O(kf(10g Ol%ffl)—g)’ (1-12)
|h|<n=<x 0<¢<N (log x) !(log x)
wn)=k

where the implicit constants depend only on N and ¢.

The case k = 1 recovers the best-known asymptotic formula (1-10) for the Titchmarsh divisor problem.
As before, the polynomials P}f’ , can be computed explicitly; in particular, the leading coefficient in the
asymptotic expansion is given by Cp,/(k — 1)!.

This result is nontrivial throughout the range & < loglogx. The case k/loglogx — +o0 is an
interesting question which would require different tools, due to the sparsity of the set of integers under
consideration (not unlike the situation for friable integers [Harper 2012]). We do not address this here.

1D. Overview of the proof of Theorem 1.2. For the sake of clear exposition, we will focus here on the
case D =1, as our arguments extend without much difficulty to the case of general moduli and the arising
complications are mainly of technical nature. Note that any f € F;(A) can be approximated (in the
convolution sense) by a suitable generalized divisor function, so that it suffices to consider the case f =,
with z € C.

We will give two distinct proofs of Theorem 1.2. They are based on two different kinds of combinatorial
identities for the generalized divisor function 7., both of which we believe are of independent interest.
Our first approach relies on an effective combinatorial formula of Heath-Brown’s type for the divisor
function 7, with o € @, and an interpolation argument in the z-variable for weighted mean values of
7,. Our second approach, which is more direct and avoids the interpolation step, is instead based on an
identity of Linnik type for 7. and the well-factorability of friable numbers'.

IThe second proof was found only after a preliminary version of the present manuscript was uploaded online.
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1D.1. Proof by Heath-Brown’s identity and interpolation. Our first proof of Theorem 1.2 divides into
two parts: We first prove the theorem for rational z, and then extend this result to all z € C.

For z € Q, the general structure of the proof of Theorem 1.2 follows the setup of [Fouvry 1985;
Bombieri et al. 1986] (see also [Fouvry 1984]). The strategy naturally splits into two steps:

(1) We decompose the function f into convolutions with either large smooth components (type I) or
suitably localized components (type II).

(2) We solve the question for both types of sums.

The bulk of the present work concerns the first step. Combinatorial decompositions for prime numbers
have a long history since the works of Vinogradov [1937] (we refer to the survey [Ramaré 2013] for
an account and further references). Yet, it was not until recently that analogous identities emerged
for generalized divisor functions. Montgomery and Vaughan (private communication) have recently
developed a combinatorial identity of Vaughan’s type [1975] for 7,2, which initially motivated largely
the present work. Unfortunately, as for primes, the bilinear sums coming from a raw application of this
identity are not quite localized enough to be effective for Titchmarsh’s problem, and even though this can
sometimes be fixed by iterating the formula [Fouvry 1981], our early attempts were unsuccessful. Instead
we follow the more flexible approach of Heath-Brown [1982] (which is related to [Gallagher 1968]).

Our first result (Theorem 3.2 below) 1s a uniform combinatorial formula of Heath-Brown’s type for the
divisor function 7« with u/v € Q. In the simplest case 0 < u < v, it reads

K
T ()= Cokup DY Toap() - Toip(ne—y)  forn <x, (1-13)
=1

MR Ry =

where K € N. is arbitrary and where ¢; x ,/», € Q. A more general formula holds for any rational
number u /v (see Theorem 3.2). A crucial property of this formula is that it is sensitive almost only to the
archimedean size of u/v. Indeed, for |u/v| < A, the coefficients ¢, g /v, the length of the £-sum and
the value at primes n = p of each £-summand on the right-hand side are bounded in terms of A and K
only (but not of v). Thus, the only loss due to the size of v comes from the number O(v) of terms in the
convolution, which has essentially no effect on what follows.

In the same way, we can express any rational convolution power “/¥ f of a multiplicative function in
terms of higher convolutions sk* f with 1 <k < K and a bilinear term with one component supported on

I/K]

the interval [x?, x . However, to our knowledge asymptotic formulae for the correlation sums

Y K HmT+ ), (1-14)
n<x
for k > 2 are currently known for only very few functions f (essentially constant functions and Dirichlet
characters). This is the main obstacle towards using decompositions of this form to prove Theorem 1.2
for complex-fold convolutions of multiplicative functions.
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Regarding the second step, we are mostly able to use the harmonic analysis arguments underlying
[Fouvry 1985; Bombieri et al. 1986]. They are based on bounds on Kloosterman sums on average
[Deshouillers and Iwaniec 1982b], along with Voronoi summation (for type I) and Linnik’s dispersion
method (for type II). We will follow the treatment made in [Drappeau 2017; Topacogullari 2018], although
some work is needed in order to cast the main terms from these works in a form suitable for us.

Eventually, the arguments described above yield a proof of Theorem 1.2 for f = 7« uniformly in the
range v < (log x)V. As it turns out, this is already sufficient information to be able to conclude.

To see why, we return to the correlation sum

Diz):= ) t(mtlan—h)
|h|/a<n<x
with z € C, |z] < 1. The main observation is that this expression is a polynomial in z, and that we know
how to evaluate it on rational numbers with small denominators. Even though D(z) initially has degree of
the order of log x, we can use large deviation bounds on the function w(n) (and a convolution argument)
to approximate it, up to an admissible error, by the polynomial

D)= Y  z*ran—h),

|h|/a<n<x
w(n)<loglog x

which has degree at most O(log log x). This enables us to use Lagrange interpolation on a suitably chosen
set of rational sample points to transfer our estimates for z € Q) to estimates of the same quality for z € C.
Indeed, this process introduces an error which grows exponentially in the degree of the polynomial. As
our estimates for D(z) for z € Q save an arbitrarily large power of log x, we are still able to obtain an
asymptotic formula at the end.

Note that for the above arguments to work it is crucial that estimates with a saving of a large power
of log x for D(z) for z € Q are available, which we can fortunately obtain here from the Siegel-Walfisz
bound (an unfortunate consequence of the last fact, however, is that most of our results are not effective).

We mention that, as in Heath-Brown’s work [1982], the arguments sketched above can be used to

obtain asymptotic formulae for short sums

for y > x7/12%¢ and f € Fp(A), as well as theorems of Bombieri—Vinogradov type. However, unlike
Titchmarsh’s divisor problem, such results could in principle also be obtained by zero-density estimates
for Dirichlet L-functions (see [Iwaniec and Kowalski 2004, Chapter 10.5; Bombieri 1965]).

1D.2. Proof by Linnik’s identity. Our second proof uses a different decomposition for t,, which has
the major advantage that it holds uniformly for all z in a fixed bounded subset of C. This avoids the
interpolation step necessary in the first proof, although the resulting combinatorial identity is not as
elegant as the identity of Heath-Brown’s type described above.
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A naive attempt to find a combinatorial formula for 7, which is uniform in z might start with Linnik’s
formula [Iwaniec and Kowalski 2004, Section 13.3], which relies on the Taylor series expansion

Z .
() =1+ @) =) = )5 ) @@ -1,
j=0
The main technical difficulty at this point is to truncate the sum over j. In the context of Linnik’s formula,
this truncation is performed by restricting to almost-primes from the outset (or inserting a sieve weight),
see [Linnik 1963, page 21], but unfortunately this approach is not available in our situation.

Instead we write ¢ (s) = ¢, (s)M,(s), where

,_ 1\ &)
Zy(s) ._Ey(l—ﬁ) and M, (s) =@

with y = x!/K for some K e N, and then apply the Taylor series expansion only on the second factor
M, (s), so that
Z .
() =67 ) () () = 1),

j=0

This expression has the advantage that the j-th summand has no coefficient for n < y/ in its Dirichlet
series expansion. After expanding and comparing the Dirichlet coefficients on both sides, we are therefore
led to the following “raw” combinatorial decomposition (see Theorem 3.3),

= Y o Y, Ty forn<x,

0<t<K n=nin;
ny is y-friable

where the ¢y are some complex numbers which depend on z, but which can be bound uniformly for z < 1
(we recall that an integer is said to be y-friable if all of its prime factors are bounded by y).

In order to apply this formula, it is of course necessary to be able to control the factors 7,_¢(ny).
However, the characteristic function of y-friable numbers has good factorability properties (see [Vaughan
1989, page 66; Fouvry and Tenenbaum 1996, Lemme 3.1]): we can essentially replace them in the formula
above by convolutions of sequences supported on [1, y] (see Lemma 3.4). This in turn enables us to apply
estimates of type I and type II, leading eventually to the desired asymptotic formula.

Plan. In Section 2, we introduce our main notations and the subsets of functions of Fp(A) we will
mainly work with. In Section 3, we present the combinatorial decompositions for 7., on which our proofs
are based. In Section 4, we state some auxiliary computations in order to use the results of [Topacogullari
2018; Drappeau 2017]. In Sections 5 and 6, we proof Theorem 1.2 using the combinatorial identity of
Heath-Brown'’s type, first by treating the case of rational parameters, and then by interpolating the obtained
results to all functions in Fp(A). In Section 7, we sketch an alternative proof using the combinatorial
identity of Linnik’s type. Finally, in Section 8, we estimate the main terms and prove Theorems 1.3, 1.4
and 1.6.
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2. First reductions

2A. Statement of the main proposition. Forn,h € Z withn>1andn—h > 1, let

- 1
Th(n; R) :=2 Z (L) Z X(—(h{lq))x((hflq)). (2-1)
g<vni P\Ta) x modq/h,g))
(n,q)=(h,q) cond(x)<R

Note that 7,(n; R) =t(n—h) if R > o/n — h and n — h is not a perfect square. We will eventually choose
R of size (logn)?™". We have a trivial bound

Ty (n; R) <. n° R, (2-2)

The function 7, (n; R) should be thought of as an approximation to t(n — &) on average. The main
work in proving Theorem 1.2 consists in showing that, for any f € Fp(A), we have

Y fmr@an—h) ~Y " fm)Tan; R,) for x — oo, (2-3)

where R, is some slowly growing function in x (some appropriate power of log x). Once this is established,
we can evaluate the sum on the right by standard methods. In view of this, it is convenient to define

Ap(n; R):=t(n—h)—17,(n;R) and Xs(I;a,h; R):= Z f(n)Ap(an; R),
nel

for any interval I € R™. The main part of this article is concerned with proving the following proposition,
which puts the statement (2-3) into precise terms, and from which the results described in the introduction
can be deduced easily (see Section 8).

Proposition 2.1. Let A, D > 1 be fixed. Then we have, for x >3, 1 C[x/2, x| an interval and f € Fp(A),
the following estimate,

x(logx)B

where § > 0 is some absolute constant and where B, C > 0 are constants which depend only on A and D.

2B. Restricting the set of functions. It is known in multiplicative number theory that, to a certain degree
of precision, the magnitude of the mean value of a multiplicative function f depends mostly on the values
f(p), p prime. The following lemma quantifies the analogous phenomenon in our case.

Lemma 2.2. Let f, g : N — C be multiplicative functions, which satisfy the following conditions:

(1) |g(n)| <tyn) forsome M >1andalln e N.

(1) H:= Zn21|(f * g_l)(n)|/rfI < 400 for some o < 1, where g_1 denotes the Dirichlet convolution

inverse of g.
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Furthermore, assume there are constants o, € (0, 1] and B, C > 1 such that, for all x > 1 and all
intervals I C [x/2, x],

1 B
@ for1<a,|h|, R <x. (2-5)

|%g(I5a,h; R)| < Ct((a, h))

Then there exists C', 8’ > 0 depending only on 0, 8, o and M, such that, for all x > 1 and all intervals
I C[x/2,x],

: x(log x)® 5
2y a b R)| < HCC't((@, i) ———— for 1<a,|hl.R<x". (2-6)
Proof Leth:= f +g~'. We have
Spia, i Ry= ) gn)h(ny)Ap(aning; R)
ninael
= Y h(n)Se(I/nasany, by R)+ Y h(na)Be(I /no; ana, b R),
n<T ny>T

for some parameter 7 > 1. For the sum on the left we use the assumption (2-5), so that

x(logx)®?

Y h(n)Ee(I/na; any, h: R) < CHT((a, h)) o

ny<T

b

provided that the parameters a, & and R satisfy

5 9
and 1<|h|,R < —.
TzS

<a<
l=a=-m3

For the sum on the right we use the trivial bound X, (1 /n3; ans, h; R) < m Rx1+8/n2, and get

Y h(n2) eI /no; anz, hi R) Ko x' T RT O H.

I’l2>T
The lemma follows on setting T = x%/3 and 8’ = min(8/3, 8(1 — o)/ (4(1 + p))). L]

In view of this, in order to prove Proposition 2.1, we will restrict to the following two subsets of
Fp(A). The first subset, denoted by F7,(A), consists of functions f : N — C, which are the coefficients
of Dirichlet series of the form

S LY T Lot (2-7)

where the parameters b, are complex numbers such that |b, | < A. Note that 7, € F,(A) for [z7] < A. A
particularly important role will be played by the subset ]—"E@ (A) C FL(A) formed by functions of this
form where all the parameters b, are rational.
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The second subset F}5(A) is defined to be the set of functions f : N — C, which are the coefficients of
Dirichlet series of the form

an(?): T <1+ Z ) 08
n=1

s _
re(Z/DZ)* p=r mod D p 1

where the coefficients z, are complex numbers such that |z,| < A. This includes the functions n — 7@
for all |z] < A.

Lemma 2.3. For any f € Fp(A), there exist g1 € F,(A) and g> € F§(A) which satisfy the conditions
(1)—(i1) stated in Lemma 2.2 for o = %, and M, H bounded only in terms of A and D.

Proof. We first prove the lemma with respect to the set 77,(A). Let f € Fp(A) be fixed, andletvy:Z— C
be the D-periodic function defined by

f(p) 1if there exists a prime p such that (p, D) =1 and p =r mod D,
vy(r) = . (2-9)
0 if (r, D) > 1.
We then set
b ! > X)) haract dD
y = vr(r)x(r) for any character x mod D,
(p(D) r (mod D)
and define g; as the coefficients of the following Dirichlet series,
— g1(n)
1
> = [ LG.0™ (2-10)
n=1 x (mod D)

We have (f*gl_l)(p) =0if ptD. Moreover, since |b, | < A, we get |g;(n)| < tap(n) for all n. Therefore,

-1 1 1
>~ Uy (1 +0A’D(W)> 1—[(1 +oA,D(W)) = 04 p(1).

n>1 p|D piD

This proves the first part of the lemma.
For the second part, we define g, by its Dirichlet series

=\ g2(n) vr(r)
SEW— I I (1+24%)
n=1 re(Z/DZ)* p prime

p=r mod D

The fact that g, satisfies the required conditions can be shown using similar computations as above. []

Let us at this point also note the following result, which is an easy consequence of the proofs of

Lemmas 2.2 and 2.3, and which will become useful later on.
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Lemma 2.4. Let f € Fp(A) and let v mod g be a Dirichlet character. Then the Dirichlet series associated
to U f is given by

— V() f(n) _ )
Y =) [T Ly for S > 1,

n=1 x mod D
where Hy (s) is some holomorphic function defined in Re(s) > % and where
b : Y v X
= — vr(r)x(r),
7 o(D) !

r mod D

with vr(n) as defined in (2-9). Moreover, for any fixed oo > %, we have Hy (s) < 1 uniformly in
MRe(s) > og, with the implicit constant depending at most on ogy, A and D.

From Lemmas 2.2 and 2.3, we deduce the following statement.

Lemma 2.5. To prove Proposition 2.1 in full generality, it suffices to prove it under either one of the
additional hypotheses f € F[,(A) or f € F5(A).
3. Combinatorial identities for z,(n)

In this section we describe the two combinatorial identities for the generalized divisor function 7, on
which the proofs of Theorem 1.2 are based.

3A. A generalization of Heath-Brown’s identity. We first derive a combinatorial decomposition analo-
gous to [Heath-Brown 1982] for the function n +— 7, (n) in the case o € Q. Our argument is based on the
following polynomial identity.

Lemma 3.1. Let u and v be integers such that v >u > 0. Let K > 1 and N > 0. Then there exist rational

coefficients a,, and by such that there holds

> an(X =)™ =1+XN" Y pyxt. (3-1)

K<m<(K+N)v—u I<t<K

The coefficients (by) are unique and given explicitly by

pp= — U [T (j+nN-2 (3-2)
Tk —ey 1LY v )
I<j<K
J#t
Proof. An identity of the form (3-1) exists if and only if we can find by, ..., bx such that the first K — 1

derivatives of the polynomial on the right hand side of (3-1) vanish at X = 1. This is equivalent to saying
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that the by, ..., bx solve the equation
1 1 by —1
v+Nv—u Kv+Nv—u b, 0
=1 . |- (3-3)
W+ Nv—w)X1 ... (Kv+Nv—u)X1) \bg 0

Let C be the matrix on the left, and B, the same matrix but with the upper row and the ¢-th column
removed. Note that C is a Vandermonde matrix, and B, is a product of a Vandermonde matrix with a
diagonal matrix. Hence, we deduce

detC= [] Gv—iv)=231 (K- DWKED2,

I<i<j<K
det By = l_[ (jv—iv) 1_[ (Jjuv+ Nv —u).
I<i<j<K l<j<K
i j#0 Jj#t

Since det C # 0, we obtain by Cramer’s rule that there is a unique solution (b,), given by
detC’
which yields (3-2). L]

b= (~1)

(3-4)

Theorem 3.2. Let v > 0 and r be integers such that v >u >0 andr > 0. Let K > 1 and x > 1. Then for

any n < x, we have

K
J’_
Tup) =Y cf Y > Tapm) o), (3-5)
(=1 mip-myoyypny---Negy—y=n
niy..., nev—u<xl/K
and, forr > 1,
K
T—r—i—u/v(n) = ch_ Z T Z T—l/v(nl) to f—l/v(nﬁv—i—(r—l)v—u), (3-6)
/=1 miy---my_1n1--Nogy+(r—1)v—u=n
Ny n£v+(r—])v—u§xl/K

where the czr and ¢, are certain rational numbers, which can be bounded by
cZ’,cZ L1l forl<{¢<K,

the implicit constant depending only on K and r.

Proof. Let

o0 . I/K
G(s)::Z—T‘““’(Z)g(”) with g(n):={1 itn < x5,

= 0 otherwise.
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We first look at (3-5). Here we use Lemma 3.1 with N =0 and X = {(s)%G(s), and then multiply both
sides by ¢ (s)"T*/V, which leads to the identity

Yo an@®G) = DM =c) T+ Y bt () G
K<m<Kv—u 1<t<K
Then (3-5) follows by comparing the Dirichlet coefficients on both sides and noting that, by construction,
the left-hand side has no Dirichlet coefficient for n < x.
In order to show (3-6), we use Lemma 3.1 with the same X as before and with N =r — 1, and then
multiply both sides by ¢ (s) ™" 7. This gives

Z am (é‘(s)l/UG(S) — 1) é‘(s)—r-f-u/v :é.(s)—r+u/v+ Z bgf(s)g_]G(S)£v+(r_])v_”,

K<m<(K+r—1)v—u 1<¢<K
and (3-6) follows again by comparing the Dirichlet coefficients on both sides. [

Remark. With r = v =1 and u = 0, the identity (3-6) leads to the decomposition of w(n) described in
[Iwaniec and Kowalski 2004, (13.38)].

3B. A combinatorial identity of Linnik’s type. Here we derive a combinatorial decomposition for t,
using an approach analogous to [Linnik 1963].

We denote by PT(n) the largest, and by P~ (n) the smallest prime factor of an integer n > 1, with the
convention that P (1) =1 and P~ (1) = co. Given an arbitrary multiplicative function f and a complex
number z € C, we define the z-fold convolution of f as the multiplicative function given by

=30 (5) X @ .

r
I<r<v Ay Ap>1
AM+t+A=v

The notation is motivated by the fact that if F(s) := anl f(n)n™" is the Dirichlet series associated to f,
then for fRe(s) large enough the function log F (s) is well defined and we have F(s)* =) f G2 (n)yn=s.
Indeed, by expressing F'(s) as an Euler product, we see immediately that

F(S)Z:H<1+Z f(p’ )) H(1+Z< )(Z f(p’ )) > H(1+Z f(*z)(pv))

p v>1 r>1 v>1 v>1

Note that f*9(p) = zf(p), and that for £ € N the £-fold convolution as defined here coincides with the
{-fold convolution defined in the traditional sense. We will be eventually interested in the case when
f = x is a Dirichlet character, in which case we have f*? = t/.

Theorem 3.3. Let K € N.g and A, x > 1. Then for all 7z € C there exist complex numbers (c¢)o<¢<k

such that for all x > 1 and all multiplicative functions f, we have the following identity for n < x,

fRm= Y e ) TP ), (3-7)

0<l<K n=ninz
PF(ny)=<x/k

where the coefficients ¢y can be bound by c; = Ok (1) uniformly for |z| < A.
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Proof Let y := x!/X_ As before we set F(s) := anl f(n)n™°. We may certainly assume that f( pk)
vanishes if p > x. Let

k k
F(s.y) = 1—[(2 fl()fs)), Gs. y) = 1—[(2 fp ))'

pks
Py “ k=0 p>y k>0

For Re(s) > 0, the decomposition F(s) = F (s, y)G(s, y) yields

F(s)" = F(s,y)"(1+(G(s, y) — D)

=F(s,y)°) (,i)(G(s, » =D

k>0

= F(s, y)° Z (IZC) (G(s,y) — D¥+ R(s)
0<k<K

with
R(s):=F(s, )" ) (fc) (G(s,y) = D,

k>K

Note that the series converge absolutely if Re(s) is large enough in terms of f. By expanding, we get

F(s)*=F(s,y)* Y cG(s, ) +R(s),
0<l<K

wmcv 3 ()

<k<K

with

We read the coefficients of n~*, for n < x, on each side. Note that for k > K, the series (G (s, y) — 1)
has no corresponding Dirichlet coefficients, so there is no contribution from R(s). The claimed equality
follows on writing G (s, xVKY = F(s)F (s, x'/K)~1 L]

Remarks. « Compared with (3-5)—(3-6), this identity has the significant advantage that it is uniform for
7 < 1 complex.

e The case K = 2 only involves the exponents ¢ € {0, 1}. It follows, for instance, that if f (<) gatisfies a
Siegel-Walfisz estimate (in the sense of [Granville and Shao 2018, equation (1.2)]), and if f satisfies a
Bombieri—Vinogradov theorem, then f*%) satisfies a Bombieri—Vinogradov theorem as well.

o The case K =2, f =1 leads to Eratosthenes’ sieve identity: for all n € (y/x, x], we have
Lipime= ) u(d).

d|n
pld=p=<x

For any n € (0, 1/2), either we have d < x" (which corresponds to type I sums), or d > x", in which case
we can localize a factor of d in the interval [x”, x!/>*"] (and this corresponds to type II sums).
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The main property which allows Theorem 3.3 to be used in our arguments is the following factorization
lemma, in the spirit of Lemma 3.1 of [Vaughan 1989, page 29]; see [Hmyrova 1964] for an early use of
this property, and [Fouvry and Tenenbaum 1996] for an application in a context similar to ours.

Lemma 3.4. For any multiplicative function f : N — R, any compactly supported function g : N — C,
andall y, w > 2, we have

Y fm)gm) = S+ i+ O(Zn), (3-8)
Pt(n)=<y

where

D= ) fmg®m)., Tuv= ) f(g®n), = (ogy)sup ,
n<w n>w a.p
P*(n)<y PT(m=<y

ap’lin,p’>y

YD) dmBaglmn)

w<m<yw n

the supremum in Xy being taken over all sequences (ay,), (B,) of complex numbers satisfying

lam| < | fm)l, 1Bl < (LF 11 fD ().

Proof. If an integer n with P*(n) < y is not counted in the first two sums on the right-hand side, then
n > w and all prime powers p" || n satisfy p” < y. By incorporating these prime powers as p increases,
we may factor n = nn;y uniquely in such a way that

PT(m) <P (n), w<n <wQt(n),

where Q% (ny) is the prime power corresponding to the largest prime of ny: Q" (n1) = P*(n)" || ny. Note
that this implies (n, ny) = 1. Our statement follows after separating variables [Iwaniec and Kowalski
2004, Lemma 13.11] in the condition Pt (n1) < P~ (ny). ]

4. Auxiliary estimates

In this section we collect some estimates on Ay (n, R), which will be needed in the following sections.

4A. The second moment of Ay (n; R). On several occasions, we will require the following rough upper-
bound for the “main terms”.

Lemma 4.1. For x >3, R > 1 and (a, h) € Z? such that 1 < a, |h|, R < x4, the following estimate
holds,
Z |An(an; R)|* < t((a, h))*x(log x)*.

x/2<n<x

Proof. We have

Yo @ RDP < Y tlan—m’+ Y |E(an; B =G+ Gy,

x/2<n<x x/2<n<x Xx/2<n<x

and we now proceed to estimate the two sums G and G, separately.
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We first look at G ;. For notational convenience, let

a =2 ., h = h
(a, h) (a, h)

and r:=(a,h).

We start by splitting the sum according to the size of t* = (an — h, t*°) as follows,

G| = Z Z t(an —h)> + Z Z t(an—h)> =: G+ Gpp.

> x/2<n<x 1| x/2<n<x
(t*,a=1 da’'n=h' modt* (t*,a)=1 a’'n=h" mod r*
rr<x!/2 ((@'n—=hn")/t*,1)=1 trspl/2 ((a'n—n)/t*,n=1

In order to estimate G, we choose b, y € Z such that a’b = 1 + yt* and write

Ga= »_ (')’ > t(yh' +n'd’)?

> (x—=2bh")/2t* <n'<(x—bh")/*

(r*,a")=1 (yh'+n'a’,t)=1

[*le/z

< > T’ > T(m)>.

1> (a'x=2h"))2t* <m=<(a'x—h")/t*

(t*,a)=1 m=yh’ mod a’

r<xl/2

The sum over m can now be estimated via [Shiu 1980, Theorem 2] or [Barban and Vehov 1969, Theorem 1],
which leads to

3 T(1*1)° 2 4
Gia<xlogx ) - <t(@ h)’xloghx. (4-1)
tiflil/z

In G, we bound all the summands trivially and get

1
1 1IN 2 1+ 3/4+
G K E E t(tan—h))" «x'™° E e L x e

t* |t x/2<n<x ]
(t*,a")=1 a’'n=h" mod t* x2<r*<2a'x
*>x1/2

so that together with (4-1) we deduce
G1 < t((a, h))*x log* x.
Next we look at G,. Here we first rewrite 7;,(an; R) as

filan; R):=2 ) Y > L Yo x(H)x().

®(q)
ol (@h) 8| (hjan) g<Jan—T /(@3 % (mod q)
(3.afaym] 15V cond(x)<R

so that after expanding the square we are led to

Gy<4 ) > S - > S(X1x20 o57)

aranlah) =i LIV )
81| h/oay,82 | hfan QZSM/(OQ(SZ) x2 (mod g2)

cond(x1),cond(x2)<R
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with

S(x,y):= max
y/2<yo<y

Y xm).

Yo<n<y
If x; and x, are induced by the same primitive character, we use the trivial bound S(xx2,y) < y.
Otherwise, the Pélya—Vinogradov bound applies and S(x1x2, y) < 7(q192)R1log R. Inserting these
bounds, we eventually obtain

G, < t((a, h))*xlog* x + x*R® < t((a, h))*x log* x
by our assumption R < x!/4. This concludes the proof. O]

4B. Comparison of main terms. We begin by two technical lemmas related to the main terms that will
appear later. Let X > 1, and let f and v be two smooth functions which are both compactly supported
inside R% . We assume that supp f C [C1 X, C2X] and suppv C [Cy, C2], where C; and C; are some
positive constants, and that for some €2 € (0, 1], we have

W0 <5 1, I1f P loe < (2X) 7, f U < (@x)7, (4-2)
R

for all j > 0. Furthermore, we define

Cd (h)

Myo(b.h: M) = / (log(§ —h) +2y — 2logd>f<s>v(lf )ds, (4-3)

b M

d|b
where

cath):= > e(wh/d)= Y  8uu(d/s)

v(mod*d) 8| (h,d)
denotes the Ramanujan sum.

Lemma 4.2. For (b, h) € Z>,b, M > 1, and R > 1, we have

Z f(bm)v<%)fh(bm, R) = Mf’v(b, h; M) —I—C’)(XSR:"/2 +X1/2+8 (hé)b))’

where the implied constant depends on ¢, C1, C, and on the implied constants in (4-2).

Proof. By partial summation and the Pélya—Vinogradov inequality, given a character x (mod q/(q, h))
of conductor 1 < r < R, we have

b
Zf(bm)”( ) ((hn;):)‘((b q))/ Flaev Y x(mydndn < RV

M2 Ga)] 6,0)
1 /b+M12

(h.q)/(b.q)

m<
By definition (2-1), we deduce

m m 1
» :f(bm)v<—)fh(bm; R)=2) jf(bm)v<—) Y ————+OX R,
p M " M) e el )

(bm.,q)=(h.q)
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The condition (bm, q) = (h, g) in the sum on the right-hand side is equivalent to

(h,q) (m(b,q) q )
b’ h" ’ ’ =
) .q) (. q)

Using Mobius inversion and our hypotheses on f and v, we can replace the m-sum by the corresponding

integral and obtain

m\ _ ' 2 3 b, q) 32y
m q=vE—h
(b.q) | h
The main term on the right-hand side may be rewritten as

—ch(h)/f@) <bM) (Vg_h)dS#—O(Xng)

d|b d

where H(x) =) g<x 1/q =1logx+y + O(x~1). This gives the claimed estimate. 0
Next, we define

M¥,(b.hi M):= Y x(a@)My,,,,, (D, h—ab; M/D) (4-4)

a mod D
(a,D)=1

where fuy(§) := f(§ +ab) and voym (§) :=v(§ +a/M).

Lemma 4.3. If b = b°b* with b° | D*° and (b*, D) = 1, then

X L h \_( b ca(h) £
Mf’“(b’h’M)_bDX<<h,b)>X((h,b>>d|b* ( ((DbOd)2>+ V>f@)”(bM>dg'

(4-5)

Moreover, if x mod D is primitive, we have
m ~
> fbmyv( ) x (m) % (bm; R)
m

3 *
=M%, (b, h; M)+(9(1D>R(b h)%+ XepU2RY2 4 x1/2+e (h;: >>

where 1p- g = 1 if D > R and 0 otherwise.

Proof. We rewrite

b
i G =5 Y @ 3 L [ogs -2y - 2logd>f<s>v(bi4>ds.

a (mod D) d|bD
(a,D)=1
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Using Gauss sums,

_{—bD _ hv
> x(a)cd(h—ab)=G<x>x(7) > x(v)e(ﬂ.

a (mod D) v(mod*d)
(a,D)=1

This last expression vanishes unless D (b, D*°) | d. Denoting b° = (b, D*°) and b* = b/b°, we obtain
for d | b*

3N x@cppath—ab) = GOOX(=b* /GG Y. Sx(h/H)pb°d/8)x (b°d /)

a (mod D) 81 (b°d,h)
(a,D)=1

=b°D1pe 1n X (b)) x (h/b%)ca(h)

(g e
AN YA (h,b)>cd '

For the second, the computations are similar to the previous lemma. If D > R, we get

This yields our first claim.

D f wm)”(%))((m)fh(bm; R) < X*D'?R?, (4-6)

while on the other hand M X ,(b,hy M) K (b, h)(bD)™ Ix (log X )2 by a simple computation from (4-5).
If D < R, the bound (4-6) apphes to all the characters involved in the definition of 7, (bm; R), except all
those which are induced by x. We obtain

3 f(bm)v(%>x(m)fh(bm; R)

oy ME0EC.0) f(bm)v( ) O DR
D1g/q.h) 0(q/(h. 9)) (b, )=(h.q)

q 2<pbm—h

Similarly as above, the main term in the right-hand side can be rewritten

2 h \_({ b § (q,b) .
”‘((h b)) ((h,m)/f@)”(b_M) 2 T deror

q=<J&—h
(b,q) | h, D|q/(h.q)
(D,(b,h)/(b,q))=1

The x-factors impose the conditions b° | h and (D, h/b°) = 1. We rewrite the g-sum as

> o G0y @Sy ey (2ol

q q Dbed
g<E&—h g<JE—h/(Db°) d|b*
(b,g)|h, D|q/(h,q) ®*.q) | h

(D,(b.h)/(b.q))=1

whence the claimed expression. [
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4C. Type 11 estimates. The following estimate is relevant for convolutions with one smooth component
of size > x!/3%¢_ It can be viewed as a generalization of a result of Selberg [1991, page 235] on the
equidistribution of 7, in arithmetic progressions.

Lemma 4.4. Let ¢ > 0, let Cy > C; > 0, let v : (0,00) — R be a smooth and compactly supported
function, and let x mod D be a Dirichlet character of modulus D > 1. Then we have, for any X, M > 1
and R> D, any 1 <bD, |h| < X'~¢, and any interval I C [C1X, C2X],

Z X(m)v(M>Ah(bm R) < X*(DX'? + (b, hD®*)YMX~'?> + D'2R3)2). (4-7)

m:bmel

The implied constants depend only on the function v and the constants ¢, C1 and C,.

Proof. Note that we can always assume bM =< X, since otherwise the sums in consideration are empty.
Let f : (0,00) — [0, 00) be a smooth weight function, which is compactly supported in supp f C
[C1X/2,2C,X], which has value f(§) =1 for all £ € I, and whose derivatives satisfy

) <«

1
forv>0 and /|f<”>(g)|dg<< forv > 1,

(2X)Y «@x)»-!

for some constant 2 < 1. We can then encode the condition bm € I by using the function f(§) via

> (m)v< )Ah(bm R) = Zf(bm)v( )(m)Ah(bm;R)+(9(§2Xl+8b_1), (4-8)

m:bmel

so that it suffices to consider the smoothed sum on the right-hand side.
Assume first that y is the trivial character. In [Topacogullari 2018, Section 3] it is shown that

m _ . £11/209—1/2
Zf(bm)v m T(bm—h)=Myy(b,h; M) +O(X"b/°Q™/7), (4-9)
where the main term M, (b, h; M) is given by (4-3). By Lemma 4.2, we obtain

Z f(bm)v (%) Ty (bm; R) = My, (b, h; M) + O(X*R>* + (b, h)b~' X /214, (4-10)

The estimate (4-7), in the case D = 1 and x = 1, now follows from (4-8) with the choice Q = bX~2/3.
Now assume that y is a primitive character modulo D, where D < R and bD < X 1-¢ We write

Zf(bm)v( )x(m)f(bm m= > x(a)(Zf(bm)v( )r(bm h))

a (mod D)
(a,D)=1

with

b:=Db, M:=M/D, h:=h—ab, f(&):=f(E+ab) and 6(5)::v(§+%),
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so that we can use our former result (4-9) to get

Z f(bm)v(%)x(m)r(bm —h) = M}(,v(b’ h: M)+ O(XED32p12Q=1/2y,

where M }iv(b, h; M) is defined in (4-4). By Lemma 4.3, we obtain

Zf(bmw<%>x(m)f(bm —h)

h, b*
=> f(bm)v(%)x (m)%,(bm: R) + O, (X8D3/2b1/2§2_1/2 + X D'2R32 4 X1/2+8(b—*))
m
We choose Q = bDX2/3, and hence get (4-7) also in this case.
The case when x is not necessarily primitive follows at once using Mobius inversion. [

4D. Type 7, estimates. The following estimate is a uniform version of the t, — 1, shifted convolution
problem obtained recently by the second author.

Lemma 4.5. Let ¢ > 0, let C, > C| > 0, let v, vy : (0, 00) = R be smooth and compactly supported
weight functions, and let x| and x, be Dirichlet characters mod D. Then for any X, b > 1 and R > D, any
My > My > 1 with X'/?> < M{ M, any h € Z with 1 < |h|, D < X'/* and any interval I C [C1X /2, C,X],

we have

Z V1 (Z—ll) V2 (%)Xl(ml)XZ(mz)Ah(bmlm% R)

mi,my:
bmlnhél

|h| M M>
XD

The implied constant depends only on the constants e, C| and C,, and the functions vy and v,.

1/4
< b°D5/2(XM1M2)1/3+8(1 + ( ) ) + XV R2p (h, bYM MR, (4-11)

Proof. Note that we can make the assumption b < as otherwise the sum in consideration is empty.

X
M M,>°
Also, as in Lemma 4.4, we can exchange the original sum by its smoothed version,
mi mo
> flmmy)vi( — Jva{ —= ) x1(m1) xa(m2) Ap(bmima; R),
M, M>

my,mj

with an error of the size of O(QX'*+¢p™1).
Let xo := x1x2. The results of [Topacogullari 2018] cannot be quoted as a black box, however, the
computations of [Topacogullari 2017] on which they are based may be adapted with little change. We write

Zf(bmlmzm(’;;—ll)vz(@)xmml)m(mz)r(bmlmz—h)= Y x@D@,

M
mi,my 2 a (mod D)

where D(a) is the defined as

D(Cl) 2=Zw1<rln+f1>w2<r2nx—|2‘ f2>‘[(r1n—|—f1) Z Xo(nz)thMl(l’ll,l’lz),

X1

ni,na
niny=ron+fp

n
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with
X
ri:=bD, r,:=D, fi:=ab—h, f,:=a, x1:=2X, xz:=z,

and
ni ny

wi(§) = f(XE+h), wré) =y f(XE), hmm (n1,n2):= vz(ﬁ)m (ﬁ)
The sum D(a) is now of the same shape as the sum D45 (x;, x2) defined in [Topacogullari 2017, page 157],
with the function f (a, b) there replaced by xo(a) f(a, b). The computations of Section 3 of [loc. cit.] can
then be adapted with the following changes. In Section 3.1 of [loc. cit.] the expressions Zg g and EjB
have an additional factor yo(au>/u3) in the summands. In the sums in the definition of RZEB, [loc. cit.,
page 159], the summand has to be multiplied by an additional factor xo(c), and the altered relation

+
DD m(;) > xo(d)—4%
ul|us 2 d
2 * *
¥\ (d,risauz)=1

holds. Consequently, the relationship between R}B (N; x) and KZ'EB(N ; X) becomes

Rip(N:i) = Y tm8(X: MK (xx0:n).
N<n<2N
The rest of the argument of [loc. cit.] is adapted with the only change that the Kuznetsov formula is
applied with nebentypus x xo instead of x. This has no effect on the error terms, since the bounds in
Theorem 2.6 and Lemmas 2.7, 2.8 and 2.9 of [loc. cit.] are uniform with respect to the nebentypus.
By the bound (3.4) of [loc. cit.], with b° = (b, D*°), ryp <— Db° and h < h D, we obtain

D(a) = Z XO(mz)W(TTi) Z cq(abmymy — h)

ms bDm; d|bDmy d
(ma, D)=1

X f(IOg(S —h)+2y —2logd)- f(S)vl(bMSlmz) d§

1 (b, X\’ 1h\ 4
+ ( a2 T\ iz \»D

where m, denotes any integer such that m; - my =1 mod D. We sum over a (mod D), exchange the a-

and m»-sums, and change variables a <— am,. We obtain

Y xi@D()

a (mod D)

0 1/4
_ mz X . opns/2yijtef 1 (b, h)X A
= mEZ v( 2))(z(mz)M ’vl(mzb,h, M1)+(9(b DX (91/2+( DI 1+ ) ,

with M }(,11)1 (mab, h; M) defined as in (4-4), for which we can use Lemma 4.3. The bound (4-11) follows
after choosing 2 = X'/3 (M M,)~2/3. ]
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4E. Type II estimates. The following estimate, the first version of which was obtained in [Fouvry 1985],
concerns convolutions with one component supported inside [x¢, x/37¢].

Lemma 4.6. For all n, A > 0, there exist §, B > 0 such that the following holds. Whenever X, R > 1,
(a,h) € 72, an interval I C [X/2, X1, and two sequences (B,), (y,) are given, under the conditions
1 <R, lal, |h| < X°, and

|131’l|§tA(n)9 |Vn|§TA(n)’ Vn5é0:>n€[xn’ X%_n]’

we have
> (Bxy)m)Apan; R) Kap (@, )R X (log X)®. (4-12)

nel

Proof. Recall that Ay (an; R) < RX?. In the left-hand side of (4-12), the contribution of those n such
that (n, (ah)®) > X? is therefore at most

RX¢ Z 1 « RX!0+e,

n<kX
(n,(ah)®)>X*

Next, we have

Yoo ) BEnmAan; R = ) Y BumVamAn(aiiigmn; R).

d|(ah)> ?161 A2 | (@h)® mne(irg) '
a=x® dln MA <X’ (mn,ah)=1
(n/d.ah)= (m.2)=1

Finally, we note that there are at most O(X'/2*¢) tuples (A, A2, m, n) with A;Aomn € I for which the
expression aAiAymn — h is a perfect square, and

Ap(ariiomn; R) =2 Z Z ugr (mn%)%; Q) + O(laklkzmn—h isa square),

Az | (h,aridz) g<farirymn—h/x3
(g.arir2h/33)=1

where the notation ug(n; g) 1s defined in formula (5.1) of [Drappeau 2017]. Now, for each (A1, A2, A3),

the sum
Ao k.
SO da)= Y Y. ur(ma®2iig)
q=~akihamn—h/r3 mne(hry) "1
(g.ariroh/33)=1  (mn,ah)=1
(m,22)=1

1s of the same shape as in formula (5.6) of [Drappeau 2017], with three differences:

(1) The quantity t4(X1)T4(X2) has to be factored out for the condition (5.4) of [loc. cit.] to hold.

(2) The sums over m and n must be restricted to dyadic intervals, which is done at the cost of an
additional factor (log x)?.

(3) The sums over m, n and g are not separated.
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The last point can be implemented by a standard argument (see e.g., page 720 of [loc. cit.]), cutting the
(m, n) sums into intervals of type [M, (1 +£)M] x [N, (1 +£)N] with &£ < R~!/2, Assuming § is small
enough in terms of n, we obtain

S, A2, A3) L TAAD)TA(R) (M) ' X log X)B & +&7 'R
L TA)TA() (A1A2) T RT2 X (log X)B.

We sum this over (A, Az, A3) satisfying
MAzl (@)™, Ao <x’, Azl (h,akidy).
Since ZM(ah)OO AW T(M)AT <4 (loglogx) 24| we obtain

Y (Bxy)m)Aj(an; R) < t((a, h){RX' 2+ R™1/2X (log X)# 1},

nel

which yields our claim by reinterpreting § and B. L

5. The case of rational parameters

Let x1, ..., xr be distinct Dirichlet characters mod D, and the function f € }"BQ (A) be defined by

n=1

with by, ..., by € Q, which we write in the form
u; .
bj=r;+-L withr; eZandu;,v; € NsuchthatO<u; <v;.
v .
j
For notational convenience we also define

IFl= Y Il lvlhie= Y vj.

]<J<T 1<]<T

Our goal is to prove estimate (2-4) for the function f defined in (5-1). In fact, we will prove a result
which is slightly more precise in term of uniformity in D and 7.

Proposition 5.1. Let A, D, T > 1 be fixed. Then we have, for x > 3,1 C [x/2,x] and f € ]-";@ (A) as

described above, the following estimate,

DS/ZX( og x )B—i-a)(D)

S lvl forl=alnlR=x  (52)

1%y a, h; R)| < Ct((a, h))

where § > 0 is some absolute constant, and where B, C > 0 are constants which depend only on A and T.

The rest of this section is now concerned with proving Proposition 5.1.
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SA. Application of the combinatorial identity. Denote t/(n) := 1.(n) x (n), so that
fm)y =1} % 7]l (5-3)
The expression on the left-hand side of (5-2) now reads

Splia. b Ry = Y gl m) -t (mr)Ap(am, - -mr: R). (5-4)

mi---mrpel
By Theorem 3.2 with K =4 we can write r[fjj (m;) as

4

Glmpy =) coj Yy xim) e xymg )T, ()T (g )y (5-5)

KZI ml'”mkf_jnln.nkéj:mj

where (kg j)‘g:1 and (ké, j)ét}zl are two sequences of integers satisfying
0<kej<|rjl+4, 1=k, ;<(rjl+Hvj,

and where (cy. j)Z}:l is a set of complex numbers whose moduli are bounded in terms of A. We replace
each factor rlj(jj (m;) in (5-4) by its decomposition, and after expanding the resulting expression, we end
up with a linear combination (whose coefficients are bounded by O 4 (1)) of O7 (1) sums of the form

Ei= Y oi(m)ox(mei(n) - ou () Alamy - -mgny - nj R), (5-6)
my--mygny--ny €l
Nlyenny nk/5x1/4

where each function o; is some Dirichlet character mod D, where each function g; is equal to T i(j1 /v, for
some j, and where k and &’ are integers bounded by

0<k<d4T+|rlh and 1<K <4oli+ Y Irjlv;.
1<j<T

We consider each sum E separately.
For technical reasons, it will be necessary to use a smooth dyadic decomposition for the variables
mi, ..., mg. Letu : (0, 00) — R be a smooth and compactly supported function, which satisfies

suppuC[;l‘,Z] and Zu(%):l for all £ € (0, 00),

and define

uo(€) 1= Zu(%) and (&) = u<Mi> for ¢ > 0,

£<0 ¢

where we have set

My = x1/428,
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with 0 < n < ﬁ an arbitrary, but fixed constant. For a k-tuple £ = (€1, ..., £;) € N¥, we then define
B = > e, (m1)o1(my) - - - ug, (mpox(mpoi(m) - - - o () Alamy - - -myny - - -ni; R),
m1~~~mkn1---nk/el
Nlyenny nk/§x1/4

so that the sum E can be split as

(a]
&9

-y

£eNk

£

Note that this last sum is in fact finite, since E; becomes empty if the coordinates of ¢ are large enough,
namely if £, ..., £ > log x. We will now estimate the sums E; in different ways, depending on the
sizes of the supports of the variables m;.

SB. Case I. First assume that £ has at least one coordinate, say {1, satisfying M, > x13+n Let
mo:=my---mynj - --ng. Denoting o1 = x; for some j, we can use Lemma 4.4 with X = ax, b = am
and M = M,, to get

M
> g (mp)oy(m) Ap(amomy; R) Kep x° (Da1/3x1/3 + (amo, hD*) =5 + 01/2R3/2).
X

my:momi €l

This leads to
B¢ < x5 (Da'Px17" + (a, hD®)(log x)* P x /2 4 x2/3-1 D12 R3/%y, (5-7)

where we have made use of the fact that

X log x w(D)xl—l—s
D, mo.hD®)< B DT R (moh) < hfo— Y 1 <, Log0) :

< * 00 * Z1 * 00 Mgl
m()_x/Mg1 D JD mo<x/(D Mgl) D JD
D*<x D*<x

5C. Case II. Next assume that ¢ has at least two nonzero coordinates, say £; > ¢, > 1. We can also
assume that x /4% <« My, , My, < x'/3+7_since the case of larger My, and My, is already treated above.
Let mg:=m3---mygny ---np. We use Lemma 4.5 with X = ax and b = am, which gives

> ug, (m)oy(my)ug, (my)oa(ma) Ay (amomymy; R)
nmi,my:
momimo€l

M, M
Le,a (@mo, D¥)x* (DS/Z(UtxleMzzz)l/3 + (h, amo)R3/2—lf; 1’2)
a X

so that altogether we are led to

B¢ Ke.a (a, h)(a, D®)(logx)? P xs(D>2aBx17430 4 (a, )R ?x1/%). (5-8)
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SD. Case IIlI. Finally, we need to consider the case, where £ has at most one nonzero coordinate, say ¢1,
. 1 . -
for which we have My, < x37". We split the sum E; into two parts,

= .= =2
== ue + ug )

according to whether ny ---np > x"orny ---np < x".
We look first at EEI). We split this sum according to the value of

pw=min{l <pu' <k':n;---ny>x",

and write accordingly

k/
—~(1 —~(1
aé ) = Z az )(,u).
pu=1
After defining
Bm = Z ug,(mp)oy(my) - - - ug(mp)or(mp)opu+1(nyug1) - - - o (i),
ml...mknﬂ“l’l”’nk,:m
L7 T nk/§x1/4
and
Vn ‘= Z Ql(nl)“'QM(nM)a
n]...nM:n
ny-ny 1 <x",ny,..., n,Lf)cl/4

and renaming n <—ny---n, and m <= my - - - MmN, 41 - - - N, WE can write ué )(,u) as

2= Y BuYalnlamn;R).

m,n: mnel
x<n<x!/4tn

Note that y, = 0 if n > x!/#*7. Moreover, we can bound the quantities 3, and y, by
1Bl = ©2prii+87 (M), [¥al < Tjryy a7 ().
Hence we can apply Lemma 4.6 with A <— 2||r||; + 87T, and we see that
2 (W) < t((@, )R~ 2x(logx)® for 1 <a, |h|, R <x™,

where 81, B; > 0 are certain constants which depend solely on n and A. Summing over u, we deduce

2" < t((a, )R x(logx)®||vll; for I <a,|hl, R < x™. (5-9)

The other sum E "'( ) can be estimated similarly — the role of the variables ny, ..., ny is now played by
the variables my, . .., m;. Eventually, we get

2% <4 t((a, h))R™?x(logx)® for 1 <a, |h|, R <x, (5-10)

where §,, B, > 0 are certain constants which again depend solely on n and A.
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SE. Conclusion. Grouping the different bounds (5-7)—(5-10), setting B := max(B;, B;) and choosing
§ > 0 small enough, we get

E < t((a, ) D>?R™V2x(log x) TP y||y  for 1 <a, |h|, R < x°,

with the implicit constant depending only on A and 7. This finally proves Proposition 5.1.

6. Interpolation to complex parameters

Letry, ..., ryp) be the residues mod D which are relatively prime to D. Any f € F}(A) is given by

N 4 Zj
ST I (1+5%) D
n=1

j=1 p=r; mod D ps —1
forz=(z1,...,29)) € C?D) with |zj| < A. After setting
w,(n) :=#{p prime : p |n, p=r mod D}, (6-2)

we can also write
(D)

fom=" > 1] z; i,

n]...n(p(D):n ,]=1

Our aim here is to show that the bound (2-4) holds for X ¢(/; a, h; R), for all f € F(A). By Lemma 2.5
this will imply Proposition 2.1.

Let x1, ..., Xo(p) be the Dirichlet characters mod D, let Q be the unitary matrix
x1(r1)  x2(r) o Xe)(r1)
0= 1 x1(r2)  xo(r2) -+ Xe)(r2)
"~ Vo) : S : ’

x1(rep)) X2(re>)) * -+ Xo(D)(Fo(D))

and let Mg : C*®P) — C?D) be the bijective linear map associated to Q.
Let K > 1. We define F}5(A, K) to be the set of functions f € F};(A) of the same form as in (6-1),
but with the additional property that the parameters z are given by

7= MQ(b)
for a tuple of rational numbers b = (b1, . .., byp)) € Q¥P) satisfying
bjl<A and b;=-L withu,, v;eZand |v;| <K,
Vj

forall j =1,...,9(D). By Proposition 5.1, Lemma 2.2 and Lemma 2.3, we deduce that the bound (2-4)
holds for all f € F}5(A, K) in the following form.
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Proposition 6.1. Let A, D > 1 be fixed. For K > 1,x > 3,1 C[x/2,x]and f € Fj(A, K), we have

x(logx)®?

ISy (L a,hi R) < CKe((a h) = s

for1<a,lhl,R<x’, (6-3)
where § > 0 is some absolute constant, and where B, C > (0 are constants which depend only on A and D.

Our goal is to interpolate this result to all functions in F5(A). Let f € F5(A) be fixed, with z as in
(6-1). For L € [1, oo], we define two polynomials in the variables Z = (Z, ..., Zy(p)) as follows,

(D)

PL(Z):= > > Tz Autan; R),  PL(Z) := PL(My(Z)).
el

n ny-ngmy=n j=l1
Vj.or (M)<L

By definition, both these polynomials have degree at most L in each variable. Furthermore, let
b:= Mél (2),
and note that ||b]|s < D/2A. Using this notation, we can now write the sum X ¢(/; a, h; R) simply as

Y fm)An(an; R) = P (b).

nel

In order to have better control over the degree of Poo(Z), we cut off all the terms of degree larger
than some fixed real number L > 1. For a tuple ¢ = ({1, ..., {y(p)) satisfying |¢;| < AD'? and any real
number E > 1, this leads to an error term of the following form,

|Poo(0) = PLOI < Y p(m)(AD)*™|Ay(an: R)|

nel
w(n)>L

<E™') () (ADE)*™|Aj(an; R)|

n<x

12
< E_L(Z TAD2E(")2) (ZMh(Cln; R)|2)

n<x n<x

1/2

The different factors can be estimated via [Tenenbaum 1995, Theorem I1.6.1], and Lemma 4.1, and we
get

| Pao(2) — PL(2)] < E~E(x(log x) APE =112 (x (log x)* 7 ((a, h))*) !/
< E~"7((a, )x(log x) APEN/242, (6-4)

where the implicit constants depend at most on A, E and D.
Next, we set
__2(t+1)|AD'?)

E — |ADY?| fore=0,...,L.
L+1
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Obviously, all these numbers are bounded by |8;| < AD'/?, and are rational numbers with denominators
not larger than L + 1. Furthermore, we have the bound

1/2

A
|Be, — Be,| = 5L

10, — €5]  for £, £ £5.

For any tuple £ = ({4, ..., £yp)) €10, ..., L}¥P) denote B, = (Beys -+ Beypy)- The value f’oo(ﬁg) can
be interpreted as an instance of the sum X ];(I ; a, h; R) for an appropriate function f € Fp(AD, L +1),

Poo(Be) = T ;(I5 a, s R).

Hence, by Proposition 6.1 and the estimate in (6-4) we can deduce

4 L 1
PL(Be) <a.p T((a, h))x(logx)APP) /“B( i ﬁ)’ (6-5)

uniformly for 1 <a, |h|, R < x4,

By Lagrange interpolation, we bring Py () into the following shape,

(D)
Py= ) P |] ] ﬁ —
€{0,...,L}#D) j= 10<71%<L ¢
l

which is allowed since the Vandermonde determinant associated to (8,;) does not vanish. We can now
estimate Py (b) via the already known bound (6-5) for the expressions P (Be). Namely, we have

¢(D)
= Y ARGl ] T - w _ﬁ
0e{0,..., L}e(D) j= 102? tj T Pt

l

(D)

<<r((a,h))x(logx)“”ww(ﬁ+ﬁ)<4L>”’<’” > 1l 1_[

£e{0,...,.L}¢D) j=1 0<i<L
iAL;

J_’|

L 1 \ (8L)L¢D)
i3+ 51 )

(ADE)*/2+B
L 7((a, h))x(logx) <R1/2 (L1)#(D)

which after using Stirling’s approximation for the gamma function simplifies to

1

|Pr(b)| < T((a, h))x(log x)APE) /2+B (Rl/z

+ —) (4e)*Pt,

with the implicit constant depending at most on A, E and D.
After adding all the terms we had cut off earlier, we are finally led to

1 1
S a, b R) <a,p, T((a, h)x(log x)APE/2+8 ( R T —)(4 )Pr.
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With the choices
log R

——— 2>~ and E:=(4e)®?,
12D log(4e)

and after reinterpreting the constant B, we get

x(logx)® 5

By(ia,h; R) ap (@ )= x— forl<a,|hl R <2’

which is exactly the statement we wanted to prove.

7. Proof of Theorem 1.2 using Linnik’s identity

We now sketch how Theorem 1.2 can alternatively be proven using Theorem 3.3. The details of the
computations being very similar, we will restrict to discussing the main differences in the arguments.

As mentioned above, it is enough to consider the case f € F},(A), or in other words we can assume
that f = rb %ok r,fTT, where xi, ..., xr are distinct Dirichlet characters mod D, and where by, ..., by
are complex numbers whose moduli are bounded by A. The sum in consideration is then given by

Sria,h R =Y gl my)--- 7T (mp)Ay(amy - -mp; R).

my--—-mrel

Here we replace each rlfjj (m ) by its decomposition as given in Theorem 3.3 with K = 4, and after
expanding the resulting expression, we end up with a linear combination of sums of the form

Ei= E or(my)---ox(mp)p1(ny) -+ - pr(ng)Alamy - --myny - --nr; R),
m]...mkn]...nrel
Pt(ny-np)<x!/4

where each function o is some Dirichlet character mod D, where each function p; is equal to sz(/— , for
some j and ¢ € [0, 3], and where kK < 37. We consider each sum E separately.

To each factor p; in the sum E we apply Lemma 3.4 with y = x 1/% and w = x for some arbitrary, but
fixed n € (O, 3 4) By compacity, it follows that for each j =1, ..., T there exist arithmetic functions «;
and B;, such that the sum E can be written as

T T
Z l)+252)+5(3)

j=1 j=1

[I]

~(1
aﬁ-) = > (o1 %---xor)(m)pr(ny) - - - pr(n)Alamny - --nr; R),
mny---nrel
Pt(ny-np)<x'/4
ni,..nj_1<x",n; >xl/n

Elpk Il n_,-,pk>xl/4
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—~(2
DE') = Z (01*---*Uk)(m)( 1_[ ,Ok(nk))aj(n/j)ﬁj(n/j/)A(amnl .o.np: R),
mnl"'njln/jn/]{nj+1"'n]‘€1 I%I;E_T
P+(”ll"'”jln;nynj+1"'nT)§x]/4 J
Nlyeens nj_1§x’/,x'7<n;§x1/4+rl
—~@3) . .
203 .— Z (o1 %---x0r)(m)pi(ny) - - pr(ny)A(amny - --nr; R).
mny---nrel
ny,....ny <x"

The sums E;l) can be bound trivially. Indeed, we note that if a prime power p* > y divides n, then

since P+(nj) < y we must have £k > 2. Hence

al

1
W < > Ta+6yr (M| Aan; R))|

nel
Apk | n:pk>xl/4, k=2

1/2 1/2
<e (ZIA(an; R)|2) ( > 1)

nel
Elpk |n:pk>x1/4, k>2

Lar x'V¢((a, h)),

which is an acceptable error term.

Concerning the sums E;z), we can bound them following the arguments of Case III, Section 5D, since
we have a variable localized in [x", x!/41"], and since zlt +1n< % The remaining sum E®, which is
analogous to (5-6), can be estimated for all sufficiently small > 0 by the arguments of Sections 5B, 5C

and 5D, according to the size of the involved variables. As a result, we get for these sums the estimate

x(log x)©M

—=(2) =@3)

(

Together with the bound for E jl), this eventually proves Theorem 1.2.

8. Proof of Theorems 1.2, 1.3, 1.4 and 1.6

In this section we want to deduce Theorem 1.2 from Proposition 2.1, and afterwards apply this result to
the problems mentioned in the introduction. Before doing so, we first need to prove an auxiliary result,
which is concerned with bounds on average for functions in Fp(A) twisted by a Dirichlet character.

Lemma 8.1. Let f € Fp(A) and let B > 1. Then there exists a constant ¢ > 0, such that, for all Dirichlet
characters x mod q satisfying cond(x){D and q < (logx)®, we have

DX f () L xe Ve, (8-1)

n<x

Both the constant c and the implicit constant depend at most on A, B and D.
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Proof. Let F, (s) be the Dirichlet series associated to the function x (n) f (n). By Lemma 2.4 we know
that F, (s) can be written as

Fy(s)=Hy(s) [] LGs.x¥)? for Re(s) > 1,
¥ mod D

where H, (s) is a holomorphic function in fRe(s) > % + &, bounded in terms of A, D only.

Due to the assumption cond(x )1 D we know that none of the characters x v is principal, which means
that none of the L-functions L(s, xv) has a pole at s = 1. It follows from Siegel’s theorem that for
any § > 0 there exists a constant c(8) such that all L(s, xv) are zero-free in the region defined by the
condition Re(s) > 1 — y (IJm(s)), where

c(9) c(6) } (8-2)

log(¢D(|t|+2))" (¢ D)?
Using this zero-free region, the bound (8-1) follows using a standard contour integration argument; see
e.g., [Montgomery and Vaughan 2007, Section 11.3]. [

y(t) = min{

We now proceed to prove Theorem 1.2. We set R = (log x) where L > 1 is some constant which
depends only on A, B and D, and which we will determine at the very end. Note that in any case we can
assume x to be large enough so that D < R is satisfied.

We start by splitting the sum D¢ (x; a, h) into two parts as follows,

Dy(xia,h)=Dy(Vxia.h)+ Y fmrlan—h).
Jx<n<x
While the first sum can be estimated by trivial means, we can use Proposition 2.1 to evaluate the second
(after first dividing the range of summation into dyadic intervals). This eventually shows that there exists
an absolute constant § > 0, and a constant B depending only on A and D, such that, for all 1 <a, |h| < x4,
x(logx)8 )

Dy(x;a,h)=Ms(x;a, h) —|—(’)(t((a, )=

with
Mf(x; a,h):= Z f(n)t,(an; R).
|h|/a<n<x
It remains to evaluate this last sum.
After expanding 7, (an; R), it can be written as

y 1
Mf(x;a,h):2z T Z X((;fm) Z f(n)x((,j'f;))+0(x5+8).

qE\/aTCgD (h.q)/ x mod q/(h,q) q*/asn=x
cond x <R (an,q)=(h,q)

We now split the remaining sum into two parts, denoted by M}l)(x; a, h) and M}z) (x; a, h), depending
on whether cond(x) | D or not. A simple reordering of the sums shows that the first part is equal to
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M¢(x; a, h) as given in Theorem 1.2. The second part can be written as

2

MPaiam=2 Y Y R(E)()(Sra 1 — 51 (),

ti(a,h) ulh/t qg<.ax/(tu) (q) x mod g
(u,a/t)=1 cond x <R
cond(x){D

with Sy, (x, u) given by
Spx(e,u):= Y flun)x(n).

n<x/u

This last sum can be estimated via Lemma 8.1, namely we have

Sty(x,u)= Z fuu™)x (u*) Z Fn)x () + Oy
u | u> n<x/(uu*)
u*<x (n,u)=1
& xe V/logx Z TA(””*)+XI/2+8
Vs uu*
u*<./x

< L(u)x(log x)Ae—cVlogx

u

for some constant ¢ > 0 depending on A, D and L. Hence
M}z) (x;a, h) < t((a, h))Rx(log x)AT2e=V108% « 1 ((a, h))xe (/P10

Eventually, we get

B
Df(X; a,h)= Mf(x; a,h)+ O(‘L’((a, h))x((l(;i;;) + e—(c/Z)«/logx))’

and Theorem 1.2 follows with the choice L = 3N + 3B.

8A. Proof of Theorems 1.3, 1.4 and 1.6. The applications mentioned in the introduction are essentially
all immediate corollaries of Theorem 1.2, except for the fact that it remains to evaluate the main terms.
This is a rather tedious task, but can be done using standard techniques from analytic number theory, in
particular the Selberg—Delange method, which is for example described in detail in [Tenenbaum 1995,
Chapter IL.5]. In order to not further lengthen this article, we only want to indicate very briefly the main
steps of the procedure.

In the case of Theorem 1.3, the main term takes the form

1
M, (x:1.)=2Y —— > ),
q=vx w((h"”) q*<n=<x

(n,q)=(h,q)
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which after a few simple transformations can be written as

+OE*E), (8-3)

Z D(x;uq, uv) — D(uzqz; ug, uv)

Mo (x;1,hy= Y z(uv) D

ulhv|u> g=<J/x/u
v<4/x (q,vh/u)=1

where

D(y:r.t)y:= Y .(n).

n<y/t
(n,r)=1

This sum has been studied in detail in [Tenenbaum 1995, Chapter I1.5]. In particular, following the proof
of [loc. cit., Theorem I1.5.2], we see that there exist complex numbers w; (r, t) such that

L

Dy rpy = L3 1D o8y <<logr>L+1 g )
VT i 4T 0 (log )™ . Oogy)ite )

W) = Af(wffr) (s — 1)Z;(s)1) with Y2(r) = 1—[(1 _ L) ,

t ) §
plr

where

and where the differential operator A’ is defined as

a1
ST 0 9st

s=1

By Leibniz’s rule and the Taylor expansion of (s — 1)¢(s) at 1, it remains to evaluate the sums

3 ASyi(uq) ALy (ug) ¢*(2log(uq))*
®(q) and Z ¢(g) (2logug))~1

q=<+/x/u q<J/x/u
(g,vh/u)=1 (q,vh/u)=1

For the first sum this is a standard exercise in using counter integration, the result being

0.7 z vhY w/2
3 Aszps(uq)=AfReS(C§,wlﬁs(u)Pw(u)x ;(w+1))+0( 1 )

qfﬁ/u ¢(q> w=0 Vsz,w(h) u% w x2/3—8
(g,vh/u)=1
with
1 vi(p)—1
Cs = (1 + + = :
S, W 1;[ (p_l)pw—l—l (p—l)pw
and

. _ p(i(p) —1) - p
ys,w(n) L n(l + pw+2 _ pw—l-l + 1) and IOLU(n) S l_[(l - pw+2 _ pw—H + 1>

pln pln

An asymptotic formula for the second sum now follows via partial summation. After putting the resulting
formulae back in (8-3) and completing the sum over v, this eventually leads to the main term described in
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Theorem 1.3. In particular, the first coefficient is given by

1 1—1/p)*1-1
)»h,O(Z)=m l_[ (l-l-( /D) )

(poh)=1 p
1 1 z+1 £—1 f— i j 1 z—1 ya
-ﬂ<1——+(1——) Z( ])?Z(p)jt(l——) %) (8-4)
Sl p p o p’ p p

For Corollary 1.5, we have from [Narkiewicz 2004, Proposition 8.4, Theorem 8.6] that the characteristic
function n +— bk (n) of the set N is multiplicative with b(p) = 1 if and only if ZXGX(K) x(p) >0,
where X (K) is a subgroup of the Dirichlet characters modulo the discriminant D = Disc(K) and p{D.
The subgroup of residue classes a mod D such that > wex(k) X (a) >0, corresponding to the subgroup H
in [Narkiewicz 2004, Theorem 8.2], has density 1/[K : Q] inside (Z/DZ)*. Thus we have a factorization

32K _ iy

ns

n>1

where H is holomorphic and bounded in the strip PRe(s) > % The rest of the argument the follows the
path described above. We leave the details to the reader.
In the case K = Q(7), the first coefficient is given by ;.0 = BoB(h), where

1 I 1\ ?
By:= — (1 — —2) , (8-5)
ﬁ p=3 mod 4 p
and ,
xa(h™) 1 (=1) 1
B(h):=(1—|— - ) 1 (1— +— ) |1 (1+—2),
p=3 mod 4

with h° := (h,2%°), h* = hﬁ and x4 the nonprincipal character mod 4.
Finally, the proof of Theorem 1.6 rests upon the fact that
k

10 . "
E T(n—h) = Ea_zkEXh(O) with E, ,(z) 1= E W (n —h).
lh|<n<x lh|<n<x

w(n)=k

Since the function 7 — z™ is an element of F;(A) for |z| < A, Theorem 1.2 can again be applied in

this case. After evaluating the arising main term in the same manner as described above, we see that there
exist functions yj, ¢(z), which are holomorphic in a neighborhood of z, such that

L

Yh,e(2) x(logx)™®@

i) = x(logx)* Y o 22 ),
(@) =x(logx) e (logX)£+ ((logx)LH_E

At this point Theorem 1.6 essentially follows by taking derivatives with respect to z on both sides. The
procedure is however not completely straightforward, since we also need to have control over the error
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term on the right hand side. In our case we can simply cite [Tenenbaum 1995, Theorem I1.6.3], where a
result of this type is proven in very large generality.
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ONE-LEVEL DENSITY ESTIMATES FOR DIRICHLET L-FUNCTIONS
WITH EXTENDED SUPPORT

SARY DRAPPEAU, KYLE PRATT, AND MAKSYM RADZIWILL

ABSTRACT. We estimate the 1-level density of low-lying zeros of L(s,x) with x ranging
over primitive Dirichlet characters of conductor € [Q/ 2,Q] and for test functions whose
Fourier transform is supported in (-2 — 1093,2 + 1093) Previously any extension of the
support past the range (—2,2) was only known conditionally on deep conjectures about
the distribution of primes in arithmetic progressions, beyond the reach of the Generalized
Riemann Hypothesis (e.g Montgomery’s conjecture). Our work provides the first example of
a family of L-functions in which the support is unconditionally extended past the “diagonal
range” that follows from a straightforward application of the underlying trace formula (in
this case orthogonality of characters). We also highlight consequences for non-vanishing of

L(s, x)-

1. INTRODUCTION

Motivated by the problem of establishing the non-existence of Siegel zeros (see [CI02] for
details), Montgomery [Mon73] investigated in 1972 the vertical distribution of the zeros of the
Riemann zeta-function. He showed that under the assumption of the Riemann Hypothesis,
for any smooth function f with supp f C (

SRS ID MG e / ) (3 +1- (S55%)

T<~v,y'<2T

where N(T') denotes the number of zeros of the Riemann zeta-function up to height 7" and
v,v" are ordinates of the zeros of the Riemann zeta-function, and J(u) is a Dirac mass at 0.
Dyson famously observed that the right-hand side coincides with the pair correlation function
of eigenvalues of a random Hermitian matrix.

Dyson’s observation leads one to conjecture that the spacings between the zeros of the
Riemann zeta-function are distributed in the same way as spacings between eigenvalues of a
large random Hermitian matrix. Subsequent work of Rudnick-Sarnak [RS94] provided strong
evidence towards this conjecture by computing (under increasingly restrictive conditions) the
n-correlations of the zeros of any given automorphic L-function. Importantly the work of
Rudnick-Sarnak suggested that the distribution of the zeros of an automorphic L-function
is universal and independent of the distribution of its coefficients [RS96].

For number theoretic applications, the distribution of the so-called “low-lying zeros”, that
is zeros close to the central point is particularly interesting (see e.g [HB04, You06] for various
applications; see also [GS18] and [Wat21], for instance, for results in a different direction).
Following the work of Katz-Sarnak [KS99] and Iwaniec-Luo-Sarnak [ILS00], we believe that
the distribution of these low-lying zeros is also universal and predicted by only a few random
matrix ensembles (which are either symplectic, orthogonal or unitary).

Date: January 20, 2022.
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2 SARY DRAPPEAU, KYLE PRATT, AND MAKSYM RADZIWILL

Specifically the work of Katz-Sarnak suggests that for any smooth function ¢ and any
natural “family” of automorphic objects F,

1 log ¢,
) o o5 ) [ oKz,

where 7, are ordinates of the zeros of the L-function attached to m, ¢, is the analytic con-
ductor of m and Kz (z) is a function depending only on the “symmetry type” of . One may
wish to consult [ILS00] and [SST16] for a more detailed discussion.

There is a vast literature providing evidence for (2) (see [MMR™16]). Similarly to Mont-
gomery’s result (1) all of the results in the literature place a restriction on the support of
the Fourier transform of ¢. This restriction arises from the limitations of the relevant trace
formula (in some families it is not always readily apparent what this relevant trace formula
is). In practice an application of the trace formula gives rise to so-called “diagonal” and
“off-diagonal” terms. Trivially bounding the off-diagonal terms corresponds to what we call
a “straightforward” application of the trace formula.

A central yet extremely difficult problem is to extend the support of Zs beyond what a
“straightforzvard” application of the trace formula gives. In fact most works in which the

support of ¢ has been extended further rely on the assumption of various deep hypotheses
about primes that sometimes lie beyond the reach of the Generalized Riemann Hypothesis
(GRH).

For example, Iwaniec-Luo-Sarnak show that in the case of holomorhic forms of even weight
< K one obtains unconditionally a result for &5 supported in (—1,1) and that under the
assumption of the Generalized Riemann Hypothesis this can be enlarged to (—2,2) (it is
observed in [DFS] that assuming GRH only for Dirichlet L-functions is sufficient). Iwaniec-

Luo-Sarnak also show that this range can be pushed further to supp gg C (—22/9,22/9)
under the additional assumption that, for any ¢ > 1, (a,¢) =1 and € > 0,

Z e(2y/p/c) <. x/*FE.
p<z
p=a (mod c)
A similar behaviour is observed on low-lying zeros of dihedral L-functions associated to an
imaginary quadratic field [FI03], where an extension of the support is shown to be equivalent
to an asymptotic formula on primes with a certain splitting behaviour.

Assuming GRH, Brumer [Bru92| studied the one-level density of the family of elliptic
curves and proved a result for test functions supported in (—5/9,5/9); this corresponds to the
“diagonal” range for this family. Heath-Brown [HB04] improved this range to (—2/3,2/3),
and Young [You06] pushed the support to (—7/9,7/9). One-level density estimates for this
family have deep implications for average ranks of elliptic curves. In particular, the work of
Young was the first to show that, under some reasonable conjectures, a positive proportion
of elliptic curves have rank 0 or 1 and thus satisfy the rank part of the Birch and Swinnerton-
Dyer conjecture!.

As another example, it follows for instance from minor modifications of [HR03, CLLR14]
that in the family of primitive Dirichlet characters of modulus < () one can estimate 1-level

1A stronger conclusion was later reached unconditionally by Bhargava and Shankar [BS15] through other
methods.
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densities unconditionally for ¢ with $ supported in (—2,2).2 As a by-product of work of
Fiorilli-Miller [FM15, Theorem 2.8, it follows that for any ¢ € (0,2), this support can be
enlarged to (—2 — 9,2 + ¢) under the following “de-averaging hypothesis”

(3) Z ‘ Z logp—% < Q2 Z Z‘ Z logp—iQ.

Q/2<q<Q p<z Q/2<q<Q (a,q)= p<z v(q)
p=1 (mod q) p=a (mod q)

In this paper we give a first example of a family of L-functions in which we can uncondi-
tionally enlarge the support past the “diagonal” range that follows from a straightforward
application of the trace formula (in this case orthogonality of characters).

Theorem 1. Let ® be a smooth functz’on compactly supported in [1/2,3], and ¢ be a smooth

function such that supp gg C(-2— m, 2+ 1093) Then, as QQ — oo,
q log @ - q
(4) ;@(é) > Yo(Gm) =d0 X e(F) X 1@,
%orimiaive) ™ ! Xprimiive.

Here % + 1y, correspond to non-trivial zeros of L(s,x) and since we do not assume the
Generalized Riemann Hypothesis we allow the v, to be complex.

Remark. In stating the theorem we have, for technical simplicity, made a suitable approx-
imation to the conductor ¢, appearing in (2).

Note that ¢, initially defined on R, is analytically contlnued to C by compactness of supp <;5
Our arguments can be adapted to show that if supp gb C (—2-— 1093 +e,2+ m — ¢) for
some ¢ > 0, then the error term in (4) is O(Q*7%) with § = (), up to altering slightly the
main terms: after applying the explicit formula as in section 2.2, include the terms of order
= 0%/ log @ into the main term instead of treating them as error terms.

We remark that we make no progress on the “de-averaging hypothesis” (3) of Fiorilli-Miller,
which remains a difficult open problem. We estimate the original sum over primes in arith-
metic progressions, on average over moduli, by a variant of an argument of Fouvry [Fou85]
and Bombieri-Friedlander-Iwaniec [BFI86] which is based on Linnik’s dispersion method.
The GRH will be dispensed with by working throughout, as in [Dral5], with characters of
large conductors.

The asymptotic formula (4) is expected to hold true without the extra averaging over g.
This extra averaging over ¢, and the cancellation of arguments which comes along, play an
important role in our arguments.

If the GRH is true for Dirichlet L-functions, then let any 0 < k < 1(5)83 be fixed, and
let A > 1 be small enough that & :=2(A—1) 4+ s € (0

sin (2 + /@)x>2

as well. Defining
To) =
¢(z) ( T2+ Kz

where u is a smooth, positive approximation of unity such that ¢(0) > A\~'¢(0) = 1, and
using the inequality
log @
1= 00( 5 n) <1260 £0),
; o= (3:%) #

2This is in fact the GL(1) analogue of the result of Iwaniec-Luo-Sarnak for holomorphic forms.

» T093)

¢:q§*u
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we deduce from Theorem 1 that the proportion of non-vanishing L( %, X) with x ranging over
primitive characters of conductor in [Q/2,Q] is at least 1 — A2+ #')"' =1 — (2+ k)~ for

any Kk < %. We record this consequence in the Corollary below.

Corollary 2. Let ¢ € (0,1077). Assume the Generalized Riemann Hypothesis for Dirichlet
L-functions. Then for all Q) large enough, the proportion of primitive characters x with

modulus € [Q/2,Q)] for which

is at least
L + 25 > (0.51118
9 o3 C 7 U

Corollary 2 is related to a recent result of Pratt [Pral9] who showed unconditionally that
the proportion of non-vanishing in this family is at least 0.50073. We note that both the
arguments of [Pral9] and those presented here eventually rely on bounds of Deshouillers-
Iwaniec [DI82] on cancellation in sums of Kloosterman sums.

Notations. We call a map f : R, — C a test function if f is smooth and supported
inside [, 3].
Forwe N, neZand R > 1, we let

1

uR(nyw> =1,z (mod w) — T 7 Z X(TL)
p(w)
X (mod w)
cond(x)<R
Note the trivial bound
(5) ur(n, w)| < 1 EUC)
R\t n=1 (mod w .
(o) T o (w)

The symbol n ~ N in a summation means n € [N,2N)NZ. We say that a sequence (o, ),
is supported at scale N if o, = 0 unless n ~ V.

The letter € will denote an arbitrarilly small number, whose value may differ at each
occurrence. The implied constants will be allowed to depend on €.

Acknowledgments. Part of this work was conducted while the second author was sup-
ported by the National Science Foundation Graduate Research Program under grant number
DGE-1144245. The third author acknowledges the support of a Sloan fellowship and NSF
grant DMS-1902063.

2. PROOF OoF THEOREM 1

2.1. Lemmas on primes in arithmetic progressions. We will require two results about
primes in arithmetic progressions. The first is a standard estimate, obtained from an appli-
cation of the large sieve.

Lemma 3. Let A >0, X,Q,R > 2 satisfy 1 < R < Q and X > Q*/(logQ)*, and f be a
test function with || f9||. <; 1. Then

(6) q;) %f(})/\(”)uz%(m q)| < Q(log Q)O“)x/YQ b e

The implied constant depends at most on A and the implied constants in the hypothesis.

\/Y X3/8>.
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Proof. By Heath-Brown’s combinatorial formula for primes [IK04, Proposition 13.3] (with K =
2), we restrict to proving the bound with A(n) replaced by convolutions of type I and II, of

the shape
ZZam (M < X%,

n=m/t
m~M

DD e (X< M <X,

n=mt
m~ M

where |a,,| < (log X)74(m) and the analogous bound holds for By; here we noted that
if m; < ms < VX and myms > X4, then either X4 < mymy < X34 or XV4 < my <
X2 We treat the type I case by the Polyi-Vinogradov inequality [IK04, Theorem 12.5],
getting a bound O(M R*?(log Q)°1)). We treat the type II case by the large sieve [IK04,
Theorem 17.4], getting a contribution O(vX (log @)°W(Q +vVM ++/X/M ++vXR™")). O

The second estimate is substantially deeper and we defer its proof to Section 4.

Proposition 4. Let v € (0,1005) and € > 0. Let ¥ and [ be test functions, A > 0,

X, Q,W,R>1, and b € N. Assume that

2
(IOSQ)A < X< Q2+H; X11/20Q—1 <R< Q2/3X_2/9,

b<QF QI < W < Q,

and that ||fD]|w, [V || < 1. Then, if € > 0 is small enough in terms of k, we have

S w (%) 3 A(n)f(%)uR(n, bw) < QU VX

weN

The implied constant depends at most on k, A, and the implied constants in the hypotheses.

Proof. See Section 4. O

2.2. Explicit formula. We let x € (0, %) be such that supp(zAﬁ C(—=2—K,2+K).

We rewrite the left-hand side of (4) by applying the explicit formula, e.g. [Sic98, The-
orem 2.2], where the quantity ®(p) there (not to be confused with our test function) is
replaced by ¢(p_1/2 log @), so that F(z) = 1@‘/5(@)' For ¢ > 1 and x (mod ¢) primitive,

27 log
we obtain

> ()

(heo.)
Re(p)€(0,1
(7) L(p,x)=0

1 ~ logq 1 _, W A(n)~/logn
= o(@) I R ere ;(X(n) + x<n>>W¢(@),

since the terms I, J appearing in [Sic98, Theorem 2.2] satisfy |I(3,b)|+|J(3,b)| < (log@)~"
for b € {0, 1} by reasoning similarly as in [Sic98, Lemma 3.1]. Let ¥(z) = ®(z)z. Summing
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(7) over x and g we see that to conclude it remains to show that

®  sQ=X () > bng;(x(n)w(n))iﬁa(fjgg)=o<@>.

geN x(a)
primitive

We will in fact obtain the following slightly stronger result.

Proposition 5. Let k € (0
of k, we have

For all Q large enough and € > 0 small enough in terms

56(Q) = 0(10(;2@)-

The implied constant depends on ¢ and € at most.

) 1093)

We break down the proof of Proposition 5 into the following three sections.

2.3. Orthogonality and partition of unity. Applying character orthogonality for prim-
itive characters (see the third display in the proof of Lemma 4.1 of [BM11]), we get

0 s nTe(E) s ()

n=1 (mod w

Let V' be any test function generating the partition of unity
x
>v(z) -t
JEL
for all x > 0. Inserting this in (9), we obtain

Q=g L IXe(F)N S () (eg):

n=1 (mod w)

1/2<X: 2] <2Q2+”

Set fi(z) = a2V (x )qﬁ(log 2]””)) for 1 <27 < 2Q**. Differentiating the product, we have
that for all k£ > 0, there exists Cy; > 0 such that Hf](k)HOO < Oy for all j. We deduce

Ss(@Q) < sup X VZsup|T(Q, X)),
/

KX KQ2tn
where f varies among test functions subject to || f®| . < Cyx, and
vw' p(v) e(w) n
X) = g (20 AP Aln f(—).
CERe(G) X o
We handle the very small values of X by the trivial bound
n Xlog@
>oAmf(y) <lgQ Y 1< ,

n=1 (mod w) X/2<n<3X
n#1l,n=1 (mod w)

which implies

T(Q,X) < XlogQZZl < X(log Q)2

vw=Q
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It will therefore suffice to show that for
Q%/(logQ)° < X < Q"

we have

VXQ
log@ "

2.4. Substracting the main term. We insert the coprimality condition (n,v) = 1. Since

SE(5)4H0 5 wn(

n=1 (mod w)

TR X) <

(n,v)>1
<y ot Y (logp) Y1
v Q plv w|pk—1
1<k<log X
< Q1+57

we obtain
0 =X v () A5 a(f) 0@
1 (mod w)
(nw)=1

Let 1 < R < /2 so that R < vw for any v, w appearing in the sum. We replace the
condition n = 1 (mod w) by ugr(n,w). The difference is

>ty (%) S S A () Y ue) =0
q T;éﬁ)&)ﬂlﬁ)R (n,g)=1 vlg/r

rlq

since r < ¢ by our choice of R, so that
Z ()£ (55 ) un(n.w) + O(Q'*).

0-LXe(F) A T

We next remove the coprimality condition on n, using the trivial bound (5). For the first
term 1,=1 (mod w) iN ug(n,w), this was already justified above. For the second term, we get

< RQ™ 1+€ZZZlogp < RQ-.

WAQ plv

Since R < @), both error terms are acceptable. We get
T(Q,X)=T(Q, X, R)+ 0(Q""),

T(Q, X, R) ZZ\D (“w> —)TM)A(w),
(10) ZA ( )uR(n w).

where
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We are required to show that

vVXQ

11 TQ,X,R .

(1) (QX.R) < 12
2.5. Reduction to the critical range. We now impose the additional conditions
(12) Q"/* < R < QV?, K< 2/3.

Observe that this k is the same as that appearing in the statement of Proposition 4. The
condition k < 2 5 1s convenient for applymg (6) below, but is rather loose since & is ultimately

required to be much smaller than 2 3

Let B € [1,Q"?] be a parameter. In T(Q, X, R), we write % = b @ and exchange
summation, so that

CELEDWDNTC IECE

< (log B)? bsﬂtz% ‘ Z <b22w>A(bw)‘ + By + B,

where E; (resp. Fy) corresponds to the sum over b, v restricted to b > B (resp. v > B). We
recall that supp ¥ C [%, 3] by hypothesis. On the one hand, we have

bw<3Q
b>B

< QB |A(g)
q<3Q

< Q2VXB,
using (6) along with our hypotheses (12). On the other hand, we have

B« 303 1 1AGw)

bwgé%/B
< QY |A®g)
q<3Q/B
<QVX(QBT+Q™)
again by (12) and (6); we have used the bounds Q@ '**VXR™! < Q¢ and QX% «

@Q~¢, which follow from Q*/?>*¢ < R and k < 2 /3 respectively upon reinterpreting .
Grouping the above, it will suffice to show that

3 ‘lf(b%U)A(bw) < QX

uniformly for b,v < @ and test functions ¥ and f. Assume now x € (0, %). Then the

conditions on R in (12) and in Proposition 4 overlap, so that we may apply Proposition 4
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with W =
Proposition

%. This gives the above bound, and completes the proof of (11), hence of
5.

3. EXPONENTIAL SUMS ESTIMATES

In this section, we work out the modifications to be made to the arguments underly-
ing [DI82] in order to exploit current knowledge on the spectral gap of the Laplacian on
congruence surfaces [KS03]. We will follow the setting in Theorem 2.1 of [Dral7], since we
will need to keep track of the uniformity in go. We also take the opportunity to implement
the correction recently described in [BFI].

Let & > 0 be a bound towards the Petersson-Ramanujan conjecture, in the sense of [Dral7,
eq. (4.6)]. Selberg’s 3/16 theorem corresponds to § < 1/4, and the Kim-Sarnak bound [KS03]
asserts that 6 < 7/64.

Proposition 6. Let the notations and hypotheses be as in [Dral7, Theorem 2.1]. Then

rd
; ; ; Z ;bnmsg(c, d,n,r,s)e (n;)

c=cp and d=dp (mod q)
(grd,sc)=1

ey (CDNRS)TOCIPEK(C, D, N, R, S)||ba s 2,
where ||by,rsll3 = >, |bnrs|®, and here
(13) K(C,D,N,R,S)* = qCS(RS + N)(C + RD)+ C*""DS((RS + N)R)'"* + D®NR.

Remark 7. The bound of Proposition 6 is monotonically stronger as # decreases, since the
first term is larger than CDS(RS + N)R. Under the Petersson-Ramanujam conjecture for
Maass forms, which predicts that = 0 is admissible, the second term in (13) is smaller than
the first.

Proof. The proof of the proposition, as with all results of this type, relies on the Kuznetsov
formula and large sieve inequalities for coefficients of automorphic forms. The application
of the Kuznetsov formula requires one to understand the contribution of holomorphic forms,
Eisenstein series, and Maass forms (whether the holomorphic forms appear depends on the
sign of the variables inside the Kloosterman sum). We divide these forms into the exceptional
spectrum and the regular spectrum. The exceptional spectrum consists of those (conjecturally
non-existent) Maass forms whose eigenvalues t; = % + ity have t; € ¢R. By the definition of
 above we have that |t;| < @ for all f in the exceptional spectrum. The regular spectrum
consists of everything that is not exceptional. The contribution of the regular spectrum is
handled as in [Dral7], and does not require any modification here. We improve upon the
analysis of [Dral7] in handling the exceptional spectrum by keeping track of the dependence
on @ (see the remark made in [Dral7, p. 703]). The statements of [Dral7] which are affected
are Lemma 4.10, Proposition 4.12, Proposition 4.13 and the proof of Theorem 2.1. The
treatment of the exceptional spectrum rests upon a weighted large sieve inequality. These
weighted large sieve inequalities are proved, following [DI82], by an iterative procedure.
With the notations of [Dral7], the changes to be made are as follows :

?
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— Lemma 4.10 bounds sums of the form

Z Z y2lty]

q9<Q feB(q,x)
Qlg  treiR

2

9

> n'prac(n)

N<n<2N

and serves to control the first step of the recursion. The bound

Z Z y2ltsl Z n1/2pfoo(n)

q<Q feB(q,x) N<n<2N
qolg treiR

2
< (QN)*(Qgy' + N + (NY)/*)N

may be replaced by the bound
< (QN)(Qqy' + N+ (NY)?Q'™)N.

This does not require any change in the recursion argument, but merely to use the
bound |t;| < 6 in the very last step, page 278 of [DI82], whereby /Y/Y; is replaced
by (Y/Y1)?.

— In Proposition 4.12 one bounds sums of the form

1 47/
Z ambn,r,s Z E¢( T mn) Soo,l/s(m, :I:n,c)

C
s oo

in terms of quantities Lyeg and Lexc. In place of

N 1+ X1/ MN \'* VRS
Lexc = (1 + \/_> \/ ( ) \/MHbN,R,SHQ

RS RS RS +N 1+X

we claim the improved

Lexe = q‘)%%(l * \/%> (1 +R)§1>29<Rg4ivN>91 ff( VM bl

To obtain this bound one uses the new bound for Lemma 4.10 and follows the argu-
ments of [DI82, section 9.1].
— In Proposition 4.13, one bounds

Z by.rsx(c)g(c,m,n,r, s)e(mt)S(nr, £mg; sc)

c,m,n,r,s
(se;ra)=1

in terms of quantities K,z and Kex.. The term

K2, =C35%/R(N + RS)

exc

can be replaced by
K?_ = C*™MS%*R(N + RS))"%.

exc

This is seen by using the new definition on Ly in Proposition 4.12, and by keeping
track of a factor ¢~1*2% coming from the term (1 + X~1)% /(1 + X).
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— Finally, we modify the proof of Theorem 2.1 at two places. First, the bound for Ay
on page 706, as explained in [BFI], is wrong unless further hypotheses on (b, s) are
imposed. The correct bound in general is

Ay < ¢ *(log S)>’D(NR)?||by g 5|2,

and this yields the term D?NR instead of D2)NRS™!. Secondly, our new bound
for Ky in Proposition 4.13 gives a contribution C***S2(R(RS + N))'=% instead
of C*5%y/R(RS + N) in the definition of L2 . and L*(M;)? on p.707 of [Dral7]. This

yields a term C**DS((N + RS)R)'~? instead of C2DS+/(N + RS)R in eq. (4.39)

of [Dral7], and by following the rest of the arguments we deduce our claimed bound.
O

4. PRIMES IN ARITHMETIC PROGRESSIONS: PROOF OF PROPOSITION 4

The proof of Theorem 1 relies on Proposition 4 which for the convenience of the reader
we recall below.

Proposition. Let k € (0, %83) ande > 0. Let W, f be test functions, A >0, X,Q,W,R > 1,

and b € N. Assume that

2
(1022 g <X <@, XURQT < R< QPPN

b<@Q QUKW <Q,
and that || fD]w, [WY) || < 1. Then, if € > 0 is small enough in terms of k, we have

S (%) S An) f(%)uR(n, bw) < Q'VX.

weN

The implied constant depends at most on Kk, A, and the implied constants in the hypotheses.

Remark 8. What is crucial in our statement is the size of the upper bound, which should
be negligible with respect to @v/X. On the other hand, we are only interested in values
of X larger than Q?. This is in contrast with most works on primes in arithmetic progres-
sions [FI83, BFI86, Zhal4], where the main challenge is to work with values of X much
smaller than 2, while only aiming at an error term which is negligible with respect to X.
The main point is that in both cases, the large sieve yields an error term which is always
too large (see [IK04, Theorem 17.4]), an obstacle which the dispersion method is designed
to handle.

In what follows, we will systematically write
X = Q2+w
so that —o(1) < w < Kk +0(1) as Q — 0.

4.1. Combinatorial identity. We perform a combinatorial decomposition of the von Man-
goldt function into sums of different shapes: Type d; sums have a long smooth variable, Type
ds sums have two long smooth variables, and Type II sums have two rough variables that are
neither too small nor too large. We accomplish this decomposition with the Heath-Brown
identity and the following combinatorial lemma.
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Lemma 9. Let {t;}1<j<; € R be non-negative real numbers such that 3 ;t; = 1. Let

A, 0,0 > 0 be real numbers such that
1

Then at least one of the following must occur:
— (Type dy) There exists t; with t; > %+ \.
— (Type ds) There ezist i, j, k such that % — 0 <ttty < %+ A, and

Z t; <o.
t;g{ti,t]‘7tk}
— (Type I1I) There exists S C {1,...,J} such that
c<> t; <14
jes
Proof. Assume that the Type d; case and the Type II case both fail. Then for every j we
have t; < 3 + A, and for every subset S of {1,...,.J} we either have

Zt] <o
or

tz>1—5.
ZJ 3

jes
Let si,..., sk denote those t; with % —0<t; < % + A. We will show that K = 3. Let ¢} be
any other ¢;, so that tj < % — 0, and therefore t; <o. We claim that

Zt; < o.
J

If not, then ) ;> % — 0. By a greedy algorithm we can find some subcollection S* of the

¢ such that
o< Z t; < 20.
jes*
Since 20 < % — 0 this subcollection satisfies the Type II condition, in contradiction to our

assumption.
Now we show that K = 3. Observe that K > 3, since if K < 2 we have

K
1= t;=> s+ t<2(3+\) +o<1.
J i=1 J

Furthermore, we must have K < 3, since if K > 4 we have

K
1Zt32251>4(%_5)>1
j i=1

This completes the proof. O
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Using e.g. Heath-Brown’s combinatorial identity [HB82|, we deduce the following.

Corollary 10. Let f be a test function, u : N — C be any map, and X > 1. Then there
ezists a sequence (C;);j>o0 of positive numbers, depending only on f, such that we have

DA f (g )ucr

neN

(14) < (log X)¥(Ty + Ty + Ty),

where

(15) Ty = sup sup ZZ ( >6mu (mn)|,

N>X1/3+X geG
MN=x Bes| <N,

(16 = sup ) 3D ) I CHIA Co ERICEIAIE

X1/3-8 « Ny <Ny X 1/3+2 9179269 N
MN No<X pes Y

(17) Ty = sup sup ZZamﬁn u(mn)|,

X< NgX1/3-6 a,BeS o N
MN<X .M

where the implied constants are absolute, G is the set of test functions g satisfying || gV s <
C; and S is the set of sequences (3,) satisfying |8,| < d(n)®.

Proof. By the Heath-Brown identity [IK04, Proposition 13.3|, there exists bounded coeffi-
cients (cy)1<y<4 such that

An)=>"c; Y log(ny) [ uimy)

J=1 M,y Myg J
N1,.05M
n=mi..mjni...njy

m;<(3X)1/4
for any n involved in the left-hand side of (14). Let 9 be a test function inducing a partition
of unity in the sense that >, , ¢(55) =1 for all z > 0. Then we have

ZA(n)f(%)u(n):icJ Z S(My,...,M;,Ny,...,Ny),

J=1  (M,...,Mj,N1,...Nj)EU;

S(My,...,Njy= 3 log(m (Hw(nj))(ﬂu m,) ( ))f(%)u(ml...nj),
mi,...,ngEN
where Uj is the set of 2J-tuples of powers of 2 such that X/6 < M;...M;N;...N;
6X, and j.(m) = p(m) if m < (3X)Y* and 0 otherwise. We abbreviated m; ...n;
my...myny...ny. The set Uy has at most O((log X)?/~!) elements. By Lemma 9, for
cach choice of J and (M, ..., N;) € U; we have either N > 1 X/3™ for some N € {N;},
or %Xl/?’_‘s < N/, N" < 6X/3+ for some N', N” € {N;}, or %X" < N < 6XY379 for some
subproduct N of N; and M; (here we used that for X large enough, we have (3X)Y* <

I IA
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LX1/379). Sorting the sum over J and (Mji,...,N,) according to this trichotomy, and
writing log(ny) = log Ny + log(ni/Ny), the above is bounded in absolute values by

< (log X)¥(Ty + T3 + Tyy),

n mn
Ty = sup sup | > g(y)ﬁmﬂmﬁ(mn) ,
X/6<MN<6X ge{y,blog} | £ 2
%X1/3+/\§N BGS me~M
[r|<8
1 %) ninsmm
= " ol 2 0(5)e(5) 0 (g ) ummem)|
X/6<NIN2M<6X  grge{vplog) |, 1 2 V2
éX1/3*5§Nl,N2§6X1/3+’\ BES e M
Ir|<8
mn
T = sup sup a3 f(—)u(mn) )
X/6<NM<6X a,B€S MZ% N r MN
EXTSN<6X1/3-9 n~N
[r|<8

Here the conditions m ~ M and n ~ N in the sums were added by an additional bounded
dichotomy (which is the reason for the presence of the sup over r). Finally, letting f be
the Mellin transform of f, we have by Mellin inversion f(z) = % ffooo fit)z~" dt, and the

map t — f(it) is of Schwartz class on R. In particular, for M, N,r, g, 5 as in T} we have

n mn n
2 o) ()| < s | 30 () Smantonn)
where g,(z) = (14t)f(it)z~"g(z) (the factor 1 +t? being included so that we could write a
supremum) and f3,,; = m~"f,, € S. We note that g, is a test function satisfying ||g§j) oo <
C; where Cj := SUpg<y, pmejia [ F(it)]|sc]|2749™ (2) | can be bounded in terms of f only.
This yields the contribution of 7T} in our claim. The contributions of T and Ty; are obtained
in the same way. 0

< sup
teR

In what follows, we successively consider 17, T, and Ty;, which we specialize at
w
= y (—) bw),
u(n) Z W ug(n, bw)
weN
and we will denote
R=X".

4.2. Type d; sums. We suppose M and N are given as in (15). The quantity we wish to
bound is

naem =) oal X ()

v (mbw)=1 mn=1(mod buw)
= xm Y x(x))
S m ngl—1)).
o(bw) X XINN
X (mod bw) (n,bw)=1

cond(x)<R
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By Poisson summation and the classical bound on Gauss sums [IK04, Lemma 3.2}, we have

S a3 -paon Y () ()o@,

n=m (mod bw) w 0<|h|<Wlte/N
1 c N Q5R1/2
—) = 3(0)1(y = 0] )
7 2 () = A0 =+ (%
Therefore,

N 1 w _(Nh mh 3/2 e
TN =53 () X A Y g(m)e(w) TOMETQ).
w (m,bw]%;l 0<|h|<W1te/N

Our goal is to get cancellation in the exponential phases by summing over the smooth variable
w. We apply the reciprocity formula

mh bwh h
mho_ bW hod 1
bw m + mbw (mod 1),

which implies

N 1 w Nh bwh
T(M,N)= ~5" v (—) . G2 ) e (2
M =X () X s X a(he) ()

w (m,bw)=1 0<|h|<W1lte /N
m~M

+ O(MR3/2Q6 + Ql—‘rt’:‘N—l).
We rearrange the sum as
N N\ W _ /rw bwh
— n gl— ) —V(—= — .
b 2 2 Zg(bw)w <W)€<m)

(m,b)=1 0<|h|<W1te /N (w,m)=1
m~M

By partial summation and a variant of the Weil bound [Dral5b, eq. (2.4)], the sum on w is
< ((hym)WM ™ + \/(h,m)VM)Q*.
Summing over h and m, we obtain a bound
Ty(M,N) < Q' + M32@Q° + MR**@Q".

This bound is acceptably small provided

N > <£>2/3+6 — Xé"'ﬁ_‘_%a,
Q
1/2 p3/2 i
N> X@lfie — X—m’imﬁ%pﬂiﬁ.
These inequalities are satisfied, for all sufficiently small £ > 0, under the assumptions
w 4+w
18 A> —mr, < —.
(18) 321w T o2+t o)

We have proved the following.
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Lemma 11. Under the notations and hypotheses of Corollary 10, and assuming (18), we
have
T, < Q' °VX.
The implied constant depends on A, p and w.
4.3. Type dy sums. The treatment of the type dy sums (16) is nearly identical to [BFI86,

Section 14]. For convenience, we rename (N7, No, M) into (M, N, L) so that we have M NL =<
X. We wish to bound

W(MN D)= 6 S v (%)( Z;MZ o (37) ()

{~L 4 1 ’
(w.6)= ¢mn=1 (mod bw)

- @ Z x(¢) ZZ g1 (%) go (%) x(mn)>
)((:0511111&(3) gfz) (mn,bw)=1

We perform Poisson summation on the m-sums to get

S ()25 5 (). (2) o

m=~fn (mod bw) |p|<H
> x(mg (%) = %M@(O)l(x = x0) + O (Q°R'?),

(m,bw)=1
where H = W1t M~!. The contribution of the error terms is
< LNR*?qe.

The zero frequency of Poisson summation cancels out. For the non-zero frequencies we
employ reciprocity in the form

AN AN
Now )~ LNW )

and the error term contributes a quantity of size O(Q'*¢). We therefore have
(19)

non -3 S 5 e (i) 3 oe() 28 (E) ()
@ent wh=t (n,bw)=1 0<[hI<H
+O(Q1+E+LNR3/2QE).

We next separate the variables h and w. We change variables to write

N / wy hy d
g1 bw M g1 b Y.

Since g; and W are test functions, the integral is restricted to y =< M/W. We move the
integral to the outside to write the first term of the right-hand side of (19) as

e < g 1570 3 o (BT () () e (5)e (5|

0<|h|<H
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We then use [DI82, Theorem 12], amended as described in [BFI], more specifically, with the
dictionary (the bold symbols denote the variables names from [DI82])

c,C < n, N, d,D < w, W,
n,N < h, H, r,R< U, b,
S, S & g, L, bn,r,s < 1b/:be(—hy/b)ﬁg.

Since A < 1/6, we have H < L if ¢ is sufficiently small. Therefore, with the same notations,
we find the bounds

K(C,D,N,R’ S) <K b(NLQ(N =+ W) + NQWL3/2 + WQH)l/Q’
b, R,s||2 < LF(HL)Y2.

It will also be easier to sum up the bounds if we assume
(21) N < Whte,
We find
To(M, N, L) < LNR¥2QF + * (\/YL +VMNLY L1/2W>
< LNR2Q +Q° (VXL + VMNL) |

the second inequality following since L'?W <« XY2L. This contribution is acceptable
provided

(22) M> Xmm=ta0te YN s Xrtamierte
and
(23) MB32NY2 s xitaiet2e
The bounds (21)-(23) are satisfied if
1 w 1 w 1
(24) 6<E—m, )\<6—m, p<g

We therefore conclude the following.

Lemma 12. Under the notations and hypotheses of Corollary 10, and assuming (24), we
have

Ty < Q' °VX.
The implied constant depends on \,0, p and w.

4.4. Type II sums. In the type II case (17), we wish to prove the bound
w
Tu(M,N) = ; ) <W> Zmnz amBrur(mn, bw) < VXQ'E,

where « is supported at scale M, (3 is supported at scale N, MN =< X, and X7 <«
N < X379 We have |a,,| < 7(m)°®; and similarly for 3. We use Linnik’s dispersion
method [Lin63], following closely [Fou85]; see also [BFI86, Section 10].
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We interchange the order of summation and apply the triangle inequality, writing our sum
as

Applying the Cauchy-Schwarz inequality, we arrive at
(25) Ti(M, N)? < M(log M)W,

where

p-Yi(5)| X (@)t L X3 ()t
" mn=1 (mod buw) X o 22 ()1
Here f is some fixed, non-negative test function majorizing 1y, 5. It suffices to show that
D < NQ*~.
We open the square and arrive at

<26) D:D1—2R6D2+D3,

say. We treat each sum D; in turn.

4.4.1. FEvaluation of Ds. By definition we have

P SI(EEES B w (i) v (i) amld

(mnybwi)=1  xj (mod bw])
(mng,bwa)=1 cond(x;)<R

The computations in [Dral7, p. 711-712] can be directly quoted, putting formally

(27) v(q) = 1(b | ) ¥(q/(OW)),

with the modification that cond(x;x2) < R? (instead of R, as stated incorrectly in [DralT]).
Writing H = Q%b[wy, wy]M ™!, we get

R 1
DMt 0@ 8 e X w2, 20

wi,wexW X1,X2 0<|h|<H d|(h,blw1,w3])
ny,na=<N cond(x;)<R

= M3+ O(Q°N’R%),

where the main term is computed as in [Dral7, p. 712] to be

~ (0 Wo - _ @(bw1w2>
) w1,Ww2,n1,N2 X primitive W W 1 : ( 1 2) bUJ1UJ2(,0(bw1>SO<bw2)
(nj,bw;)=1 cond(x)<R
cond(x)|b(w1,w2)
The error term is acceptable provided

NR> < Q*~.
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Since N < X/3 this is acceptable provided

4—w

(28) p< BOT o)

4.4.2. Fvaluation of Dy. We have

o wq wy\ =—,  X(n2) m
D=3 350 X () v () Bty X xmf (5).
w1>w2>n1,_712 X (mod bws) mni1=1(bwy)
(nj,bw;)=1 cond(x)<R (m,w2)=1

The computations in [Dral7, p. 712-713] can be also quoted directly with the identifica-
tion (27). We obtain

Dy = M3 + O(R2N?Q'**).
This is acceptable if

2(1 — w)

2
2 o Wl S
(29) P <A Sa T m)

4.4.3. Fvaluation of D1. We have

D, = ZWZ;;Z\P (52)  (52) o ,_l;d b _)f (37)

(nj,bw;)=1
ni=n2 (mod b)

We need to separate the variables wq, ws, ny,ne from each other, and this requires a subdi-
vision of the variables. We decompose these variables uniquely, following [FR18], as follows:

,d: (nlan2)7
ny = ddlljl, with d1 | d*° and (d, 1/1) = 1,
Ng = dV?»

qo = (w17w2)7
w; = qog;, 1 € {1,2}.

The summation conditions imply

(dleb QOQ1) = (dV27C]o(J2> =L

We therefore have

D= > > > Di(ddi,q),

(d,b)=1dq|d>® (go,d)=1

b- XYYY s Y ()

q1,42,V1,V2 mddiv1=1 (mod bqoq1)
(dv1,v2)=(q1,92)=1 mdre=1 (mod bqogz)
(q192,d)=(v1,d)=1
(r1,q1)=(v2,92)=(v1v2,bg0)=1
divi=rv2 (mod bgo)
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Using smooth partitions of unity we break the variables into dyadic ranges: d < D, d; <
D1, qo < Qg. The contribution from d < D and d; < D is

o) -
< QEMZ Z Z Z | Badyn || Bans| < Q°MN? Z Z 7(d) (%)

d=D d,|d® 1 =N/dd; vs=N/d dy|d>® ! 1
dy=Ds

< QSMNQlelJrEQDfl’
where the sum over ¢y, ¢ was bounded by O(73(|mddiv; — 1])) = O(QF), likewise for the
sum over ¢o (note that mdry # 1 and mddyv; # 1). This bound is acceptable provided

X
QQ 2—¢’

so we may henceforth assume DD; < XQ 27,
The contribution from ¢y =< Q) is

<@ > 1

q0=<Qo q1xQ/q0 n1=n2 (mod qo) m=M

m=n1 (mod qoq1)
cony ¥ L vy o

90=Qo q1<Q/qo0 n1ETl2 (mod qo)
TLjXN

(30) DDy > ———

njx

< Q° (MN?Qy' + MN),

where in the first line the sum over ¢ was again bounded by 7(|mdv, — 1|). This is acceptable
provided

X
(31) N> — 0 v and Q>

so we may henceforth assume Qy < X Q27=.
We use Poisson summation, following [Dral7, pp. 714-716]. Let

X
QZ N2—¢’

ddyvy  (mod bgoqy),

g=> , =\am
q = 9909192 H {du2 (mod bgogqa).

Note that ¢ > %W > Q' With H = ¢'" "M~ < Q*™/(qoM), we get for any fixed A > 0

) Y ()= F Z )5 0@

m=p (mod q)

The zero frequency in (32) contributes the main term, which, after summing over d, dy, qo
(and reintegrating the values DDy, Qo larger than X @Q~2*¢ which were discarded earlier), is

given by
0 LSS v () v () b

w1 ,W2,n1,n2
(nj,bw;)=1
ni=nz (mod b(wi,ws2))

The error term in (32) induces in D;(d, d1, qo) a contribution

< Q*IONQ,
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and therefore in D; a contribution O(1), which is acceptable.
We solve the congruence conditions on p by writing

dyvy — vg = bqot, pddivy = 1+ bgoqi £, pdvy = 1 + bgogam,
with ¢, ¢, m € Z. We deduce
pdt = g1l — gam, t = ol — qadivym.

Then we have the equalities, modulo Z,

I 1 n 12
q  bgoqiq2 ddiv1bgoqrqz  ddiviqa
_ 1 N ¢dd, N (v1qy
dd1v1bqoq1q2 4P dd,
_ 1 tqiveddy  bgoqi1qe
- dd1v1bqoq1q2 4P a dd;
_ 1 divy — vy uddy  bgoqivige
- dd1v1bqoq1q2 bqo 142 a ddy

By estimating trivially the first term, we have

h dyvy — dd, hb H
(33) e(#) _ e(h 11—V qithddr QOQIV1QQ> +O< QO2>.
q bqo V142 dd, NW
The error term here is < Q°X !, which contributes to Dy (d,dy, qo) a quantity
2+5N N
N (1+).
Xq2dd, d

and upon summing over (d,dy,qg), this contributes to D; a quantity O(Q?*T*N2X~1). This
error is acceptable if

(34) N < Q*=.

Then we insert the first term of (33) in (32), and insert the Fourier integral. The non-zero
frequencies contribute a term

Riddia) =y [ S5 3w (%) (%) b

q1,42,V1,V2 <H
(dvy,v2)=(g1,92)=1 0<lhl<
(q192,d)=(v1,d)=1
(1,q1)=(v2,92)=(v112,bg0)=1
d11/1:l/2 (mod bqo)

o f( QOQ1CI2)e<hd1V1 — Uy utoddy thOC]1V1Q2) (_htMQO) dat.
bgo Vige dd; LIV
So far, we have obtained under the conditions (31) and (34) the bound

Di=M{+R;+ O(NQ27€),

Ry = > > R(d,dy, q).

Qo,D 1«@QX~2te d=D
Q,D,D; dyadic d1A51
0=&o
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We now restrict the summation over ¢, ¢gs in residue classes both modulo dd;, to account
for the oscillatory factors. Let A\, Ao € (Z/dd,7Z)*, and

Wb htMa,
bn,T,s - Z Z Z /delyl 6d1/2€( — ddl . bW2 > 7
vy vy 0<‘h‘§H
voddy =7 h(d1v1—ve)=bgon
(dv1,v2)=(r11v2,bq0)=1
(v1,d)=1

divi=va  (mod bqp)

e 4 (35)o () ().

Then

M
Ri(d, di, q0) = bmgg/ Z Ra(t, () dt,

=1\ X2 (mod ddy)*

Ri(t, (\)) = Z bnrsg(c,d,n,r, s)e< s

e=M1, d";;;s’c(,glod ddy)
(sc,rdbddi)=1
We apply Proposition 6, with sizes given by
w N HN
cC=D=—, S=—, R=Nd, N=——.
o ddy dbqq
Let X = Q%Y,s0Y = Q®. Note that
RS =< N’D™!, N < Q°N*Y'D'Q;? < RS, C<Q°RD.
We get
Ra(t, ) < Q°(DD1)* Kby rosll2,
where
Q—6K2 < Q2N4D_1D1Q52 + Q2+40N4_60D_2+26D1_29Q52_46 + Q2N3Y_1D_1D1Qa4-
To bound the term ||by g sl/2, We assume

(35) XQ 2 = o(N),

so that D = o(NN) by virtue of the line below (30), and the case dyvy = v, never occurs
in by, »s. Then

Q2+5 N N
Ibn sl < Z |Badywn Bans|* < QoM DDy \ DQ, !

v1,v2,h
dlllellz (mod qo)
0<|h|<H
< Q6<N3Y_1D—2D1_1Q62 + N2Y_1D_1D1—1Q61>.
We deduce

6
7é1 (t, (>\j)> <QF Z Qe Nﬁk,2Yﬁk,BanAD?kﬁng»G7

k=1
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where for each k, n, = (Mkr)1<e<6 is given by

(/1 1 20 + 1 20 + 1 1 1\ )
3 7/2 3—30 7/2 — 36 5/2 3
12| | -1y ~1/2 ~1/2 ~1 -1
U} = 12 [ o | 0 le—12 1| 12 [ o
3/2 3/2 1—6 1—46 3/2 3/2
[ \-3/2 —2 —20 — 3/2 —20 — 2 —5/2 -3

Summing over J;, integrating over ¢, and multiplying by %V—qg KL Q°NYQo, we get

6
Rild, dy, qo) < QF Y Qe N ly mhatl a2 ka2 sl
k=1

We sum over d, d; and qq in dyadic intervals of lengths D, D; and @), obtaining

6
§ : € § : -1 3+1 +3 k,512 ANk,612
Rl(d, dl, QO) < Q an,1N?7k,2 Y77k,.5 an,4 Dl 0 .
a=D k=1
dlxDl, 17l1|0l°o
q0=Qo
(d;b)=(qo0,d)=1

Finally we sum this dyadically over (g, D, D; subject to Qo + DD; < YQ°. We get

6
R < Q° E an,lNﬁk,2_1Ynk,:s+1+max(0777k,6+2)+max(0:7]k,4+3777k,5+2)_
k=1

Here, the terms for k = 5,6 are majorized by the term k£ = 1, therefore,

4

R, < Q€ Z Qek,l N9k,2y9k,3,

k=1
where
1 1 14260 14260
{0c} = 2 1,15/2),(2-30],|5/2—30
9/2 4 4 -0 7/2—0

We conclude that

Dy = M; 4+ O(Q*°N)
on the condition N < Q¢ min(QY %2, Q*3y—%/3, Q%Y*%, Q2/3Y_3<71:2209>). Upon us-
ing 6 < 7/64, these conditions are implied by

50—249w 50—-217w

(36) N < X min(X 2@ , X B0t=) | X 50t=) ),

and the above hypotheses (31), (34), (35).
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4.4.4. Main terms. The main terms M; and Msj, which are real numbers by the symme-
try ny <+ ng, combine to form

My — My = Mf(0) Z Z qj(%>q}(%> blw, wz]wtb(wh ws))

X Z Z Z B Bro X (n1)x (n2).

X prim ni,n2
cond(x)>R  (nj,bw;)=1
cond(x)|b(w1,w2)

We may quote the computations in [Dral7, p. 717], again with the identification (27), to
obtain
Mz — M| € Q°M(N + N*R?) < Q°(X + NXR™?).

This is acceptable provided
(37) N>Q"",  R>Q%'

4.4.5. Conclusion. The hypotheses (28), (29), (31), (34), (35), (36) and (37) are all satisfied
if
1 242w w 1 w

<p< - —

1
38 1/8 - =9 —_—.
(38) w < 1/8, w<o< < 9 321

3 3 BR+w) 202+w)
We therefore conclude the following.
Lemma 13. Under the notations and hypotheses of Corollary 10, assuming (38), we have
Ty < VXQ'2.

4.5. Proof of Proposition 4. We combine Lemmas 11, 12, 13 and 9. Setting ¢ = w + ¢
and recalling that w < 1/8, we obtain the conditions

w 1 @
2+=) M6 2
242w 1 w
Berw) T 12 22+w)
w 1 w
2+w) "9 32tw)

The third is implied by our hypothesis on R. The first two can be satisfied whenever —o(1) <
w < 29— o(1). This proves Proposition 4.
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Niveau de répartition des polynomes quadratiques
et crible majorant pour les entiers friables
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Abstract. We obtain new estimates on the level of distribution of the set {Q(n)} where Q € Z[X]
is irreducible quadratic, for well-factorable moduli, improving a result due to Iwaniec. As a by-
product of our arguments, we study the Chebyshev problem of estimating max{P ™ (n*—D),n < x}
and make explicit, in Deshouillers—Iwaniec’s state-of-the-art result, the dependence on the Selberg
eigenvalue conjecture.

Combined with the construction of an upper-bound sieve for numbers free of large factors, we
obtain new upper bounds for the quantity ¥ (x, y) = [{n <x : p| Q(n) = p < y}| for Q € Z[X]
linear or quadratic.

Keywords. Polynomial values, quadratic congruences, arithmetic progressions, friable numbers

1. Introduction

1.1. Niveau de répartition de suites polynomiales et probleme de Tchebychev

Soit QO un polyndme a coefficients entiers. La question d’estimer les “sommes de
congruence” Ag(x) :=|{n € ZN[1,x]: Q(n) = 0 (mod d)}|, lorsque x — +0o0, le plus
uniformément possible par rapport a I’entier d > 1, est au cceur de la théorie multiplica-
tive des nombres. Toute réponse partielle a cette question permet, en conjonction avec les
méthodes de cribles [HR74, F110], d’approcher la fréquence avec laquelle Q prend des
valeurs sous une contrainte multiplicative : par exemples des valeurs premieres [HR74,
Theorem 2.6], ou ayant un grand facteur premier [Ten90b], ou encore n’ayant que des
petits facteurs premiers, cas sur lequel nous nous concentrerons ci-dessous.

Dans le présent travail, nous nous intéressons a ce probleme lorsque Q est quadra-
tique, dans le cas particulier important des modules d pondérés par un poids “bien facto-
risable” au sens de la théorie du crible linéaire, qui a notamment été étudié€ dans [Iwa78].
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Théoréme 1.1. Soientn > 0, x > 1, Q < x'T2/18=1_ ot (A (q)) une fonction arithmé-
tique bornée et “bien factorisable” au sens de [FI183, p. 199]. Soit D € 7Z qui n’est pas
un carré d’entier, et V : R — C une fonction lisse a support compact inclus dans R

Alors
Z)‘(Q)< Z V(g) _Xv(O)P(Q)) Lo VD x1-n/3 )

q=<Q neN q
q|n2—D

avec f/\(O) = fR V(t)dt et p(q) == |{v (mod q) : vZ = D (mod q)}.

Le gain 25/178 = 1/7,12 améliore le gain correspondant 1/15 de [Iwa78] (voir aussi
[LO12]), ainsi que le gain 1/9 qui découlerait d’une utilisation de la conjecture R* de
Hooley sur les sommes d’exponentielles incompletes (cf. [Iwa78, p. 185]). Pour obte-
nir cette amélioration, nous faisons appel a des majorations de type “grand crible” sur
les coefficients de Fourier des formes cuspidales de GL,, adaptant un argument de Téth
[T6t00], en utilisant une récente extension [Dral7] par le second auteur des majorations
de sommes d’exponentielles de Deshouillers—Iwaniec [DI83].

Les méthodes qui sous-tendent le Théoréeme 1.1 s’appliquent naturellement au pro-
bleme de Tchebychev de minorer la fonction Pp(x) = P+(]_[x “n<2x (n*> — D)), pour
I’historique duquel nous référons a4 [Hoo67] (voir aussi [Dar15]). Le dernier résultat en
date sur cette question précise, dii a Deshouillers et Iwaniec [DI82], implique en particu-
lier que

Pp(x) > x 12024
pour tout x suffisamment grand. D’un autre c6té, la conjecture de Selberg sur les valeurs
propres du Laplacien hyperbolique (cf. [DI83, section 1.3]) permettrait d’obtenir, pour
tout ¢ > 0 suffisamment petit, la valeur /3/2 — & > 1, 2247 en exposant. Nos résultats
permettent de rendre explicite, dans les arguments de Deshouillers—Iwaniec [DI82], la
dépendance vis-a-vis de la conjecture de Selberg.

Théoreme 1.2. Pour 6 € [0, 1/4], définissons k(0) € [1, 2] comme ['unique réel satis-

faisant
O rde 1
/1 1—20r  4(1-=20)

Pour tout ¢ > 0 et D € 7 qui n’est pas un carré d’entier, nous avons

Pp(x) >¢p xK@)—e

pour tout 0 > 0 qui est admissible pour la conjecture de Ramanujan—Selberg. En parti-
culier, 8 = 7/64 convient [Kim03]; nous avons donc pour x suffisamment grand

Pp(x) > x 12182, (1.2)



Equirépartition des polyndmes quadratiques et valeurs friables de polyndmes 1579

1.2. Crible majorant pour les entiers friables

Notre application principale qui motive le Théoreme 1.1 concerne la majoration de la fré-
quence avec laquelle Q prend des valeurs sans grand facteur premier. Nous ne suppose-
rons plus nécessairement que Q est quadratique. Dans le présent travail, nous améliorons
les résultats connus dans le cas ou Q est linéaire ou produit de deux facteurs linéaires, et
nous obtenons les premiers résultats non triviaux sur cette question lorsque Q est quadra-
tique irréductible.

On dit qu’un entier n est y-friable si, et seulement si, son plus grand facteur premier
noté Pt (n) est < y. Nous adopterons la convention P*(1) = 1. Les travaux d’Hilde-
brand et Tenenbaum [HT86] complétés par ceux de Saias [Sai89] permettent d’évaluer
asymptotiquement W (x, y) := card S(x, y) ot S(x, y) := {n < x : PT(n) < y} dans un
large domaine en y.

Nous souhaitons estimer la densité des entiers y-friables dans la suite {Q(n)}. Mal-
heureusement seul le cas des polyndomes de degré 1 a été pour I'instant completement
résolu. Nous pourrons nous reporter a [FT91, Bre98] pour I'uniformité en fonction des
coefficients. Dans le cas du degré > 2, méme une majoration du bon ordre de grandeur
semble intéressant et permettrait d’importantes applications.

Lorsque Q est un polyndme de Z[ X ], posons

Wo(x,y) :=card{n < x: PT(Q(n) <y}

Puisque I’on peut trivialement se ramener au cas des polyndmes sans facteur carré, nous
factorisons

0X) = []0;x) (1.3)
j=1

ol Q; sont des polyndmes irréductibles non proportionnels de Z[X] de degré d;. Mar-
tin [Mar02] a conjecturé I’équivalent asymptotique

v, y)

Wolx,y) ~x [ ———

j=t

dans un large domaine en y. En désignant par o la fonction de Dickmann et en utili-
sant [Hil86], lorsque y > exp{(loglog x)3/°*¢}, nous espérons donc

r
Wo(x,y) ~x[[eu) ou u:=(ogx)/logy.
j=1

Lorsque (di,r) # (1,1), cette relation n’a été établie que dans certains cas, et
lorsque u est restreint a de petits intervalles bornés. Nous renvoyons a la section 4.3 du
survol [Gra08].

C’est donc a I’aune de cette prévision que I’on pourra mesurer la qualité des majora-
tions que nous €tablirons. Ainsi, nous conjecturons

Wo(x,y) = xp(u)Xi-t 4+o0 o

lorsque u tend vers I’infini dans un large domaine en y.
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Lorsque Q est un polyndme en plusieurs variables, il est possible d’obtenir certaines
estimations asymptotiques et nous renvoyons le lecteur intéressé aux articles [BBDT12,
Lacl5, Lacl8]. Dans le cas d’un polyndme univarié, qui nous intéresse ici, des mino-
rations du bon ordre de grandeur Wo(x, y) > x sont établies par Dartyge, Martin et
Tenenbaum [DMTO1] pour des petites valeurs de u. Dans le cas particulier d’un produit
de deux formes linéaires, Hildebrand [Hil85b] obtient une minoration du bon ordre de
grandeur ; nous renvoyons a [BET90] pour une minoration effective. Enfin, lorsque Q est
un produit quelconque de formes linéaires, une minoration qualitative mais dépendant
explicitement de u est obtenue dans [BWO98].

L’objectif du présent travail est de montrer des majorations de W (x, y) qui ap-
prochent aussi pres que possible la taille conjecturée (1.4). Une conséquence de nos ré-
sultats simple a énoncer est la suivante.

Théoreme 1.3. Soit Q un polynéme de Z[X] fixé avec la factorisation (1.3) et di <
<o <d,. Soit ¢ : Ry — Ry telle que limy_, 5 ¥ (x) = +00. Nous avons

Wo(x,y) < xp)etod

lorsque x tend vers l’infini, (log x)w(x) <y<xet

CQ:§ (d1:d2:17r22)’

co =3 d =1, d>2),

co=1+1g (d=2),

co=1 (di = 3, [Khm64]).
25 1

Nous notons que {55 = 775 ~ 0,1404. Le dernier cas permet de retrouver un résultat
de Khmyrova [Khm64], précisé ultérieurement par Timofeev [Tim77]. L’estimation du
Théoreme 1.3 dans le cas di = 2 est, a notre connaissance, la premiere faisant intervenir
une valeur cp > 1.

Chacune de ces majorations repose sur une inégalité essentiellement du type

Lprayey(m) = Y 1 (1.5)
d|n
P )=y
R/y<d<R

pour tout R > n. Le choix du parametre R doit étre optimisé en fonction des résul-
tats d’équirépartition a notre disposition. Dans le premier cas, il s’agira d’une rapide
adaptation des récents travaux du second auteur, dans le deuxieme, du théoreme de Har-
per [Har12] de type Bombieri—Vinogradov pour les entiers friables. Dans le cas quadra-
tique, nous utiliserons une variante du Théoreme 1.1. Dans le dernier cas, nous choisirons
R = x sans pouvoir utiliser de résultats spécifiques d’équirépartition.

Notons aussi que d’apres [GoY06] (voir également [Sch68]), un polyndme Q avec la
factorisation (1.3) et de degré au moins 2, ne peut pas prendre des valeurs trop friables :
en effet, il découle du corollaire 4 de [GoY06] que PT(Q(n)) > (log, n)(logs n)/log, n
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lorsque n tend vers I’infini.! Ainsi, par exemple, la y-friabilité de n et celle de n + 1 ne
sont pas indépendantes lorsque y prend des tres petites valeurs par rapport a la taille de n.

A titre d’illustration de 1’efficacité de notre méthode dans le cas de deux facteurs
linéaires, nous appliquons ces estimations a I’étude de 1’ensemble C des entiers divisibles
par le carré de leur plus grand facteur premier,

C:={n>1:Ptm)?* n).

1l est aisé d’établir que lorsque x — 400, |C N [1, x]| = xe~(IFo)/2(logx)loglogx
L’ensemble des entiers 7 tels que (n, n + 1) € C? est en revanche beaucoup plus délicat a
étudier. Nous établissons la majoration suivante, qui améliore [DKDL13].

Corollaire 1.4. Lorsque x tend vers Uinfini, [’ estimation
|{n <x: (I’l, n+ 1) c CZ}l < xe—(c+o(1))4/2(logx)loglogx (16)
a lieu avec ¢ = 4/\/3 ~ 1,789.

Remarque. Dans [DKDL13], les auteurs obtiennent ¢ = 25/24 =~ 1,042. Conjecturel-
lement, la valeur optimale attendue est ¢ = 2. Cela correspond a 1’heuristique que les
événements n € C et n + 1 € C surviennent de fagon statistiquement indépendante.

Une autre application concerne la minoration du nombre d’entiers friables dans les petits
intervalles établie au théoreme 5 de [Goul7]. Lorsque ¢ € ]0, 1/6[, il existe ug = ug(e)
tel que lorsque x > 2, ug <u < (logx)1/6_8 et Q(u)_(3+8) < h < /x,1’on ait

hy/x

W(x + h/x, x My — W, 2V > o(u)? —
(log x)3

La méthode repose de maniere cruciale sur des majorations de cardinal d’ensembles d’en-
tiers n tels que les valeurs de deux formes affines en n soient simultanément friables. Les
majorations obtenues au Théoreme 1.1 avec un exposant cp = 8/5 dans le cas r = 2,
di = dr = 1 permettent d’obtenir des résultats intéressants a ce sujet et de remplacer
I’exposant 3 + ¢ par 3/2 + ¢ dans la minoration de /4 ci-dessus. La valeur conjecturelle
co = 2 fournirait un exposant 1/2 + ¢.

Notations et plan

Lorsque (a, g) = 1, nous notons a (mod ¢) la classe inverse de @ modulo g. Le conduc-
teur d’un caractere de Dirichlet x est noté cond . Etant donnés m,n € N.g, nous no-
tons m | n® lorsque tous les facteurs premiers de m divisent n. Ainsi, nous notons (m, n°°)
le plus grand diviseur de m dont tous les facteurs premiers divisent n. La lettre o dé-
signe la fonction de Dickman, tandis que la notation pp(g) pour un polyndme Q et un
entier g désigne le nombre de racines de Q modulo g. Nous noterons pp(q) = p(q)
lorsque le contexte sera clair. Dans les sections 8.1.9, 8.1.10 et 8.1.11 uniquement, la

U Yci log, désigne la k-ieme itérée du logarithme.
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notation (o q(n)) désigne la suite des coefficients de Fourier d’une forme de Maass f.
Pour k > 1, nous définissons la fonction diviseur généralisée 7 par ) t(n)n—* = z(s)k
pour tout s > 1. Nous utiliserons I’abbréviation e(x) = e*™* (x € R).

Pour tout # > 1, nous notons

Hu) = exp{(logu—zu)z}.
Pour un ensemble Z C R, nous notons
W(Z, yiq,a):=|{n€Z: P (n) <y, n=a(modg),
Y, (Z,y):=nel:PT(n) <y, (n,q) =1},
V(yi0)= > xm.
neZ, P+(n)<y
Nous utiliserons a plusieurs reprises 1’estimation
W(x, y) = xoe®™  ((logx)'** <y <), (1.7)

qui découle directement des formules (2.6) et (2.7) de [HT86].

Le plan de ce travail est le suivant. Dans la section 2, nous établissons des résultats
d’équirépartition des entiers friables en progressions arithmétiques de module friable.
Dans la section 3, nous définissons une certaine fonction ¥(g), qui jouera dans notre
contexte le rdle d’un crible majorant pour les entiers friables. Dans la section 4, nous
considérons le cas di = 1, ol nous mettons en jeu les résultats de la section 2. Dans
la section 5, nous considérons le cas quadratique d; = 2, en supposant acquis le Théo-
reme 1.1. Dans la section 6, nous étudions le cas di > 3. Dans la section 7, nous déduisons
le Corollaire 1.4. Enfin, dans la section 8 nous prouvons le Théoreme 1.1.

2. Equirépartition en progressions arithmétiques

Les travaux de Harper et du second auteur permettent de démontrer une approximation
de W(Z, y1; q, a) par W, (Z, y1)/¢(q) en moyenne sur les modules ¢g. En vue de nos ap-
plications, nous montrons dans cette section une version de ces résultats qui est restreinte
aux modules g qui sont y,-friables.

Théoreme 2.1. Soient ¢, A > 0 et k > 1. Il existe C,5 > 0 tels que pour x* <
Q < X3P et (x,n,y1,y2) € R avec (logx)€ < yi,y2 < x, y1 < x/Cerne

[e~®V102Y 11 et pour tout entier non nul gy < x°
Uon ait

avec (qo, a1a2) = 1 et PT(q0) < y2,

Wooq ([x, (A +m)x], y1)

3 tk(q)"l’([x,(l+77)X],y1;qoq,ala_2)—

0/2<q=Q ¢(qo0q)
P @)=y,
(q.a1a2)=1 W(Q, y;) e

Le, Ak MW (X, y1) 2.1

¢(g0)Q (logx)4

uniformément pour 0 < |ay|, |az| < x°, oit ’on a posé up = (log x)/log y».
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De plus, lorsque Q < x1/2=¢ I'ona

Wyoq ([x, (T +m)x], y1)
> wlg) max |W(lx, (I +mx]. yi: gog. @) — —22
0/2<q<Q (@.g0)=1 ¢(q09)

PH(@)=y2 « o )\IJ(Q, yp) eOk2)
Ak Y (x, v .
’ 9(q0)Q (logx)4

Démonstration. Les arguments de [Har12], notamment 1’inégalité (3.1) et les calculs qui
la suivent, montrent que pour prouver la borne annoncée, il suffit de montrer que

Z 7 (q) Z (W ([x, (14 n)x], y1; x)|

0/2<q=0 ¢(q0q) x (mod goq)
PY(@)<y I<cond x <x

2.2)

8

nW(x, y)W(Q, y)efk2)
¢(q0) O (log x)4

ou x désigne un caractere de Dirichlet, et cond x est le conducteur de . La section 3.3 de
I’article de Harper [Har12] traite du cas y, = Q et n = 1. Les changements nécessaires
pour tenir compte des conditions P*(g) < y, sont mentionnés dans [LV 18, Dral4]. Nous

nous contentons donc d’indiquer que le point essentiel est que pour tout r < x°,

Le, Ak (2.3)

1—an 1]
> D o niogpn BN HC), 2.4
0/2=g<0 ¥4 I
P+(q|)§y2
riq

Ici, ap = a(x, yp) et up = (logx)/log y,. Lorsque C est choisi suffisamment grand, par
I’inégalité triangulaire et les calculs de la section 3.3 de [Har12], nous obtenons une borne

\Ij(x’ )’l)‘I"(Q, y2)
®(q0)Q

pour la contribution a la somme (2.3) provenant des caracteres dont la série de Dirichlet
n’a pas de zéro “de Siegel”, c’est-a-dire trop proche de 1 (voir [Harl2, Section 3.3, dé-

(eu2 logx)ok(l) {y1—25 + e—25 logx}

&

—84/1
%8Y nous

finition de G] pour la définition exacte). Etant donnée I’hypothése n > e
concluons que ces caracteres fournissent une contribution acceptable.

Il reste alors a traiter la contribution S au membre de gauche de (2.3) des caracteres
éventuels de conducteurs au plus min{y", "V logx} dont la série de Dirichlet possede un
zéro réel supérieur a 1 — M/ min{log y, /log x} pour des constantes absolues adéquates n

et M. Si de tels caracteres existent, ils sont tous induits par un unique caractere primitif 1,

de conducteur r; < min{ y{’ , ePV102 Xy (notés respectivement Xpad €t Tbad dans [Har12]),
pour un certain réel b > 0 :

7% (q)
Si= 3 IS S Wn ksl @)
0/2<q<0 ¥Y909) (mod gogq)
PH(g@)<y2, r1lq X1 induit x
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Tout d’abord, nous observons que 1’inégalité triangulaire permet de nous ramener
trivialement au contexte de la section 3.3 de [Har12], ce qui fournit la borne

[ ([x, (14 n)x], yi5 x)| e W(x, y1)(log x)? (2.6)

pour C suffisamment grand en fonction de ¢. Cette borne découle directement de la pre-

miére équation, page 16 de [Har12] dans le cas x!/(loglog x)? < y. Dans le cas complé-
mentaire, nous utilisons I’'inégalité de la derniere équation, page 17 de [Har12] ainsi que

Yop <) p<loglogp.+ pl*  (m(ps) = w(qo)). 2.7)
Plqo P=Ppx
. . 212 . .. . l—a (1-a)/3 1/2
et la majoration élémentaire p, < log go < log x, qui implique p,™* <y, Lu'".

)lOA

Les majorations (2.4), (2.6) et la minoration r; >4 (logx provenant du théoreme de

Siegel [Tenl5, théoreme I1.8.33] fournissent

V(0. y2) e0r(12)
9@0)Q r!/>H(u)d(log x)4

S1 L, Ak Y(x, y1) (2.8)

Cette borne est acceptable si r; > V1981 ou bien si H(u;) > eV 19871,

Nous pouvons donc supposer dans ce qui suit que r; < e’V1°8Y et H (u1) < eV!o8)1,
. . 2/3—
En particulier, nous avons y; 3>, e(02)”° ™",
Nous reprenons les arguments de la section 6 de [FT91], et en particulier les équa-

tions (6.29) et (6.36). Celles-la fournissent

W(x, (14 mxl, vi; x1) < |Fog((1+mx)) — Fogx)| + W(x, ype 2V

avece

© " ~ .
F(t) ::eﬁt/o ylﬁ {w<logy1 —v)—e V}K(yl)dv, K (1) 5=;X1(n),

ou w désigne la fonction de Buchstab [FT91, équation (6.5)] et B désigne le zéro excep-
tionnel, proche de 1, de L(s, x1). Pour ¢’ ¢ y;N, nous avons

F'(t) = BF () + &' fo y;ﬂ”w’( —v)K(yf)dv—ny(ef/yl)

log y1

oll @’ est prolongée par continuité a droite aux points ol @ est non dérivable. En utilisant
le lemme 6.2 de [FT91], I'inégalité de Pélya—Vinogradov [Tenl5, théoreme I1.8.10] et le
fait que n < 1, il vient

| F(log((1 4+ n)x)) — F(logx)|

0
< n(xﬁ / v P oGy — v)H ) Pe®V K (yV) | dv + yP /1 1ogr1) < nxPo(uy)
0
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ol nous avons utilisé I’hypotheése y; < x!/€ pour majorer le terme y’l3 J/r1logri. Nous
déduisons

W(x, (1 +nxl, vi; x1) < Y, y){nxP " logx + edVlogy,

Nous insérons cela dans (2.5), en utilisant encore (2.4) et (2.7). Nous obtenons

S Keax V(x, m)we@(“ﬁ{n(logm—f‘ + e Ovlogyry (2.9)
©(q0)Q

En réinterprétant le parametre §, la conjonction des deux bornes (2.8) et (2.9) implique
donc la borne annoncée

U(Q,y;) efkw)
S1 Leak NV (x, y1) . ]
° 0(q0)Q (logx)A

3. Crible majorant pour les entiers friables

La fonction de n au membre de droite de I’'inégalité (1.5) fonctionne de facon analogue a
un crible, en ce qu’elle majore la fonction indicatrice d’un ensemble d’entiers au moyen
d’informations sur les diviseurs de petite taille des éléments de cet ensemble. Dans cette
section nous établissons la version précise de I’'inégalité (1.5) que nous utiliserons.

Proposition 3.1. Pour tous ¢,k > 0, il existe ug > 0 tel que lorsque (R,y) € R?
(log R)>™® <y < RY"0 ¢t D € N, il existe une fonction ® = 9g y p, : N — R ayant
les propriétés suivantes.

(1) |9(q)| < t3(q) pour tout g € N.
(i) ¥(q) =0siq & [R,y*R], (g, D) > Lou PT(q) > .

(ii1) Pour toutn € N,

Lpryzy < Y 0(q)
qln

sin/(n, D*) > R, et qu
(iv) Pour m € N, et f une fonction multiplicative avec 0 < f(p") <k,

< O ((log R)/logy) Q(loﬂ)
log y

V¥ (q) > 0 dans tous les cas.

Z v (q) f(q)
q

(g.m)=1
La constante implicite dépend au plus de ¢ et k.

Démonstration. Soit m := n/(n, D°°), supposons m > R et écrivons m = p1---py
ou les nombres p; sont premiers et p; < p;i1 pour tout j. En raisonnant comme
dans [Khmo64, Vau89], considérons la suite (cj)({ de diviseurs de m définie par ¢y = 1
et, pour j > 1, ¢; = pjp--- p;. Puisque par hypothese c; = m > R > 1, nous avons
nécessairement ¢;_; < R < ¢; pour un certain j > 1. Notons dy I’entier c; ainsi formé. Il
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s’agit d’un diviseur de n, premier avec D, satisfaisant les conditions R < dyp < RP(dy)
et P~ (m/dy) > P*(dy). Nous avons donc

iy = D0 Le-ujd=r+id: (3.1)
R<dy<RP™T(dy)
Pt (dy)<y
doln, (dy,D)=1

Cette majoration implique bien (1.5). Il est cependant important, pour les grandes valeurs
de y, de ne pas oublier la condition P~ (m/dy) > P*(dp), au risque d’engendrer un
facteur supplémentaire de 1’ordre de log y dans nos applications. Pour contourner cela,
pour chaque entier dy apparaissant dans (3.1), nous introduisons des coefficients de crible
majorant (§4,) de niveau y? et dimension «, pour les nombres premiers p < P (dp), en
suivant la construction donnée par exemple dans [FI78, lemme 5] ou s et z sont remplacés
respectivement par 2 et Pt (dy). En particulier,ona & =1, [§4,| < 1, et

dy < y?,
£, #0 = { P (d1) < PT(dyp),
p(d)? = 1.

Enfin, ces coefficients vérifient la majoration uniforme [FI78, lemme 5]

-1
Z —Sd'f(dl) <Lk l_[ (1 + %) (m e N),

@m=1 4 <Pt (dy)
pim

lorsque la fonction f est multiplicative avec 0 < f(p") < «. Notons que ces propriétés
impliquent bien

Lp-nidp=py < D Ea-
dy|n/dy
(dy,doD)=1

Nous insérons cette majoration dans (3.1). En posant, pour tout g € N,

)= > Y . (32)

g=dyd;
R<dy<RP7T(dy)
P*(dy)<y
(dody,D)=(dp,d1)=1

il résulte de ce qui précede que

1p+(n)§y = Z Z Ea, = Zﬂ(Q)-

R<dy<RPT(dy) diln/do qln
Pr(dp)<y (d1.doD)=1
dpln, (do, D)=1
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Il reste a montrer la propriété (iv) qui porte sur une majoration en moyenne. Nous
avons

5= Y ) f(q) 3 f(do) 5 Eq, f(d1)
o q B do dq

(g,m)=1 R<dy<RPT(dp) (dy,mdyD)=1

(do,m)=1
d

<, Z f;o) 1—[ (1+f(p)>

R<dy<RP*(dp) 0 p<Pt(dy) p

(dy,m)=1 ptmdoD

Nous séparons la somme sur dj suivant £ = P (dp), £" || dp. Nous obtenons

S<e Yy f(ﬁ”) ]_[<1+@) 3 %HCJF@)

¢ premier p<t p R/tV<d<R/e’~! pld p
£<y pimD P (d)<t
e"~'<R (d.mD)=1

Notons By = a(R/¢,¢) si £ > (log R)*T¢ et By = % > % sinon. La somme sur d
ci-dessus est

R)“*ﬁf f(d) ( f(p)> (R)‘”ﬂf ( f(p)>
<= > —Z||1+— Lew | 7 [ ] )
(E Pt(d)<t d pld p ¢ p<t pﬁ

(d,mD)=1 ptmD

ol nous avons utilisé le fait que B, > min{%, % + %} lorsque ug (donc R) est suffisam-

ment grand. Nous avons donc

—14+B¢ 1 1-8¢ 1
Z 1—[ p —
S < ) A <1 K( p ))
£ premier

p<t
<y pfmD
<R
—1+Be -8 _ 1
p
SZ ) e
premier p<t
£<y pfmD

Le produit eulérien est borné par

1=Be _ 1 log R ¢1/2+e)
p . ] 108
) E = 0 , . 3.4
eXp{ K( >} eXp{ “(mm{ logt " logt })} G

p</t

en utilisant [BT0S5, lemme 3.6]. Nous insérons cette majoration dans le membre de droite
de (3.3), et notons S + S> la somme résultante, avec S la contribution de £ < (log R)2+8
et S la contribution complémentaire. Ainsi, nous avons

e Ok (/%79 /log €)

—1/(2+e) —1/(2+&)+0, (1/loglog R)
SI <R Z ¢(+e)/(2+e) <R ’

{ premier
£=(log R)**¢
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Considérons ensuite Sz, en notant vy := (log R)/log ¢ et u := (log R)/log y. Nous avons
ainsi

Oy (ve)
€
$H K E —.
1—
£ premier tR/O) pe
(log R)* e <t<y

Nous utilisons ensuite 1’estimation, déduite de la formule (7.8) de [HT86],

Locn YR/ED)

Be—1 _
(R/OP = R0

En découpant la somme en intervalles y!/U+D < ¢ < y1/J nous obtenons

¢ Oc (v0) 1

_ O (ju) Z
> < e W(R/L,0)
=N ’
£ premier E(R/ E) P R j>1 £ premier
(log R)>* <t<y (log R)? <y e<y'/i
1 , ,
_ Ok (ju) 1/j
== ) eXUIwRy
Jj=1
(log R)* <y

par I’identité de Buchstab [Buc37]. Nous utilisons ensuite I’estimation (1.7), qui fournit

' Oc(D) \ (=D
W(R,yl/j) < ﬁpk(m(m) Y (R, y),

pour conclure que S < e« W(R, y)/R lorsque ug est suffisamment grand. Lorsque

I+e
y > (log R)*T2¢, nous avons R 7+ TO(1/loglog R) <e W(R, ), et ainsi

S|+ 8 K eok(”)@ <« e ®

comme annoncé, en utilisant encore I’estimation (1.7). O

o(u)

4. Cas d’un facteur linéaire

Nous étudions dans cette section le casd; = 1 etr > 2.

4.1. Casdr, =1

Le cas de deux facteurs linéaires présente une structure particuliere, puisque dans ce cas
nous pouvons utiliser des résultats d’équirépartition spécifiques.

Théoreme 4.1. Soit ¢ > 0 fixé. Il existe C, 5 > 0 tels que pour des entiers a, b, c, d de
valeurs absolues au plus x% aveca,c > 0, A := ad — bc #0et (a,c) =1, 'on ait
card{n € [x, (1 +n)x]: PY(an+b) <y, PT(cn+d) < y}
e NP (x, yDou2)*P7F (4.1

-4

pour (logx)¢ <y; <y, <x,e logyt < p < Ter y2 < ylc. Ici, uj := (logx)/log y;.
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De cette estimation, combinée avec le théoreme 2(ii) et le corollaire 2 de Hildebrand et
Tenenbaum [HT86], nous déduisons le corollaire suivant.

Corollaire 4.2. Pour tout ¢ > 0, il existe C,§ > 0 pouvant dépendre de ¢ tels que

lorsque (logx)¢ <y <x, e VoY < p < 1etl <a,|b| <x% l'onait

{n € [x, (1 +n)x]: P (n(an + b)) < y}| <e nxo)¥>7%.

Démonstration du Théoreme 4.1. Nous pouvons supposer que (a, b) = (c,d) = 1 sans
perte de généralité. Supposons de plus y» < x!/€ puisque dans le cas contraire la borne
énoncée est triviale. Notons S le membre de gauche de (4.1). Nous écrivons

S=3581+92,

ou §; est la contribution des entiers n satisfaisant ]_[pv“erd’ placA p’ > x3/37¢ et Sy la
contribution complémentaire.

Nous majorons d’abord S;. La Proposition 3.1 avec D = ac|A|, R = x>/ f etk =2
fournit I’existence d’une fonction ¢ satisfaisant les conditions (i)—(iv) de la Proposi-

tion 3.1, en particulier
Si<y e ), L
q x<n=<(l+n)x

Pt (an+b)<y
qlcn+d
La relation de congruence s’écrit c(an +b) = —A (mod aq). Par construction de ¥, nous
avons (g, acA) = 1. Notons X| :=ax + b, Xo := (1 +n)ax +betZ = [X1, X2]; 0on
remarque que (X» — X1)/ X1 < n. Alors

S1

[A

> d@W(. yiiaq, —cA). 4.2)
(g,acA)=1

Nous appliquons I’estimation (2.1) du Théoreme 2.1. Considérons d’abord le terme prin-
cipal 71 qui en résulte. On obtient

T, = Z 19(61)—\%61(56’1)))1): Z Z o)

(g,acA)=1 (P( mel  (g,macA)=1 (p(aCI)
Pt (m)<y
(m,a)=1

L’estimation (iv) de la Proposition 3.1 permet de majorer la somme sur g par

e02) W(R, y,)
p(a) R

Nous avons donc
e@2) W(R, y;)
T <« V,(2ax + b, y1).
@(a) R
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Le théoreme 2.4 de [BTOS5] et le théoreme 4 de [Hil85a] permettent d’écrire

V,Qax +b,y) < [[ (1=p **)W(2ax +b, y1)
pla, p=yi

<a ] a-=p Hwe, .
pla, p=y

Le théoreme de Mertens et les inégalités y; > logx et w(a) < logx fournissent aisé-
ment npla, P<yi (1— p_l) < ¢(a)/a. Nous avons donc obtenu

T, « eo(uz) W(R, y2)
R

W(x, y1).
Puisque e?“2)W(R, y2)/R < 0(u2)*’°~% nous avons bien la majoration requise, en
utilisant (1.7).

Nous écrivons ensuite

_ Vg (Z, y1)
Uy:=S-Ti< Y |z9<q)|‘wa,y1;aq,—cm—“"—.
(=1 ¢(aq)
La Proposition 3.1(i) fournit
_ Woq(Z, y1)
U< Y n(q)‘wz,yl;aq,—cA)—‘”(T.
R=<q<y*R viaq
PH(g)<ym
(g,ach)=1

L’estimation (2.1) du Théoréeme 2.1 montre que la somme sur g est

W(ax + b, y1) W(R,y,;) e%W)
R (logx)4

<<£,A n

pour tout A > 0. On en déduit, de méme que précédemment et lorsque C est choisi
suffisamment grand,

U <o nW(x, y1)oua)* . (4.3)

Ce majorant est de nouveau de I’ordre de grandeur de la borne annoncée.
Enfin, concernant la contribution S;, nous avons trivialement

Sh < > 1< Yoo 1 4.4)

n<2x n<2x!+s
P (cn+d)<y (n.(ac|A]®)=x!/3
(cn+d, (ac|A)®)>x1/3

st 6 est suffisamment petit. Cela est bien de I’ordre de grandeur annoncé en vertu de nos
hypotheses sur (1, y1, y2). m|
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4.2. Casdr, > 1

Théoreme 4.3. Soient ¢ > 0, (a,b) € N2 et Q € Z|X] fixés. 1l existe C,§ > O tels que
lorsque a # 0 et Q est de degré g > 1, ’on ait

{n < x: PY((an +b)Q(n)) < y}| Ke.0.ab x0)*/*~* (4.5)

pour (logx)¢ <y < x.

Démonstration. Nous supposons sans perte de généralité que Q irréductible, non propor-
tionnel a aX + b, que (a,b) = letque y < x1/10 Soit D* le discriminant de Q, ainsi
que

D :=a’"'Q(=b/a)D*. (4.6)

De méme que dans la preuve du Théoreme 4.1, nous écrivons le membre de gauche
de (4.5) sous la forme S; 4 53, avec S la contribution des n tels que Q(n)/(Q(n), D) >
x1/2=¢ et $> la contribution complémentaire.

Nous étudions d’abord S;. Nous utilisons la Proposition 3.1 avec R = x!/27¢, I’en-
tier D défini en (4.6) et k = g. Nous obtenons alors

Si<y o Yy, 1
q

n<x
Pt (an+b)<y
Q(n)=0(mod q)

= 0:(x°|b]) + E ¥(q) E W(ax + b, y;aq,ar +Db).
q A (mod q)
0(2)=0 (mod q)

Notons que nécessairement (a, ar + b) = 1. De plus, on a (¢, ar + b) |a® Q(—b/a). Par

définition de D et la Proposition 3.1(ii), cela fournit (¢, ar + b) = 1; nous sommes donc
en mesure d’appliquer I’estimation (2.2). Notons

po(q) == [{* (mod g) : Q(1) =0 (mod ¢)}].

Nous écrivons

S1 < xf|b| + Ty + Uy,

lI"aq(ax +b,y)

Ti =) %(q)po(@)
q

p(aq)
W, (ax + b, y)
Up:= Y. (@)pe(q) max |Wax +b,yiaq,¢) — == T,
R<q=<y*R “= viaq
Pt (g)<y

(¢.D)=1
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Notons que pp(q) =< g?@ lorsque (¢, D*) = 1 (voir par exemple la formule (2.5)
de [Hen12]). Nous avons d’une part, grace a la Proposition 3.1(iv),

1 D W(ax + b, y)V(R,
2{: (@)ro(q) <o eOW ( YWY(R, y)

(p(a) meS(ax+b,y) (g,m)=1 (p(q) R
(m,a)=1

)3/2-2¢

T =

<Le,0,a.b X0 (U

qui est de I’ordre de grandeur annoncé, quitte a diminuer ¢ > 0. D’autre part, I’estima-
tion (2.2) fournit, pour tout A > 0 fixé,

e?WW(ax + b, y)¥(R, y)

U e (logx)4R

)

ce qui est a nouveau I’ordre de grandeur annoncé.

En ce qui concerne S, qui est pour rappel la contribution au membre de gauche
de (4.5) des entiers n avec Q(n)/(Q(n), D*°) < R, nous notons tout d’abord que pour x
suffisamment grand, nous avons Q(n) > x8~1/2 pour n > x'~1/G8_De plus, on a pour
une certaine constante C = Cp la majoration pp(m) < C @(m) (yoir par exemple la
formule (2.14) de [Ten90a]). Ainsi, de facon similaire a (4.4), nous avons

<Y Y 1< Y. C“’“’”( +1) g x'72,

m|D*® n=x m|D>®
m>x8~1 m|Q(n) x<m<&x8
par la majoration de Rankin et I'inégalit€ } o Comp,=1/68) « 4 1. O

5. Cas d’un facteur quadratique, d; = 2

Dans le cas quadratique, nous montrons la majoration suivante, dont I’exposant dépasse
le seuil cp = 1.

Théoreme 5.1. Soit § réel donné, 0 < § < 25/178, et Q € Z[X] quadratique irréduc-
tible. Lorsque C > 0 est suffisamment grande en fonction de § et Q, nous avons

{n <x: PT(Qm) < y}| <s.0 xo)' ™. (5.1)
pour (log x)C <y <ux

Notre démonstration de ce résultat utilise 1’équirépartition des racines des congruences
quadratiques, due notamment a Hooley [Hoo63]. Notons

0 € [0,7/64] (5.2)

une borne en direction de la conjecture de Selberg—Ramanujan [IK04, chapitre 15.5]. La
majoration 6 < 7/64 est due a Kim et Sarnak [Kim03]. Nous montrons le résultat suivant.
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Théoréeme 5.2. Soient ¢ > 0, x, M,N > 1, MN < x2, et (an), (by) deux suites
complexes bornées en module par 1. Soient D € 7 qui n’est pas un carré d’entier,
et V : R — C une fonction lisse a support compact inclus dans R . Alors

k ~

> > ambn< > V(—) _ xV(O)’O(mn)>

M<m<2M N<n<2N keN X mn
(n,m)=1 mn|k2—D

Lepy xPHEMZ 4 e N3220 = 1/A40/2

(5.3)

ou nous avons noté /\7(5) = fR V(t)e(—t&) dt pour & € R.

Notons que nous avons en toute circonstance la majoration triviale O(x* M N). En uti-
lisant & < 7/64, et avec le choix M < x1=12 N < x23/178-1/2 nous obtenons
le Théoreme 1.1 cité dans I’introduction. Le premier résultat de ce type est di a Iwa-
niec, qui considere dans [Iwa78] le cas D = —4 et montre un exposant de réparti-
tion 1 + 1/15. Une extension a un polyndme quadratique quelconque est montrée par
Lemke Oliver dans [LO12]. Iwaniec mentionne que la conjecture (R*) de Hooley, qui
porte sur des majorations de sommes courtes d’exponentielles, permettrait d’obtenir 1’ ex-
posant 1/9; notons que 25/178 > 1/9. Notre amélioration est basée sur I’utilisation dans
ce contexte de méthodes issues de la théorie spectrale des formes automorphes [DFI95,
T6t00]. La conjecture de Selberg 6 = 0 entrainerait la validité de la majoration (5.1) pour
toutd < 1/6.

Le Théoreme 5.2 peut €tre généralisé au cas d’un polyndme quadratique irréductible
quelconque, cependant dans le présent travail nous tirons parti de la possibilité de nous
réduire a priori au cas de X> — D, ce qui clarifie la présentation.

La preuve du Théoreme 5.2 étant indépendante du reste du présent travail, nous re-
portons sa démonstration a la section 8.

Démonstration du Théoreme 5.1 a partir du Théoréeme 5.2. Soient n,8 > 0 des para-
metres avec 6 < 1/6. Nous posons Q(X) = aX? 4+ bX + ¢, et notons S la somme du
membre de gauche de (5.1). Nous supposons sans perte de généralité que 4a < y < x",1a
borne annoncée étant triviale dans le cas contraire. De plus, par un découpage dyadique,
nous pouvons supposer que les entiers n comptés dans § satisfont x/2 < n < x. Enfin,
la relation 4a(aX? + bX + ¢) = (2aX + b)?> + 4ac — b? nous permet de supposer sans
perte de généralité que Q(X) = X% — D, o D = b?> — 4ac n’est pas un carré d’entier.
Nous posons D* = 2D.

De méme que dans la preuve du Théoreme 4.3, nous écrivons le membre de gauche
de (5.1) comme S; + S, ou S; est la contribution des entiers n tels que

[T »"=x (54)

p¥n*~D
pID*, v<2
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et S> est la contribution complémentaire. Lorsque 1’entier n est compté dans S, I’une des
deux inégalités suivantes est satisfaite :

1_[ pv > xl/S ou 1_[ pv > xl/S.

p"ln*~D p’In%=D
p|D* V>3

Le nombre des entiers satisfaisant la premiére inégalité est majoré par O p (x°/19) de facon

similaire a la preuve du Théoreme 4.3. Le nombre des entiers satisfaisant la seconde
inégalité est majoré, en suivant le raisonnement de [Ten90a, lemme 3.7], par

Yo Y 1< ZC‘“(’”)( + 1) Keo,p xFE 4 x5 (5.5)

x1/5 <macx? n<x
p VIm=v>3 mn®—
Cela fournit un terme d’erreur acceptable.
Nous considérons maintenant S;. Nous fixons une fonction V de classe C* sur R
satisfaisant
lipn =V =12

Sy < Z V(%)

PT(n*—D)<y
n vérifie (5.4)

Nous avons ainsi

Nous appliquons la Proposition 3.1 avec les paramétres R = x'*° (nous rappelons
que § € [0,1/6]), k = 2 pour la fonction f(q) = pp(q), et avec n remplacé
par [ v2_p. ptD,v<2 P’ Cette dernire quantité est bien supérieure a R grice a I'hy-
pothese (5.4). Nous obtenons donc I’existence d’une fonction ¢ satisfaisant les proprié-

tés ()—(iv) de la Proposition 3.1. Puisque 1p+ )<y < 1p+([] V2D piD. vey P*)<y> IOUS €D
- p~lln“—=D, p1D,v= -
déduisons
n n
Si= ) V(‘) S 9(g) = OpE15) + Z 2q) V(—), (5.6)
n<x Y am—p neN .
n vérifie (5.4) gln® =D

ol le symbole 3" indique que la somme est restreinte aux entiers g tels que p’|lg =
v < 2. Dans la seconde inégalité, nous avons réintégré les entiers n qui ne satisfont
pas (5.4), a I’aide de la borne (5.5). Soit S{ la somme du membre de droite de (5.6). Le
terme principal attendu est

' 5 b ¥ (g)p(q) 0 () "IJ(XH_S, y)
Tl —XV(O)Z T<<e XX]T.
q

Nous étudions ensuite la différence

S~ T = §:bﬁ<q>( 5 V(Z) wm%‘”) 5.7)
q neN
qlnz—D
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Nous rappelons que @ est définie en (3.2), et nous considérons la variable de somma-
tion do qui y intervient. Soient Q1, Q> > 1 deux réels avec Q1 Q> = R. Puisque dyp > R,
nous pouvons factoriser de fagon unique dyp = m¥, avec

Oy =t < QP ()" (PO,
PT(m) < P~ (0).

Notons que par notre restriction sur la somme ZZ, nous avons P~ (¢£)" < y*. Nous avons

donc
9(q) = Yoo &,

g=mdld
R<m{<RP™"(¢)
02<t<Qr PT(0)"
PT(m)<P~ (), PT(O<y
(medy,D*)=(m¢t,dy)=1
ol I’entier v dans la somme est déterminé par P (£)" || £. Nous remarquons que dans
cette somme, le poids de crible &;, dépend implicitement de Pt (m€) = PT(£); ainsi,
il ne dépend pas de m. Nous séparons les variables m et £ au moyen, par exemple, du
lemme 13.11 de [IK04] (avec z = x), puis nous renommons g| < m et go < £d;. Nous
obtenons donc I’existence d’une fonction W : R> — C telle que pour toute fonction F :
R — C,

[ wond<dosxr. Y o@r@ = [ woroad,
R3 R3

q

ou nous avons posé t = (11, 12, 13) et

Tr(t) = ZZ g, tBp tF(q192),

y201<q1<y 0

022?00
(41"12)21
ag t =1 (4 p"=1 Cli(tl_IZ)PJr(m)_m,
P llgi=v=<2
Bost =1 (4.0%)=1 D & TP P(e),
P’ lg2=v=2 gr=0d;
€. dp)=1
01<t<QPt()
Pt )<y

Nous appliquons cela avec F(q) remplacé par la parenthese intérieure du membre de
droite de (5.7). Uniformément pour t € R3, et (0], 0% € R? satisfaisant y~2Q1/2 <
Q] <yQiet 02/2 < Q) < y2Q», le Théoreme 5.2 ainsi que la borne 7(g2) < 05
fournissent

2.2 “ql"ﬁfmt( > V(%)—xﬁ(mw)

0} <n=<20; nell 742
0, <qx<20) q142ln"=D
(q1,92)=1

_ 1/2 —1/4460/2 ~3/2—0
LoD y0(1)x1+s(x 1/2Q1/ +0; /4+6/ Qz/ ).
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Nous optimisons par le choix Q1 = x' X7 et 0y = x* K7 avec k = é:% et K > 0 une
constante absolue suffisamment grande. Cela fixe donc
s=14 20 ok (5.8)
~ Te—a T ‘

Notre hypothese y < x’.7, une somme dyadique sur Q) et Q}, et une intégration par
rapport a (¢1, t2, t3) fournissent donc

1
S; —T] <p x"TOW=2K0 .y 170

si K est suffisamment grande. Ce terme d’erreur est acceptable pour y > (logx)©,
avec C = C(n). Nous concluons en utilisant la borne de Kim—Sarnak 6 < 7/64 [Kim03]
dans (5.8), et en choisissant n suffisamment petit. m|

6. Lecasd; = 3

Dans cette section, nous utilisons ce qui précede pour retrouver des résultats de Khmy-
rova [Khmo64] et Timofeev [Tim77], a ’'uniformité en Q pres.

Théoreme 6.1. Soit Q € Z[X] irréductible de degré g > 3. Il existe alors C > 0 tel que
lin < x: PT(Qm) < y}I < e%2Wxou) ©6.1)

pour (logx)¢ <y < x. La constante implicite et C dépendent au plus de Q.

Démonstration. Soit D le discriminant de Q, et S le membre de gauche de (6.1). De
facon similaire a précédemment, nous nous restreignons a compter la contribution S
a S constituée des entiers n tels que Q(n)/(Q(n), D*°) > x. Nous appliquons alors la
Proposition 3.1 avec k = deg(Q) et R = x/ y>. Nous avons alors

Sy e ). >
q

A (mod q) n=<x
Q(W)=0 (mod ¢g) "=X (mod q)

)
< x‘ Z (Q)gQ @ ’ + Z 13(q)po(q) < e%2Wxo(u)
q

x/y3<q=x/y
Pt(g)<y

comme annonce. O

7. Application aux entiers n tels que P*(n)? | n

Dans cette section, nous prouvons le Corollaire 1.4. Notons

L= e /(log x) log log x



Equirépartition des polyndmes quadratiques et valeurs friables de polyndmes 1597

Lemme 7.1. Soiente > 0,6 <a <b < e !eta, B > 0 donnés. Lorsque x tend vers

Uinfini,
log x
o\« o
Z (11—3_%3’7) Le,a,B ,C_V-i-o(l) avec y := inf <_ + ,Bt)
La<p</[h p tela,b] \ 2t
Démonstration. En notant u,, = (log x)/log p, nous avons
log x —au
Q(Ol m) o(l p—ﬁu 14 |
T : —r R - —y+o(l)
Z pl—i—ﬁ <L Z P L L Z p <L )
Losp=Lh Li<p=LP La<p<[P

O

Démonstration du Corollaire 1.4. Nous remarquons tout d’abord qu’en procédant a un
découpage dyadique, il suffit de montrer la majoration (1.6) avec la contrainte supplé-
mentaire

x/2 <n <x. (7.1)

Notons E(x) = |{x/2 <n < x : PY(n)?>|n, PT(n+1)?|n+1}|. Pour toute paire (p, ¢)
de nombres premiers distincts, nous notons E), ,(x) la contribution a E(x) des entiers n
tels que p = Pt (n) etq = P*(n + 1), de sorte que

E@)=2 )  Ep.). (7.2)
P,q premiers
pP<q

Nous avons la borne triviale
Epq(x) <min{W(x/p*, p), W(x/q*, q)}.
La majoration
S W/t p) «aLT W, £10) « xL7?
p=<LY6 ou p=L3

permet donc de restreindre la somme (7.2) a p,qg € [cl/ 6 £3]. Nous fixons dans ce qui
suit une telle paire (p, q).

Le théoreme de Bézout nous assure I’existence et I’unicité d’une paire (r, s) d’entiers
tels que g°r — p?s = l,avec 1 <r < p%et1 <s < ¢g2. Les conditions p* |netg? |n+1
nous permettent de paramétrer n sous la forme

n=p*s+q*m), n+1=q*r+pm).
Au vu de la condition (7.1), nous avons x/(3(pg)?) < m < x/(pq)>. Ainsi,

E, ,(x) < Hm € |: al il
PAam = 3(pq)?’ (pq)?

Le Théoréme 4.1 (avec A = 1) fournit donc

] :PY(@Pm+s5) < p, PY(pPm4r) < qH-

U(x, p) W3¢ q)

o(1l)
Bral) B0 T o
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Nous sommons cette borne sur (p, g) avec p < ¢, et notons k = 3/5 — €. Lorsque x
tend vers I’infini, le Lemme 7.1 fournit d’une part

E—J27+o(1)’ p< D/K/z,

V¥, q) 0(rs7)
y voo o ) f ey
p<q=<L3 X p<q<L3 q rom g’ pzﬁm’
p

et d’autre part

log x
Z Q(logp) « £~V = k]2 +o(1)

2
Ll0<p<Lk2

Z Q(logx)Q(Klogx

1 1 ) 2./
ogp 3 ogp << L 2 1+K+0(1).
CVK/2<p</:3

p

Puisque 24/ + k < (V2 + 1/4/2)/k + 1/+/2«, nous obtenons

B0 €t P B £

LYo<p<q=[3

Le résultat annoncé suit en faisant € tendre vers 0. O

8. Niveau de répartition de {n> — D}

Dans cette section, nous montrons le Théoreme 5.2. Celui-ci découle immédiatement de
la proposition suivante, grace a I’inégalité de Cauchy—Schwarz.

Proposition 8.1. Soients > 0, x, M,N > 1, MN < x2, (b,) € CN avec ||b|loo < 1,
D € 7 quin’est pas un carré d’entier, et V : R — C une fonction lisse a support compact
inclus dans R?_. Alors

k R 2
D> bn< )3 V(_)_xv(o)p(mn))
M<m<2M'N<n<2N keN X mn
(n,m)=1 mn|k*—D

M\ 32+
Le,V,D (1 +x(m) >x1+8. (8.1
Remarque. Le membre de gauche de (8.1) est majoré trivialement par M~ x2%¢, ce qui
permet en particulier de supposer d’emblée que M > N2, et justifie I’intérét d’avoir une
valeur de 6 aussi petite que possible.

La proposition précédente sera déduite du lemme suivant, qui concerne 1’équirépartition
des racines de congruences quadratiques.
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Lemme 8.2. Soient (¢, r,d) € N> avec (q,2Dr) = 1 etd | g, » (mod d) une classe in-
versible, et w (mod d) une classe de résidus telle que w?* = D (mod d). Soient M > qd,
f une fonction lisse a support compact inclus dans R*_, satisfaisant

1fPNeo < 1, (8.2)
soient) <a < f < let
m
Pr(M:q.rd koo p)= Y f(—), (8.3)
M
(m,Q)eD
a<£<ﬂ

Simg
ot D est I’ensemble des paires (m, Q2) telles que
(m,qr)y=1, m =X (modd), Q=D (mod mg), Q= w (modd).
Alors pour tout ¢ > 0, l'on a
Pr(M;q,r,d, A, w,a, B)
= Ap(M; q,r,d,a, )+ Ocp, f((grM)*d>*(qd) /> M0 (8.4)
Ici, le terme principal Ay est défini par

A(gr)p(q/(q,d*))
@(d)

b

Ar(M:q,r.d,a, B) = (B —a)Mf(0)Cp

o A(qr) := l_[plqr(l +1/p)~ Vet Cp > 0 est une constante qui ne dépend que de D.
La constante implicite ne dépend que de €, D, et des constantes implicites dans (8.2).

Ce résultat découle des majorations de sommes d’exponentielles suivantes.

Lemme 8.3. Sous les hypotheses et notations du Lemme 8.2, les majorations suivantes
ont lieu pour tout ¢ > 0.

(1) Pourl < |h| < qd'/?,

> 1))
R e [
(m,Q)eD M mq
Lep.s hl(gr)® + M) d**(qd, )P (qa)' > M'V/>0 . (8.5)

(2) Pour1/2 < H < gM,

1 S ) G)

H<|h|<2H
Le.p.r H@r)® + M (qd)* M0 (8.6)
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(3) Supposonsd =1,1/2<Q <K M,1/2<H K OM,t€0,1],etsoitT C[H,2H]
un intervalle, et ( f;) 9 <q<20 une suite de fonctions satisfaisant (8.2) et f;(v) #0 =
v < 1 uniformément en q. Alors

1 1 m hQ
o QEZQ‘EE“‘“ > (i )|

(m,Q)eD
(g,2Dr)=1
Le.p.g HOPE + (rM)E(MV? 4 H™V2 Q1270 1240y (8.7)

Les constantes implicites ne dépendent que de e, D, et des constantes implicites
dans (8.2).

Remarques. Dans le cas d = 1, en utilisant la borne de Selberg 6 < 1/4 (cf. [DIS&3,
théoréme 4]), nous retrouvons, a I’uniformité en 4 pres, un résultat de Duke, Friedlander
et Iwaniec [DFI95, formule (25)] et Téth [T6t00, formule (15)].

Les majorations (8.5) et (8.6) sont également valables pour M < gd, mais elles sont
alors moins précises que la majoration triviale O, p r(g*M I+ey,

8.1. Démonstration du Lemme 8.3

Nous nous concentrons dans un premier temps sur la majoration (8.5). Nous supposons
sans perte de généralité que 1 > 0, quitte a considérer le nombre complexe conjugué.

8.1.1. Coprimalité. Soit S'(M, g, A) le membre de gauche de (8.5). Une inversion de
Mobius fournit

S'(M.q.2)= > u)S(M/t,qt, 10) (8.8)
(Z?z'iq)r:l

ou u désigne la fonction de Mobius et

wans T (Eh(E)

meN QeN
m=\A (modd) amqg<Q<pfmgq

Q2=D (mod mgq)
Q=w (mod d)
Il nous suffira donc de montrer que S(M, g, 1) est majorée par le membre de droite
de (8.5).

8.1.2. Correspondance de Gauss. Soit
2p:={0(X,Y) = AX> +2BXY +CY?: (A,B,C) € Z*, B> — AC = D).

Pour Q € Z2p, nous notons (A(Q), B(Q), C(Q)) les coefficients dans 1’écriture ci-
dessus. Le groupe I' = PSL;(Z) agit sur 2£p par

oQ(x,y)=Q0(x,y)0) (o€Tl)
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ou le produit dans le membre de droite est le produit matriciel. En particulier,

B Q) =ayA+ (a8 + By)B + BSC, 59)
C(cQ)=y>A+2y8B+8°C = 0(y,9) '

sio = (;’j ’g) En raisonnant de fagon identique a [DFI95, p. 427] (voir aussi [Kow04,

section 6.1]), nous obtenons

C(oQ) hB(o Q)
S(M,q, 1) = f< >e< ) 5.10)
QGIZ\:,@D aerogl;/rg qM C(cQ)
P(0)

ou oo = {(4%) : n € Z} et P (o) désigne la propriété

C(0 Q) = Ag (mod gd),

Plo) — {B(GQ)Ea)(modd),

et I'g C I est le stabilisateur de Q.

8.1.3. Localisation des variables. Soit o = (3 §) un élément générique en indice de
la somme du membre de droite de (8.10). Nous introduisons, suivant Téth [T6t00, lem-
me 4.2], une fonction ¥ : I' — R qui permet d’encoder le quotient par I" 9. Cette fonction
satisfait ZIGFQ W(ot) = 1 pour tout 0 € T'. Dans le cas D < 0, la fonction W est
constante, et dans le cas contraire W (o) est une fonction C* du rapport §/y. Nous nous
donnons aussi une fonction lisse w : R — R satisfaisant

<12 S w() <1lp<2, w@ +wd/)=1

pour ¢t # 0. Nous insérons le poids w(y /8) +w(8/y) dans le membre de droite de (8.10).
Dans la contribution du terme w(y /§), nous appliquons aux sommes sur o et O les invo-

lutions changeant Q(X,Y)en Q = Q(Y, X),etoc enc = (_Bﬂ _y“ ) Nous avons alors

B(EQ)=—-B(Q), C@EQ)=C(Q).

Nous obtenons
S(M,q,r) =S, ¥)+ S(—h, ¥) (8.11)

avec

(W1(0), ¥2(0)) := (W (@), wOW(1/1)) (0= (}3) €Too\[, 1 = y/5), (8.12)

. C(0 Q)
Fy g(o) = W(O)f( oM ) (8.13)
hB(o Q)
Sth,¥) .= Fq;,Q(a)e(—). (8.14)
QGFZ\:QD 0%\1“ C@Q)
(o)

Nous fixons dorénavant & € {W, W}, en notant que cette fonction (donc la fonc-
tion Fy, o associée) est nulle dés que |f| > 2 (avec la notation (8.12)).
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8.1.4. Simplification de la phase. Nous écrivons la définition (8.14) comme S(h, V) =
> 0er\2, So(h, V). La somme sur Q est finie et son nombre de termes dépend au plus
de D. Il nous suffira donc de borner Sg (h, W) séparément pour chaque Q. Pour o € T',
nous définissons

b =§eR/Z (0 =(2%). ¥ #0).
L’identité, due a Hooley [Hoo63, formule (27)],
. (hB (0 Q)
CloQ)

est alors établie de facon similaire au lemme 4.3 de Toth [T6t00]. En remplacant
dans So(h, V), nous obtenons

) = e(hepy) + O(h(gM)™) (8.15)

So(h, W) =Ty (h, Fy.g) + O(h) (8.16)
avece
Toh,F):= Y F(o)elhgs).
g€l o\’
P(o)

8.1.5. Conditions de congruence. Nous décomposons par le sous-groupe de congruence
de Hecke I'g(gd) pour obtenir

Toth, W)= Y Y F(ro)e(hdro).

t€lo0\l(gd)
o€ly(gd)\I'
P(10)

Sit = (;'f ’g ) € 'g(gqd), alors les relations (8.9) ainsi que gd | y montrent que
q1C(0Q),
P(to) & 8% 'C(6 Q) =1 (mod d),
B(c Q) = w (mod d).

Puisque (A, d) = 1, la seconde condition est détectée par des caracteres de Dirichlet, ce
qui fournit

1 -
Toh,W)=—— 3 x0) Y, x@ 'C@Q)Uooth,¥)  (8.17)

( )X(modd) oely(gd)\T

P*(0)

avec
U, W) =Ugo(h,¥)= > D@ F(to)e(hpr,),

t€l\lo(gd)

ou ¥*(0) désigne maintenant les conditions
C(o0Q),
P (o) 71€(@0Q) (8.18)

B(oc Q) = w (mod d),
et ¥ dénote le caractere central défini par

9(t) =% (= (5}) € Tolgd)).
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8.1.6. Rappels concernant les sommes de Kloosterman généralisées. Dans cette section,

nous rappelons quelques faits sur les sommes de Kloosterman. Nous référons aux cha-

pitres 2 et 4 de [Iwa97] pour les définitions. Soient deux pointes a, b € PI(R) pour

I’action de I'g(gd), de stabilisateurs I'y et I'y et matrices d’échelle o4, 0p € PSLy(R),

c’est-a-dire telles que

Une pointe est équivalente sous 1’action de I'g(gd) a une unique pointe a’ = u /v avec
v=1 wvlgd, Wv)=1 1=<u=@qd/v).

Nous pouvons donc définir la largeur de la pointe @ comme le nombre

wa = q/(q, v?). (8.19)

Nous associons a (a, b) ’ensemble de modules
._ . a p -1
C(a, b) := {ceRi.Eloz,,B,é‘e]R, ()/ (S)eaa Fab}.

Pour tout ¢ € C(a, b) et (m, n) € Z?, nous définissons la somme de Kloosterman

Sap(m,n; y) = Z 5(0a (;‘/{ ;k) GEI>C<M>. (8.20)

sel0.yl Y
(35 )eoa Tod)o

Nous renvoyons a la section 4.1.1 de [Dral7] pour plus de détails, notamment sur la
dépendance de Sq(m, n; ¢) vis-a-vis des matrices d’échelle (o4, o). Nous utiliserons

dans ce travail les faits suivants.

Lemme 8.4. Soit o € T'g(qd)\T satisfaisant les conditions &7* (o) définies en (8.18).
(1) Le nombre de telles classes o est majoré par O(dt(q)).

(2) Supposons que la pointe a = o oo soit équivalente a u/v avec v|gq, 1 < u < v
et (u,v) = 1. Alors v| Q(0, 1)?, en particulier v = Og(1), et

wa = qd/(qd, v*) =g qd. (8.21)
(3) L’ensemble de modules C(0c0, a) s’écrit

C(oo,a) = {wtll/zvm :m €7, (m,qd/v) = 1}.
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(4) Lorsque y = wcll/ 2

I’expression

— (% % ho né
Scalhm;y)= Y. ol —+—7).
* 0 vm  ulv, v']m

o (mod vm)

8 (mod ulv,v'|m)

d=m (mod uv’)

(6—m,um)=u

ad=u (mod vm)

vm € C(00, a), la somme de Kloosterman Seoq(h, n; y) admet

oul’on a noté v' := qd/v. Ici, les matrices d’échelles choisies sont

0o =1d, o04= U/ Wa 0 1)
NN

(5) Nous avons la borne triviale

v

|Soca(h, n; y)| < (m, u)ym Lo m. (8.22)
(v, V)
(6) Lorsque n = 0, nous avons
|Soca(h, 0; )| < T(2m) %0V (dh, m). (8.23)

La démonstration de ce lemme, qui est indépendante du reste de la démonstration du
Lemme 8.3, est reportée a la section 8.5.

8.1.7. Complétion de sommes. Dans la somme U (h, V), nous changeons t en ro~ ! de
sorte que
UCh,WV) = Z 9 (to Y F(t)e(hy).
tel s\ (gd)o
La pointe a = o oo est équivalente a u/v pour un certain v | gd et (u, v) = 1, et cette
écriture est unique si I’on impose 1 < u < (v, gd/v). Nous posons temporairement

wl/? 0
T, = a = , Oq.:=0Tq,
a 0 wul/z a a

de sorte que le stabilisateur I'q C T'g(gd) de a vérifie I'y = 040y ! Dans la somme
du membre de droite de (8.24), nous remplacons encore T par T, !"en remarquant que
cela laisse la quantité ¢, inchangée. Nous obtenons

Uh, W) = Y. v HF(rry He(he). (8.24)
1€l \lo(gd)oq

A ce stade, nous remarquons que (v, gd /v) | ¢. En particulier, la pointe a est singuliére
pour ¥, ce qui signifie
P(r)=1 (trely).
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Nous séparons la somme sur 7 dans le membre de droite de (8.24) suivant les classes a
droite modulo I' ;. Notons que pour tout @ € ', nous avons ¢, = ¢, (mod 1), ainsi
que

9 (twog ) = 0 (ro; Y (oawoy ') = ¥ (to ).

Nous obtenons

U(h, ¥) = > 9oy De(hds) > F(t ((1) ’;) ru—l).

teloo\l0(gd)oq/ o keZ

Etant données les relations (8.12) et (8.13), la fonction

o (e (g 1))

est lisse, a support compact, et ne dépend que de la ligne inférieure de 7. Si 7 = (; §),

alors
1 t —1 k k
F =F _ )
(’(0 1)“‘) ((ywa‘” y(r+6/y>wé/2)>

La formule de Poisson fournit

(e ) o) e

keZ neN

G(y,n) ::/ F(( >l:1/2 *1/2))6(—711‘) dr.
R YWq Yiwg

En utilisant la définition (8.20), nous obtenons finalement

Uh, W)=Y > Secalh,n;y)G(y.n). (8.25)

neZ yeC(oo,a)

8.1.8. Localisation et préparation des variables. Nous rappelons que wq, <¢ gd. Par
définition de F' = Fy, ¢, nous avons

Oy, vtwg)

G(y,n>=/R\v(rwa>f( .

)e(—nt) dr.

Lorsque I'intégrant est non nul, nous avons |¢| < 2wc71 ety <o, r q(dM)l/z. En inté-
grant par parties (cf. le lemme 5.1 de [T6t00]), il vient

G(y,n) < (qd)’"'n™7  (j eN). (8.26)

Cette majoration dépend aussi des constantes implicites dans (8.2); cette dépendance ne
sera pas explicitée afin d’alléger la notation.
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bution Uy (resp. U;) provenant de n
et (8.26) permettent d’écrire

Posons Ny := gd(Mg)". Dans le membre de droite de (8.25), nous isolons la contri-

O (resp. |n| > Njp). Les bornes (8.22), (8.23)

Uo(h, )| <ep (@)™ D |Seca(h, 0: 9)| < (Mgh)*d™'q™' /> M2,

y€eC(oo,a)
y=q(dM)'/? (8.27)
i—1
qd _
Uy (h, ¥)| <j.p (qM)W(W) <, (M)~
en choisissant j = j(n) suffisamment grand. Ces deux termes d’erreur sont bien de
I’ordre du membre de droite de (8.5).

D’autre part, la formule de Faa di Bruno montre que la fonction G vérifie
ak—i—ﬁ
W G(x,y)

_ <<£1,€2 V_el(qd)_zz_l-
x=y
y=n

De méme que (8.26), cette majoration dépend également des constantes implicites
dans (8.2).
Nous introduisons une partition de 1’unité pour la variable n,
Gly,m)= Y Guly,n),
0<k<K
ou K < 2+ (logNy)/log2, et pour 1 < N < Ni, la fonction Gy (y, n) est lisse par

rapport aux deux variables, nulle en dehors de n € [N /2, 2N] et satisfait
ak-i—e

WGN(X’ y)

< (g~ y F(min{gd, ND™* < (gM) M (gd) "y N
X=
y=n (8.28)
En accord avec cette décomposition, nous écrivons
Yo ) Seathomiy)Gly.my= Y Va, (8.29)
O<|n|<N1 yeC(oo,a) 0<k<K
Vy = Y Sealh,niy)Gn(y.n). (8.30)
N/2<|n|<2N yeC(c0,a)

Nous posons ensuite

Fix, &) = fR GN(L Vxh'y',y>e<ys>dy,

4 /h
Gty i= [ F(L g Jocone)ac
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L’intégrale définissant F' est a support sur y < N, et lorsque F(x,&) # 0, nous avons
nécessairement x =< X := (hN/q?>dM)'/?. La formule de Faa di Bruno implique encore

i (gd)”IN

o)
koF(x,8) <k (gM)""’X L+ (Ve

Ici la constante implicite dans O (n) est indépendante de k. Nous posons finalement
¢ (x) = X (1 + (N§)*)gd(xN) ™ (gM) ™7 F(x, §)

pour un certain réel positif @ = O(n), de sorte que la fonction x > ¢¢ (x) soit lisse, a
support sur x < X et satisfasse

sup [lgg” || < X7 (8.31)
EeR

Ici encore la borne dépend des constantes implicites dans (8.2). Cela ne sera plus rappelé
dans la suite. Nous avons alors

Vy = 471(qM)wd_1/2M1/2f Wy (€) dE, (8.32)

R 1+ (N§)?

ou nous avons posé

Wn(§) =

&) .
Z Z Sooalh, n; y)¢§<47r«/h|n|)’ (8.33)

an
N/2<In|<2N  yeC(oo,a) Y 14

ainsi que a, = +/|n|/N, et ol nous avons intégré le facteur e(—n&) dans la matrice

d’échelle de oo (ce qui est indiqué par la notation Séi)a .

8.1.9. Utilisation de la formule de Kuznetsov. Nous majorons Wy pour chaque &. Nous
omettrons la quantité £ de la notation, et n’utiliserons de (a,) et ¢ que la borne |a,| < 1,
les majorations (8.31) et le fait que ¢ (x) # O entraine x < X, ou nous rappelons que X <
(hN /q*dM)'/2.

Pour chaque n € [N/2,2N], nous appliquons la formule de Kuznetsov (lemme 4.5
de [Dral7], avec k = 0). Nous obtenons

Z Soca(h, n; )/)¢<471m

) =, + &+, (n>0),

y€eC(oo,a) Y Y
Soca(h,n;y) |, (4m/hn| _ _
o = ¢ — &+ M, n < 0),
yeC(oo,a) Y Y

a(tf) 12—~
M= Y () oo (h) pra(n),
FeBa ) cosh(ntf)
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et A, hon co@hjfn, %”fn sont données par des expressions similaires. Ici, I’ensemble #A(q, x)
désigne une base orthonormée de formes de Maass paraboliques f, chacune étant fonc-
tion propre du Laplacien hyperbolique, de valeur propre associée Ay = 1/4 + tfz et de
coefficients de Fourier prq(n). Nous référons a la section 4.1.2 de [Dral7] pour les dé-
finitions précises et la normalisation. Nous avons 7y € R U [—i6, 0], ou nous rappelons
que & < 7/64 grace a Kim et Sarnak [Kim03], et que la conjecture de Selberg—Ramanujan
prédit que & = 0. La transformée ¢ dans I’expression ci-dessus est donnée par

~ 2mi *© " . dx
o) = m/o (J2i1 (x) — J 21 (x)) P (x) "

ou J, (x) désigne la fonction de Bessel. La transformée 5 satisfait les bornes énoncées au
lemme 4.4 de [Dral7] (voir le lemme 2.4 de [Top17] pour des bornes plus précises). Dans
le cas présent, nous avons X < (gM)"/?, donc

~ (gM)*1(1+ 1)) 7>, t €R,
B < P . o
(Mg)V“(qgedM/hN)"', t e [—i/4,i/4].

La quantité ébh . (resp. %’frn) correspond a la contribution des séries d’Eisenstein
non holomorphes (resp a la contribution des formes holomorphes de poids > 2). Nous
étudions en détail le cas .Z T, les autres termes étant traités de facon similaire.

Notre traitement differe selon que nous prenons la moyenne sur 4 ou pas.

8.1.10. Le cas (h, q) fixé. Nous séparons dans //lhfn la contribution des fonctions f €
#(q, x) avec ty € R de celles avec ty € iR. En accord avec cette décomposition, nous
écrivons
Wy= Y andy, =M%+ M (8.34)
N/2<n<2N

ou la notation correspond a “régulier” et “exceptionnel”. L’inégalité de Cauchy—Schwarz
fournit

M| < ()2 (8.35)

avec

aE =y O

FeBan) cosh(rmiyr)
treR
, 16(t7)] 2
'//lzrveg = Z cosh(ein) ft Z annl/zpfa(n)‘ .
FeBq.n ° (tr) N/2<n<2N
ZfE]R

Pour majorer ,///}fég , nous faisons appel au lemme 2.7 de [Top17], soit

rég 1/2 h'/2
My Le (th)8{1+(qd,h)/ qdl/Z}'
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Pour majorer .# rég, nous utilisons I'inégalité de grand crible (proposition 4.7 de [Dral7])

N
%reg L (gM)* N{l + d1/2} (8.36)
Notre hypothese h < g et N < N implique donc
M Ky (gM)O g g, (8.37)
Pour chaque £, nous avons par ’'inégalité de Cauchy—Schwarz

| exc| << (%]/?XC exc)l/Z (838)
~ 2

M= G Phlprec (WP, A= Y ) > aun'Ppsa(n)

fesq.x) fe#B(q,x) N/2=n<2N

treiR treiR (839)

<<8 d 1 /2 ’

Pour .7;*, nous utilisons le lemme 2.9 de [Top17],
M Ly (qhM)° P {(gd, MNP,
Notre hypothese N < Np implique donc
%GXC << (th)O(T))dl/4(qd h)QMQ(qd)l/Z

Le membre de droite de cette inégalité est supérieur a celui obtenu en (8.37). Nous obte-
nons donc au final

Y. anty, <y (qhM)°PaV qd, )’ M® (qd)' />
N/2<n<2N

La méme majoration est valable dans le cas de .#,_, , tandis que les termes & et AT,
sont majorés par une quantité de 1’ordre du membre de droite de (8.37). Nous avons ainsi

Wy < (M) Da'*qd, n)? M9 (qd)'/>~?.

Nous insérons cela dans (8.32) puis (8.29), ce qui fournit, avec les majorations (8.27)
et en choisissant n > 0 arbitrairement petit,

Uh, ) < (qM)*d™"*(qd, )’ M° qd)'/*~".

Nous reportons cela dans (8.17), en utilisant le point (i) du Lemme 8.4 pour majorer le
cardinal de la somme sur o. Nous obtenons

To(h, W) <. (M) d**(qd, 1)’ M° (qad)' >~

ce qui fournit la majoration (8.5) grace a (8.16), (8.11) et (8.8) successivement.
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8.1.11. Majoration en moyenne sur h. Nous justifions dans cette section la majoration
(8.6). Lorsque H < gd'/?, nous nous contentons de prendre la moyenne sur /& de 1’es-
timation (8.5) établie dans les sections précédentes. Nous supposons donc dorénavant
que H > gd'/?.

Soit (c;) € CN une suite telle que |c;| < 1 et

2 GG = 2 G G)

Les coefficients (c,) dépendent au plus de (h, g, d, A, w, M, f).
Rappelant la définition (8.34), il nous suffira d’établir les majorations

g 1
M= Yl < GHMOW G, (8.41)
H<h<2H
1
M= Y i <o GHMO PV M (qa) P 842)
H<h<2H

Les bornes (8.36) et (8.40) sont toujours valables en moyenne sur 4, puisqu’elles ne dé-
pendent pas de A.
Dans le cas de (8.41), un raisonnement similaire a (8.35) nous ramene a étudier

//Ir{ég — f2 Z M Z Ch\/E,Ofoo(h) 2

FeBa0 cosh(rmiy) HEoH
treR

L’inégalité de grand crible fournit

Mt & (qHM)EH—l{l +

H &
172 Le (HM)",

d’ou I’on déduit la borne (8.41).
Concernant (8.42), en raisonnant de facon similaire a (8.38), nous nous ramenons a

étudier )
A =H Y Gl Y e pseeh)

FeBG.0) H<h=2H
treiR

Nous appliquons I’inégalité de grand crible pour le spectre exceptionnel, lemme 4.8

de [Dral7], en tirant parti de la borne de Kim—Sarnak (voir la remarque qui précede
la section 4.3 de [Dral7]). Nous obtenons

20 1-26
exc -1 o) qM 12 H
MEC <y H (gM) (1+(N) )(H—d (qd) )
26
<y (qM)‘)(")(qzd)”—”z(ﬂ) .
N

Cela suffit pleinement a démontrer I’estimation (8.42). La formule (8.6) en est déduite de
facon identique au cas de A fixé.
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8.1.12. Majoration en moyenne sur h et sur q. Supposons maintenant que d = 1, et
que c¢j, = e(th)1,c7 pour un certain intervalle Z C [H, 2 H]. Nous suivons les arguments
des sections précédentes, en encodant le facteur e(¢h) dans la matrice d’échelle de oo, ce
qui nous ramene a I’estimation de

~ 2
M@ =H Y BR[|
feB(q.1) hel
treilR

Nous sommons cela sur g € [Q, 2Q], et utilisons 1’inégalité de grand crible pondérée de
Deshouillers—Iwaniec, [DI83, théoréeme 7]. Nous obtenons

1 exc o) gg—1+e H M %
— Y M) Loy MOV H 1+=+(—) ¢
Q 0<q=20 Q N

Avec 20 remplacé par %, cela découle directement du théoréme 7 de [DI83]. L’équation
qui précede est aisément justifiée en notant qu’a la conclusion de la preuve du théoréme 7,
page 278 de [DI83], la quantité \/Y /Y] peut étre remplacée par (Y/Y1)%’. La conclusion
de la preuve suit de facon identique au cas de & fixé.

Remarques. Lorsque H est grand, le terme d’erreur que nous obtenons est 1égerement
meilleur que celui annoncé en (8.6). Cela n’a pas d’influence pour I’application que nous
considérons ici.

Les facteurs 4 et H apparaissant aux premiers termes des membres de droite de (8.5)—
(8.7) peuvent étre améliorés en opérant une intégration par parties au lieu de 1’approxi-
mation triviale (8.15).

8.2. Démonstration du Lemme 8.2

Du Lemme 8.3, nous déduisons par une technique standard d’analyse de Fourier 1’esti-
mation

Pr(M;q,r,d, A, w,a, B)
= (B—a)Pr(M;q,r,d, 2, ,0,1) + O p s ((gM)°d>*(qad) >0 M'V/2H0). (8.43)

Nous omettons les détails, qui sont similaires aux pages 179 et 180 de [Iwa78]. La
seule différence avec notre traitement tient aux termes supplémentaires 4 et H dans les
membres de droite de (8.5) et (8.6), qui imposent le choix A = (¢ + M 1/2y=1 dans
I’argument d’Iwaniec. Cela induit un terme d’erreur supplémentaire de I’ordre de

AN MA < g+ M2 « g 2o Mo

qui est acceptable.
Nous nous concentrons donc sur le traitement du terme principal. Nous aurons besoin
du lemme suivant.
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Lemme 8.5. Soient x € R avec x > 1, D € 7 qui n’est pas un carré d’entier, (q,d) € N2
avecq > 1, (q,2D) = 1,d|q et L (modd) avec (A,d) = 1. Notons xp = (2) le
symbole de Kronecker, et »p(n) := (1 x xp)(n). Alors

Y = — #14) (1—XDT(]’”)LG,XDHOS,D@”%.

=1 rlq
n=XA (mod d)
Démonstration. Cela découle facilement du principe de 1’hyperbole de Dirichlet. O

Rappelons que pour p 1 2D, nous avons p(p) = 1 + (%) = xp(p). Nous écrivons p =

»p *hp, de sorte que la fonction i p vérifie ), |hp(£) |g—1/2—¢ <Lep 1. Lorsque M > 1
et (A, d) = 1, nous en déduisons, a I’aide du Lemme 8.5 et d’une intégration par parties,

> f(%)p(m)= IRTCEDD f(%)%p(n)

(m,q)=1 £,q)=1 (n,q)=1

m=A (mod d) <M n=xf (modd)
(q) -~ hp(£)
- PLra, M fo) Y + Oep. p(g"M'ZHe). (8.44)
(0(61) q «,q9)=1
Notons
hp(£) (o * pn)®)
Cp = L1, =y L2
p = L( m)é ; ; ;
Nous obtenons
0(q) hp(£) 1\~
LBl S P2 o1 +=) - (8.45)
T (Wq=1 pla p

Nous revenons maintenant a I’estimation du terme principal du membre de droite
de (8.43). Le théoreme des restes chinois et les relations (8.44) et (8.45) avec g remplacé
par gr fournissent

Pr(M;q,r,d.h0,0,)= Y f(%) Yoo

(m,qr)=1 2 (mod gm)
m=\ (modd) Q%=D (mod gm)
Q=w (modd)
m
= pwd@) ) f(ﬁ)p(m)
(m,qr)=1
m=A (modd)
1 _l/)w,d(Q) =~ 1/24¢ ¢
=Cp[] L2 ) @ MT O+ Oep (M),

plgr
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ol nous avons noté, pour tout w (mod d) avec w?* = D (mod d),

pod(@) = Y L

Q2 (mod q)
Q2=D (mod q)
Q=w (mod d)

Il est aisé de voir que p, 4(q) = p(g) sid = 1, et pourtout p { 2D, 1 < § < v,
Py, pd (p") = 1 par le lemme de Hensel. Nous en déduisons que p,, 4(q) = p(q/(q,d*))
indépendamment de w. Cela conclut la démonstration du Lemme 8.2.

8.3. Démonstration de la Proposition 8.1

8.3.1. Premiére réduction. Nous remarquons tout d’abord que la borne triviale x> /M
pour membre de gauche de (8.1) nous permet de supposer sans perte de généralité
que x > M.

Dans le but de simplifier la preuve de la Proposition 8.1, nous nous ramenons a sup-
poser que la suite (b,,) est a support sur les entiers impairs premiers avec D. Supposons
donc dans un premier temps que 1’estimation (8.1) est valable pour de telles suites. Notant

k -~
(g = Y v(-) Ay (8.46)
k * q
eN
glk*—=D
nous avons, grice a I’inégalité de Cauchy—Schwarz et la majoration Y _j<y<oy 1 < x%,
v|(2D)>®
2 2
Y bpmn[ = Y | Y Y burptvmm)]
M<m<2M N<n<2N M<m<2M 1<v<2N N/v<n<2N/v
(n,m)=1 v|2D)*®  (n,2Dm)=1

L xt Y Z‘ > bvnrD(X;Umn))z

M<m=<2M 1<v<2N N/v<n<2N/v
v|2D)®  (n,2Dm)=1

<L x° Z Z ‘ Z bvnrD(x;mn)‘z.

v<2N vM<m<2vM N/v<n<2N/v
v|(2D)*® (n,2Dm)=1

La majoration (8.1) appliquée pour chaque v au membre de droite fournit 1’estimation
voulue.

Nous supposons donc dans ce qui suit que la suite (b, ) est a support sur les entiers n
tels que (n,2D) = 1.

8.3.2. Interprétation d’une congruence. Nous suivons les arguments des pages 180183
de [Iwa78]. Pour cela nous devons modifier la construction de la classe ¢ (mod [n1, n2]),
page 183 de [Iwa78], en raison du fait que dans notre situation, (b,) n’est pas supposée a
support sur les entiers sans facteur carré.
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Lemme 8.6. Soient m,ny,ny, €1, ¢y > 1 donnés avec 2mD, niny) = 1. Définissons

d:= (ni,n2)/(n1,ny, 1 — £2),

et supposons que
(m(y — €2))? = 4D (mod d). (8.47)

Alors il existe ¢ € 7 avec 0 < ¢ < [n1, na] tel que les ensembles

2 __
Dl:z{veZﬂ[O,m[:v = D (modm) }

(me; +v)> = D (mod n;) (j € {1,2})
et
Q=D (mod m[ny, na]) }

D, = {Q € ZN[cm, (c+ 1)m| : Q= m(C— %(ﬂl +g2)) (mod d)

soient en bijection.

Remarque. Les ensembles D; et D, sont vides si la condition (8.47) n’est pas satisfaite.

Démonstration du Lemme 8.6. Notons

nj=[]p"" (G efr2,
p

Nous définissons ¢ € Z, 0 < ¢ < [n,n>], comme I'unique entier satisfaisant, pour
tout p,
€1 (mod p"1 ) sivi(p) > va(p),
€= ¢ (mod p¥2(P))  sinon.

A tout v € Z N [0, m[, nous associons Q2 (v) = cm + v € [em, (m + 1)c[. Cette appli-
cation est bijective, et il nous suffit de vérifier que €2(D;) = D,. Supposons v € Dj, et
soit 2 = Q(v). Puisque (m, [n1,n2]) = 1, il suffit de vérifier la congruence Q2 =D
modulo m et [n1, ny], séparément. Nous avons 2 = v (mod m), ce qui fournit bien Q? =
D (mod m). Pour tout p, nous avons

Q = ¢;m + v (mod p"iP)

avec j = 1 si vi(p) > wva(p), et j = 2 sinon. Nous obtenons dans les deux
cas Q2 = D (mod p¥i P, donc Q2 = D (mod[ny,n2]). La condition =
m(c — 3(€1 + £2)) (mod d) découle facilement du fait que

(mly + v)? = (mly + v) (mod (n1, n2)).

Supposons ensuite € D, donné, et posons v = 2 — mc. La relation v2 = D (mod m)
est alors immédiate. Soit ensuite p fixé, notons v; = v;(p) et supposons vi > v (le cas
complémentaire étant traité de facon identique). Nous avons alors

c={; (mod p”), %= D (mod p"!),
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ce qui fournit directement la relation (m €1 + v)? = D (mod p"!). Nous avons par ailleurs
(mly 4+ v)? = Q> —2ml; — £)L + (ML) — £2))? (mod p*?).
Par hypothése, 22 = D (mod p*2). Ensuite,

Q=m(c— 501+ £2)) = 3m(€ — £2) (mod "2, 612 )

ce qui fournit
2m(L — €2)Q2 = (m(£y — €))% (mod p*2).

Nous en déduisons (m€, + v)?> = D (mod p*2). Nous avons donc v € Dj. O

8.3.3. Méthode de dispersion. Nous développons le carré dans le membre de gauche
de (8.1). En accord avec [Iwa78], nous posons

Yom):= Yy b, P

N<n<2N n
(n,m)=1

Fixons aussi une fonction lisse f : R — R telle que 11<,<2 < f(¢) < 1y/2</<3. Enfin,
nous rappelons la notation (8.46). Le membre de gauche de (8.1) est majoré par

%‘j(%)‘ 3 burp(x; mn)(

N<n<2N
(n,m)=1

= ;f(%) N<;2Nb % ( )—x‘//\(O)pE]CI)rD(x;mn)
(n,m)=1 q|k2

o) 2 (Z E () -ron)

2

O<v<m N<n<2N keN
v’=D (modm) (n.m)=l1 k=v (modm)
2ED(modn)

k s pm)|?
< b vi=) -
=X )em XL w3 v(f) el

m O<v<m N<n<2N keN
v?=D (modm) (n.m)=1 k=v (mod )
k*=D (modn)
<& x°(S1 — 2xV(0)Re Sy + [xV (0)[2S3) (8.48)

avece

m
-2i(y) T o
m O<v<m

v2=D (mod m)
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mw—Zme}}j()()

N<ni,ny<2N ki,kreN
(nny,m)=1 kj=v (mod m)

ijED (modn;)

Y k Y 2
T (m) ::%) Y b D V(;), T3(m) := (%)

N<n<2N keN
(n,m)=1 k=v (mod m)
2=D (mod n)

8.3.4. Estimation de S3. Nous avons
—,O(m)p(nz) M?* (m
D 3) S > ()
N<n1 ny<2N ning (m,n1ny)=1 m
Notant g1 (¢) := 12 f(t),la somme en m du membre de droite vaut
Pgl (M’ 1’ nina, 1’ 1’ 1’ 07 1)'

Nous obtenons donc
S3 = P34 O p(x*M /219, (8.49)

avee

P3 = CDM_1</RI_2f(t)dt) > bubn,A(un )M.

N<ni,ny<2N n2

8.3.5. Estimation de S». Nous avons

S »> bn,bmﬂ > %f(%) > 3 v(é)

N<ny,np<2N (m,niny)=1 O<v<m keN
v2=D (mod m) k=v (mod m)
k*=D (modn)

Nous écrivons k = m{ + v avec £ > 0 et £ << x/m. Nous avons alors

()= () e (h)

ce qui fournit, de méme que dans [Iwa78, formule (11)], I’approximation S = S+ 0 (x)
avec

—P(nz) 1 (m
- X b Y s(h) X v(™),
N<ni.np<2N 2 mamy=1"M >0
0<v<m
v2=D (mod m)
(m2+v)ZED (modny)

Les supports de f et V impliquent que les entiers ¢ fournissant une contribution non
nulle a S/ proviennent d’un intervalle d’entiers / tels que £ =< x/M pour tout £ € I. Pour
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tout np avec p(n2) # 0, nous posons n’2 = ny/(no, n‘l’o). Soit ¢ € NN [0, n{[ 'unique
entier satisfaisant ¢ = ¢ (mod n1). Nous avons une bijection

2

v° = D (mod m)

N :

{v € N0, ml (ml + v)? = D (mod nl)}

2:
— {QeNﬁ[O,mnl[:g2 _D(modmnl)}

cm<Q<(c+1)m

donnée par v > mc + v. Ainsi,

1 — p(nz) m
Sy=r 2.2 bubn > 2 sl > !
My nap(na/(n2, ni%)) 7 (m.nimg)=1 M QeN

Q%=D (modmn)
cm<Q<(c+1)m

avec g2 ¢(t) := T OV (LM /x), qui satisfait I’hypothese (8.2). La somme sur (m, €2)

est exactement Py, , (M; ni, n’2 1,1, 1, % %) le Lemme 8.2 fournit donc

Sh= Py + O p(x*N~3/270 y=1/249)

avec
— p(n1)p(n2) _ amM
Py:=Cp » Y bpby, ————A(mmny) [ 7' f()Y_V|—)dt.
N<ni,np<2N ning Lel X
Uniformément pour ¢ € supp f, nous utilisons
Zv(“M) = 2 V0)+ o)
X - Mt ’
LeZ
ce qui fournit P, = x\7(0) P3 4+ O p(x?), et finalement
Sy =xV(0)P3 + O, p(x°{1 + N73/270 p=17240y, (8.50)

8.3.6. Estimation de Sy et conclusion. Dans la somme Sy, nous posons k; = mt; + v
avec £; > 0, ainsi

S1 = ZZ bm%ZZ Z f(%)

N<ni,ny<2N £1,62>0 (m,niny)=1

« 3 V(M)%@)
X X
O<v<m

v2=D (mod m)
(m¢;+v)>=D (modn;)
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Nous remplacons le produit V(...)V(...) par V(ml€;/x)V (mly/x). L'erreur induite
dans Sy est O, p(x'*9), de sorte que 1 = 81+ Og, p(x17¢) avec

Stz= D) bubn ) ) D f(%)

N<ny,np<2N £1,£2>0 (m,n1ny)=1

mi miér
x V(T)V<T> Z 1. (8.51)

O<v<m
v2=D (mod m)
(mej—l—v)zED (modn;)

Pour chaque (n1, na, £1, £2), la somme sur v est exprimée au moyen du Lemme 8.6. Nous
posons g := [ny, n2], d := (ny,n2)/(ny, na, €1 — £3), et

L:={x (modd): (A — 62))2 = 4D (mod d)}.
Puisque (d,2D) = 1, nous avons L = ¥ si ({1 — €r,d) > 1, et |L]| = p(d) sinon. Nous

supposons donc que la somme sur ({1, £») est restreinte a ({1 — £>,d) = 1. La somme
sur (m, v) dans le membre de droite de (8.51) vaut

c c+1 |
ZPg3 M;q,d, ), oy, —, (0 := Mc — 3(£1 + £2)))
rel q q

avec g3(t) := f(O)V (L1 M/x)V (t€2M /x). Puisque |L| = p(d) et p(d)p(q/(q,d™)) =
p(q), le Lemme 8.2 fournit

N2\ 3/2-0
Si — P1 + 08,D<x1+8 +x2+8(_) )

M
avec
_ @) A@Q) LM\ TIHMN
Pi=CoM 3" bubm ) ﬂ—jff(r)v( )v( )dt.
N<I’l1,l’l2§2N El7£220 q QD( ) R X X
1—1y,d)=1 (852)

Notons temporairement ng = (n1, n2). Rappelons que d = ng/(ng, £1—+¢2). Pour X > 1,
nous avons

22 VG G) e 2v(x) 2 V(TR

£1,0,eN LeN keZ
(£1—€2,n9)=ng/d (k,d)=1
81 —£,d)=1

d) .~
= 1(d,n0/d>=1{‘pn—o|XV<0>|2 + og,D(dSX)}. (8.53)
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Notons que la propriété p(p”) = p(p) € {0,2} (pour p 12D, v > 1) implique

pni,nal) Y 1=p(ni, )2 ") = p(n1)p(na). (8.54)

d|(n1,n2)
(d,(n1,n2)/d)=1

Nous insérons I’estimation (8.53) avec X = x/(Mt) dans le membre de droite de (8.52)
(nous rappelons que I’hypothese supplémentaire M < x a été justifiée a la section 8.3.1).
Les facteurs ¢(d) se compensent, et la relation (8.54) nous permet de déduire P; =
P+ O(x'"¢) avec

v 2
P = YO, > bm%MA(nlnz)fRz—zf(r)dz.

M N<ni,np<2N ninz
Nous avons donc Pl’ = |xV(0)|% P3, et finalement

R N2\ 3/2-0
S| = [xV(0)|*P3 + 08,D<x‘+8 +x2+8<ﬁ) ) (8.55)

En insérant les estimations (8.49), (8.50), et (8.55) dans (8.48), nous obtenons I’estimation
annoncée (8.1). Cela conclut la preuve de la Proposition 8.1.

8.4. Démonstration du Théoréeme 1.2

Nous déduisons dans cette section le Théoreme 1.2, a partir de la majoration (8.7). Nous
suivons les arguments et les notations des sections 4 et 5 de [DI82]. Nous considérons

Ru(, P.D)= > a0 > Y Clm)logm 3 E(%)e(—%”),

D<d=2D  0<|h|<H m=0 (modd) m v2=D (mod m)

ou D < x'2, P e [x,x?], n > 0 est arbitraire, H = Px~17_p est une fonction lisse a
support compact inclus dans [x, 2x], telle que [|bY) |5 < i x~/, C est une fonction lisse
a support compact inclus dans [P, 4 P], telle que ||CY) |0 < P77, et (Ag) une suite de
coefficients avec |A4| < 1. Nous insérons la définition

1 ~(h
—b(—) :/e(—ht)b(mt) dr.
m m R

Posant M := P/D et f;;(v) := C(Mvd) log(Mvd)b(Mvdt), nous obtenons

|Ru (x, P, D)|

< xP7! sup
ltlelx/(4P).2x/P] p~4<2D

2 ensi(s) 2 o)

O<|h|<H v2=D (mod m)
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Nous avons bien || f;ft)lloo < 1,D <« Met H < MD. Nous sommes donc en me-

sure d’appliquer la majoration (8.7) a chaque sous-somme dyadique H; < h < 2Hj,
pour 1/2 < H; < H. Nous obtenons

Ru(x, P, D) K x'T*+0Wp=Ip sup  Hi{H, + M2 4 H /> D270 11240}
1/2<H|<H

Celaest O(x'"") si D < x KM min{x2 P!, x1/2=40) p=0/(1=20)1 ot K est une constante
suffisamment grande. Cette majoration de D, en conjonction avec les arguments de la
section 8 de [DI82], fournit le résultat annoncé.

8.5. Démonstration du Lemme 8.4

Ecrivons o = (,‘j j‘) avecr € Z.Les classes I'g(¢gd)\I sont en bijection avec P1(Z/qdZ),
la correspondance étant donnée par o +— [v : r]. La condition g | C(o Q) correspond
alorsaqg | Q(v,r).

La relation ¢ |C(c Q) = Q(v, r) implique v | Q(v, r)?. Cependant, on a la rela-
tion Q(v, r) = Q(0, 1)r? (mod v) et (r, v) = 1, de sorte que finalement v | Q (0, 1)2.

Le calcul explicite de C(oo, a) et de Sooq(h, 1; ) est un calcul élémentaire similaire
a la section 2.2 de Deshouillers—Iwaniec [DI83]. Nous omettons les détails. La majora-
tion (8.22) en découle par I'inégalité triangulaire, et en notant que la condition oé =
u (mod vm) détermine o (mod vm/(u, m)).

Pour la preuve de (8.23), nous utilisons le théoreme des restes chinois. Soit p un
nombre premier, et notons

plilm, pHllu, p’lv p v, pld.
Nos hypotheses (v, u) = (v/, m) = 1 impliquent donc
w>0 =1V =0, A>0 = v=0, A <max{v, '}

Le théoreme des restes chinois montre que 1’on peut se ramener a établir la majoration

ho
Sp(h) = Z Xp(8)6< v—i—,u) <0 (pAh, pﬂ), (8.56)
o (mod p¥TH) p
§ (mod pk+,u+max{v,v/})
§=m (mod p)‘+"/)
(E=m, p**)=p*
ad=u (mod p"TH)

ou x, est un caractere modulo p”. Le changement de variables § < m + 5pk+”/ trans-
forme le membre de gauche en

/ h
Sy (h) = 3 Xp(m + 8p* T )e(%ﬂ).
o (mod p¥TH) p
s (mod pu_erax{ufv/,O})
8, p")=1
a(m—l—ép”“/)zu (mod pVTH)
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Nous écartons d’abord le cas u < max{A, v}, en nous contentant la borne triviale

qui découle du fait que u, v K¢ 1.
Supposons ensuite 4 > max{A, v} > 0, en particulier, v" = 0. Considérons d’abord
le cas v = 0. Dans ce cas A = 0, donc le caractere est trivial et notre somme se simplifie

en
ho A
Sy(hy= Y e(p—ﬂ) > 1= phcpu(h),
a (mod p*) 8 (mod p*)
(v, p)=1 ad=u/p” (mod p*—*)

ol ¢r(h) = 34 (modr), (b.r)=1 €(hb/r) est la somme de Ramanujan. Nous obtenons donc

1S,(h)| < p*(h, p™).

Considérons ensuite le cas v > 0. Cela implique A =0 et A < v, et donc

ho N ho
Sp(h) = > x<m+8>e<pv+ﬂ) =xw X<a>e(pu+u>’

o (mod p¥TH) a (mod p¥TH)
8 (mod pVTH) (a,p)=1
6,p)=1
a(m+8)=u (mod p"t#)

qui est une somme de Gauss (cf. [[K04, lemme 3.2]). Nous avons ainsi
[Sp()] < 2(p™h, p*+H).
Nous obtenons dans tous les cas de figure la borne (8.56), ce qui conclut la preuve. O
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2 | BETTIN AND DRAPPEAU

1 | VALUE DISTRIBUTION OF QUANTUM MODULAR FORMS

Let T C SL(2, Z) be a cofinite Fuchsian subgroup, which acts of functions on P!(Q) by the weight-
k ‘slash operator’

fly@) i=(ex+d) frx)  ify = <Ccl Z) €r,

where yx = Z‘;‘is is the Mobius transformation.

In their simplest guise, quantum modular forms, introduced by Zagier [121] (see [119] for early
examples), denote the set of functions

f:PlQ)S—>C,

for some finite set S, satisfying a form of modularity, in the purposely vague sense that forally € T,
the function of x € P1(Q) \ (S Uy~'S) defined by

hy,(x) 1= f(0) = flky (%), L1)

has some regularity property. Part of the research effort has focused on constructing examples in
interrelated ways:

- Generating series associated with combinatorial sequences: Fishburn matrices [21], unimodal
sequences [19, 70], partition theory [91] (we note that in the latter, quantum modularity is
actually a crucial tool for the asymptotic estimation of partition-related sequences),

- Radial limits of modular objects (mock theta function, quasi-modular forms) defined on the
hyperbolic disk [22, 30, 45, 46, 120],

- Eichler integrals, periods of modular functions [20, 23]; state integrals involving the quantum
dilogarithm function [37, 49, 73],

- Describing the homology of spaces of cusp forms [26, 27, 29],

- Kashaev knot invariants and Nahm sums [13, 50, 121],

- Correlations of the fractional part functions appearing as covariances in the Nyman-Beurling
reformulation of the Riemann hypothesis [6, 10, 11, 77],

- Diophantine approximation and multifractal analysis [66, 100].

In the present paper, we are concerned with the following problem: given a quantum modular
form f, how do the multi-sets

{f(x),x € @n(0,1],denom(x) < Q}, (1.2)

appropriately normalized, distribute as Q — o0? This topic is tightly related to weak limits of par-
tial sums of certain arithmetic functions, which goes back to Hardy-Littlewood [55], and has
been since then periodically revisited: we mention in particular the works [67, 81, 115] on theta
sums, and [7, 79] on cotangent sums. These works are all concerned with instances of QMF of
non-zero weight.

Our interest in this question comes from the statistical study of additive twists central values
of L functions, which as we will see are weight-zero QMF related to the third item described above
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(periods of modular functions). We are aware of two occurrences of this setting in the literature.
The first is a result of Vardi [114] on the existence of a limiting distribution for Dedekind sums. The
second is a recent result of Petridis and Risager [96] on the distribution of modular symbols, which
was motivated by conjectures of Mazur-Rubin [85] and Stein [108]. Both results exploit a close
connection with Fourier analysis of the modular surface (the spectral analysis of the hyperbolic
Laplacian). It is unclear how to extend these methods to more general QMF.

In the present paper, we present an approach, based on dynamical systems and the spectral
properties of a family of transfer operators, which allows us to answer the question (1.2) for
essentially all level 1 (that is, T’ = SL(2, Z)) and weight 0 QMF.

We denote o = (; Nandtr =( i) the two usual generators of SL(2, Z), so that the associated
period functions (1.1) with weight k = 0 are given by

h(x) = f(x) - f(x+1),
ho(x) = f(x) = f(=1/x). (1.3)

Our result may be stated informally as follows.

Theorem 1.1. Let f be a weight 0 QMF for SL(2,Z), in the sense that h, extends to a Holder-
continuous function on (0, 1] with some regular growth behaviour at 0, and h, = 0. Then, up to a
suitable renormalization, the multi-sets (1.2) become equidistributed according to a stable law, which
is characterized by the growth of h, at 0.

The hypothesis are stated more precisely in Theorem 3.1. The restriction to x € (0, 1] and the
assumption h. = 0 are made to clarify the statement, but are inessential (cf. footnote 2, p. 8) and
are natural in applications. However, the restriction to I' = SL(2, Z) is important in our argument.
What is required is that the action of I on P!(R) can be induced into an expanding Markov map
(the Gauss map in the case I' = SL(2, Z)). The restriction to weight zero QMF is also natural, as the
problem for non-zero weights is of different nature and typically simpler; see [14] for more details.

We will find in practice that any bound of the shape h,(x) = O(x~'/%) as x — 0(c > 2) ensures
convergence to a Gaussian law. A bound of type h,(x) < x~/%+°() for some a € (0,2), will
typically imply the convergence to a stable law of parameter «.

Due to the relative weakness in its hypotheses, Theorem 1.1 applies to a wide class of QMF. In
the next section, using Theorem 1.1, we answer the distribution question for several arithmetic
invariants. We expect further applications to follow in the future.

2 | APPLICATIONS
For all Q > 1, we endow the set
Qo :={x=a/q,1<a<q<0Q,(a,q9=1}Ccan(o,1]

with the uniform probability measure P, and we denote E, the associated expectation,

Eof) = 0| Y, o)

erQ
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4 | BETTIN AND DRAPPEAU

2.1 | Central values of the Estermann function

Let

T(n)=21 (n=1)

d|n

denote the divisor function. The Estermann function, introduced in 1930 [41], is defined by

D(s,x) 1= ZM

s
n>1 n

for Re(s) > 1, and extended by analytic continuation otherwise. It was initially introduced in rela-
tion with the shifted divisor problem )’ 7(n)r(n + 1). Its functional equation still serves as a
basic tool to derive Voronoi summation formulae, which are then used in conjunction with the
circle method to study moments of L-function and their arithmetics applications: we mention
the proportion of critical zeroes of ¢ [31], the binary divisor problems [88], and non-vanishing of
central L-values [78].

We mention a further connection with moments of Dirichlet L-functions L(s, y) =
Zn;l x(m)n—5. By [8, Theorem 5], the twisted second moment of Dirichlet L-functions satisfies

M(a,q) := % D L(%J{)‘zx(a)
q" x (mod g) 2.1

= ReD(}, %) +ImD (% 3) +0(g1/?)

for g prime and g + a. From this expression, we see that the second moment ¥’ (1,04 o) 1M (a, QI

is essentially the fourth moment of Dirichlet L-functions ) ¥ (mod q) |L(%, x)|*, whose full evalua-
tion in [118] lies at the threshold of current techniques of analytic number theory (see [16, 17] for
further work on this topic). This fits in the general problem of understanding the distribution of
central values of L-functions and their twists, which is a fundamental topic in analytic number
theory [32, 56, 99, 103, 104]. Up to now, essentially all known results have been obtained by the
moments method.

Using Theorem 1.1, we obtain the following Central Limit Theorem.

Theorem 2.1. Foralle > 0, Q > 3, and all rectangle % C C, we have

D(5x) D2 gy, o, X
[FDQ 1 3 eEZX | = / . gy + OE (10 - Q)l_g ,
o(logQ)2(loglog Q)> 0, +HV,EZ glog

whereo = 1/m.

We will obtain this result as an application of Theorem 1.1, using the fact, proved in [8], that
D(%, x) is a weight-0 QMF, the associated function h, (1.3) being a (% — ¢)-Holder continuous
function on (0,1].
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The simplicity with which we will deduce Theorem 2.1 from Theorem 1.1 contrasts with the fact
that other methods appear to be completely ineffective with this problem. The moments method
(and therefore also the approach of [92] described in the following section) cannot be applied,
due to the presence of a negligible proportion of x € Q. with abnormally large continued fraction
coefficients, whose contribution dominates the integer moments of D(%, x). In fact, all moments

of D(%, x) and M(a, q) have recently been computed in [9]: starting already from the second they
grow faster that what is suggested by Theorem 2.1.

Another tentative approach to Theorem 2.1 consists in obtaining a limiting distribution result
for 2n>1 7(n)e(nz), wherez = x + iy; x € [0,1]ischosen atrandom and y — 0%, and transferring
these properties to its discrete counterpart D(%, X)X Y, < t(n)e(nx)n~/2, for x = a /q € Q, by
Fourier expansion. This method is employed for the incomplete Gauss sum in [36], based on [81].
In our setting, however, connecting the continuous and the discrete averages raises several addi-
tional difficulties, among which the problem of dealing with a divergent second moment as well
as those coming from considering a central value rather than an object corresponding to an L-
value off the line. Also the incomplete Gauss sums are not Gaussian distributed, but rather are
distributed as the push-forward measure by a theta series. This suggests a difference in nature
between the two problems and, notwithstanding the technical difficulties, it suggests this method
could not be adapted to our case.

It would be interesting to obtain a statement analogous to Theorem 2.1 for the values M(a, q),
however, the identity (2.1) as stated holds only for g prime; the corresponding identity for generic q
involves a multiplicative convolution, which is not clearly accountable for using the present
method. However, we still believe M(a, q) is distributed according to a normal law.

Conjecture 2.2. As q — oo along primes, the multi-set

{ M(a,q) 1<a<q}
(log Q)\/2(loglog Q)3/2"

become distributed according to a dilated centred Gaussian.

2.2 | Modular symbols

Out of many possible ways, modular symbols [80] can be seen as elements of the space of linear
forms on S, (I',(N)), the vector space of cusp forms of weight k =0 (mod 2) and level N > 1
spanned by the Shimura integrals

(Zm)m

e e

[ stz = it iy,

for any 1<m<k—-1, xe€Q, feS(I'(N)), and where (x)Jic’m € R. (In this section and
Section 9.1 only, the letter f will denote a holomorphic cusp form).

Up to an explicit factor, the value (x) ,, is also the special value L(f,x,m) of the analytic
continuation of the L-function

L(f,x,s) := Z a,e(nx)n™ (Res > k),
n=1
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6 | BETTIN AND DRAPPEAU

where we write f(z) = Zn>1 a,e(nz) for Im(z) > 0. Being at the intersection of the geometric,
modular and arithmetic aspects of I'y(IN), modular symbols received a considerable amount of
interest, for example, for computing with modular forms [34, 107]. The central values of the
Estermann function D(%, x), which was the subject of the previous section, may be interpreted

as a regularized modular symbol for the derivative %Ez(z, $)|s=1,> of the Eisenstein series [64,
chapter 3.5].

The symbol associated with the central value m = k/2 plays a particular role and is the focus
of this section. Motivated by the abc-conjecture, the question of the size of modular symbols was
initially asked by Goldfeld [51] and later studied by Petridis and Risager [94, 95]. Interest in this
question was recently revived by questions of Mazur, Rubin and Stein [85, 108], motivated in part
by the growth of ranks of elliptic curves. In particular, for f a fixed form of weight k = 2 (and so
m = 1) and x € (0, 1] varying along rationals of reduced denominator q, with ¢ — oo, Mazur and

Rubin predicted that
(a/9)F,
—”1 < a < qa(a’q) = 1

Vlogg

becomes asymptotically distributed according to a suitably dilated normal law. To our knowledge,
only the first and second moments have been computed [18, Chapter 9].

The situation changes with an additional average over q < Q. Then the Central Limit The-
orem for weight k = 2, level N > 1 forms has been proved by Petridis and Risager [96], by
using the spectral analysis of twisted Eisenstein series and the location of eigenvalues of the
hyperbolic Laplacian.

Using Theorem 1.1, we will prove the following Central Limit Theorem for modular symbols
associated with forms of level N = 1 and arbitrary weight k > 12.

Theorem 2.3. Let k > 12 be even, and f € S;(SL(2, Z)) \ {0} be fixed. Then for all Q > 2 and
rectangle % C C, we have

(X} k —(2+02)/2
f5 e 122 do, du
Po — e =/ 1240 1 , (2.2)
gr4/logQ v+, ER 27 VlogQ
. 2 _ 3(4m)k 2 : -
with O = T £ Il;;, where || f || c is the weight-k Petersson norm of f.

For example, this result applies for k = 12 with f being the discriminant modular form A(z).
The error term is optimal and uniform with respect to %.

Using Theorem 1.1, we will also deduce the following statement, which can be interpreted as a
Large Deviations Principle.

Theorem 2.4. Let f be fixed as in Theorem 2.3. For any € > 0, we have

1/logQ
limsup P, < > ¢log Q) <1 (2.3)

Q-0

() k
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We will deduce Theorems 2.3 and 2.4 from Theorem 1.1 by showing that the map x — (x) Y
2

is a weight 0 QMF with the period function h, (1.3) being Holder-continuous on [0,1]. We will
estimate all small exponential moments, from which the Large Deviations Principle will follow.

Theorem 2.3 is related to three works, two of which have been carried out around the same time
as the present.

- The work of Petridis and Risager [96] was concerned with the case of weight k = 2 forms,
which is relevant to the conjectures of Mazur-Rubin and Stein (cusp forms associated with
elliptic curves). Their method is based on the analysis of twisted Eisenstein series. Although
the authors do not seem to mention it, their method is capable of obtaining a Large Deviations
Principle. The assumption k = 2 is, however, crucial in their approach, since only in this case
the analogues of the function &, in (1.3) are constant (this translates into the independence of
the multiplier system defined in [96, p. 7] with respect to z,).

- Very recently, Nordentoft [92] has obtained the Central Limit Theorem for arbitrary weight
k > 2 and level N > 1 modular forms. Specializing to N = 1, this gives in particular an inde-
pendent proof of Theorem 2.3. Similarly as [96], the spectral analysis of twisted Eisenstein
series play a central role, however, his argument is based on a completely different construction
(due to the ‘independence with respect to z,” obstruction mentioned above). As a result, it cru-
cially relies on the consideration of moments, and falls short of establishing a Large Deviations
Principle (Theorem 2.4).

- Also very recently, Lee and Sun [74] have independently obtained a proof of the main theorem
of [96], for weight k = 2, by a method similar to the one we pursue here. This is achieved by
considering a certain twisted version of the Gauss map, keeping track at each iteration of a
coset in I'y(N)\SL,(Z). On the other hand, for k = 2 the period functions (the analogues of h,
in (1.3)) are constant. The technical difficulties they are faced with are of very different nature
from the ones we encounter here. By mixing the methods presented here with those of [74], it
is plausible that the main results of [92], for arbitrary weight and levels, could be recovered by
dynamical methods.

The difference in the magnitude of the variance between Theorems 2.1 and 2.4 is notewor-
thy, and is due to the presence, or not, of a pole the associated L-functions ({?(s) and L(f, s),
respectively) at s = 1.

We have considered only the modular symbols (x),, at the central value m =k/2.
The behaviour for m # k/2 is very different and simpler: for instance, when m > k/2, the
series L(f,x, m) extends to a continuous function of x € R, and the values {(x) ., x € Q}
become distributed according to the push-forward (L(f, -, m)),(dv) of the Lebesgue measure. We
return to this question in more details in [14].

The original conjectures of Mazur-Rubin and Stein were concerned with the case of a single g.
There does not seem to be an effective way, with our method or those of [74, 92, 96], to isolate
rationals of fixed denominators, whence all results proven so far rely on the extra average over q.

2.3 | Kashaev invariants of the 4, knot and sums of continued fraction
coefficients

Our next application is motivated by a question in [121]. To a knot K and an integer n > 2,
we associate the n-coloured Jones polynomial [48, section 1], which is a Laurent polynomial
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8 | BETTIN AND DRAPPEAU

Jx »(@) € Z[[q]] defined by a combinatorial construction through a diagram representation of K.
For any root of unity q € C, we define Ji 4(q) := Jx ,(q) where n > 1 is the order of q. In [89], it
was shown that the sequence (Ji (e*” i/ "))n>1 is the Kashaev invariant of K [68] (the full function
can be reconstructed by the action of the Galois group). In the case of the 4, knot (or ‘figure-eight’
knot), the simplest hyperbolic knot, we have explicitly [121]

(o]
Ix) =Ty o(e(0) = YL [1 =™ P 1 =22, (x € Q).
m=0

Note that for each given x € Q, the sum is finite. In this case, Zagier’s modularity conjecture,
stated precisely in [121], predicts that x — log J(x) is a weight 0 QMF: the difference

h(x) :=logJ(—1/x) — log J(x),

which is depicted in [121, Figure 4] is expected to behave ‘nicely’ with respect to x, although
not continuously. Conjecturally, we expect h(x) ~C/x as x — 0, where C = Vol(4,)/2n
and Vol(4,) = 2.02 --- is the hyperbolic volume of 4,; Kashaev’s volume conjecture is the case
x = 1/n, n € N, which is known in this case [2].

A proof of Zagier’s conjecture for the 4, knot has been announced by Garoufalidis and
Zagier [50]. In [13], we obtained independently another proof, complemented by a reciprocity for-
mula relative to a transformation of another kind, by which we deduced the following asymptotic
estimate: for 4 > 0, denote

r(x)
2 (x) = Z aj.l, xean(,1], x=][0;a,.. ,ar(x)], ar) > 1, (2.4)
j=1

the sum of continued fraction coefficients of x. Then by [13], we have

Z;(x)

log J(x) ~ CZ;(x) as )

— 00. (2.5)

This is in accordance with the conjectured behaviour of h(x) as x — 0.

The map x — X;(x), suitably extended to Q, is a weight 0 QMF with associated period
function (1.3) satisfying h (x) = [1 /xJ’1 for x € @ N (0,1]. Using Theorem 1.1, we compute in
Theorem 9.4 below the distribution of X, for all 1 > 0, extending work of [3, 4]. In particular,
in the case 4 = 1, we obtain the following result.

Theorem 2.5. Let G, denote the cumulative distribution function of the stable law S, ( 6 ,1,0), that

T

is G,(v) 1= [°_ g1(x)dx where
000 =5 [ ety
and let y, be the Euler-Mascheroni constant. Then, as Q — oo,
PQG;;(;) - 10g1;2g/Q12_ 7o « v) = G,(v) + o((mg#) (2.6)
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Theorem 2.5 answers a question in [44], and echoes a result of Heinrich [58] which obtained
a similar convergence for Lebesgue-almost all x € [0, 1]. In particular, (2.6) implies that the
generic time complexity of the substractive algorithm for the GCD is asymptotically (1 +
o(1))%(log Q) loglog Q on pairs of coprime numbers at most Q, as Q — oo. This is in sharp con-

trast with the average time complexity, which is (1 + o(l))%(log Q)? (the latter is known even
with a single average over numerators, see [117]). Note that, contrary to the case of the Estermann
function (Theorem 2.1), this discrepancy between the typical size and the average size is consistent
with fact that the stable law Sl(%, 1,0) has a divergent first moment.

Combined with (2.5), Theorem 2.5 implies the following law of large numbers for the values
of log J(x).

Corollary 2.6. As Q — oo, we have
log J(x) ~ %C log Qloglog Q

for a proportion 1 — o(1) of fraction x € Q N (0, 1] of denominators at most Q.

The typical size of log J(x) among fractions x with denom(x) < Q is therefore much less than
that of log J(1/Q) ~ CQ (by (2.5)).

We expect a convergence in law analogous to (2.6) for the values log J(x), however, the error
term which we obtain in (2.5) is not precise enough to carry this out. This issue is discussed more
precisely in [13], along with the case of other knots.

2.4 | Dedekind sums

For all coprime integers a and g with g > 1, the Dedekind sum

qg-1
a\ ._ ha h ) ix=1/2 (x € 2),
S<5> a Z{ << q >> <<q>> )= {0 (otherwise)

is a rational number of modulus at most q/12 + 1/2. They appear naturally in the multiplier sys-
tem attached to the Dedekind 7 function; we refer to the monograph [98] for further properties
and references. The value distribution of s(x) on average over rational x has been studied from
several points of view [25, 60, 113, 114].

From Theorem 1.1, we will deduce a short proof of the following convergence to a Cauchy law,
which is the main result of [114].

Theorem 2.7 [114]. Uniformly forv € R and Q > 2, we have

s(x) _v\_1 [ dy 1
PQ<1OgQ<E> _71'/_001+y2+o<(10gQ)1_5>' (2.7)

This statement will easily follow from Theorem 1.1 by noting that x — s(x) is a weight 0 QMF,
with associated period function h, (1.3) being roughly |1/x]." This last fact is a consequence of
the reciprocity formula for s(x) [98, Chapter 2, Theorem 1].

 Note that we obtain a different distribution than in Theorem 2.5. This is due to the fact in that case the period relation is
more precisely f(x) + f(—1/x) = |1/x] rather than f(x) — f(—-1/x) = [1/x].
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10 | BETTIN AND DRAPPEAU

The proof of [114] builds on the close connection between s(x) and the multiplier system asso-
ciated to the 7 function, which brings the problem to an analysis of twisted Poincaré series on the
modular surface, which are in turn studied by means of the Kuznetsov trace formula. By contrast,
our arguments are dynamical in nature, and use little arithmetic information beyond the group
structure of SL(2, 7).

3 | OVERVIEW
3.1 | Reduction to dynamical analysis

We now overview the arguments underlying Theorem 1.1. Suppose f : Q — C is such that the
functions defined through (1.1) satisfy h, = 0 and h, extends to a continuous function on (0, 1].
To simplify the presentation, in this section only, we assume that f is an even function.

The starting point is the remark that the action of ¢ and r on P!(Q) can be induced
into an expanding Markov map on (0, 1], namely the Gauss map T : x — {1/x}, where the
braces denote the fractional part. More precisely, by periodicity and since f is even, we have
f(x) = h(x) + f({1/x}), which after iteration (Euclid’s algorithm) yields"

r(x)
fG) =D h (T ) + £0)  (x € (0,1]), (€AY
j=1

where r(x) > 0 is minimal subject to T"*)(x) = 0.

This expression relates the values of f to Birkhoff sums associated with the Gauss map T'. This
map is known to have good mixing properties [33, p. 174], by which we expect the sum (3.1) to
behave like a sum of independent random variables. Precise limiting behaviour may be obtained
through the study of spectral properties of transfer operators associated with T': this is an impor-
tant theme in smooth dynamics and stationary Markov chains [1, 24, 39, 47, 62, 101, 116]. We refer
in particular to [24] and to the introduction of [1] for an extensive historical account and refer-
ences. Among maps of the interval, the Gauss map has been particularly studied because of its
link with the analysis [82, 84, 86, 97] of geodesic flows on the surface SL(2, Z)\f) (where } is the
upper-half plane).

A prominent example is given by [24, Theorem 8.1]: suppose ¢ : [0,1] — R is of bounded vari-
ations and not of the shape ¢ + k — k o T, for some function k of bounded variations and some
constant ¢ € R, and let

N
Sn(g,x) 1= ) $(TV(x)).
j=1

Then for some constants My ER and oy € [Rj, uniformly for v € R,

P Sn($: ) — kN <V =<D(v)+0<i>, o(v) := Teta
\/_

O'¢\/ﬁ N - \/%

) F(TI=1(x)) + £(0), where

TWithout the assumption h, = 0, a similar formula holds: we have in general f(x) = Z;zl

H(x) :=hy(x)— ziuqu h,(1/x —1i) for x € (0, 1], and the ensuing analysis still applies.
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LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS | 11

as N — oo, where x € (0, 1) is chosen uniformly according to the Lebesgue measure. The implied
constant may depend only on ¢. This relies on the spectral analysis of perturbations of the Gauss-
Kuzmin-Wirsing transfer operator

1 1
HIFIG = Z (n +x)2f<n +x>'

n>1

We are interested in the case when x is a rational chosen at random in Qs and the Birkhoff
sum in (3.1) is over the full orbit, its length varying with x. Denote

r(x)
Sp(x) 1= ) (V71 ()). (32)
j=1

In [112], Vallée has shown that the expectations of Sy(x) satisfy
Eo(S3(x)) = tylogQ +v4 + 0(Q™°)
for functions ¢ which are constant on each interval ( ) (n > 1) and under some growth con-

dition at 0. Here the number § > 0 is absolute and the 1mp11ed constant may depend on ¢. The
numbers (y, v, depend only on ¢, and in fact

1
(1+x)log2’

1210g2

y = / PO dx,  E(x) i=

The quantity uy, and the measure £(x) dx, are essentially the projection of ¢ on the eigenspace
of H associated to its dominant eigenvalue 1. An important point is that this question was studied
within the framework of dynamical methods. The argument uses the construction of a suitable
generating series involving the quasi-inverse (Id —H,)~! of twisted transfer operators

CAREDY 1 .f( L ) (3.3)

S n+x)P2tt \n+x

for arbitrary large 7 € R (by contrast with the continuous setting when x was chosen uniformly at
random in [0, 1], which involves perturbations of a single fixed operator). This construction cru-
cially relies on the fact that the denominator g(x) of x can be detected by means of the Birkhoff
sum logq(x) = — Z;(le) log(T/~!(x)). Earlier approaches [38, 57], restricted to ¢ = 1, involved
number-theoretic methods based on bounds on algebraic exponential sums.

The approach of [112] was developed by Baladi and Vallée [4], who proved that for ¢ constant on
each interval of the shape (%H, %) and under a logarithmic growth condition ¢(x) = O(log(2/x)),
the Laplace transform satisfies the ‘quasi-powers expansion’

Eq(e”5¢™)) = exp {U(w)log Q + V(w) + 0(Q™°)} (3.4)

for w in some complex neighbourhood of 0; the holomorphic functions U,V, the number
d > 0 and the implied constant may depend on ¢. By Hwang’s theorem [61], this has a number
of consequences in terms of the limiting distribution, and among them, an effective central limit
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12 | BETTIN AND DRAPPEAU

theorem: if ¢ is real, non-identically zero and as above, then for some numbers My ER, oy > 0
and all v € R, we have

— v 42
PQ<S¢(X) #p 108 Q <v>= L/2d'j+o< 1 ) (t e R).
55(log Q) w var | \+ieQ
The power-saving error term in (3.4) depends on proving a pole-free strip for the quasi-inverse
of the twists (3.3), which can be viewed as a ‘quasi-Riemann hypothesis’ for the generating func-
tion of interest’. The approach of [4] extends seminal work of Dolgopyat [40] to the case of an
expanding interval map with an infinite partition (see also [5]).

Motivated by our application (3.1), we extend the methods of [4] in two directions. In the first
direction, we consider cost functions ¢ : (0,1] — R which are not necessarily constant by parts.
We will require that ¢ can be extended to a Holder continuous function, with some uniform
exponent, on each interval [HLH, %].

The second direction we wish to consider is cost functions ¢(x) having a possibly divergent first
or second moment, say ¢(x) = x~/2, or ¢(x) = |1/x], with the consequence that the limit law
will be stable, but not necessarily Gaussian anymore [4, p. 384]. This is a well-known theme in
the theory of sums of independent random variables; see [75, Chapter VI], or [42, Chapters VI.1
and XVII.5-6]. The corresponding phenomenon for sums of continued fractions coefficients in the
continuous setting (Lebesgue-almost all x € (0, 1)) has been investigated by elementary means by
Lévy [76] (see also [58]), and later by transfer operator methods [1, 53, 54, 109]. In fact, this falls into
the general ‘countable Markov-Gibbs’ framework of [1], where it is refered to as the ‘distributional
limit’ problem. A large part of later work has focused on non-uniformly hyperbolic maps; we refer
to the survey [52] and the references therein.

We investigate the corresponding question in the discrete setting (x at random in Q). We
evaluate with effective, power-saving error terms the characteristic function

[EQ (eiIS¢ (x))

for t in a real neighbourhood of 0, under hypotheses which essentially reduce to the boundedness
of some positive absolute moment, /01 |$(x)|* dx < oo for some e, > 0.

3.2 | Statement of the main distributional result

For technical reasons, we will work in a more general setting. For a parameter x € [0, 1], a real
interval 7 and a normed space X, let H*(Z, X) denotes the set of functions 7 — X such that the
Holder semi-norm

Il = sup D=0 (3.5)

xyelx#y X —=y[*

is finite.
Welet H :={h :[0,1] > R|3In>1st h(x)= ﬁ} be the inverse branches of the Gauss
map, and H” :={hyo .. oh, | h; € H}.

T The same set of idea imply a zero-free strip for the Selberg zeta function of the full modular group [90].
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LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS | 13

We fix an integer m > 1, and m functions ¢, ... ,¢,, : [0,1] — R, We extend this definition
by periodicity, letting ¢; :=@; (moq m) for all j > 1, and we define a function on @ n (0,1] by
letting S(1) := 0 and

r(x)
S(x) 1= ) ¢, x),  (xean(0,1)
j=1
where we recall that

r(x) := min{j > 0,T/(x) = 0}.

For x € (0,1) with r(x) > m, we define
$(x) 1= ) ¢;(TI71(x)), (3.6)
j=1

We make the following hypotheses.

(1) (x,-Holder continuity) Foreachn > 1and1 < ] m, the function ¢ ; can be extended as a x;-

2]

Holder continuous function on the interval [ e
(2) (Norm ayth moment) For each 1 < j < m, we have

Z |h,(0)|”¢j|h(l)HZ§ < 0. (3.7)
heH

(3) (Holder A,th moment) For each 1 < j < m, we have

(3.8)

Y [ l]|¢;
heH
For all t € R%, we denote ||t]| := ||t||. Finally, let
1 .
S4(0) := / (! B#) _ 1)E(x) dx.
0

Theorem 3.1. Let x,, &, Ao > 0 be given with xy, Ay < 1, and ¢ : (0,1] — RY satisfying the condi-
tions (3.7)~(3.8). There exists t, > 0, § > 0, and functions U,V : {t € R%, ||t|| < t,} — C such that
forallt € R with ||t|| < t,, we have

Eq(e5)) = exp {U(®)logQ + V(1) + 0Q)}, (3.9)
and
121og 2
U() = ——225,(8) + O(llt]]> + [1£1707), (3.10)

V(®) = O(lit]l + [1e]|*~).
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14 | BETTIN AND DRAPPEAU

If moreover ay > 1, then there exists a real d X d matrix C¢ such that

121log2

v@ = mr?

S4(t) + 7 Cyt + O + |t]'T907) (3.11)

with t interpreted as a column vector and t” its transpose. The numbers 8, t, and the implied constant
depend at most on o, xy, Ay, € and on an upper-bound for the left-hand sides of (3.7)—(3.8).

Remark.

- It is important to note that the actual values of x, and A, only affect the statement up to the
11

value of t,, 8 and the implied constants. In particular, if ¢ is C! on each interval [n—+1, ;] and
if there exists C > 1 such that || d, ¢|| = O(x~C) for x € (0, 1], then (3.8) is satisfied with x, = 1
and any 4, < 1/C.

- In our applications, we will have ||¢(x)|| =< [|¢(y)|| for all x,y in h(T), uniformly in h € H™. In
this situation, (3.7) is equivalent to /01 [[¢(x)||% dx < oo.

- Intypical applications, the quantity 34(#) can be evaluated by standard methods, and the results
relevant for the present paper are worked out in [12].

— The results of [4] are stated in a formalism which includes the Gauss map as a special case. The
most crucial assumption, at least as far as one is interested in power-saving error terms, is the
‘uniform non-integrability’ assumption [4, p. 357] (see [87] for a qualitative result, not using the
UNI condition). In the present work, we do not use any more specific properties of the Gauss
map; with suitable modifications, the arguments presented here apply to the centred and odd
Euclidean algorithms [4, Figure 1] as well.

- A generalization in a different direction of Baladi-Vallée’s results, for maps associated to
a reduction algorithm in congruence subgroups, has very recently and independently been

obtained by Lee and Sun [74]".

The main feature of Theorem 3.1 we use is the relative weakness of the hypotheses on ¢. This
is important in our applications, where often little is known on ¢ besides the regularity proper-
ties, and rough bounds on the Holder norms. To obtain this uniformity, we systematically use
Holder spaces, not only because of the regularity of ¢, but also in order to dampen the oscillations
of eit#) (see (4.3)). This is the main reason why arbitrarily small values of Ao are admissible for
Theorem 3.1.

The shape of the asymptotic estimates (3.9)-(3.11) are characteristic of infinitely divisible dis-
tribution [42, Chapter XVIL.2]. The informally stated Theorem 1.1 follows, in all the cases we
consider, by an evaluation of J4(¢) and the Berry-Esseen inequality [110, Theorem I1.7.16], [43,
Theorem IX.5].

The variety of situations we consider prevents us from making a clear and concise set of
hypotheses on h, which would make Theorem 1.1 rigorous. Besides working out in details the
applications, we restrict to illustrating the case m = 1 and «, > 2 by the following Central Limit
Theorem for the Birkhoff sums Sy defined in (3.2), which recovers and extends in particular [4,
Theorem 3.(a)] (see also [3, Remark 1.3]). We recall that ® is the cumulative distribution function
of the standard normal law.

T Another way to study levels N > 1 would be by building an expanding map out of Atkin-Lehner homographies, but our
attempts to construct such a map satisfying the UNI condition were not successful.
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LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS 15

Corollary 3.2. Assume that the bound

Ao
x —
Z iz sup ()| +  sup ¢ ¢S;)| < o0
n>1 1t xe[n—ﬂ,%] x,ye[n%l,%] |x — y|*o70
holds for some ay > 2 and Ay, %, > 0. Suppose that ¢ is not of the form clog + f — foT for a
function f : [0,1] - Rand c € R. Then, for some o > 0 and

_ 12 (! é(x)dx

71'2 0 1+x ( )

we have

S.(x) — ul
p (S0~ HlogQ <v)=ow+o0[ —— + 1 (3.13)
o+/logQ ViogQ  (logQ)%o/2-1-¢

uniformlyinv € R.

A variation on the argument shows that the milder hypothesis «, =2 implies the esti-
mate (3.13) with a qualitative error term o(1) as Q — oo. For any k € N, under the condition
ay > k, a variation on the arguments also leads to an estimate with power-saving error term for

Eo(S4()").

Notations

k+¢
For any function f(s, t) of two real or complex variables, and all k,Z > 0, we let 0, ,f := % f

whenever this function is defined.

We recall that the semi-norm || f[| ., is defined in (3.5). The Landau symbol f = O(g) means that
there is a constant C > 0 for which |f| < Cg whenever f and ¢ are defined. The notation f < ¢
means f = O(g). If the constant depends on a parameter, say ¢, this is indicated in subscript, for
example, f = O.(g)or f <, g¢.

4 | LEMMAS

4.1 | Holder constants

We compile here several facts we will use on the Holder norms || f|| () for f € H*(Z, Q).

(1) For f, g € H*, we have

1f gl < W llgolgllee + 11 oo 191l ey (4.1)

This follows by writing f g(x) — fg(y) = (f(x) = fF()g(x) + fF()(g(x) — g(¥)).
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16 | BETTIN AND DRAPPEAU
(2) For g € H' and f € H*(g(I)), we have f o ¢ € H* and
1 o gl < gl [ Flocn | (42)
This follows by writing LEETGO _ | 56-50) 1 F6(D~ (40
|x—yl* x=y lg()—gI* -~
(3) For A € [x,1] and f € H*/* real, we have
if A
el < IUG (43)
This follows by writing 70O _ [l TOTOD 1) SO
[x—yl* x—yl< T |x—ylf
(4) For0 < x < Aand f € H*, we have
1-x/2 2
1 lley < P ligy LA UL (44)

This follows by writing

|x—y|* lx—y|*

4.2 | Oscillating integrals
We will require the following analogue of van der Corput’s lemma. We let

7=1[0,1].

IO — If(x) _ f(y)ll—x//l( IS )= )K//I.

Lemma 4.1. Let A,x > 0. Assume that ¥ : T — R is C! with &' > A and that V' is monotonous

on1. Let g € H*. Then

1
: llgll gl e
x)elY®) dx <« 2+ )
/0 9(x) A A%

Proof. The lemma is obtained by combining the methods of the usual van der Corput Lemma
([105, Proposition VIIIL.2, p. 332]), and the bound on Fourier coefficients of a Holder continuous
function ([106, example 15, p. 92]); we restrict to mentioning the main steps. We change variables

and let

go¥(x)

) = g i

Let R = (W(1) \ (¥(I) — 7)) U (W(1) \ (¥(1) + 7r)). We have

1
/ g(x)e!*™@ dx = / h(x)e™ dx

0 (1)

llgll e dx > 1 / ,
=0 / Mol @x 1 (h(x + 7) — h(x))e'™ dx.
( R ¥ o¥-1(x) 2 Jw(nn@(n)-n)

85U80| 7 SUOWIWIOD 3A1IR.D 3|deoljdde auy Ag pausenob 8Je Sajo e YO ‘8SN JO S3nJ Joj A%Ig1T8UIIUO A8]IM UO (SUOIPUD-PUR-SLLBH WD A8 | IM" AReJq 1 jeul JUO//SAIY) SUOIPUOD PUe SWS 1 8U3 89S *[2202/TT/zz] Uo ARiqITauluO A8]IM ‘80Ul 8UeIY0D AQ S82T'SWId/ZTTT OT/I0p/L0D /A8 |1M ATl [Bu JUO-00SUFRWPLO|//SA1Y W1} PBPEOIUMOQ ‘0 ‘X7209rT



LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS 17

Now, on the one hand,

go¥ ' (x+m) —go¥ (%)
Y o P—1l(x)

h(x +m)—h(x) =

+(go ¥ N(x + ”)<qﬂ oW 1l(x+7) W 0‘1’_1(?6))

glleo 1%~ Iy,
Y o W—1l(x)

1 1
YoW¥-l(x+7m) Wo¥l(x)

+ 119l

by (4.2) on the first term, and on the other hand,

/Lp(z)n(tp(z)—n)

by monotonicity. We conclude using ||¥~! lq)y < 1/A. O

1 1
WoW-l(x+m) Wo¥l(x)

dx _

5 | PROPERTIES OF THE TRANSFER OPERATOR
In this section and the following ones, all implied constants in the notations O(...) and < may
depend on &, k), 4y, m and an upper-bound for the values of (3.7)-(3.8). Additional dependencies
will be indicated in subscript.
Definition. Let

x = min (%, %KO/%) , (5.1)
where we recall that %, is the Holder exponent of ¢ on each interval (HLH, %). For all t € RY

and s € C with Re(s) > 1, define an operator ngt) acting on H*([0, 1], R) by

HO 10 = )

ei<ta¢j(1/(n+x))> ( 1 )

st (n+x)s n+x
= Y 4O ()| P(f 0 m)(x).
heH

When t = (0, ... ,0), this is independent of j, in which case we drop the notation (j). We
abbreviate further

H, := IH]S,O’ H:= |H]2,0'

S

Define the norm and the semi-norm

Ifllo = 1F /€l IFIL 2= 1 /€] o
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18 | BETTIN AND DRAPPEAU

Here we recall that £(x) = @ HLx We equip H*([0, 1]) with the norms

Ifllg :=1fllo+B7 Ifll;,  where 8> 0.

Fort € R% ands € C,Re(s) > 1,and 0 < j < m, let
) ET6)) (€Y
Hs,t = [H]s,t .- H

s,t’

with Hgot) = Id. In what follows, we will often abbreviate

Hs,t L= Hgl,q:)’
and define
) = [ T, gex) = HFOg 0 (5.2)

0gjsm—1

Note that g, , o h belongs to H*0([0, 1]) for all h € H". Moreover, since |T’(x)| = x~2 whenever T
is differentiable at x, for all h € H"™, we have

m—1
| =[] 1T o717 = 2(x)%,
j=0

and therefore

O, o f = H"[gs f]. (5.3)

5.1 | Properties at the central point
By [24] (Section 2.2, Proposition 4.1 and Theorem 4.2), along with the Ruelle-Perron-Frobenius
theorem (see [83]), we have that the operator H, , acting on H*([0, 1]) is quasi-compact. It has 1

as a simple eigenvalue, and no other eigenvalue of modulus > 1. The projection associated with
the eigenvalue 1 is given by

P, Lf1(x) = ( /[0 . de>§(x),

where v is the Lebesgue measure. In particular, we have
H, 0[] =§.

Since Hg”(l)) = H’),, we obtain the existence of a linear operator N, ; acting on H*, such that

Hg:’:)) = [FDZ,O + NZ’O, (5.4)
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LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS | 19

and additionally the spectral radius of N, , satisfies srd(N, 5) < 1and P, (N, , = N, ,P, , = 0. We
will use on several occasions that for f continuous by parts,

[ mlsar= [ o (55)
[0,1] [0,1]

5.2 | Dominant spectral properties

In the sequel, we will repeatedly use the following facts. We let H* 1= U, oH™.

- The bounded distortion property [4, equation (3.1)]: for all h € H*, we have |h"| < |h’| with
a uniform constant, in particular, independently of the depth of h. This implies that for all
x €[0,1]and h € H*,

| ()| < |1 (0)]. (5.6)

- Forall q > %,We have

2 )% < oo

heH

- The ‘contracting ratio’ property of the inverse branches [4, bound 2.4, Figure 1]: for
some p € [0, 1), we have the following uniform bound for all # € Nand h € H’:

Ikl gy << p” (5.7)

Lemma 5.1.

- ForRe(s) = o > 1, we have
Hs,t[f] < HU,O[lfl]-

- Forall o > 1, there exists A, > 0 such the map o — A, is Lipschitz-continuous and decreasing,
A, =1, and we have the bounds on operator norms

”HG,OHO <A, ”Ha,O”o < A?- (5.8)

In particular, A, < e°?9 foro € (1,2].
- Forsomep < l,allk eNandall f € H* with f =0, we have

kol < /| £ v+ el (59)

The implied constant is absolute.

Proof.

- The first statement is trivial by the triangle inequality.
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20 | BETTIN AND DRAPPEAU

- By a direct computation, we have

1 1 1
H <A, .= su ( )
1#:1lo < 45 xe[OI,)l] §(x) & (n+x)"§ n+x

The properties we require of A, are readily verified.
- The third item follows from (5.4) with any fixed p € (srd(N,,), 1), by the definition of the
spectral radius. ]
5.3 | Spectralgapatt=0andz #0
Lemma 5.2. Fort # 0, we have ||H,,;.Il, < 1, and so similarly for I, ;. .
Proof. This is a well-studied phenomenon; see [93, Proposition 6.1]. Our exact statement for H,_, ;.
acting on a space of holomorphic functions is proved in [111, p. 476] (see also [87, Proposition 3.2]),
however, an inspection of the proof shows that it actually holds for H,;, acting on C([0, 1]), and
therefore also on H*. O]

5.4 | Perturbation

Lemma 5.3. Forall € > 0, there exists 5, t, > 0 such that for 1 < j < m, the following holds.

- Foro >2— 46 and ||t|| < t,, we have

|y = [ < tel + e, (5.10)
- For2—96 <o <3andallt € R, we have
| HE{LT,O - Hg{zmo |O < |o—-2|. (5.11)
- Fort,,7, € R, we have
| H(zj;Zirl,o - gjjirz,o ’0 < | =1, (5.12)

Proof. We assume j = m, the general case being essentially identical.

— We have

|| T — 1_Is,0||0 = sup |[H"[(gs; — 9s,0)f]||0
lfllo=1

< Y R O)|[(g5c = g50) 0 Bl

heHm
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LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS 21

However, for all x € (0, 1], by the bounded distortion property (5.6), we have
|95£(R(0)) = g5, 0 (RG] < [RO)*71eH49) — 1) < [ O (lell]| G0
with « = min(1, o, — €). By Holder’s inequality, we deduce

T, = Tl < el Y, B/ @) lig o nII%
heH™

) ’ a0 a/o, / . 1-a/ay
LHE Y W) (5.13)
heHrm * heHm

Picking 6 = —(1 - —) = O(¢) ensures that g > —, and with our hypothe-

with q = ﬁ

sis (3.7) and the bounded distortion property (5.6), we obtain

|h (0)|H¢|h(1)” < Z Z |h;(0)...h;1(0)|n¢j o TI-1
J=1h=hyo eHm

<3 3 [HO||¢hyw| < (514
j=1 hjeH

Therefore, both sums in (5.13) are bounded in terms of € and ¢ only, and we deduce the claimed
bound [[TT,, — Iy || < [I£[|°.
- Proceeding as above, we find

IMosico = Marieolly < Y, W[ = Do
heH™

< |o—2| Z (1 + |10g |hl(0)||)|h/(0)|max(a/2,1).
heHm

For any o > 1, the last sum is finite, so that our statement follows for any fixed € (0, 1).
- Once again proceeding again as above, we have

||H2+i11,0 — i, 0 ‘0 < Z |h,(0)|||(55i(71_T2) — 1o h”oo-
heH™

Letting T = 7, — 7,, we insert the inequality |[(Z¥ —1)oh||, < |7](1 + |log|h’(0)]]). The
resulting sum over h being absolutely bounded, we deduce ||I1,,;;, o — I 47, ol , < I7] as
required. []

5.5 | Firstestimate on |II,||,

The following is a weak form of [4, Lemma 2] (which is referred to, there, as a Lasota—Yorke type
inequality). We recall that the Holder exponent k¥ was defined in (5.1).
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22 | BETTIN AND DRAPPEAU

Lemma 5.4. Forall § € (0,x), there exists p € [0,1) such that for o > 2 — 6, t € R with ||t]| <
and T € R, we have

[T 1], <O+ IsISfNlo + Pl 1l

Proof. Let f € H*. We write

M Ifl= Y LEom|W[e#en (Lon).

heHm

Splitting as a sum of differences, we obtain
1 1 118/2 i{t,$oh)
|emadsa] < hEZHM |eomin e tm| ool
where

, wy,(x) = sup = |h’(x)h’(0)|K/2.

O<y<1

, h(x) — *
pU = —y

x_

Y 1o m|R |7 w

heHm

o0

This last equality follows from the fact that each h € H* = U,,,,,H™ is a homography associated

with an element of GL,(Z) with non-negative entries, h(x) = ax+2, and so the supremum above

is sup,, |(cx + d)(cy + d)|' = [h'(0)h'(x)|~ 1/2_Since |1/ (0)| < 1 by the chain rule, we deduce

/2 (6-2+x)/2
Y FEom [ Pwy < Y gEo ||| [T,

heHm heHm

Note that ¢ — 2 + k¥ > ¥ — § > 0 by hypothesis, and we have |h/| < 1 by the chain rule. Moreover,
for any value of m, we may find at least one h € H™ with ||l/||, < 1, for example, by composing
repeatedly ¢ — ZL-H Since %(5 oh)|h'| > 0, we deduce

Pr—s < =L

2 FEonln]

heH™

[0e]

Next, by using the rules (4.2), (4.3), (4.4), the bounded distortion property |h”’| < |h’|, and simple
computations, we obtain successively

|z

i(tdo y
||§°h||(x) ||h,||oo’ “el<t¢ h)”(K) < ||h/||7;”t”7</7<0”¢”7(<KOK)O

<1, 1] S/2|| < |s|*||W |27,

)

In the last line, we used the definition (5.1). Grouping these bounds using (4.1), we deduce

2, [r@ompreessn] easiste 3 I
herm heHm™

<1+ ]|s|*
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LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS | 23

since 0/2+x>1+%x/2> 1, g1/ <1+ ||¢||?£ , (by the definition (5.1)), and by our hypothe-
0

(o) =

sis (3.8). ]

6 | MEROMORPHIC CONTINUATION

Following [112], define the generating series

S(t,s) 1= ), q(x)7 expli(t, Sy(x)),

xeQn(0,1]

where g(x) is the reduced denominator of x.
Lemma 6.1. ForRe(s) > 2 and t € RY, we have
&(t,5) = (L) + I + - + 17 )ad — 11, )7 [1](1).
Proof. This is a straightforward extension of the computations in [4, equation (2.17)]. O

The aim of this section is to show the meromorphic continuation of &(s,t) to a half-
plane Re(s) > 2 — &. This will then be used in conjunction with Mellin transformation to prodive
an estimate with power-saving for [EQ(ei“’S(x))). We use different arguments according to the size
of Im(s), which is referred to as the height in what follows.

6.1 | Small height

The following lemma deals with 7 in a neighbourhood of 0. In this case, we use the spectral
expansion of ITg,.

Lemma 6.2. There exists §,7,,t, > 0, such that for all o,7,t € R with |c —2| <9, |t| <1
and ||t|| < t,, the operator 1, acting on (H", ||-||;1) is quasi-compact, and for some A(s,t) € C,
we have

I, = A(s, t)[P’S’, + Ny,

where P, is of rank 1, Py Ny, = Ny ;P , = 0, P2, = P, ,, and srd(N, ;) < 1 — 6. Moreover, for each
such fixed t, the operators Il ,, Py, Ng, and the eigenvalue A(s, t) depend analytically on s.

Proof. This is a direct application of for example, [71, Theorem 2.3]; see also [69, chapter IV.3],
and [4, p. 342]. ]
6.2 | Moderate height

The following lemma is concerned with 7 of bounded size and away from 0. The main tool is again
perturbation theory.
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24 | BETTIN AND DRAPPEAU

Lemma 6.3. For all 7y,7; > 0 with 7, < 7, there exists J,ty, > 0 such that for all t,0,7 € R
with ||t < ty, 0 =2 — 8 and 1, < |7| < 71, we have

”Hs,t”o <1-6.

Proof. By (5.12) and the triangle inequality, the map 7~ ||II,4;;oll, is continuous. By
Lemma 5.2, we deduce that for some number 7 > 0, depending on 7, and 7;, we have the
bound ||IT,,;;oll, < 1 — 7. By the perturbation bounds (5.10) and (5.11), we may pick J, ¢, small
enough so that [|IT;, — IT,, ;- oIl , < 7/2, and our claim follows. ]

6.3 | Large height
The following lemma deals with the case of large enough |7]|.

Lemma 6.4. For some constants 8,7,,C > 0, whenever o > 2 — 6, t € R? with ||t|| < 1, and |7| >
7y, the operator I1; , acting on H* has spectral radius srd(Tl;,) < 1, and

2l < 1719 log o],
j=0

For unbounded values of 7, perturbation theory is not effective, instead we adapt the arguments
of Dolgopyat [40] and Baladi-Vallée [4], which exploit the cancellation due to the varying argu-
ment of |h’|". Compared with Baladi-Vallée’s setup, we make two modifications: we work with
Holder-continuous functions, rather than C!, and the cost function is not assumed to be constant
on each interval of the partition.

6.3.1 | Sums over branches

We will require two estimates involving sums over inverse branches on T. Define, as in [4,
equation (3.10)],

w/(x) hi(x)

A(hy,h,) = inf AT

x€[0,1]

b

Note that by the bounded distortion property, there exists A, > 1 such that
A(hy, hy) <AL (6.1)

for all hy, h, € H*. The following property is the statement that condition UNI.(a) of Baladi-
Vallée [4] holds for the Gauss map.

Lemma 6.5. For some absolute constant p € [0,1), we have uniformly in n € N, h; € H" and
€ [0,A, ]| that

Swy:= ) |0 <p"+u.
h,eH™
Ahy,hy)<u
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LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS | 25

Proof. See [4, Lemmas 1 and 6]; the main point is the construction of a dual dynamical system ([4,
Section 3.4]) which encodes naturally the quantity A(h,, h,), and satisfies the dominant spectral
bound (5.9). The dual map of the Gauss map is in fact the Gauss map. O

Lemma 6.6. Under the assumption (3.8), uniformly foralln € N, ,,0 < j < n —m, we have

Z |h’(0)|||¢|Tjoh(1) ?20) < 1.

heH"

We recall that 7 = [0,1].
Proof. We decompose h = h, o h, o hy, where h; € H/, h, € H™ and hy € H"~/=™, We have

|h'(0)] <

B ORORO|,  ||#lrsenr

< H¢|h2(1)

(xo) (k)

so that

> |h’(0)|H¢|Tjoh(l) ?z)<< > |k 0) ( > |h;(0)|H¢h2(l) ?2)) Y
0 h,eMJ h,eH™ 0" J\ hyern—i-m

R |
heH"

The sums over h; and h; are uniformly bounded by (5.8). The sum over h, is finite by our
hypothesis (3.8) and the triangle inequality (cf. 5.14). O
6.3.2 | Bound on the L? norm

We recall that A, is an upper-bound for the norm ||H, ;|| provided in (5.8).

Lemma 6.7. Forsome d,t, > 0and p € [0, 1), whenever |c —2| <6, |7| = 1, ||t]| < t,and £ €N,
we have

o

Proof. Changing f to T t to —t and taking conjugates if necessary, we may assume that 7 > 0.
Define, for all # € Ny, %, := Yo, $oT™, so that

5 1/2
1z, £ dv) <A ((17 2 4 0 1) flly + 9 P 211, ).

M, f1= Y e M [%(f o).

heHm?

We note that for all h € H™, by (4.2) and (4.3), we have

X

e < o\jzéf [ o o |2 bz oncn |
m(£—j)x ) ©/%o (6.2)
< Z p ||¢|ijoh(1) o)

0<j<?
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26 | BETTIN AND DRAPPEAU

For hy, h, € H™, let
ghphz = ei(tﬂpf oh—t, °h2>|h1h;|0/2(f o hl)(f o hz)-

This defines a function in H*. Expanding the square, we find

‘/[0’1]

We have, for all hy, h, € H"™, the trivial bound

it/2

h! (x)
! dx.

Ry ()

1
nit[f](zch/: > Ihy.hy), I(hl,hz):zfoghbhz(x)

hy,hy,€HME

|1y, h)| < || 9n, (6.3)

o0

On the other hand, for all h, h, € HM? satisfying A(h,, h,) > 0, we have from Lemma 4.1 the
bound

thl’hZ ||ghl’h2 (%)
I(h,, h,)| < - , (6.4)
N W SR IS
The norms are bounded, using (5.7), (4.1), (4.2) and (6.2), by
g, 1,1l < 11| R ()R], (6.5)

2 _; x/x
N R T OTACT R { BT YD M-l FIITes) [ [V
heihy,hy} 0<j<t 0

+ 0| fll )

We write || fllgo lflleo << IFI%, + IFIZ, < £ /EIG,, + 1 /£11%,, which implies the variant

2 . x/%g
19l < ORI 14 3 3 " Bl | 1715 + 2 IS
hethy,h,} 0<j<t 0

(6.6)

Next, for all u € [0, A, ] (where we recall (6.1)), we have uniformly

. / ey |9/2 :
Ku) := max Z |1 (0)R5(0)] <1 + ||¢|ij o hy(1)
hy h,eH™C

A(hl ,hz)gu

Ao/2
(Ko)
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1/2
/ A0 117y o—1
< max| D[RO+ Bl O]
0<j<t B Geo)
hy,h,€HME

1/2

x[ ) |R©O |
hy,hyeH™
A(hy,hy)<u

< AT (™M) 4 ul/?)
by Lemmas 6.5 and 6.6. Let € (0, 1] be a parameter. We insert the bounds (6.5) and (6.6) in (6.3),
(6.4), and we sum over (h,, h,). When A(h,, h,) < 1, we use the trivial bound (6.3), otherwise we
use (6.4). Using our bond on K(u) above, the symmetry h; < h,, the fact that x/x, < 4,/2, and
partial summation, we find

K(A Ay
A Z I(hl,h2)<<||f||§<1<(;7)+ (TK+)+/77 <L+ K >K(u)du>

T X
hy,h,€HME u o (tu) u

uK+1
1 1 1

e (L g £ A
! T ()"

Pm'ﬂ”fﬂf A+ K(u)du
+ — <K(A+)+K/77 >

Choosing 7 = 1/7, we obtain

o

as claimed. ]

5 1/2
e, (]| dv) <AL (724 o) fllg + =20 2 111 )

6.3.3 | Bound on the L*® norm

Next, we transfer the L? bound relative to the invariant measure into an L* bound, following ideas
of Dolgopyat [40] adapted to this context by Baladi and Vallée [4, section 3.3].

Lemma 6.8. Forsome p € [0,1) and ¢y, 8,7y > 0, depending on 1 and x at most, whenever
o>2-6, T2 T, el < 1,

then letting n = |c,logt|, we have

I, 1, <" I
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28 | BETTIN AND DRAPPEAU

Proof. By using the Cauchy-Shwarz inequality, as in [4, Lemma 1], for all x € [0,1] and f € H*,
we have

I, 1)
<

1/2 1/2
S’gT\< > Ih’<X>IH> < > |h’(x)|(|f|zoh)(x)>

heHmk heHmk
k)2 1 1/2
m 2 2
< AT ( / h dV+pT"IIf||0>
0

for some p; € [0, 1) independent of k. We use this with f replaced by Hi Lf1, with k, Z being any
choice with k + # = nand £ = k + O(1). By Lemma 6.7 and the bound (5.8), we deduce that for
all small enough 6 > 0,if o > 2 — §, then

By choosing n = clog|z| + O(1) with ¢ = 4(m|log p;|)~}, and then 7, large enough and & small
enough in terms of x, we may ensure that

with p = p;""/ ' < 1 and as claimed. O

£, < €O (@ 2 + o fllg + o7 28, ).

I F1)|, <P ey

6.3.4 | Proofof Lemma 6.4

Iterating the bound of Lemma 5.4, and using (5.8), we have for § small enough and all n > 0, the
bound

for some p € [0,1). We replace f by IT{,[ f] and use Lemmas 6.8 and 5.4. We find that for some
constants 7, > 0, ¢, > 0 and p € [0, 1), if § is small enough and n = |¢,log 7], then

Iz, [F1]|, < 2 I I f o + oI I

2n
1_Is,t

e f |, + 127"

n 0(én) n
|, <" +e%m) £,
< (07" +e%CMpM)|| fllo + 1717 (0*" + e M| £l

At the cost of choosing ¢, large enough and 6 small enough in terms of the implied constants, we
obtain

By iterating, this bounds also holds for n = k|cylog 7|, k € N, from which we deduce by Gelfand’s
inequality that srd(TI, ;) < p'/4, and ||(Id —IT2")~ I, . < 1. Finally, from the bounds

2n
Hs,t

2
|, <P"Uf e

J
st

1,7

Joa-mo™], <Jlad-m], . X fm

<J

and ||H£ < e0Uo-21)) we get the claimed result.

1,

85U80| 7 SUOWIWIOD 3A1IR.D 3|deoljdde auy Ag pausenob 8Je Sajo e YO ‘8SN JO S3nJ Joj A%Ig1T8UIIUO A8]IM UO (SUOIPUD-PUR-SLLBH WD A8 | IM" AReJq 1 jeul JUO//SAIY) SUOIPUOD PUe SWS 1 8U3 89S *[2202/TT/zz] Uo ARiqITauluO A8]IM ‘80Ul 8UeIY0D AQ S82T'SWId/ZTTT OT/I0p/L0D /A8 |1M ATl [Bu JUO-00SUFRWPLO|//SA1Y W1} PBPEOIUMOQ ‘0 ‘X7209rT
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6.4 | Deduction of the meromorphic continuation

Proposition 6.9. For some t,t,,0 > 0, and all ||t|| < t,, the function s — &(s, t), initially only
defined for Re(s) > 2, has a meromorphic continuation to the set

={seC,s=0+ir, 0 >2—-6},

with possible poles occurring only for |t| < 7, and A(s,t) = 1. The meromorphic continuation
of s = &(s, t) is bounded uniformly in Re(s) > 2 — § and |t| > 7, by

|©(s, )| < |7|0MXO2=D Jog(|z| + 2). (6.7)

More precisely, for |t| < 7, the function

A(s, t)

s &(s,t) — 1 2G.0

o (@) + T + -+ TR [1](1) (6.8)

has an analytic continuation to ¢ > 2 — § and || < 7, and is uniformly bounded there.
Proof. By Lemma 6.1, we have for Re(s) > 1

&(s.8) = () + - + T7Y) Y 10, ,[11(0). (6.9)

Jj=0

Then Lemma 6.2 yields the analytic continuation of (6.8) for |r| < 7, for some 7, > 0. Then
Lemma 6.4 ensures the existence of r; > 0 such that the sum over j in (6.8) converges uniformly
over compacts in the region o > 2 — § and |z| > 7;, and yields the bound (6.7). Finally, apply-
ing Lemma 6.3 with the values of 7, and 7, gives the same conclusion for 7, < |7| < 7;. The
conjunction of these three cases covers the whole half-plane H. ]

7 | ASYMPTOTIC BEHAVIOUR OF THE LEADING EIGENVALUE

In this section, we study the behaviour, for small ¢t and s close to 2, of the leading eigenvalue A(s, t).
The estimates in this section will reduce the problem to the estimation as t — 0 of the integral

1
/ et () dix,
0

where we recall the notation (3.6). We recall the hypotheses (3.7), (3.8).

7.1 | Perturbation theory and existence

Let

7T2

12log2’ 7D

= —m/ log(x)&(x)dx =
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Lemma 7.1. For all small enough ¢ > 0, there exists t, > 0 such that whenever |s—2| <¢
and ||t|| < t,, we have

010A(s, t) = —b + O(¢), (7.2)
and
A(s,t) — 1 = (—=d + O(e))(s — 2) + O(¢). (7.3)

Proof. Let f, = P ,[£] denote an eigenfunction of II;, associated with the eigenvalue A(s, t).
By Lemma 5.3 and [71, Theorem 2.6, estimation of P; |, we have

I fse = &€l <<e Is =20 + el + f1e]| %= (7.4)

On the other hand, differentiating the eigenvalue equation H, o[ g, . /1 = A(s, ) 5, and integrating
with respect to the Lebesgue measure, we get

9104(s, 1) o] fs,t dv = /[ | ((log cz)gs,tfs,t + (gs,t — A(s, t))alofs,t) dv.
0,1 0,1

Here we recall the notation (5.2). Setting (s,£) =(2,0), with f,,=¢§ and g,o=1,
gives d,,4(2,0) = —b. Using the bound (7.4), we get the approximation (7.2). O

Lemma 7.2. For all 1 > 0, there exists t, > 0 and a unique function s, : [—t,t,]¢ = C such
that s,(0) = 2 and, for ||t|| < t,,

|so(®) — 2| <7, A(so(®), 1) = 1.

Proof. This follows from a general form of the implicit functions theorem, for example, [72,
Theorem 1.1], whose hypotheses are satisfied by virtue of Lemma 7.1. O

In what follows we will not discuss the regularity of s,(t) at each t: we are only interested about

its asymptotic behaviour around t = 0. We will use results on effective perturbation theory of
linear operators, which have been worked out recently in [71].

7.2 | The sub-CLT case

We first focus on the case where we do not aim at extracting a term of order 2 in the asymptotic
expansion.

Lemma 7.3. For ||t|| < t,, we have

1
) -2=1 / (@40 _ 1)ECx) dx + O[] + [1E11707).
0
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Proof. By [71, Theorem 2.6], we have
! 2
A(s.1) = / 11, £ o) dx + 0 (|11, — Ty )
0
1 3 1
—(s— 2)/ [511&05]5 (@dx +/ L, £(x) dx + O,(|s — 2| + [[£]] + [[]| >0~
0 = 0

1 1
=(s-2) /0 [%H’”[gs,oé’]]s:z(X)dX+ / H™ [P E](x) dx

0

+O0.(1s = 217 + [l + [|2]]>%7°) (7.5)

by (5.2).Since [ H[f]dv = [ f dvand H[] = &, the first integral is mfo1 log(x)£(x)dx = —b. The
second equals /01 el{t#()) ¢(x) dx. For a = min(a,, 1), we have

1 ) 1 1
/ (9 — 1)E dv| < [1e]1° / 11 dv = [le]” / MBI dv << L (7.6)
0 0 0

by our hypothesis (3.7) and the triangle inequality (cf. (5.14)). Setting s = 5,(t), we deduce s,(t) —
2 = O(||t|| + ||£]|*°) by combining (7.5) and (7.6). Then another use of (7.5) yields our claimed
estimate. ]

7.3 | The CLT case

Our next goal is to extract the term of order ||£||? in the analysis above. We assume throughout
that «; > 1. In order to describe the order 2 coefficients, we introduce the following notation.
Recalling (5.2), let

1
pei=g [ 00gCox
K[f] := %ad—wmrwmuﬂ, (7.7)

P i=¢+puylogZ,
X = Ky. (7.8)

The well-definedness of 4 follows from our hypothesis a, > 1. Note that y is bounded on [0, 1],
because

INIE] < /

[0,1

| 191l dv + [[H" [&]1l o

<<1+/[ gldr+ T ROl
0,1

heHm

which is finite by (3.7).
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Lemma 7.4. Ifa, > 1, then

1
o) —2= % / (e #) — 1)E(x) dx — £ Cyt + O (|it]]® + (18] %0+ ), (7.9)
0
with
c_l/1<l( ) W—p) +¢- - +9- T)gd (7.10)
¢—boz¢¢¢¢ ¢-(Pp—¢) +9-x v. :
Moreover, if oy > 2, then
So(8) — 2 = it, g) — %tTZqSt + O (lt])* + |[g]|%0™9), (7.11)
with
1 /[! T
Z¢::E/0 W+x—xoT™ -(Pp+x—xoT™) &Edv. (7.12)

Remark. With the definition (7.12), it is clear that the matrix 2¢ is symmetric, positive semi-
definite. It is definite if and only if the vectors {(p + y —x o T")(x), x € (0,1)} span the whole
space R%. By our hypothesis (3.7), we have /01 ll¢ll]log T| dv < 0o whenever a, > 1, so that the
matrix C¢ is well defined in this case. Similarly, the matrix Z¢ is well defined whenever o, > 2,
since in that case /[0,1] lp- 97 ||ldv <1+ /[0,1] l#]1% dv < co.

Proof. We extend the computations of Lemma 7.3, using our hypothesis on « to expand the
quantity g, , = e/ Z5=2 to order 2 at s = 2 and order 1at ¢ = 0. Let

As,t = Hs,t - HZ,O'

We write e/t = 1 + i(t, ¢) + O((||¢]l||£])™"(Z>%~9), Letting s = 5,(t) = 2 + O(||]|), we obtain
1 1 ) 1
/ Ay Edv = / (%) — 1)Edv — d(s —2) +i(s — 2) / (t, $)(log T)& dv
0 0 0
1 1
#36-27 [ (ogPEdy+ OGP + 1]+~
0
1 .
= / (P —1)Edv — d(s —2) — t7C 4t + O(l[2]|> + [|g])+079),
0

where C; 4 := /01 $-(Pp—PlEdv + % /01(1,0 — @) - (% — $)T & dv. We use again [71, Theorem 2.6],
getting

1
Als,t) =1+ / A §dv + / A ,(1d —H™)~'(1d —P)A,§dv + 0O <||As,t||3> :
0 [0,1]

By computations similar to (5.10), we have

1
Ag ol f1—iN"[(t, ¢)f1 - ib_l(/o (t, ¢>§dv> H™[log T f]

- 2
< (el + el S Mlo-
0
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Note that the left-hand side can be written [|A, [ f] — i(¢, " [ f]) || - We deduce

/ Ay (1d —H™)1(1d —P)A & dv
[0,1]

1
= /0 (&, $)(1d —H™) "' 1 =P)H"[(£, $)E] dv + O([1e]* + [le]|'+0).

Since PH™ = P and H” = P + N™, we have (Id —H™)~!(Id —P)H"™[ f £] = £K[f] where we recall
the definition (7.7). Therefore, we have

1
- [ pad - ad-p i Eldy = 1 C gt
0

where u’ denotes the transpose of the column vector u, and Crg = /[0,1](1/> - K[$p]T)E dv. This
proves (7.9) with Cy = Cy 4 + C, 4 as claimed.

To prove (7.11), we note that by the hypothesis «, > 2, the quantity (7.12) is well defined. In
order to expand it, we first note that, with the definition (7.8), that by construction

el = oigt + gt tog 2] = [ g a7 ( [ st )( [aosmiar) Jeav=o

since [(log ¥)é = —b. Therefore

x& = (Ad—H™)7INT[PE] = ) W[HE] = HP[( + x)E].

i1

By the property [ f(goT™)dv = [ H™[f]g dv, we have
[@en- o s = [wri08 " d =[xt
Similarly, we have
[aor ot s = [wrigrermel i v = [xx 0
We deduce that, with the definition (7.12), we have
2= [Gan) @ sdr=2 [GenoT i+ [Gor™: Gro s dy
= /¢-¢T§dv+2/¢-xT§dv.
On the other hand, expanding the squares in (7.10), we find
2C¢=/¢-¢T§dv—/¢-¢T§dv+2/¢-xT§dv.

The claimed formula (7.11) follows by the Taylor expansion e* = 14 u + %uz + O(u%~—¢) with
u =it,¢). ]

85U8017 SUOWILLIOD aA1Ie1D) 8|qeo! dde auy Ag peueob e Sapofiie YO ‘8sh JO Sa|n 10} ARiqiT8UIIUQ AB|IM UO (SUOTHPUOD-PUB-SWLBIW0D A8 1M ARe.d1jBu [UO//:SANY) SUOIPUOD PUe SWB | 8L 88S *[2202/TT/2z] Uo Akidiauljuo A8 |IM ‘soueld aueiyood Ag G81ZT Swd/ZTTT OT/I0p/L0o A3 | 1M ALeiq U JUO™d0SyTRWPUO |//:Sd1y Woj pepeoiumod ‘0 ‘XiZ09rT



34 | BETTIN AND DRAPPEAU

8 | PROOF OF THEOREM 3.1

Recall that Q, consists of the rationals in (0,1] of denominators at most Q, and let

Xo® 1= Y exp((it, Sy(x))). (8.1)

erQ
Proposition 8.1. Foralle > 0, there exists §, t, > 0 such that for ||t|| < t,, we have
Eq(e' %0y = Q02{1 4+ 0.(Q° + [lell + [I£]| %)},

Proof. Recall that y,(t) was defined in (8.1), so that [EQ(ei<t’S¢(x)>) = Xo()/xo(0). Let Q > 1 be a
parameter, and w : R, — [0, 1] be a smooth function satisfying

oy <w<1pop P, < Q. (8.2)

Then by a trivial bound on the contribution of g € [Q, Q(1 + Q~1)], we have

Xo®) =0(Q7'QM) + xo®),  where Xo(t) := Z ei<t’S¢(a/q)>w<%>. (8.3)

1<a<q
(a,9)=1
By Perron’s formula, we have
_ 1 3+ico
T0= 3= [ eesnnws

where the Mellin transform w(s) = f0°° w(u)u’~! duis defined for Re(s) > 0. We move the contour
to the line Re(s) =2 — 6. If t,,5 > 0 are small enough, then by Proposition 6.9, we encounter
exactly one pole, at s = 5,(t). By Cauchy’s theorem, we deduce

1 2—8+ic0
Xo(®) = Res (Q*S(s, )w(s)) + —/ Q*S(s, t)w(s) ds. (8.4)
s=s¢(t) 27l

2—8—ico

For some absolute constant C > 1, Proposition 6.9 yields the bound
|&(s, )| < (I7] + 1)°.

On the other hand, we have |W(s)| < QC+2|5|7C~2 for Re(s) € [1/2,3] by integration by parts
and (8.2), so that

2—G6+ico
/ Q’&(s, H(s) ds| < QCH2Q*°. (8.5)
2—6—ico
Finally, we have by (6.8)
s __ QRi(so). )
Re8) Q006 = —3 55, &, ToePae 1D 0
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where we abbreviated s, = sy(¢) in the right-hand side. Again by [71, Theorem 1.6, estimation
of P; ] and Lemma 5.3, we have 1P, ¢ — Paollo < It + |[t]|%0~¢, and therefore

_1

1+ 0.(||t t||%o—¢
210g2{ + O (|[£]] + [I£]] )}

ey [11(1) =
for 0 < j < m. The quantity d,,A(sy (%), t) was estimated in (7.2). Finally, we have by (8.2)
D(so) = {1+ 0@+ e + 1l %)
Inserting these estimates in (8.6), we deduce

Res (Q'@(s, () = Q% {1+ 0,7 + el + e ~)}.
s=50(8) T

Grouping this (8.3)-(8.5), we conclude
3 _ _ _
Xo®) = Z Q{140,071 + QT2Q + |jt] + [1e]| 7).

Our claim follows by optimizing Q = Q%/(C*% and dividing by x(0). O

Proof of Theorem 3.1. We use Proposition 8.1 along with Lemmas 7.3-7.4 and the value (7.1). [

9 | APPLICATIONS

When using the Berry-Esseen inequality, we will require a separate treatment of very small val-
ues of t in order to handle the error term O(Q~%) in Theorem 3.1 (the argument described in [52,
Remark 3.8] is not readily adapted since part of this term originates from counting pairwise
coprime numbers).

Lemma 9.1. Suppose that the function ¢ satisfies (3.7) and (3.8). Then we have
Eq(e %) = 1+ 0([lt]|*/* 1og Q). 9.1)

Proof. For all n > 1, define c(n) := sup 1 l4(x)[|%/3. Then with the terminology of

xe(n+rl
[3, p. 750], the function ¢ has strong moments to order 3. Setting a;(x) = |1/T771(x)], we

deduce [EQ(Z;=1 c(a;)) <logQ by [3, Remark 1.2]. We conclude by taking expectations in the
bound [ *5¢*) — 1] = O(X',_, (lellIg(TI = o) /). O

Proof of Corollary 3.2. In (3.11), we estimate the integral J4(¢) using [12, Proposition 2.1], which
amounts here to integrating the Taylor expansion of e!!?*) at ¢t = 0. From (7.12), and with the
notation (3.12), we obtain

2 .
o + O (|t|mnGa0=e)), 9.2)

Ut) = ity — %
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where, with ¢(x) = ¢(x) + ulogx,

1210g2

/ (09 + 400~ MTNP 12

o=

We recall that y is related to i by (7.8) (with m = 1). It is clear that ¢ > 0. If o = 0, then the
integrand vanishes identically, and we would conclude that ¢ = —ulog —y + y o T, contradicting
our hypothesis. We use the Berry-Esseen theorem [110, theorem 11.7.16], [42, equation XVI.(3.13)]
with T = c(log Q)'/? for some parameter ¢ > 0 to be chosen. Let

S¢(x) ulogQ
=E , =
f@): Q<6Xp ( > Viog 0 >> 9(1)

When |7| < Q‘a, we use Lemma 9.1 and a Taylor bound, getting

f(@) =1+ 0(|7%/3(log Q)'=%/® + |z|(log Q)}/?).

When Q~° < || < (log Q)¢, we use Theorem 3.1, getting

e [T g 1
1= e { -5 +0( 00 + o * 35)

=e"/2(1+0 LI . el + 1))
(lOg Q)l/z (lOg Q)a0/2—1—£/2 Q5

Finally, when (log Q)* < |7] < T, we get

£(1) = exp T 1+O< 1 N 7|02 L1 )
2 |T|(logQ)1/2 (logQ)ao/Z—l—s/z TzQa

2
= exp {— ?(1 + O(c“O_Z_E)}

and so, for some small enough choice of ¢ > 0, we have | f(7)| < e~ /3,

We deduce

T
f;
Q—é

< / (t%/3 1(log Q)1 =%/ + (log Q)'/? + 7) dt
0

f(@)—g(T) d

T

-5

T
+ / rle=T/3dr
(log Q)¢

< (logQ)™Y/2 + (log Q)~%0/2+1+¢,

(logQ)*
+ / e—rz/Z((log Q)—l/z + Toco—l—s(log Q)—oc/2+1+£/2 + T—lQ—cS) dr
Q
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and therefore by the Berry-Esseen inequality

Sg(x) — ulogQ 1 T
sup |Pg <v - (I)(U)‘ < = +/
VER og4/logQ T Jor

as claimed. O

M‘df < . 1
T (log Q)mln(1/2,a0/2_1_6)

9.1 | Central modular symbols

Let f(z) = Zn>1 a,e(nz) be a non-zero primitive Hecke eigencuspform of weight k for SL(2, Z)
with trivial multiplier. Note that k is necessarily even and k > 12
Define, for all integer 1 < m < k — 1 and all x € Q, the modular symbol

(271'1)”"

1)|/ f(2)(z —x)"1dz. (9.3)

<x>f,m :_

Lemma 9.2. For m > k/2, the function x — (x) ¢ ,, initially defined over Q, can be extended to a
bounded function in H'~¢(R) for any ¢ € (0, 1).

Proof. By Deligne’s bound [35], we have |a, | < ; n"1)/2*¢, Therefore, the sum Y., |a,|/n"
is finite, and we deduce by Fubini’s theorem that for x € Q,

() = (- Y, 2D

n>1

and the left-hand side is now defined for x € R. By [63, Theorem 5.3], we have

Y ae(nx) <, /% log(2t) (£ >1) (9.4)

n<t

uniformly in x € R. Let x,x’ € R, § = |x — x'|, and for t > 1, S(t) := ), a,(e(nx) — e(nx")).
Then using (9.4) and partial summation, we obtain |S(t)| <, ¢ tk/2+e min(1, 6t), and so

X —(x' < t~m=Ik/24e min(1, 8t) dt
fom fom| e f
1
<L p O+ FmH/EE
as claimed, since m > k/2 + 1. O

Lemma 9.3. Forany¢ € (0,1), some function ¢ € H'7¢([0,1],C), and all x € Q \ {0}, we have

1
=(—= + :
(X)f /2 < . >f,k/2 ¢(x)
Moreover, we have ||¢ o h||(1_g) < 1 uniformly for h € H*.

We will actually only require the last bound for h € H.
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Proof. For Im(z) > 0, define

f(z) = 2 n e(nz)

“~ nk-1
( Zﬂl)k ! - TinT
= ,;a e(nz)———— =1 /0 Tk—2¢2 dr
_ (=2mi)<t —27i)k1 2
= (k—l)' / (t—2)"“f(r)dr.

Using the modularity relation f(—1/z) = z* f(z), and changing variables 7 — —1/7, we obtain

(k —1)!

(—27i)e— 172 2 f(-1/2) = 2~ 2/l (r+1/2) 2f(r)dr_/ (=1/7 +1/2)2(z0) 2 f(r)dr

lz
—/q@—z%*fanh
0

and so the period polynomial of f

(=2mi)t —27i)k—1
RSV

~

1@ = @) - 22 f(=1/2) = / (-2} 2f@dr,  m(z) > 0)

is indeed a polynomial in z of degree at most k — 2.
Let now x € Q4. As§ — 0 with § > 0, we have

(—2mi)k-1
(k-1)

k=1 ico x(1+id)
_ % ( / - / >(T ~x — ix8)2f(c) dr.

The second integral is Oy, . f(5M )as § — 0 for any fixed M > 0, since f is a cusp form. Thus, by
the binomial formula, we obtain

F(x(1 +i6)) = /(l:o -5)(‘( —x —ix&) 2 f(r)dr
x(1+1

(—1)k- 1k Z (27Tx5)f

(x(1+1i9)) = k-1 #

(X) 1 + 0y (872

In the same way, since — = —%(1 i8")with 8’ = §/(1 + i), so that Re(5) > 0, we have

1
x(1+i9)

(x(1 + i8))2F (-ﬁ)
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With m := k/2 — 1, reading the coefficients of 6 on each side of the definition of r f(x(l +i6)),
and since k is even, we deduce

(X) 1o — Zc,kxf( =) = ~(k - DA™ (),

f.l1+m+j

o () Y

We single out the term j = 0. The function

by(x) = Zc (Y == DEDmE ),

fil+m+j

defines, by Lemma 9.2, a function in H'~ "'([ — ]) foralle € (0,1)and n > 1. The value ¢y = 1
proves our claimed formula. Finally, for h € H by the rules (4.1), (4.2), (4.4) and 1-periodicity
of X = (X) s 14m+j> We have

7m0 = ZIIXHh<X>J<X>f1+m+J||@ R ALl

< Z (”(hf)’

<<f 1

17+ ], ) + 1w

By the rule (4.2) again, and since ||hl|;) < Ih|| <1 for h € H*, we deduce that the same
bound |[¢f o h| 1o < 1 holds for h € H*. O

Proof of Theorems 2.3 and 2.4. Iterating Lemma 9.3, we have for all x € Q n (0, 1],
r
) pijn = D S~ T x) +(0) f g (9.5)
j=1

Note that changing the coordinates of the set % C R? by an amount O(1/+/log Q) in (2.2) does
not alter the right-hand side, so that we may replace (x) s  , by (x) 7 x /o — (0) s - Forall t € R2,
identifying C ~ R? with basis (1, i), we let

. Kt (x) p a2 = (O)pics2)
o { )

where we recall that o, was defined in Theorem 2.3. We apply Theorem 3.1 with m =1and d =
2. The hypothesis (3.7) is satisfied with «;, = 4, since the function ¢ is continuous on [0,1] by

Lemma 9.3 and therefore bounded. The hypothesis (3.8) is satisfied for any 4, < by using
Lemma 9.3 and noting that ||¢, |h(1)||(1_5) < |h’(0)|_1+5||q5f o h||(1_g)- Using (3.11) along with the
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expressions (7.11) and (7.12), we obtain for some u i € R? and real 2 X 2 matrix =  the estimate

: el + 11ell? 1
t)=c¢ (L, —1tTZt+O _— 4+ — .
x(t) = exp { (tup)— St Iy ( Tog0 Qa)}

To compute the variance, we appeal to the bound

EqU{x) fm — ks l0g QI*) < (log Q). (9.6)

This can be proved by shifting to the setting of [4], where the variable ¢ is extended to a complex
neighbourhood of the origin; the functions U,V defined in (3.10) are, in this case, analytic in ¢
near the origin, by boundedness of ¢ - Then by, for example, [15, theorem 25.12] and (9.6), we
find

T
_ i [EQ(<x>f,k/2) s i [EQ((X)f’k/2<X>f,k/2)
pp=lim — o Zp=lim ; :
Q-0 0gQ Q-0 o7 logQ

On the other hand, as Q — oo, we have the following asymptotic formulae, where now (x) ¢ . /; is
interpreted as a complex number:

Eq({x) ) = 0(logQ), 9.7)
Eq((x)7,,) = o(log Q), (9.8)
Eq(I{x) 5 ml*) ~ 207 10g Q. (9.9)

These statements can be proven (in a stronger form) by standard methods, using orthogonality
of additive characters, the approximate functional equation [65, Theorem 5.3] and Rankin-
Selberg theory [63, Chapter 13.6]. The value o appears as a} = Res,_; L(f X f,1), which is
evaluated in [63, equation (13.52)]. Note that the analogues of (9.8) and (9.9) with a single aver-
age over numerator have recently been computed in [18]; in their result as stated, however, the
denominator is assumed to be prime.

The equality (9.7) shows that u; = 0. The equality (9.8) shows that the matrix X is a multiple
of the identity, and the equality (9.9) then shows that £, = Id. Using the Berry-Esseen inequality,
along with Lemma 9.1, concludes the proof of Theorem 2.3.

To justify Theorem 2.4, we use again the analyticity of U, V defined in (3.10) in a neighbourhood
of the origin. Hypothesis (4) of [61] is therefore satisfied in our case with ¢(n) replaced by log Q,

and (2.3) follows by [61, Theorem 1], taking t = ¢4/log Q. O
9.2 | Central value of the Estermann function

Proof of Theorem 2.1. The Estermann function D corresponds to D, in notation of [8]. For x € Q,
it is the analytic continuation of

D= 3 D)

N
n>1 n
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initially defined for Re(s) > 1, evaluated at s = % We recall that 7(n) is the number of divisors
of n. We use [8, Lemma 10], noting that the quantity v;_, /v; corresponds to TJ=1(x). Therefore

p(4x)=¢(3) +Z¢,<Tf o)
where

#,(x) = 1x72(1og(1/x) + y, — log(sm) — £ )

+ (=122 (log(1/x) + 7 — log(8m) + £ ) + g(%)z + E((-1)x),

and &, which corresponds to £(0, -) in the notation of [8, p. 6900], is bounded and continuous. By
comparing the cases N = 0 and N = 1 of [8, equation (3.17)], we have

EQ) =&+ Y, (;—jr)jl“<%+j)2<%>j<D<%+j,—l/x)+§<%+j>2/j>, (9.10)

JE{l,2}

where & € C!([0,1]). For j > 1, the function D( +j,-) belongs to H'/?7¢([0,1],C) for
all £ € (0,1/2). We deduce that the right-hand 51de of (9.10) defines, for all n > 1, a func-
tion in HY2- ‘E([n+1 n] C). By an argument identical to Lemma 9.3, we also have the
bound |[|Eohl|;/,—) <1 for all h e H?, and similarly for x — &(—x). This validates the
hypothesis (3.8) with any 4, < 1.

On the other hand, setting a, = 2 — ¢, we have

a
Y [ O]lg s < Y n~2|n'/log2m)| ' < o

heH nx1

and so the hypothesis (3.7) holds. We apply Theorem 3.1 with m = 2, d = 2, and the above given
value ¢ = 2 — ¢. In the estimate (3.11), we evaluate the integrals by appealing to [12, Corollary 3.1].
We deduce that there is a constant € C such that, letting o = 1/7 and

(t) :=F iRe| ¢ D(5x) ~ klogQ (t €C)
A== R\ #PA T TStog @ 20oglogy 2 ) [ ) ST

_ |t|? 1 ] + |t
)((t)—exp{—7+0< +W>} (911)

We then obtain, by the Berry-Essen inequalities and the bound (9.1) for small frequencies,
the statement of Theorem 2.1 up to the value of the expectation. We compute the expectation
from the initial object, using the expression [65, equation (3.2)] for Ramanujan sums. For s € C
with Re(s) > 1, we have

Y Do/ =< Y u(2)TD ] (1- 3507).

1<a<q Zlq jud|2
(a,9)=1

we have
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and so by analytic continuation

Y. D(5.a/q) =

1<a<q
(a,q)=1

We deduce that

(e B T -

Zlq p’llz

Eo(D(}.x)) <. Q72+

On the other hand, by (9.11), we have

x(£) =1+ 0,(Q° + (loglog Q)™ "/**¢t + 1%),

v —1/2) _ 1/24¢
'V+1p ) - OE(q )'

(9.12)

whereas expanding the exponential as e = 1 + iu + O(u3/2) in the definition of y(t), by (9.12),

we get

x() =1+ itu(log Q)/*(loglog Q) /% + 0(Q™Y/3 +

Using the trivial bound |D( x| < YW q

r(x) 1/2 r(x)
[EQ(lD(%,x)lyz) < Ep (Z 1> <Z aj(x)
j=1

by the bound r(x) < log(denom(x) + 1) and [117, Theorem]. Setting t = Q9/2, we obtain

u(log Q)'/*(loglog Q)32 = 0,((loglog Q)~1/>*°)

Jl]

Jj=1

< (logQ)*/?

and so u = 0, by letting Q — oo.

93 |

Large moments of continued fractions expansions

.(x)*/3 and Holder’s inequality, we find

|t1*%((log Q)" + Eo(ID(5, )I*/%)).

Forall A > 0 and x € Q N (0, 1), we recall that Z;(x) was defined in (2.4). For 0 < a < 2, define

and by continuity ¢; =

-

Go(x) 1=

-

I'1-oa) cos(% 1/a
fa = 72 /12

S Let
T

27 J_ o

1 ® —itx—c |t|(1+izs n(t)log|t|)
e 1 i g dt,

27

—0o0

o0 V124
1 e—itx—(ca|t|)“(1—isgn([) tan(T)) dt

(a#1)

(a

1)
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be the probability distribution function of a stable law S, (c,, 1, 0) (see [102]), and

G,(v) :=/ 9 (x)dx.

6]

Theorem 9.4. Let A > 0and v € R, and for 1 < 1 define u; = % hI nt log(,(q'z:—i);)).

(1) IfA < 1/2, then with for some g; > 0, we have

1 /5(x) — u; logQ
po( 2 o8 <v | =o0)+ OE< 1 > (9.13)
0;4/10gQ (log Q)min(1/2,1/(20)~1-)

(2) IfA =1/2, then with o = (2 /6)~/2, we have

> — 1
Py 1/2(x) — pty /2 log Q <v ) = o) +O<;1>- (9.14)
o4/log Qloglog Q (loglog Q)'~*

(3) If1/2 <A < 1, then

P, < Z,(x) =y logQ <

_ 1
Gz * ”) =G+ O((log log Q) ) 615

(4) IfA =1, then letting y, denote the Euler constant,

Zi(x) loglogQ -7, _ 1
PQ(logQ BT ”) - Gl(””O((logQ)l-E)' 10
(5) IfA > 1, then
2. (x) 1
"o(Geaar <*) =50+ gy ) 17

In all four cases, the implied constant depends at most on € and A.

Except for (9.15), we expect the error terms to be optimal up to an exponent ¢. The estimate (9.17)
is in accordance with results on the statistical distribution of max; ;, a; [28, 59].

To prove Theorem 9.4, we note that 2, (x) = Sy (x) with ¢;(x) := [1/x] A The function ¢, sat-
isfies the hypotheses of Theorem 3.1 withd = m =1, ay = 1/1 — ¢, ¥, = 1, and all small enough
exponents 4, > 0.

93.1 | Cased<1/2

We wish to apply Corollary 3.2. To proceed, we need to show that ¢, is not of the shape clog +f —
f oT. Suppose that it were, let n > 1 and x € (0,1) solve x = n%x Evaluating at x yields n* ~
—clogn as n — o0, a contradiction. Corollary 3.2 may be applied and yields (9.13).
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932 | Cased=1/2

The estimates (3.9)—(3.11) hold, and the integral is evaluated in [12, Corollary 3.2]. With the
notation o = (72/6)~'/? and

Huno(®) = B exp § 22~ H2108Q
1/2,0 Q oy/logQloglog Q ,

we find that for |¢| < loglogQ,

X (t)—exp{ 3t2+0<i+ il + v )}
1/2,Q 2 Q5 (lOg Q)I/Z—E (log log Q)l_s '

On the other hand, by (9.1), we have y;,,o(t) =1+ o(|t|/? log Q). Inserting these two bounds
in the Berry-Esseen theorem [110, theorem I1.7.16] yields the claimed conclusion (9.14).

933 | Cased=1

We use the estimates (3.9)-(3.10). Define

_ [ Z1(x) loglogQ —vy
= {3352 )

Then for 0 < t < (log Q)'~¢, we obtain by [12, Corollary 3.3]

|t|1 E+|t|2 €
o =0+ 0o + Fpti ) |

X1,0(t) = exp { 2/12

and we may again conclude by the Berry-Esseen inequality.

9.3.4 | Cased ¢ {1/2,1}

Assume first A > 1. Then we use the estimates (3.9)-(3.10). Define

L Z(x)
Xa0() :=Eg (exp {lt(loéw })

Then, by [12, Corollary 3.2], for 0 < t < loglog Q, we obtain

= — 1/ 3 kL 1 [’1//1_5 l—l/l ) }
X/I,Q(t) exp { (cl//lt) (1 itan (2/1)) + O< (log Q)l - + (loglog Q)I_E

and we may again conclude by the Berry-Esseen inequality and Lemma 9.1.
The case 1 € (1/2,1) follows by identical computations, the shift by u; log Q being accounted
for by the linear term in the asymptotic evaluation of (3.11), as performed in [12, Corollary 3.2]
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9.4 | Dedekind sums

Proof of Theorem 2.7. By [60, Theorem 1], we have for x € Q N (0, 1) the equality

1\ -
S0 =8, + = 121 ®,(TV7 ().

where |5, | < % and ¢;(x) := (—=1)/71|1/x]. Note that ¢; depends only on the parity of j.

Since changing v by an amount O(1/ log Q) does not affect the right-hand side of (2.7), we may

replace s(x) by s(x) — d,. Let
-8
10 = g {5000 })

Then Theorem 3.1 applies with d = 1, m = 2 and the functions ¢; defined above, with ety =1 —¢.
We use the expression (3.10) and refer to [12, Corollary 3.4] for the evaluation of the integral,

obtaining
1 L L 1
) = ———+0| =+—7"7—) ¢>
0= 3+ =

and we conclude again by the Berry-Esseen inequality. ]
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Abstract

We obtain an exact modularity relation for the g-Pochhammer symbol. Using this
formula, we show that Zagier’s modularity conjecture for a knot K essentially reduces
to the arithmeticity conjecture for K. In particular, we show that Zagier’s conjecture
holds for hyperbolic knots K # 7, with at most seven crossings. For K = 4, we
also prove a complementary reciprocity formula which allows us to prove a law of
large numbers for the values of the colored Jones polynomials at roots of unity. We
conjecture a similar formula holds for all knots and we show that this is the case if
one assumes a suitable version of Zagier’s conjecture.

Mathematics Subject Classification 11B65 (primary) - 57M27 - 11F03 - 60F05
(secondary)

1 Introduction

Among knot invariants, the colored Jones polynomials {Jx ,},>2 and the Kashaev
invariants {(K)y}y>2 are of particular interest, by their relation to quantum field
theory, and the geometry of hyperbolic manifolds [25,26,44]. We refer to e.g. [31,46]
for their definitions; by [31], the two invariants are related by (K)y = Jx N (e2mi/NY.
We refer to [14,24,25] for more results and references on this topic.
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The Kashaev invariant is extended to a function on roots of unity by set-
ting, for (h,k) = 1, Jg.o*"/ky = Jg (&> "/*). For fixed k, the val-
ues (Jg 0(e*™"/ky) 1)=1 are simply the Galois conjugates of (K)y in Q(e>™//%).
In the case of K = 41, the simplest hyperbolic knot, we have explicitly

o

Ti0@) =Y [1=g)1 =g (1—g"H (1.1)

r=0

for a root of unity q.1 In general, Jk o(q) can be written as a multiple series of this
kind, with each addend being a ratio of g-Pochhammer symbols of various indexes.
See Sect. 2.4 for some more examples and the precise definition of Jk o(g) in the
cases we will consider.

The volume conjecture [26] predicts that for any hyperbolic knot K,

I log|[{K)n|  Vol(K)
im = :
N—00 N 2

(1.2)

where Vol(K) is the hyperbolic volume of the complement of K. This is motivated
by the analogy between the usual dilogarithm, which measures volumes of tetrahedra
in the hyperbolic space, and the quantum dilogarithm, which are the building blocks
of Kashaev’s invariant. A generalization for non-hyperbolic knots was formulated in
[31, section 5], with the volume Vol(K') being replaced by a suitable multiple of the
Gromov simplicial volumes of the complement of K.

This conjecture was extended in [22] and implicitly in [18] to a full asymptotic
expansion, referred to as the arithmeticity conjecture in [12], whereas the corre-
sponding question for the imaginary part of the logarithm is conjectured to involve
the Chern-Simons invariant cs(K) of K [22,32]. The arithmeticity conjecture has
been proved for all knots with up to seven crossings in [2,35-37]. We refer to
[16,27,30,33,34] and the references therein for more results and information on the
volume conjecture.

In [47], Zagier studies several examples of what is called “quantum modular
forms”. Motivated by extensive numerical computations, he predicts that Jg o sat-
isfies an approximate modularity property which relates, in the limit as x — o0
among rationals of bounded denominator, Jx o(e*™!(@x+T0)/(cx+d)y with Jx o(x) for
any (¢ Z) € SL(2, Z). The constants involved are also considered from an algebraic
point of view, and are expected to belong to simple algebraic extensions of the invariant
trace field Fx of the knot (see e.g. [29, Chapter 3] for the definition). More specifically,
given a hyperbolic knot K, the following conjecture is made (cf. also [19] and [15]
where the coefficients in the series are analysed in detail).

Conjecture 1 (Zagier’s modularity conjecture for K) For all y € SLa(Z) such
that* o = y(00) € Q, there exist Cx(x) € C and a sequence (Dk n(a@))n=0 of

1 Notice that the series is in fact a finite sum at roots of unities.

2 In what follows, a matrix in SL(2, R) acts on C by homography.
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complex numbers such that, for all M € N and x € Q, with x — 00, there holds

Telely (2))) :(2_”)3/2eiv°‘(’”z"“"”c,<<a)( > DK,n(a>h”+0(hM)),

Jk,0(e(x)) h 0<n<M
271
h = x__y—l(oo)’ (-5)

where e(x) := e>™'* and the implied constant depends at most on «, on the denomi-

nator of x and on M. Moreover, if Fg o = Fg(e()), then:

e Ck () is a product of rational powers of elements of Fk o,
e Dk () € Fg o forn > 0.

In the case K = 4y, Garoufalidis and Zagier [20] announced a proof of Theo-
rem 1, and also numerically investigated the conjecture for other knots. The case of
the 41 knot is special and rather simpler than that of other knots, due to the fact that
in this case all the summands in the definition (1.1) of J4, o are positive. One can
then use Laplace’s method to extract the asymptotic expansion (1.3). In general, this
positivity is not present and there is a remarkable amount of cancellation between the
terms of the series. Indeed, Jk o(e(1/N)) is typically exponentially smaller than the
largest summands in its definition, and this prevents one from applying a direct esti-
mation based on Laplace’s method. We circumvent this serious obstacle by obtaining
a new modularity relation, with a precise description of the holomorphic and periodic
behaviour of the error terms, for the g-Pochhammer symbol. This symbol is of crucial
importance in the theory of g-series and often appears in the theory of modular forms
and combinatorics (see for example [7] and references therein). For r € Zs, it is
defined as

(@) =]]0—-g¢". qeC. (1.4)
j=1

When |g| < 1, one can also take r = +o00 and obtain the Dedekind n-function,
an important example of a (half-integral weight) modular form defined as 7(z) :=
e(z/24)(e(z))o0o, Withe(z) := e2™iz_ As such, 7 satisfies the relation

n(y2) = x(Mez+d)n@), y = (%) eSLQ2, 7).,

for a certain “multiplier system” x (see [23, Section 2.8]). This modularity relation
can be naturally extended to the partial product at root of unities. Indeed, denoting
with den(«) the reduced denominator of @ € @, in Theorem 6 below we show that for
ae€Q,1=<r <den(ya) we have

e(57) e (), = x(¥)e(35) (e (@) ¥y (., 1) (1.5)
for some 1 < r’ < den(«) and where V¥, («, r) is an explicit function with suitable

holomorphicity properties. We refer to Sect. 2 for the precise formulation of this reci-
procity formula which we believe to be of independent interest. With this new tool,

@ Springer



1634 S. Bettin et al.

vg |0 (1]2]-2|0|1|-3|-1|-1]-1

Fig. 1 Values of vg

we can reduce Zagier’s modularity conjecture to a slightly modified form of the arith-
meticity conjecture, thus showing that the two conjectures are “morally equivalent”.
In particular, we are able to prove the conjecture for all hyperbolic knots K # 7, with
at most seven crossings, since for these the arithmeticity conjecture is known by works
of Andersen and Hansen [2] (in the case K = 41), Ohtsuki [35,36] (inthe case K = 5,
and with 7 crossings) and Ohtsuki and Yokota [37] (in the case of 6 crossings). We
recall that the fields Fg, Fk o were defined just before and in Conjecture 1.

Theorem 1 Let K # 75 be a hyperbolic knot with at most 7 crossings. Then Conjec-
ture 1 holds for K. The constant Cg () has the shape

Cx (o) = e<”7’< s(a))c”K/zA}(/faa,g”z, (1.6)

where c is the denominator of o, Ak o € Fx .o, Vk € Z, and §g € Fk, vk is given in
Fig. 1 above and s() is the Dedekind sum (see (2.4)).

Remark 1 By the works [35-38], the number :|:2i8[_(1 can be interpreted as the con-
jugate of a twisted Reidemeister torsion of K. Our method gives the constant term
Ck - Dk o as an explicit product of algebraic numbers; in Remark 6 in Sect. 3 we give
as examples its value in the cases of K = 4| and K = 5.

Remark 2 Recently, Calegari, Garoufalidis and Zagier [12] made a more precise con-
jecture on Ck («), predicting it naturally factors as (g 8¢ - €k (a0)V/e /+/8k, where ¢
is the denominator of «, i - is a 8¢ root of unity, ex (o) is a unit of Fg , and
dx € Fx.We do not at present have such a precise description of Cg («). This would
presumably require a fine understanding of the congruence sums (3.7).

By the work of Ohtsuki [36], the arithmeticity conjecture is known also for K = 7,
and we expect that our method would give Theorem 1 also in this case. However, the
proof of this case is more involved, so we decided to exclude this case for simplicity.
In any case, we want to stress again that the scope of our work is more general and
suggests that any proof of the arithmeticity conjecture should be adaptable into a proof
of the modularity conjecture via the use of the reciprocity relation (1.5).

The modularity and the volume conjectures likely don’t give the full picture on the
symmetries of Jk o nor on its values at roots of unity. Indeed, in the case of K = 4,
we can show that Theorem 1 can be complemented by a second reciprocity formula

relating X = % with X' = %, where the overline indicates the multiplicative inverse
modulo the denominator. This new reciprocity formula involves the “cotangent sum”
(which appears also in the main term in the variation, effective for other ranges of the
parameters, of the reciprocity formula given in Theorem 8 below)

o Tmh
co(h/k)::—zzcot — ) =1 k=1,

m=1
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which is itself a quantum modular form [9] and has been widely studied due to its
connection to the Baez—Duarte—-Nyman—Beurling criterion for the Riemann hypothesis
(see, for example, [3-5,43]).

Theorem2 Let1 < h <k with (h,k) = 1. Then

Ta0(e(h/k)) (Vol(41> k
= exp -
Ta0(ek/n))

T —I—S(h,k)), (1.7)

where

E(h. k) 0(1 Y cor( ”E)”‘Jrl\ (k)\+1 k+k) (1.8)
k) = O - max cot(m— )=|+ —|co (= og —+ — ). (1.
kosianl 2= ARV &0 T2

<n=<r

This may be compared with (1.3). Note that cs(4;) = 0 (see e.g. [13]), so there is
no corresponding contribution on the right-hand side of (1.7).

In this case as well, the reciprocity formula (1.7) stems from a corresponding
relation for the g-Pochhammer symbol (see Theorem 7 below). Notice that, despite
not giving a full asymptotic expansion, (1.7) is completely uniform. In particular, it
permits to be successfully iterated for “typical” roots of unity, allowing us to deduce
the following law of large numbers for log J4, 0.

Theorem 3 For a € Q N (0, 1) with simple continued fraction expansion

1
a=[0;b1,....b/] = ———,
' bl+b2_1+_...

where by, ..., b,_1 > 1and b, > 1, and let
-
ra) =r, X(a):= Zbg.
=1

There is a function €1 : Ry — R4 with e;(x) — 0 as x — 0, such that for
alla € QN (0, 1),

Vol(41)

T

log Ja, 0(e (@) = (1 + O(e1(r(@)/ =(@)))) S(a). (1.9)

In particular, there is a function ¢y : N — R4 with eo(N) — 0as N — oo, such that
for all roots of unity q of order n < N, with at most e2(N)N? exceptions, one has

12 Vol(4y)

log Ja,.0(q) = (1 + 0(82(N)))p

logn loglogn (1.10)
as N — oo.
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Equation (1.10) can be seen as a version of the volume conjecture (1.2) for typical
roots of unity. Indeed, the volume conjecture provides the asymptotic behavior of
log J4, 0 at the root of unity e(1/N), whereas our result gives the asymptotic for almost
all roots of unity of denominator < N. Notice then in both cases the leading constant
involves the hyperbolic volume Vol(41), but the size of J4, o changes dramatically.

Equation (1.9) is stronger than (1.10), which will be readily deduced by [10],
and gives an asymptotic formula in most cases, e.g. when « is restricted to rational
numbers with bounded r («) as the denominator of o goes to infinity. In particular, it
generalises the volume conjecture, which corresponds to the case« = 1/N = [0; N].
It is very likely that the assumption ¥ («)/r (o) — oo cannot be removed in general.
Indeed, if for example o, = F,,—1/F, with F}, the n-th Fibonacci number so that
Y (ay) = r(ay) +1 =n — 1, then Theorem 1.9 would give log J4, o(e(cy)) ~ Cn,
with C = % ~ (0.323 ..., whereas numerically it appears that F (o) grows like
C’n, for C" ~ 1.1 (cf. also [47, Figure 6]).

Our proof of Theorems 3 depends crucially on the positivity of the summands
in (1.1) which is missing if K # 4;. Nonetheless, we expect a similar result holds for
all hyperbolic knots. Also, since X («) is distributed according to a stable law [10],
we expect the same to hold for log |k o(e(«))| for any hyperbolic knot K. Stable
distributions are attractors for independent and identically distributed random variables

with variance non necessarily finite. In our case, the relevant stable law is S (g, 1,0),
: : : 6 1 —ite —Lit1+13 1 10g 1]
with density function ¢ — f1(c; = 1,0) = 5 fRe e ™ dr [41].

Conjecture 2 Let K be a hyperbolic knot. There exists a constant Dk € R such that
for any interval [a, b] C R there holds

_ log [Jk.o(q@)| 12
|ON| ! {q € 0N (Vc%l(l{)# — —210glogN—DK € [a, b]
TIOgN s

, (1.11)
=f fi(x; £,1,0)dx +o(1)

as N — oo, where Q is the set of roots of unity of order < N. In particular, there
exists a function ¢ : N — Ry withe(N) — 0as N — 00, such that

12 Vol(K
log |7k o(@)] = (1+ 0 (V) 15 olk)

lognloglogn

for all roots of unity q of order n < N, with at most e(N)N? exceptions.
In [47] Zagier discusses the continuity with respect to the real topology of

Hy, (h/k) :=log|Ja,,0(e (h/k))| —log|Ta; 0(e (k/h))|
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Fig.2 Global graph of Hy, and H, jfl

and suggests that Hy, is discontinuous but C* from the right and the left at non-
zero rationals® and continuous but not differentiable as one approaches irrational
numbers. Using Lebesgue’s integrability condition and [10], one can easily show that
this continuity condition together with a suitable continuity condition at zero implies
Conjecture 2.

Theorem 4 Let K be a hyperbolic knot. Assume the following:

o Hi(h/k) :=log|Jk o(e(h/k))| —log|JTk o(e(k/h))| has a limit as h/k tends to
any positive irrational number,

o Hy(h/k)— YGLk _ 3109(k/h) is uniformly bounded.

. . L Hre (1 _ Vol(K)
Then Conjecture 2 holds with Dg = ! ;g/fggz + nVcZ)fl(K) 01 K /1t2|—t 21l dt, the

function Hg being extended to R~ by taking limits over the rationals.

Remark 3 One could replace the second assumption in Theorem 4 with the assumption
that Hx (h/k) — %f—l — % log(k/h) is left and right continuous as & /k approaches
any rational number.

In the case of torus knots, the invariant Jk ¢ can still be constructed and a formula

of type (1.3) is expected to hold with Vol(K) replaced by 0. In this situation, the works

[6,10] would suggest that 1221/£.0@)] %;;‘m

In this case however, the conditions of Theorem 4 are not sufficient to conclude.
In view of Theorem 2, it is natural to wonder if also the function Hg (h/k) :=

log |\7K70(e(ﬁ/k))| — log |j41,0(e(E/h))| could be regular at irrational points (cf.
Figs. 2, 3). We can answer this question in the negative in the case of K = 4.

becomes distributed according to a Gaussian law.

Theorem 5 For all x € [0, 1] we have limsup,_, \+ \cq IHI1 (y)| = +o0.

1.1 Outline of the paper and sketch of the proofs

Theorems 1 and 2 are both based on two new relations for the g-Pochhammer symbol,
given in Theorem 6 (cf. (1.5)) and 7. These relations are proved in Sect. 2 and both

3 This continuity property at rationals follows from the modularity conjecture but only when approaching
arational h/k = [0; by, ..., by] with fractions essentially of the form [0; by, ..., by, N] with N — oo;
and not, for example, with [0; by, ..., b, N1, N2] with both N1, N € N going to infinity.
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Fig.3 Graph of Hy, and Hj‘l around x = 0.485

make use of the Abel-Plana summation formula [1, p.23], [40, p.408], [39, Chap-
ter 8.3.1], which is a form of Euler-Maclaurin summation with an explicit form of
the error term. In the case of Theorem 6, one starts by dividing the product in the
definition (1.4) of (e(y«)), into appropriate intervals and congruence classes. One
then take the logarithm and apply the summation formula to the resulting sum of the
function log(1 — e(z)). As this function is close to a primitive of m cot(mrz), which
has poles at integers, then through a residue computation one eventually arrives to
the dual object (e(«)), . In the case of Theorem 7, the reciprocity relation for the

g-Pochhammer symbol relates % and % In this case one starts by applying the simple

relation % = —% + ﬁ (mod 1). After some initial manipulations, one is lead to con-
sider sums of the function log(1 — cot(&) tan(w&z)) + cot(mwr&) tan(wr&z) for some
choices of & € (0, 1/2). This is again performed using Abel-Plana summation for-
mula followed by a careful analysis, with particular care needed in the reassembling
of various main terms.

In both our reciprocity relations for the g-Pochhammer symbol, we show that the
error terms extend to holomorphic functions of controlled growth. This is crucial for
the applications to the modularity relations for the Kashaev invariant for knots other
than 4.

Once the reciprocity formulas for the g-Pochhammer symbol are established, the
proofs of Theorems 1 and 2, given in Sects. 3 and 4 respectively, follow in similar ways.
We first split the sums in the definition of the Kashaev invariant into congruence classes
(and suitable intervals) and apply the reciprocity relations, reducing the problem to
that of estimating certain sums of exponentials of linear combinations of dilogarithms.
These sums are very similar to the ones one needs to consider for the the volume
conjecture with only two relevant differences: the variables of summation range over
some convex space rather than some larger cubic regions, and inside the exponential
we have also some new error terms. For all the knots we consider the first difference is
easily treated since, as shown in Lemma 10, the neglected terms are much smaller than
the main terms (for other knots, such as 7;, this is no longer true and some of these
neglected terms could be large, however we expect that a treatment as in [36, Section
8] could be used to show that the sum of these terms is in fact still small). In the case of
Theorem 1, the second difference is also surpassed thanks the holomorphicity of the
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error terms mentioned above, since the complex analytic methods of [35-37], using
Poisson summation and the saddle-point method, go through essentially unchanged.
In the case of Theorem 2, while we still have the holomorphicity of the error terms, the
fact that the errors are not o(1) forces us to use positivity to avoid possible cancellations
in the main terms, thus restricting the applicability to the 4 knot only.

Theorems 3, 4 and 5 are proved in Sect. 5 and all use the reciprocity formulas (1.3)
and (1.7) (the latter being more crucial) in conjunction with the recent work [10]
on the distribution of ¥ (). The difference between the reciprocity relations (1.3)
and (1.7) can be better understood in terms of the continued fraction expansions
[0; by, ..., by] of h/k (for simplicity we assume m odd). Indeed, (1.3) relates the
values of J4, o ate([0; by, ..., by]) and ate([0; by, ..., by]) provided that by — oo
forsome ¢ € {1, ..., m} with all the other b; bounded, whereas (1.7) relates the values
of J4,.0 ate([0; by, ..., by]) and ate([0; by, ..., by—1]) provided that b,, — oo and
that the other b; are not too large (for example log(b;) = o(b,,) for all i < m would
suffice). Because of its uniformity, (1.7) can be successfully iterated removing each
time the last convergent b, from J4, 0(e([0; b1, ..., bm])). We keep doing so untill
we reach the last step for which we need to apply (1.3). In this process, we pick up
a main term of %bm at each step and thus arrive to (1.9). Equation (1.10) then
follows by the law of large numbers for X («) established in [10].

Theorem 4 follows a similar line, with the difference that in this case the previ-
ous argument and Conjecture 2 give that log J4, o(e(a)) — %E(a) can be well
approximated by a differentiable function. The theorem then follows invoking again
[10].

Finally, Theorem 5 follows via a simple argument from Theorem 8, a version of
Theorem 2 which becomes useful when there is a middle partial quotient which is
extremely large.

Notation

Given D C Rand f : D — R, we write || f|loo,p := sup,ep | f(#)]. Also, given
t € R, we write ||¢|| := dist(¢, Z) and {t} := t — [¢], where |7] is the integer part of 7.
Given a property P, we define 1p (or 1(P)) to be 1 if the property P is satisfied and
0 otherwise.

We use throughout the Landau notation f = O(g) to mean that there is an implicit
constant C > 0 such that | f| < Cg in the common domain of f and g. We also
write f < g with the same meaning. All the implicit constants of the error terms are
understood to be uniform in the various parameters unless otherwise indicated.

2 Two reciprocity formulae for the g-Pochhammer symbol
2.1 Abel-Plana’s summation formula

Our argument is based on the Abel-Plana summation formula.
We denote by y, the following integration contour.
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Y

P2
—1€

Lemmal Let o, B,8 € Rwitha < B < B'. Let f be an analytic function on a
neighborhood of U := {z € C | « < Re(z) < B’} \ {«, B}. Assume that the following
holds:

(1) f(2) is holomorphic at B if B is an integer, and otherwise f(z) = o(|z— B|™") as
z— Bwithz € U,

(2) f(xxiy) = 0(e*™Y/y?) as y — 400, uniformly in x € [a, B],

(3) f isintegrable on («, B).

Then we have

S o= / @)t — C(f, @) +C(f, B, @.1)
a<n=<p
where
, fla+ir)dr , f(a —it)dt
C(f,a) = lIi — — ).
(f, @)= lm ( l/ye eCaye —1 ' ) e@er —1
Proof The arguments in [39, Chapter 8, eq. (3.01)] are readily adapted. O

Fork € Z>¢, k # 1, let Bk(t) = By ({r}) where {1} is the fractional part of 7 and
By is the k-th Bernoulli polynomial, and let B (t) = B1({t}) fort ¢ Z and B (n)=0
for n € Z. We require the following computation.

Lemma2 For{ € Z=oand v € [0, 1), we have

/“’Im< (—in)* )dt_(—l)ﬁém(v)
0 e(v)e?t — 1 20+ 1D

Moreover, for all w € C \. (—00, 1], we have

f°° dt —11 1 -1y
——=—1log(l —w
0o we*t —1 27 g

with log being the principal determination.

Proof The second claim is easy to prove by expanding the fraction as a power series
in w, first for w € (1, oo], and then by analytic continuation. To show the first claim,
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first we note that for £ = 0, v = 0, the fraction is a real number, and both sides evaluate
to 0. We may therefore assume that £ > 1 or v # 0. Then

~ =in® N\, _ tetds
fo m(e(v)ezm—l) (o )”1 <e( v (=Df / I—e(— v)e—f>

2! e(—nv)
(271)“1 <(_) Z PYAS )

n>1

by [21, eq. (3.411.6)]. We write Im ((—i)¢ e(—nv)) = (=)' cos2mnv—Z (£+1)),
and conclude by the Fourier expansion of Bernoulli polynomials [21, eq. (9 622.1)].
O

2.2 First reciprocity formula for the g-Pochhammer symbol

We fix the notations as follows. Let N, d > 1 be coprime. Let « = p/q in reduced

form, and y = (5 _g) for some (p, q) satistfying pp + gq = 1. Throughout the rest

of Sect. 2.2, all error terms will be allowed to depend on d and y (but not on N). We
writte h = Np —dq,k = Nqg + dp, so that

N Np —dq
X =—
d

h
B PR

and notice that this implies that (h, k) = 1 (since (h, k) divides pk — gh = d and
d, (h,k)) =(p,q) =1)and

(2.2)

(2.3)

We also recall from [23, p. 45] that the Dedekind sum s(«) is defined by

q—1
s(a) = s(p, q) = Zg <(%)) . where () = {x} — 1, (2.4)

n=1

Forz € (C\ R) U (0, 1), we let

f(z) == log(l —e(2)) (2.5)
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taking the determination which is real on the positive imaginary axis. Notice that with
this choice we have

f(z) =f(1 —2) + mi(2z — 1); (2.6)
f(14+2) = f(z), if Im(z) > 0; f(1+2z) —f(z) =27, if Im(z) <0;  (2.7)
f(z) = log(2sin(rz)) +in(z — %) if z € (0, 1). (2.8)

Moreover, if t € (0, 1), expanding the logarithm in its Taylor series

— 9 i — s —
Zf(%)z—zze( tm/qn)/le(mg/Q) :ZW:f(I—I) 2.9)
g=1m=1

and the same formula holds for ¢ € (C\ R) U (0, 1) by analytic continuation. Finally,
forAr € (C\R)U (0, 1), we let

A i
L) = / f(1 —t)dt — Tk (2.10)

The function £ is holomorphic in (C\ R) U (0, 1). Note that the dilogarithm Lir (z) :=
— foz log(% du satisfies Lip (1) = n2/6, so that whenever Im(A) < O,

1 . . B
L) = f f(l—ndt — — = L log(1 — Z)% o Lio() _ Lis(e(=4)

270 Je(—) Z 2mi 2mi

Before stating the main theorem of this section, we define

H(u,v) ;== lim (z/ M—if f(quitK)dtl) (2.11)

e—>0+ \ J,, e(v)e?™ —1 7 e(—v)e?™! —

fork > 0,u € [0, 1], v € R/Z. Notice that if v ¢ Z we have

- :l‘/OO( flu —ite) — flu+itk) 1>dt, (2.12)
0

e(v)e?™ — 1  e(—v)e?™! —

whereas if v € Z and 0 < u < 1 then

H(u, 0) = —%f(u)+i/000 LUV TR CREY

as can seen by isolating the contribution of the two circular paths, which are both 7i /2
times the residue at 0.
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Theorem 6 For 1 <r <k, letting L := |rd/k]|, and . = {rd/k}, we have

(e(yx)re(5y)
(e(x)) e(33)

wi(p+p) ) i 1 k k
= exp (# —nwis(p,q) — T + EIOgc_Z + q—dﬂ(k) -I—Sr()»,d/k)),

where s is the Dedekind sum [23, p. 45] and for A € [0, 1), k > 0 and, fors € Z/qZ,

Es(h, k)

. <<ps> — 4 0) i /w( FETE — i) FEE +iti) )dt

= — 0) — ; ~ B g |

K q o 0 e(%)eht 1 e(_gl;_—S)GZm 1
g#ps (mod q)

(2.14)

with (n) indicating the representative ofn (mod q) in[1, q]. Moreover, for all s (mod q)
and k € (0, 1], the function . +— Es(\, k) is defined and holomorphic in the
strip {Re(A) € [0, 1)}, and

Es(Ay k) L [log |1 — Al + log(1/k) (2.15)
uniformly for Re(1) € [0, 1) and Im(X) < 1.

Remark4 If A € (0, 1) orif s # 0 (mod ¢) by (2.13) we can write &, as

i/oo< FEE — i) B FEE + i) 1>dt'
0

D—s D—s
e(gl’q )ezm -1 e(_ qu )eZm _

<pS>—A> B

q
q =

Ex(h, k) 1= %f(

g=1

(2.16)

We remark that if (¢, d) = 1 (i.e. (k,d) = 1), one cannot have {rd/k} = 0.
Remark 5 Notice thatby (2.3) we have e(%)/e(ﬁ)-exp(—%ﬁ = exp(—’f—é(%%—
7))

In order to prove Theorem 6, we require some properties of the function H, (u, v).

Lemma 3 We have:

(1) He(1 —u, —v) + He(u, v) = —27i B1 (u) B1 (v) + ik Bo(v) for v ¢ Z,
(2) Hc(1,v) = Hc(0,v) =j({—v}) forv ¢ Z,
(3) He(1,0) =~ xi 4 7
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Proof Letv ¢ 7Z. By (2.6), Lemma 2 and (2.8) we have

H. (1 —u,—v)+ Hc(u,v)

00 i 1— .
i [ - o Jar
00 . .
+ i/(; (eif)b)teznltti)l o e(f_(Z):zjrttKi 1)dt

B _/Oo <(1 —2u)m — 2mwitk - 2u)m +2nit/<)dt

0

N e(—v)e?™ — 1 e(v)e?m — 1

—itdt
— 4mik Im _—
e(v)e?mt — 1

=2mi(l — 2u) Im/ e(v)ezm

= —2mi B (u)31 (v) + ik Ba(v).

Also, by (2.7), we have

(KA =) (L itk)
H.(1,v) — H(0,v) =i /(; (e(v)62nt -1 e(—v)eznt — 1)dt *

Y f(—itk) f(itk)
+ l/() (e(v)ez’” 1 e(—ver — 1)dt
o0 2
—— [ s = i

Finally, by (2.6) and (2.7) as ¢ — 0" we have

JA —itcyde (L it

Ve e27rt -1 7 eZnt -1
. fat)dr | f(itkc)dt dt © 2mwitkdt
=i T | @y a7 Tol).
ye €70 —1 7 e —1 e €70 —1 o et —1

The last two integrals can be easily computed and contribute —2- + log(zm) and 2
respectively. The contributions of the interval (&, c0) in the first two 1ntegra1 cancel
out. Thus, since f(itk) = log(2ntk) + o(1) as [t| — 0 with —7/2 < argt < 7w /2,
we have that the first two integral contribute

log(2 log(2
i/ og(2mti)dt  log(2mek) +o(1)

e2nt _ - 2

where C; is the semicircle centered at the origin going from —ie to ie counter-
clockwise. We then have

logk im  mik

He(1,0) = —— Tt
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Lemma4 Let0 <k <1,Re(u) € [0,1],v e R/Zwithu # 0,1, and A > 1. Then
Hi(u, v) = —log|ul 4+ Oy a(log(2/x))
uniformly in u, k with Im(u) < A.
Proof The case v ¢ Z, Re(u) € [0, 1] is an easy consequence of the bound
f(x +it) < [t] + [loglt]l, (x € [0, 1],1 € Ryp). (2.17)

Now assume v € Z and Re(u) € (0, 1/2]. We recall (2.13). By (2.17) the contribution
to the integral from the interval [2A, 00) is O (log(2/k)). Next, we write

I, k) = ifZA Hu — i) — futite) o

eZnt -1
2A u+itk dt
= —]Tl/ / (COt(]TZ) + l)dZT
u—itK € -1

Note thatcot(rrz) = 1/(wz)+ O(1) uniformly for Re(z) € [0, 1/2], and that ﬁ =
+ O(1) for t > 0. Therefore,

27rt

2A  pu-titk dz dt
I, ) = f S 4 0adlog2/i).

itk

Changing variables z <— |u|z and t < ¢ |u| /«, we get

I(u, k) =

2Axk/|ul u'+it dzd
f CE L 04dlog2/i)),

f—it

where |u ‘ = 1. For t < 1/2, we may bound the z-integral by O (¢), while for ¢t > 2,
we have [ " it dZZ mi + O(1/t). We deduce

u —Ht 1
I, ) = / / =4 041og2/) — 5 loglul.
12

'—it

The double integral here is bounded independently of «’, and so finally
1
I(u, k) = 0a(log(2/k)) — > log |u].

We deduce Hy (u,0) = —log |u| + O4(log(2/k)) for 0 < Re(u) < 1/2, u # 0. On
the other hand, by computations similar to Lemma 3, we get

T TIiK
He(1 —u,0) + He(u,0) = —f(u) — 7(214 —1) — vt
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1646 S. Bettin et al.

from which we get the claimed behaviour for all u. O

Proof of Theorem6 For 0 < ¢ < L, let ry = ¢k/d. We split (e(yx)), as (e(yx)), =
[Ti—o PL, where for0 < ¢ < L,

h h
Pl = 1—[ (l—e(n—)> and P} = 1_[ (1—e<n—>).
T¢<N=rg4] k re<n<r k

First we focus on the case 0 < £ < L. By (2.2) and by periodicity we have

e I (%)

rg<n=rg4i
ap d(a+mgq)

ST (e e
alrla re+]a q q

q q
li[ I (1 (ga d(a+mq)))
= —e __k— ,
a=1 rp—a <m<rg+1 —a q q

q

where g, is the representative of the class pa (mod ¢) contained in [£ + 1, £ + ¢], so
that in the last line each e( ) is computed at a number in (0, 1). It follows that we can
write

q
Pl=exp|) ) f(g—a - dlatma) ]_;mq))

q
a=1 rp—a rgp1—a
LT o<t =
q m= q

. d . .
Also, we notice that 0 < 8¢ — &L | whenever "2 is an integer. We can

then apply Abel-Plana formula in the form of Lemma 1, whose conditions are easily
verified. Note that

rf+1—4

ga d(a+1q) ks [ rga
Z/w - =g [ (- e
k X (Y jg—t k
:q_dgfo f(T)dzzq—d/O (1 —1)dr =0

by (2.9). Therefore, by Lemma 1, Eq. (2.11) and the definition of ry,

q q
g L a Lk g £4+1 a E+Dk
PEL=6XP<ZHM<(;“‘a’a‘q—d)—ZHd/k(—“——’;‘ o))

a=1 a=1
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Now, £ = % + g and 1 < g, — £ < g with pa = g, (mod ¢), thus by a change of

Variabfe and multiplying this equality over 0 < £ < L, we get

(Sl ) En G - 5)

= o (X (12 s, -0
=0
B ) - - 50)

We treat PLL in the same way. First,

q
Poen|Y Xt At

a=1rp—a r—a q
e <m<==
q - 49

Note that by (2.9) and (2.10)

4 rr-a)/q d ¢ k < L+ t
3 / f(g_a _ M)dt LA / f<8_a _ _)dt
Jer-ajg N4 kq qd = JL 9 q

ik
12qd

—K/kf(l—t)dt—isu)-k
~qd Jo qd

where we recall that A = {rd/k}. Applying Lemma 1, we therefore find

k ik & g ¢gp LN g—A gp—r
L _ s o oy T ) _
Py = exp (qd £) + 12gd + (Hd/k< ’ ) Hd/k( q ’ q )))
(2.19)
Multiplying the equalities (2.18) and (2.19) and recalling that (e(yx)), = H(%:O PZL,
we obtain

-1

k ik g g gp 1 g— A gp—r
—exp( — 0 > Hape (2, 58) =37 Hap (B2,
(e (yx))r eXp(qd ()+12qd+ d/k " q) d/k 7 7 )

g=1 g=1

+ Hap(1,0) + ) (Hd/ka,—%)—Hd/k(o,—%)).
1<t<L
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1648 S. Bettin et al.

By Lemma 3 (1) we have

g—1 — q—1 — 14
g &P . ~ 8\~ (&P wid ~ (8
(8. 9) = SRR () + 5 ()
; "q g ; q q ZkX;
8= 8=
wid wid

= TSP s T Tk

since Zg;(l) Br(g/q) = é and B,(0) = 1/6. Also, by Lemma 3 (3) and (2) we have

Hypi(1,0) = 024/ _ 7i 4 7id gpng

> (Hapt, =9 = Hap0,=90) = 3 j(en/a.

1<t<L 1<t¢<L

Thus,

k 1 k 1 g—XA gp—r
(e(yx))r:(e(N/d))Lexp(q—dS(k)+§log3—;Hd/k( . )+

TSPt kg T 2ga

i wid ik )
By (2.3) and (2.12) we then obtain the claimed result. The bound (2.15) follows by
Lemma 4. O

2.3 Sums of cotangents

In this section and the next, we introduce the following extension of the Landau O-
symbol. Let D; C D, C C be two sets given by the context, and g : Dy — R;. We
will write

F@ =05 (3) (zeDy) (2.20)

whenever, for any fixed choice of the parameters pp, pa, ..., there exists a function ¢
holomorphic on D,, which satisfies ¢(z) = f(z) for z € Dy, and |¢p(z2)| K g(2)
for z € D>, the implied constant being uniform in the parameters pi, p2,.... The
additional information is the holomorphic behaviour in z, which may become useful
when studying knots other than 4;. However we stress that, in the present work, a later
obstacle (possible cancellation of main terms) imposes the restriction K = 41, and in
this case, we do not require holomorphicity of error terms.

Lemma5 For0 < o < %, we have

cot(ma) tan(max) <x (O<x <1), (2.21)

x(1 — Qa)?) < cot(ra) tan(rax) < O.(x) (0 <x <i(3—e). (222
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Proof Assume( < x < é(%—e).The function x — mn;—xm isincreasing on (0, %) for

all A > 0. It follows that T < tan(rax)/x < O, (), while tan(rax)/x < tan(wo)
if x < 1. Thus, it suffices to show the bounds

1— (201)2 < macot(mra), tan(ma)cot(mra) <1, acot(ma) K 1.

The second is trivial, while the third follows from elementary properties of cot. For
the first, we note that by the Taylor expansion of cot [21, 1.411.7], we have ¢ («) :=

w =220 cja?/ fora € (0, 1), where c; > 0.In particular ¢ is increasing,

and we conclude by QS(%) =4, O

Lemma6 Lete > 0. For0 < a < % —eand |Re(az)| < % — & we have

1 — cot(ra) tan(raz) = (1 — z2)(1 + O (0> (12> + 1z])))-
Proof If |z| < 1/2, expanding in Taylor series we obtain
cot(ra) tan(raz) = cot(ra)maz(l + O(@?|z|*) = z(1 + O(@*) (1 + O (a*|z[*))
and the claimed result follows. If |z| > 1/2, we observe that the left hand side is equal

to cot(ma)(tan(wer) — tan(waz)) and so, since cot(ro)ma = 1 + O, (a?), we are
required to show that

=1+ 0. (Jaz|?). (2.23)

tan(raz) —tan(ra) 1 /“Z dv
mo(z — 1) - az—a J, cos(mv)?

This follows for |Im(xz)| < 1 by the estimate cos(mv)? = exp{08(|v|2)} for
|Re(v)| < % — ¢ and [Im(v)| < 1. If |Im(xz)| > 1, then both the ratio P and the
integral are bounded, since |cos(wv)| > e” ITm@)[ " 5o that (2.23) holds in this case as
well. O

Lemma7 Leta € Rwith0 < |a| < 1/2, and
Dy ::{zeClﬁ < Re(z) < 1}.

Then, taking the determination of the logarithm which is real on the real axis, the
function given by

Vo (2) :=log(l — cot(ra) tan(wrz)) + cot(ma) tan(wwz) (2.24)
is holomorphic on D, where it satisfies

Vo (2) < |27 + Izl Tog(1 — 2)|, Im(Ye(2) < |zI%, (2.25)
Vo (2) =log(1 —2) + 2+ O ((Iz* + 1z e if || < 5 —e. (2.26)
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1650 S. Bettin et al.

Proof We can assume o € (0, 1/2), since ¥, is even in «. For |Re(z)| < L

2 9
let g4 (z) := cot(ma) tan(wrz). Since, for z = x + iy, we have )
tan(rax)(1 — tanh?(wary)) + i tanh(wory) (1 + tan?(waex))
tan(roz) = 3 , (2.27)
1 + tan?(;rax) tanh? (mary)
we deduce, for x, y real and |x| < 1,
|Re(ga(2))| < [cot(ma) tan(rax)| < [x|. (2.28)

by Lemma 5. Moreover, if x < 0, then Re(g,(z)) < 0. Using (2.27) and the lower
bound (2.22), we obtain |Re(gy(z))| > cot(ra)tan(wa |x]) >, |x|. Thus, there
exists ¢, > 0 such that

Re(1 — g¢(2)) > min(l — x, 1 — cgx). (2.29)

In particular, the function z — ¥ (z) = log(1 — g4(2)) + g« (2) is well-defined and
holomorphic in D, and moreover Im(log(1 — g4(2))) < 7 /2.

We observe that if «y — 400 (and so z — ©0), then g4(z) ~ =icot(rw)
uniformly in x, so that V¥ (z) < 1/a < |z| and (2.25), (2.26) follow trivially. Thus,
we can assume oy < 1. Also, by (2.27) and Lemma 5 we obtain

| Tm(ga (2))] < | cot(ma)|(] tan(wxe)| 4 | tanh(way)]) < |x|+ [y < |zl (2.30)

In particular, recalling (2.28), we have g, (z) < |z|.

Now, assume o < % — ¢. By (2.27), and since oy < 1, we have

| Im(gq(2))| = | cot(ra) tanh(way)| 3¢ [y].

By (2.29), it then follows that |1 — g4 (z)| >, min(1 —x, 1 —c.x) + |y| >¢ |1 — z|,
and 50 |uq (2)] 3¢ 1 for ug(z) = 552 Thus,

log(ue(2))
=g (2) = 1+ Oc(lug(x) = 11) = 2 — 8o (2) + 2(ua(2) = 1) + Oc(Jua(x) — 1)

and so (2.26) follows since uq (z) — 1 = Oy (a*(|z|*> + |z|)) by Lemma 6 (and since
az KL 1).

We now move to (2.25). Since g4(z) < |z], thenif |z] < § with § > O sufficiently
small, then by Taylor expansion one trivially has that (2.25) holds for |z| < §. By the
assumption |ay| < 1 we have that (2.26) implies (2.25) for |z| > § and @ < % —e.
It follows that we can also assume « >> 1 (and so also |z| < o |z] K 1).

Finally, we observe that under the above assumptions we have that (2.27) implies

also
Re(1 — g4(2)) = 1 — x(1 — tanh*(may)) > 1 —x +y* > |1 —z|*> (x > 0),
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which inequality Re(1 — g,(z)) > |1 —zl2 is also trivially true if x < O.
The bound (2.26) follows since g4(z) <K |z|, Im(log(l — g4(2))) < m/2, and
log(l —w) +w K min{|w|2, lw| + log |1 — w|} for w € C N [1, 00). O

Lemma8 Lety <dandleta e Nwithy <a — % < 4. Let g(z) be holomorphic on
a neighborhood of y < Re(z) < &, where it satisfies |g(z)| < C1|z|"" + C; for some
m, Cy, Cy = 0. Then, with z = r, we have

> g(n) = O o (Ci((al + )™ + 1) + Callal + [zl + 1)), (- € ZN[a, 8])

using the notation (2.20) with D, = {z, y + % < Re(z) <4}

Proof We apply Lemma 1 witha = a — % B=r— % we find

N—

r—1 r—
>em=[ s

,fwg(a—%wt)—g(a—%—iz)—g(r—%+it)+g(r—%—iz)dt
0

9

—! eZTL’t+1

Denoting by ¢(r) — g(r) the right hand side, we immediately see that ¢ extend to a
holomorphic function in y + % < Re(z) < § and that ¢(z2) < C1((la] + Izt 4+
1) + Ca(lal + |z| + 1) in this strip. O

Lemma9 Let (h,k) = 1,3 < h < kand ro € Z/hZ. Then for all 0 < r < k
with r = ro (mod h), writing 7 = r /k, we have

Z (log (1 — cot (nTn%) tan (%)) + cot (ﬂTnz) tan (%))

0<n<r
hin
k (mi(z2 — 2) i
= (—= — log(2
h< 2 + £(z) + 5 + zlog( Jrz/e))

+ OF oy (L4 Tog(1 = )| + [2I) (1 + k/h* +Tog(k/h))),

using the notation (2.20) with Dy = {z € C,0 < Re(z) < 1}. Moreover, the error
term |log(1 — z)| can be omitted if z € [0, 1 — %(1 — {roh_k})].

Proof In this proof, the notation O will stand for Ofk, horo) relative to the set D, =
{z,Re(z) € [0, 1)}. We divide the sum into congruence classes n = £k (mod h),
|¢| < h/2, where the possible term £ = /2 is excluded since the summand is zero in
this case. With the notation (2.24), we write the sum to be computed as

>osw. so= Y v(s):

O<|ll<h/2 O<n<r
n=~Lk (mod h)
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1652 S. Bettin et al.

We consider each £ separately. We first consider £ # 1. Let §p := {~ OZM }, and

—kt 1 B () r—ke +1 r—kﬁ_i_l 5
oy = — | — =, r) .= - = ~ .
0 A 7 14 A J4

Then by Lemma 1, we have

SO =Y YL+ =+ Cla) — C(Be(r)),

ag<m=pBy(r)
where

o Im(e/n(1 + 7 Ly + lt)))dl‘
eZn’t +1

Be(r) N
1:=/ Yon(l+ Mydr, C(y) :=2f
o 0

14

Note that B¢ (r) = 52 +B¢(ro), the right-hand side of which depends holomorphically

on r. Splitting the 1ntegra1 as f (Zkgf})lk/ " —ke/ "y f £Z(8k I with z = r /k, we get

1

k [+ 0 1
— Zf 1ﬂz/h(t/ﬁ)dtJr/ W/h( )dt+/0 W/h(%+,f—§)dt

e—i—h

/ 1W/h(l/f)clt+C’?(1+|Z| ),

by Lemma 7.
Next, we have

1 o© z h /1 th dr

This also defines a holomorphic function of z for Re(z) € [0, 1), by Lemma 7.

Since ¢ # 1, it is bounded by O('Zi—jl).
Grouping the above discussion, we deduce for £ # 1 the estimate

2
S(0) = /W/h(t/e)dwro( + [l ) 2.31)

Consider now the case £ = 1. We recall the notation §; from above. Since h > 3,
by (2.26) and Lemma 8 we have

S =0+ )+ Y (%—I—log (1—%)) (2.32)

O<n<r
n=k (mod h)
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Leta e {1,..., h}satisfya = k (mod h), g = kh;“ andg = |54 =52 —6.In

the sum, the integer m = k%" runs through Z N [g — g, g1, so that

T buli-3) - () e LD

= /ogH (10g<%>+%(61+1—1))>dv
:/Og+1(log(%(q+1—v))——q+i_v

o {s}ds
_[) (s—l—q-i—l—v)z)dv

(v—1)h+a
k

O<n<r
n=k (mod h)

by Stirling’s formula [42, Theorem I1.0.12]. First, setting ¢t = , we have

0

st k (7 k =14
/0 log (Z(q - v))dv - 71/0 log(1 — r)dr + Z[ﬁ—h +/Z ]log(l —1)dr

k

= %/ log(1 — 1)dr + O(Jlog(1 — z)| + log(1 + k/h)).
0

Secondly, we have

g+l dv
,/0 qg+1—v
h h—a
= log (1 e %51) —log (1 + T> — O(log(1 — 2)| + log(1 + k/h)).

Note that in both cases, as well as in the following computations, the error
term |log(l — z)| can be omitted if z € [0,1 — %(1 — 81)] (which is the case
when z = r /k). Finally,

/g“ /"O syds /°° {s}(g + Dds
o Jo GHg+1-v2 " Jo GHg-9G+g+D

> I+ k743
:/{s} ) h> — ds
0 GHF1-D G +54+ D)

= O(log(1 + k/h) + log(1 + |z|)).

We turn to the contribution of the term n/k in (2.32). By a direct computation, we find

n k [*
Z %_Z_/ tdtzz(%—51)-|—1—zh—k(;—’l—i-&)(%—i-l—81):(9(|Z|-|—1).
0

O<n<r
n=k (mod h)
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On the other hand, we note that by (2.26),

4
f(t—i—log(l—t))dt / wl/h(z)dr+0( +|Z| )

Grouping the above estimates, we deduce

k Z
S = E/o Y (0)dt + O((1+ 55 +log(k /M) (1 + |z|* + [log(1 — 2)])). (2.33)

We now sum the estimates (2.31), (2.33) over £, getting

> oso =1 [ X wpesna

0<|€[<h/2 O o<tej<n2s
+O((1 + £ +log(k/m) (1 + |z* + [log(1 — 2)])).

The main term is evaluated by (2.26) (for |£| < h/3) and (2.25) (forh/3 < |€| < h/2)
as

f Ven(t/0)ds

0<|e|<h/2
4 3
= (/ (1og(1—t/e)+t/1z)dt+0( +|Z| ))+O(1+hlzl )
0<|¢|<h/3
4
> /log(l r/z2)dz+o( +|Z|)
h
0<l<h/3
1+ |z/*
_Z/ log(1 — £2/€*)dt + O
(=)

For —1 <t < 1 we have ]_[gil(l — tz/ﬁz) = Smyg—’t”) Moreover, for 0 < z < 1 we
have

z z . .
/ log(2sin(rt))dt = f log(—ie™"(1 — e 2""))ds
0 0
wi(z% — 2) —27it
= — + log(l )dt
mi(z2 —2)

' ~4a iy
5 + (z)+12
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by (2.10). Collecting the previous estimates, we conclude that

_k mi(z%> —2) i
O<|€|Z<h/2 S) = E<T + £(z) + D + zlog(27rz/e)>

+0((14 75 +1ogk/m) 1 +12I* + llog(1 — 2)D).

as claimed. O

2.4 Second reciprocity formula for the g-Pochhammer symbol

Theorem7 Letd < h < kwith (h,k) =1andry € {0,...,h —1}. Let0 <r <k
with r = ro (mod h). We have

(e(—h/k)), e(—5) k w nkxn wry (k
C®/mney) <5 S0y 15%0 o ()i el )

+ O 1y (1 -+ 121* 4 log(z(1 = 2)) (1 + log (9 * %»)

where 7 = r [k, using the notation (2.20) with domain D> = {z # 0, Re(z) € [0, 1)}.
Moreover, the term |log(z(1 — 2))| can be omitted if z € [, 1 — 2—1(1 — {roh_k DI

Proof In this proof, the notation O will stand for Oy k.r, With respect to the

domain D; = {z # 0,Re(z) € [0, 1)}. Applying the identity % + % = ﬁ (mod 1)
we have

(e<_g/k))r:]i[<1—e<'2—z—;—k)):P.]L[(l—e(';—%—;—k»

htn
where P := ]_[br:/?l (1 —e(—%)). Note that for x, y € C, we have
1
l—e(y —x) = 5(1 +e(—x))(1 —e(y))(l — tan(wx) cot(y)).

Thus, since ]_[Z;{(l — e(';l—E)) = h, we have
(e (=h/k)), = (e (k/h))y A" P M- L, (2.34)
where

/\/l:lj%_h%), Ezﬁ(l—cot(#)tan(%)).

n=1
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First, we examine M. We have

M=exp (- Z Zlog(cos< D))

h?n hfn

We split the second sum as Zl<n<r Zl<n<r _ro.hjn- FOr any & > 0 we have

log(cos(T)) <, (121)2 for |Re(w/(hk))| < (1—¢)/2 and so applying Lemma 8 we
obtain, W1th Z=r /k

r . k
M=o (=3 5+ g0+ 1)) =ew (- D 4 Loqr + ),

n—

hin
(2.35)

We then move to P = exp(log P). Taking the determination which is real on the
negative imaginary axis, we have that log(1 Ze(l ww)) is holomorphic and O, (|w]) for
IRe(w)| < 1 — . Thus, by Lemma 8,

P =exp ( Z log (2711'%) + :—2(’)(|Z|2 + 1))

I<n=<(r—ro)/h

= exp <logF(1 +

r— ro) r—ro 21 k 5
1 —0 1)]).
W g ==+ 5 (Iz1” + ))
Write log(I'(1 +w)) = (w4 1/2) log(w + 1) — w + & (w) with £; holomorphic and
O(|log(w +1)]) onRe(w) > —1. Abbreviating temporarily g = 5, it follows that

1 2 k )
P =exp (E—I—q)log(l—kq)—l—qlogﬁ+51(1+q)—|-h—20(|zl +1)

.-
— exp (% log ( 71::) - H logh + O((1 + log(k/h) + %) (1 + 2> + |10g(z)|)),
(2.36)

since

(o (=) (12 52)

2mih kz +h —
2 tog T2+ &1 (S5 = 0l + Hog()).

Note that the terms [log(z)| can be omitted if z € [%0, 1).
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It remains to study £. By Lemma 5 we have | tan( )cot(n ”k)l < 1 and so we
can write £ = exp(log £) with the principal determlnatlon First, we consider

Z tan( hk)cot(nr;l—k)_ Z Z—Zcot( ) Z 82<hk>cot< nhk>

1<n<r 1<n<r 1<n<r
htn hin htn

where £ (z) := tan(;wrz) —m z. Clearly, £ (z) is holomorphic and O, (|z|%)in|Re(z)| <
(1 —¢)/2. Thus, dividing in congruence classes modulo 4, the second summand above
is

o(a+1: )Z%%) = o0+ 1)),

Also
nk\mn X 7(n + Lh)
1<2n:<rcot <n7>ﬁ = 1<nZ<r cot< ) ; IZ:hcot( )—hk
b == "=
-7 X e )i - LS Fe )

since Zi’;i cot(r ) = 0. Thus, by Lemma 9 we have

s [ )

S

1<n<rg

4 o(<1 4 :—2 + log(k/h))(l + Iz* + log(1 — z)l))>,

where the error term |log(1 — z)| can be omitted if z € [0, 1 — %(1 {r0 k})] The
theorem then follows by (2.34)—(2.36), since ﬁ—k = 0(1). O

3 Proof of Theorem 1
Throughout the rest of the section, K will denote any hyperbolic knot K # 7, with
at most 7 crossings.

We will use the same notation as in Sect. 2.2. In particular, all error terms will be
allowed to depend on d and y.
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Forn € Nyganda = 2 € Q, with (h, k) = 1, we let
[y := k™2 (e (@), (3.1)

where n’ =n (mod k), 0 <n’ <k.
There exist m,my,...,mgy € N, ,v € Z and linear functions ¢; ;(r) =
Yooy ki, j(u)r, withk; j € {0, £1} such that

S ) o 172, e
Jk (x) = denom(x)‘ e (vx) Z T2 e ;o T2 [x ey )

0<r1,.ocrm <k H?il[x]ﬁij(’) 1_[’;21 m&u(r)
= denom(x)'e (vx) > Tg([xle ;i) (3.2)

0<ry,....,rm<k

where Z* indicates that the sum is restricted to the terms with 0 < ¢; ;(r) < k and,
here and what follows, we put

1_[’;11 Z1,j H’Jnil 2,j

H;ni] 23,j H7i1 .

M (zi,)) =

The Kashaev invariants for the knots under consideration has been given for example
in [35-37]. In all these cases, m + 3 coincides with the number of crossings of K,
moreover

mi+mo+m3+myg=3m—1,

and the values of m;, ¢; ; are as in Fig. 4 below, where we used the formula
[a]n [a]denom(oc)—n
= 1 to write the Kashaev invariants given in [35-37] as in (3.2). Finally, different
variants of the definition of the Kashaev invariant lead to slightly different values for
v (cf. [35, p.677 footnote 4] and [45]). In the context of the modularity conjecture
it is natural to always take v = 0, which we shall do in the following. This choice
will lead to the expression (1.3) for the reciprocity formula, as conjectured by Zagier.
Using (2.3) one can then easily deduce the suitable modified reciprocity formula cor-
responding to other choices of v.

We divide the sum over r restricting the r; into congruence classes modulo ¢ and
in intervals of length k/d:

Tk(yx) =denom(y)’ 2 > Y Jx(.xLis)  (33)

Le{0,...,d—1}" s (mod q)
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K| (mj)icj<a | bij =Lij(r)

41 (1,1,0,0) | lyy=4ta1 =1
log=11+12, l31=11+72

52| (0,1,2,2) U39 =1V041 =12, Ll4o=11
5271 =171+ 9, 6272 =71+7r2+73

61| (0,2,3,3) | f31=r1, {lza=r1+712 [l33=11+12+73
by =11, HLap=19, [Ly3=r13
bii=m1r1, la=ra+r3, l1=m1

6y | (2,1,2,3 : 4 2

2| ) l31 ="L41 =12, L32=13, Lao=11—"12, l43=12+713

lip=V01 =12, (31=1»041=11

6 1,1,3,3 ’ ’ ’ ’ ’

3| ( ) l3o="L4o=13, [L33=12—13, Ly3=12—11

lip=1F01 =12, l1p=12—T

T3 | (2,3,3,3) | lop =431 =1r9—13, Llog=1~{30=r9—13—14, Ll33=11
lyg =19 —11, lio=13, [Ll13="14
lig="Ly1=1r1+re, Lliag=ro+r3
U1 3="L12=13+T1,4

7a| (3,0,4,4) l31 =11, {L32=1_»13="12
l33=1Ll44 =13, [l34=14
bip=1"la1 =13 [Llio="L11=13—14

75| (2,2,3,4) ﬁz,z =/l31 =", [L32=»L12=11, [l33=14

43 =Ty — 1]

lyg =13 — 12
l1p =441 =12, l1p=13+T4

Te | (2,1,4,4) | log=ro+713, l31="Li2=11, (32=7r2—11
l33="043=13, {L34=1~»44="4.
lii=r1+1r2, lip=13+T74

7 2,1,4,4 ’ ’ J

Fig.4 Parameters of the Kashaev invariants

where, for L = (L1, ...

Jk(y,x;L,s) =

L) € 2005 = (s1, ..

.y Sm) € (Z/qZ)"™ we write

*

2.

0<ry,...,rm<k,
Lrid/kJZLi, Vi
ri=s; (mod q), Vi

Mk ([VX]zi,j(r))-

By Theorem 6 and Remark 5, we have

lyx], = [x]ra/k)A(p, )P ({rd /k}),

where for s € Z/qZ, A € [0, 1), we define

, 1
Ap.q) = e(_ s(P2 9 g),
k Tl
Dy(3) = exp (q—d(soo v

] wid
)+

T | e, d/k)). (3.4)

12kgq
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1660 S. Bettin et al.

It follows that

Jk(y,x; L,s)

= A(p, g)" a2 Z Mg (X116 (mak) Pe ) (i, j (r)d [KD)).

0<ry,..., rm <k,
Lrid/k]=L;, Vi
ri=s; (mod q), Vi

Now, let A; = {rjd/k}. The next lemma shows that the contribution of the terms for
which ¢; j(A) ¢ [0, 1) for some i, j is negligible.

Lemma 10 There exists § > 0 such that

Vol(K
Mk (exp (£, ;) o) ~3)

< exp<

whenever £; j(X) ¢ [0, 1) for some i, j.

We postpone the proof of Lemma 10 to Sect. 3.1. Since [x], < 1 for0 <r < d,
applying (2.15) and the above lemma we obtain

Jk(y,x; L,s) = A(p, q)m‘+m4_m2_m3HK([X]E,-,]-(L))Z?(J/, x;L,s)+

Vol(K) k (3.5)
o) sy
w0 (ke (52 -0) 1))
where
Jg(y.x; L, s) = Z Mg (P, ) (i, j(H)d/k})).
0<ri,....,rm<k,

lrid/k|=L;, Vi
ri=s; (mod ¢q), Vi,
£; j(A)€l0,1) Vi, j

We notice that the condition 0 < ¢; ;(r) < k, which is implicit in the summation Z*
can be writtenas 0 < ¢; ; (L) +¥¢; j(A) < d and so, since ¢; ;(A) € [0, 1), itis equiv-
alent to 0 < ¢; ;(L) < d. Assuming that L satisfies this condition, J¢ (y, x; L, s)
can be then rewritten as

Jg(y.x;L,s) = Z Mg (P, () (i, (r)d/kD))

0<ri—Lik/d<k/d Vi,
ri=s; (mod ¢q), Vi,
0<t; j(r—kL/d)<k/d Vi,j

where we used {¢; ;(r)d/k} = {; j(rd/k — L) to rewrite the summation conditions.
This sum is essentially the same sum which arises when takingd = 1,y = ( % }),
i.e. the conjugate of the sum arising in the volume conjecture. The only difference
in the general case is that r is summed over a box with sides of length k/d and
along arithmetic progressions modulo g. For fixed d, ¢ these restrictions are negligible
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from the analytical point of view, and the works [35-37] can be adapted. For z €
(C\R)U (0, 1), define

V1(2) :=§(2), ¥2(2) :=F(1 —2), ¥3(2) :=—f(2), va(z):=—f(1 —2),

and let 4 = (w1, ..., um) be the solution described in [35, §5.1], [37, §3.3, §4.3,
§5.3] [36, §3.3, §4.3, §5.3, §6.3, §7.3] (conjugated to agree with our definition of Jk)
to the system of equations

4 m

D) ki gyl — € j(w) =0, Yue{l,....m) (3.6)

i=1 j=1
satisfying 0 < Re(¢; ;(pn)) < 1foralli, j. We write

1
v = exp(ui), ;! = exp(ui/q).

It is known [35-37] that Q(v) = Fk, the trace field of K. It will be useful to denote
Frq:=Q(1/q),v), Frq:=Q1/q),v"?).

The following lemma will be proven in Sect. 3.2.

Lemma 1l Let L € {0, ...,d —1}", s € (Z/qZ)" with0 < ¢; ;(L) < d foralli, j.
Then for all N > 0, we have

1 /2mik\m/2 Vol(K) —ics(K) k
Ji(xiL,s) = W< i ) ex ( > q—d—i-C(s))
N .
2wigd\" qd\N+1
(Soms (530 o(t0)")
where 0 # 9 € Fk, ws o := 1 and
C(s) := ZZCi,j(S), Cij(s) := ZB1(<gp ;l’](S))>¢i(—g Ecl]’](m>
i=1 j=1 g=1

(3.7)

where By is the 1-st Bernoulli polynomial. Moreover, for alln > 1, wg , € I~7K,q, and
forall o € Gal(ﬁK,q/FK,q), we have 0 (ws,n) = Ws_Fu,n if 0 is given by

oDy =v!Tewi/q) (1 <i<m) (3.8)
for some uy, ...,u, € 7.
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Applying Lemma 11, by (3.3) and (3.5), and recalling the condition 0 < ¢; ; (L) < d
for all i, j, we obtain

j A , mi+mg—mp—ms3 k 3 B
;;z/x);): (P q)®1/2 (—)26(—m/8)q m/zexp<

d
X Z exp(C(s))(iws,n<2nliqd)n+0<%>N+1>,

s (mod q) n=0

Vol(K)—ics(K) i)
2 qd

forall N > 0.
Now, 6¢g s(p, g) is an integer, so A(p, q) is a 24q root of unity, and letting vy =
—m1 — my4 + my + m3, we have vg = m + 1 (mod 2). We deduce

e(% s(p,q) + U_Tm) ie( s(p,q) + 1)

where w € {1, i} is independent of o and v K is as in the following table.
Keeping track of the factor i implicitin h = —i di , the proof of Theorem 1 follows
from the following lemma, upon possibly multiplying the value of © by —1.

Lemma 12 There exists 0 # U € Fk such that defining

Spi=UY2 Y exp(C(s)wgn, n € Nxo.
s (mod ¢q)

we have S, € Fk 4 for alln > 0. If moreover S, # 0, then for all n" > 0 we have
S7LS, € Fk 4.

Note that in Theorems 2.2 and 2.6 of [15], similar computations are carried out for
coefficients of power series constructed by a different process, which are conjectured
to match those in the modularity conjecture.

Proof For x € (—1, 1) we have B({x)) = x — 5 L4 1,<o. Thus,

Cij(s) = ZB ( (g -4, J(S)>)wi<<gp> —qﬂi,j(u)>

lj(s)

Z %( {gp) lj(u)) 21”’( {gp) l,(u))<§_ (£ij () _%)

Ij(s)

Z 1//l< (gr) u(ﬂ))+zwl< {gp) — ﬁz;(ﬂ))g

il —ei,,-(u»((’T

@ Springer



Modularity and value distribution of quantum invariants... 1663

where in the last equality we used (2.9). Then,

| g i) 1
Ci.j(8) = D) -Dj; =41 = () (2= + 2.

(3.9)

with

(i, j(s)) o
Dij(s) = Z i (2 q”f(”“))wi(l—ei,j(m)

i j(s) — (£, (5))
q 9

(3.10)
q
4 ()
D :=Z ( ] )g 3.11)
It follows that
> exp(C()ws
s (mod g)
4 m; 4 m;
:exp< NS ——E) 3 exp(ZZDi,j(s)>ws,n (3.12)
i=1 j=lI s (mod q) i=1 j=I

where we used that, by (3.6),

4 m; 4 m;

E=2%"% v l—z,jw»( +3) =2 vl — b

i=1 j=I i=1 j=I

is independent of s. In particular, wrltlng U = exp(E), by the definition of v, (3.10),
(3.11) and Lemma 11, we have ST e FK ,q- The extension FK q/Fk g 1s Galois
and Gal(F K.q/ FKk ,q) consists of automorphisms of the form (3.8). Thus, it suffices to
show that S is invariant under any such automorphism o. Now, by Lemma 11,

4 m 4 m;
(S‘I = exp < Z Z DY ) Z exp (Z Z Dy ; (S))O)s—ﬁu,n
i=1 j=1 s (mod q) i=1j=1

where

(€ j(s))

b, 5 65) — {60
D6y = 3 (LI 1 — gy LI
g=1

Dl )’ :Zwi((gp—&,j(t;)) E,,,(/L))g. (3.13)
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The same computation as above gives

. L G N
D,,,-(s>+5Di,,~—wiu—ei,,-(u))( p 5)=cs® (3.14)

where

7 (5) = ZB ( ZJ(S)>>wi<<gp—€i,j(l;)> —ﬁi,j(u)> (3.15)

so that one finds

4  m; q
o (1) :exp(—qE/2)( > exp<ZZC;f j(s))ws_,,,,,n) .

s (mod g) i=1 j=1

By the change of variables g — g + p{; j(u) one obtains Cl.‘fj (s) = C(s — pu),
so that, after the change of variables s — s + pu, one obtains o (S/) = S/, and so

Sf{ € Fk 4, as desired.
Now, assume S,/ # 0. By (3.12) we have

4 m 1 4 m;
sise=( X ew(XX000)on) X e (XY D)o
s (mod q) i=1 j=1 s (mod q) i=1 j=I1

and so S, s, e F K ,q- Moreover, given an automorphism o as in (3.8), one shows as
above that U(Sn_lSn/) = Sn_lSn/ and so Sn_lSn/ € Fgy. O

Remark 6 The constant term in Theorem 1 can be worked out from the arguments
above as an explicit product of algebraic numbers. In the case K = 41, we obtain

12 1
Cay (@) Dy o(0) =¢8P A5,

54, = iv/3,
i{ca = <1_[| g(zg/c)Zl_[ |“’g

r=1 g=1

9

where w, = 1 — e(ga — —) In the case of K = 55, let T = 0.665 + 0.562i
solve 73 — 74+ 1 = 0, and let ;£ ~ 0.224 +0.045i and o ~ 0.164 — 0.067i be such
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that e(1) = 72 and e(i2) = 72 + 7. Then

Cs, (@) Ds, 0(a) —C( S(a )> 1/23_1/21\1/c

50,0
s, — 37 — 272 ,
c
1/c c+1 —g/c o—2g/c
Asz’a:e<u1 e )( we "' Dy )x
g=1
,ul(r1+r2)+,u2r1 r
o _%.a 2 )
X Z ( +3 "1( + 11+ 2r2)
ry,r=1
(Hw )(I19.)
g=1

where wg = 1 —e(—ga + 1) and ¥, = 1 —e(ga — £2), and the logarithms are taken
with principal determination. Note that F5, = Q(7) (see [35]).

3.1 Proof of Lemma 10
For A € R, let A denote the Lobachevsky function
{2}
A(L) := —Re (2@)) —_ / log(2 sin(r1))dr.
0

where the last equality follows by (2.8) and (2.10). Note that A is 1-periodic and odd.
We need to bound

2 m; 4 m;
Wi () ==Y Y AW )+ )Y Al jA)
i=1 j=1 i=3 j=1

forall A € [0, 1)" such that ¢; ;(A) ¢ [0, 1) for some (i, j). Define
M = A(1/6) € [0.16, 0.162].

We will require the following simple inequalities: for «, 8 € [0, 1],

IA(@)] < M, (3.16)

A@) <0, (a=3), (3.17)

2(A(@) + A(B) — Ala + B) <4A(3) <059, (a+p <), (3.18)
2(A(@) + AB) —Al@+B) <M, (@+B=1). (3.19)
2(A@) + A(B) — Ala+ B) <045, (@+p <1, anda > J). (3.20)

Al@) —A(B) <023, (@<3<B, andp <2a), (321
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The bound (3.21) is proved by optimizing at 8 = min(%, 2a). The maximum is
achieved at a point @ where p = sin(wra) solves p(1 — %) = % Similarly, the
bound (3.20) is proved by maximizing at o for which p = cos(wra) solves p =
2(1 — p?).

We consider the situation case by case; in each case, we work under the extra
assumption that for some (i, j), we have ¢; ;(A) ¢ [0, 1).

e Case K = 5;. We have
Wk ) = A1) +2A02).

A bound of 2M < % — 0.12 is enough. Assume A1 + Ap > 1. Then A; > %
for some i € {1, 2}, so that using (3.16) and (3.17), we get

Wk@A) <2M
e Case K = 61. We have
Wik A) =2A(1) + A(A2) + A(A3).

Aboundof 3M < %—0.01 isenough. Thus, by (3.17), we may assume A; < %
foralli € {1,2,3}. Assume Aj + A2 + 23 > 1. Then by concavity of A on [0, 1],
we have Wg(A) < 2A(A1) + 2A(%(A2 + X3)). The bound (3.21) can then be
applied with («, ) = (%(Az +A3), I — A1), and yields Wg (XA) < 0.46 < 3M.We
find in all cases

Wk(A) <3M.
e Case K = 67. We have
Wrk) = =2A (k1) +2A(R2) + A(X3) + A(A1 — A2).

Aboundof4M < %—0.05 isenough. Because of (3.17), we may assume A >
%and M < %.Then the case A1 < Ajisexcluded, and we may assume A, +Xi3 > 1.

Then A3 > %, and so by (3.17) and (3.18) (with (¢, B) = (1 — A1, A2)), we

obtain Wg (A) < 4A(%). We obtain in all cases
Wk() <4M.
e Case K = 63. We have
Wk ) = =2A(2) +2A(1) +2A(A3) + A(h2 — A3) + A(A2 — ).

Aboundof SM < %—0.09 is enough. By symmetry, we may assume Ay < A3.
Suppose first A, > % Then Ay — A3 € [—%, 0], so by (3.17), A(Ap —A3) <0
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and A(A3) < 0. We deduce Wk (L) < SM by (3.16). Suppose on the other hand
that A; < 3. If A3 > 1, then by (3.18), (3.19) with (&, B) = (A1, 1 — A2),
we find Wx(A) < 4A(3) + M < SM.If, finally, A3 < 3, then by (3.17) we
have A(Ay — A3) < 0, so that Wg (L) < 5M. In all cases, we find

Wg(A) <5M.
e Case K = 735. We have
Wk @A) = =2A(R2) + A1) + A(A3) + A(Rg).

Aboundof4M < %—0.0Sis enough. Thus, by (3.17), we may assume A ; < %
forall j € {1,3,4}, and 1, > % Assume that A < A3 + A4. By (3.17) and the
concavity of A on [0, %], we have

A3+ Ay

Wi (A) < —2A00) + A(z) + AQhg) + M < 2<A< ) _ A(Az)) + M.

By (3.21) with 8 = %()g +X4), we obtain Wg (L) < 0.464+ M < 4M. We deduce
that in all cases,

Wrg(A) <4M.
e Case K = 74. We have
Wk ) = —A(h2 + A3) + A(A) +2A(A2) +2A(X3) + A(Ag).

Abound of 5M < Y% 0,01 is enough. By (3.17) and (3.16) we may assume

without loss of generality A, A3 < % Moreover, by (3.18) (note that 0.59 < 4M),

we always have Wk (A) < 4M 4 A(A1) + A(A4), and so we may assume Aj, Ag <

% as well. But then, neither of the cases A; + A; > 1 can occur for (i, j) €

{(1,2),(2,3),(3,4)}. We find in all cases that
Wk() <5M.
e Case K = 75. We have
Wk ) = =2A(A3) + 2A(A1) + A(rg) + A(h2 — A1) + ARz — A2).

Aboundof6M < %—0.05isenough.Wemayassume)g > %andkl, A < %
Then the case A3 < A4 isexcluded. Assumenextir < A;.Thenir—A; € (—%, 0],
so that A(Ay — A1) < 0. Similarly, if A3 < Aj, then A, > %, and A(A3 — Xp) <O0.
In all cases, we find by (3.16) and (3.17) that

Wk(X) < 6M.
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e Case K = 74. We have

Wk ) = —=AA3 + Ag) — A(A2 + 23) +2A (A1) + A(h2 — A1)
+2A(A3) +2A(Ayg).

A bound of 0.45 + 4M < Y9%) — 0.03 is enough; note that 0.59 + 3M <

0.45 +4M. In particular, we may assume that A1 < %, since otherwise, by (3.17)
and (3.18), (3.19), we get Wg(A) < 0.59 4+ 2M. Assume first A3 + Ag4 > 1.
Then by (3.19), we obtain Wk (A) < 5M, which is acceptable. Next, assume
that Ao +A3 > 1.If A3 < 3, then A2+ A3 € [1, 3] and by (3.19) we have Wx (A) <
0.59+3M .If onthe otherhand A3 > %,thenby (3.20),weget Wi (A) < 0.45+4M.

Both bounds are acceptable. Finally, assume that A; < A;.Theni;—1i; € (— % , 0],
and so A(A2 — A1) < 0, and we again obtain Wi (L) < 0.59 4+ 3M. We find in all
cases that

Wrk(A) <045 +4M.
e Case K = 77. We have

Wk ) =2(A1) + A2) + AX3) + A(ha)) — A1 + A)
—A(Ay 4+ A3) — A(A3 4+ Ag).

Assume A; + A; > 1 for some (i, j) € {(1,2),(2,3),(3,4)}. Then by (3.19)
and (3.16), we have

Vol(K
Wi ) < TM < 02( )

—0.08.

Summarizing the above, we find that in all cases considered for K, there holds

.. Vol K
Eg :=sup{Wg@Q) | A € [0, D", 3i, j, £ ;(A) ¢[0,1)} < —0.01. (3.22)

This proves Lemma 10.

Remark 7 The analogue of Lemma 10 for the knot 7, is false as stated. It is likely that
this obstacle can be lifted by processing the contour integral arguments underlying
Lemma 11 more carefully (see [36, Remark 8.1]). For sake of clarity, and since our
main point is rather to stress how the modularity conjecture can be reduced to the
arithmeticity conjecture, we chose to omit the case K = 75.

3.2 Proof of Lemma 11

Remark8 We have £(1) = — £(1 — 1) for A € [0,1) and f(z) = §(1 — Z) for
z € (C\R)U (0, 1). In particular we can write the conjugates of ®, (A1) and g4(A)
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given in (3.4) and (2.16) ((2.14) if A = 0) as

k i wid N
®,(A) =exp ( — q—d(S(I -2+ E> — m + & (k,d/k))

—g+h _ .d
famett )

. 1 ./qg—(pr)+x q./w(
EN,d/k) =-fl—— ) + —
r( / ) 2f< q ) ;l 0 e(— qu—r)GZm —1

PS4 i)

— 1 1>dt, (A #0)

e(gfq—r )eznt _

and £7(0,d/k) = &,(0,d/k). In particular, we can extend ®,(A) to a holomorphic
function of A in the strip 0 < Re(A) < 1.

In the following lemmas we give some properties of the expansion of &, and £.

Lemma 13 Assume Re(A) € (e, 1 —¢) withe € (0,1/2) and let s € Z/qZ. Then, for
all M > 0 uniformly in A we have

E(h, d k) = f: (%)Egs,g(x) + 08(%)]‘“1,
£=0
EXGn.d k) = f: %)eg;'jg(m + 08(%)“1, (3.23)
£=0
where
go’g(k):::g;f(g ; A)Bl<<gﬁq—S>>’ &0 = éf(g ; A>Bl<<gﬁq— S>)’
Es () = qz((z_—}:gl)!:;f(z)<gq;k)l§e+1(gﬁq_ S>, e>1,
5&@w=aﬁﬁéﬁgymclgiiﬁhﬂﬁi;ﬂ,zzL
Proof For Re() € (¢, 1 — &) we have infgc7, || gqi | >, 1. Thus, since
f'(2)=m(cot(mz) + i), W%@=G%V”hkﬂﬂ22@jﬁy, (z¢Z, v=2),

nez

we have that f(”)(w) Lgve (14 [t]%) forall v > 0, € R. The Lemma then
follows immediately %y expanding in Taylor series and applying Lemma 2. O
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Lemma 14 Assume Re(X) € (0, 1) and let s € Z7/qZ. Let hg ¢ be either & ¢ or SS""E.
Then, forall £, M > 0, and all X in a neighborhood of X, we have

M
heeO) =Y Qri) T Co oy =20 + O(Ir =AM, (3.24)

v=0

where, for (v, £) = (0, 0),

Coo(i) = g (% X)Bl(@q_ D). irhe =6 (3.25)
Co.o(h) = :X_; f(q_;]ﬂ)Bngﬁq—_S)) ifhs e =&y (3.26)

Moreover, for (v, £) # (0, 0) we have Cs,g,v()z) € Q(e(%), e(%)); also if

o € Gal(Qee(1). e(2)/Que()). e(0))
is such that a(e(i/q)) = e(b\ +u)/q) for someu € {0, ...,q — 1}, then

0 (Cs.0.0(R) = Cs—up.0.0(R). (3.27)

Proof The Egs. (3.24)—(3.26) follow immediately by Taylor expansion. Moreover, if
¢>1,v>0andh,, =& 4 then

- -t 1 < , N D—r
Cr.eh) = > @iy D (S ) B (S ),
o q q

gt + 1)! gvv!

so that C, ¢ (%) € Q(e(%), e(f‘?)) since ' (z) = m(cot(wz) +i) = l_j(i_z) and (3.27)
follows by the change of variables ¢ — g + j. The case £ = 0, v > 1 and the
analogous property for £, ¢ can be proven in the same way. O

Proofof Lemma 11 As mentioned in the introduction, for the knots under considera-
tion, the asymptotic expansion stated in Lemma 11 will be essentially reduced to a
proof of the asymptotic expansion in the volume conjecture for those knots. Thus,
we shall frequently refer to [35-37] where this asymptotic expansion was proven for
hyperbolic knots with 5, 6 and 7 crossings. The case of the knot 4; is easier, since
there is a dominant critical point on (0, 1), and the method of stationary phase can be
applied, similarly as in the proof of Theorem 2 below. Thus, we will focus here on the
case K # 41. Recall also that we assume K # 75.
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By Remark 8, for 0 < ¢; ;(L) < d we can write Jg as

Jg(x; L,s) = Z exp (q% Vs.as(dr/k — L)),

rd/k—LeD,
ri=s; (mod ¢q), Vi

where D = {n € [0, 1)" | ¢; j(n) € [0, 1) Vi, j},

wi(my +myg —my — m3)K>

Vs () :=V(n) + qx (Us,/c(n) + 120

and

3

mj

P =Y (2w + ) -

J=1

2

M

(20—t ;) + 12)

~.
L T

4

—f}(£<eg,j<n)>+’1’—2") > (20—t + 1),

mi my m3
Usac(n) =Y E(l1j(m), k) + Y EF (o j(m), k) — Y E(ls j(m), )

j=1 j=1 j=1

— Y &l j(m). ).
j=1

The function V (n) coincides, up to conjugation, with the limiting value of the potential
function of the hyperbolic structure of the knot complement given in [35, (10)], [37,
p. 297, p. 308, p. 322] and [36, p. 12, p. 26, p. 38, p. 50, p. 63]. We remark that the
expressions for 1% given there differ from the one we have here, however it is easy to
see that the two expressions actually coincide upon using the dilogarithm identity (or
the formula (2.6))

LA =1+ LA) =—-miB(1).

In [35, Lemma 2.1], [37, §3.2, §4.2, §5.2] and [36, §3.2, §4.2, §5.2, §6.2, §7.2] it
was shown that for all knots under consideration Re(V) is smaller than VOI(K ) on the
boundary of D. More precisely, there exists a domain D’ C D with dist(D’ D) >0
such that Re(V (n)) < Y3%) —§' foralln € D\ D’ and some §' > 0. Thus, by (2.15),
we have

Jg(v.x;L,s) = Z exp (q%vs,d/k(dr/k - L))

rd/k—LeD/,
ri=s; (mod ¢q), Vi

+0 (km exp ((VOZI;K) _ y)q%)).
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We now apply Poisson summation formula in the form of [35, Proposition 4.6] (with
k/d playing the role of N of [35]). Note that our sum are restricted to arithmetic
progressions modulo g; since ¢g is fixed, this does not affect the argument. By [35,
Lemma 5.1], [37, Lemma 3.4, 4.3 and 5.2] and [36, Lemma 3.2, 4.2, 5.2, 6.2 and
7.2] we have that V(n) — VOZIETK) satisfies the conditions (41)—(42) of [35, Proposition
4.6] and by [35, Remark 4.8] and Lemma 13 we can apply Proposition 4.6 of [35] to

Vs, L.d/k(n) rather than V (n). We find

Ji(y.xiL.s) = (q%)m f / exp (q%vs,d/uz))dz

+ O(GXp ((VOZI;K) _ a”)q%)), (3.28)

for some 8” > 0, where the extra factor ¢ comes from the restriction to the con-
gruence classes. One can then apply the saddle point method in the form of [35,
Proposition 3.5 and Remark 3.6] as done in [35, p. 705-706 and §5.2] (cf. also [46]),
[37, p. 297 and §3.5; p. 309 and §4.5; p. 47 and §5.5] and [36, p. 13 and §3.5; p. 26
and §4.5; p. 39 and §5.5; p. 50 and §6.5; p. 64 and §7.5]. Notice that both Vg 4/ (2)
and the corresponding functions studied in these papers converge uniformly to V, so
the same computations apply. We then find that for all N > 1 the first summand on
the right of (3.28) is equal to

<27rk)m/2 1
ex
qd det(— Hess)!/2

N dmigd\n 1
x(1+2ws,n( =) +O<kN+1>>
n=1

p (q%V(/L) +C0))

where p is a critical point of XA/(z) [and thus satisfies (3.6)] with 0 < Re(¢; ;j(n)) < 1
for all i, j, such that f/(u) = %ﬂ’csm
particular, det(— Hess) € (i)™ Fx. By Lemma 14 the coefficients wy , are in F K.q
foralln > 1 andif o is as in (3.8), then o (ws,,) = Ws_pu,»- Finally, by (3.25), (3.26)
we have that C(s) is as in (3.7). O

and Hess is the Hesse matrix of V' at . In

4 Proof of Theorems 2
We proceed in a similar way as in the proof of Theorem 1. For x = & /k, with (h, k) = 1

and 1 < h < k, we write J4,(x) as in (3.2) and we divide the sum into congruence
classes modulo £, that is we write

Ta(hjk) = k3" Ty (h/k; 5) (4.1)

0<s<h-—1
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where, for0 <s < h — 1, we write

Tn(hjk; sy =Y [h/k] I, (4.2)

0<r<k,
r=s (mod h)

with [-], as in (3.1). We apply Theorem 7, which for0 < s < h, s = r (mod h), gives
— — 2rr  —
07k, = 1k/RL POl /) exp (= ——cok/m)y +Efr/) - @3)

for some 6’; (r/k) satisfying |5; (r/k)| < E(h, k) forall 0 < r < k, where

k k nky n
B =1 logp 4 s | 30 eot(win) i

9

1<n<r’

(note that if 0 < ro < /& with rg = r (mod ¢), then £ € [0, 1 — 2(1 — {2k })]), and

h
where for A € [0, 1], we define

k k
T — - — _
D (L) =exp <2h Re (E(k))) = exp (h /(;

by (2.8) and (2.10). By positivity, it follows that

A
log(4 sin(r1)?) dt) :

Ja, (h/k; 5) = exp (O(E(h, k) + |cok /)| /W) |Ik/RLs 1P Y ®Lr/k). (4.4)

O<r<k
r=s (mod h)

Now, the function A — fo}‘ log(4 sin(r#)?) dt is continuous on [0, 1] and it has a
unique maximum in this interval, located at A = 5/6. Moreover, it can be expanded
in a neighborhood of this point as

Vol(41)
2

A
/ log(4sin(1)?)dr = — a3 =2+ 0(r—2P). (4.5)
0

since f(f/6 log(4 sin(zrt)?)dr = %}fl). It follows that

Y @le/k) = LI <V01(41)E>(1—|—0(h/k))
s =LA TP\

O<r<k
r=s (mod h)

— exp (V01(41) k >’

1+ Odlog(1 + k/h) (4.6)

where the first step is justified in a standard way [17, p. 517], e.g. by smoothly restrict-
ing the sum to the terms where r/k is in a neighborhood of 5/6, using (4.5) and
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applying the Poisson summation formula. The second step instead follows immedi-
ately by positivity.
By (4.1), (4.4) and (4.6) we then find

Tay (h/k) = TJa, (k/h) exp(O(E (h, k) + |co(k /)| /h)), 4.7)

as desired.

With a similar argument we can prove the following theorem, which deals with the

case where the dominating term on the right hand side of (4.3) is exp(— %;T—qu) (%/ h)).

Theorem 8 Let 1 < h < k with (h, k) = 1 and assume CQ(%/h) < 0. Then,
_ _ 2 _
log | 74,.0(e (h/k))| = log|Ta,0(e (k/h) )| — Tn co (k/h)

3 cot(n';lf);_k\).

1<n<r’

(4.8)

+ O(% + max

0<r’'<h

To prove (4.8) first we observe we can assume k > 2h since otherwise the result is
trivial. Also, we observe that, bounding trivially CDZ, one can write (4.3) as

— — 2 —
03 /K1, 2 = 11/ P exp (= ——=co®/h) + O(E(h, 1) +k/h)
and so

— — 2 —
Tur (/K 5) = exp (O(Eh )+ k/w) IR/, Y exp (= Somco®/m).

0<r<k
r=s (mod h)

Now, if x > 0, we have ZOfnfm et = eMmx+0(m) and thus if x is large the sum is
roughly dominated by the last term. Then for cg (k/h) < 0, we have

2nr  — 2xr  _

Y exp ( — h—kco(k/h)) — exp ( - Sco®k/h) + O(k/h))
O0<r<k

r=s (mod h)

where r’ is the maximum integer satisfying 0 < r’ < k with r’ = s (mod h). Then,
k —h < r' < k and so in particular %CQ(%/h) = 3co(k/h) + O(¢1co(k/h)]) and the
result follows.

5 Proof of Theorem 3

Before starting, we state some basic properties of continued fractions (see [28] for

a reference). Given h/k € Q N (0,1) with h, k € N, (h, k) = 1, we denote by
[0; by, ..., by] the continued fraction expansion of /4 /k. Then for 0 < s < r the
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convergents of 4 /k are the fractions [0; by, ..., bg] = Z—f with (ug, vg) = 1 (as usual
up/vo = 0/1, v—1 := 0, u—; := 1); the vy are called the partial quotients. The
partial quotients satisfy the bounds vy <« 2752, v,_y < k275> for0 < s < r,
and vg/vs—1 < by +1forl <s <r.Also,r < logk.Forall 1l <s < r we have
Vsllg_1 —Vs_1us = (—1)* and so USU—;‘ = (—I)S'HZ—? (mod 1). Moreover, if | <h’' <k

is such that A’ = (—=1)""'% (mod k), then the Euclid algorithm on /4’ and k can be

written as )
v =k, v_1=h,
g g (5.1)
Vert = berivg+ve—y, €=0,...,r—1.

The following technical result, proved in [11], will be needed in the proof of The-
orem 3.

Lemma 15 [11, Theorem 1] Let 1 < h < k with (h,k) = 1. Let vy, ..., v, be the
partial quotients of h/k. Then uniformly for 1 < ¢ < k, we have

r—1

nh
Z cot( . >k < Z Um+110g8(Vim+1/vm) + k.

1<n=<c m=0

Proof of Theorem 3 Since J is even, applying repeatedly the reciprocity formula (1.7)
and the recurrence relation (5.1), we see that forall 0 < s <r

log Ja,,0(e (h/k)) = log 741 o(e (vr—1/vr))

—C Z (_ + E(vp— 1/vg)> + log J4,,0(e (vs=1/vs)),

l=s+1

with C = V°1(41) and E satisfying (1.8). Now, by Lemma 15

r

nvg—»
Z max ‘ Z cot (7‘[ )
r'=0,...,vp_1—1

=1 — lfnfr/ Vy—1 Uz 1

log(vm—l—l/vm) +r,

‘<<2r:2

since ﬁ = (— 1)Z ”g L (mod 1) and so its partial quotients are vy ..., vy—;. The

second sum is O (1), Whereas changing the order of summation and using vy—1—, <K
ve—127"2 for n > 0, we obtain

d vV
ZZ - 102U 1/vm) < Z Z 2092 log (v 41/vm)

=1 m= 0 m=0{=m+2
r—2
< Z log(vm—i-l/vm)-
m=0
Now, we fix an ¢ > 1/k and we take s to be the least integer in {1, ..., r} such that

vs > 1/e and notice that, since v,, > 2"/%, we have s = O,(1). Then, the above
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computations and (1.8) give

log Ja, 0(e (h/k) = ) T(C +0(/e) + Z O (log(ve/ve-1))

l=s+1
+ log \741,0(6 (Fug/vy)).

since %=L :I:”S (mod 1) for +1 := (—=1)*~!. Now, if s > 1, we have +u, /vy, =
v (by), where y = (i’f)j_ll ﬁj_;) € SL(2, Z). Notice that by definition of s all entries

of y are bounded by 1/¢. Thus, by Theorem 1, we have
S
log J4,,0(e (Fu5/v)) = Chs 4+ O(logby) + 0c(1)=C Y " by + O(logby) + Oc(1),
(=1

since 5,v,—1 = Og(1) and so also by = O.(1) for all £ < s — 1. Then, since
ve/ve—1 = by + O(1) we find

log J4,,0(e (h/k))

= (C+ 0(Ve) Y _(by + O(loghy)) + O () + O:(1).
=1

Finally, we observe that by + O (logby) = by(1 + O(y/¢)) + O(1/¢). Thus,

log Ja;.0(e (h/k)) =(C + O(V€)) Y by + Oc(r)

(=1

B r(h/k)
—E<h/k><c + 06 + og(z(h/k)))

By hypothesis r(h/k)/ X (h/k) — 0 and so (1.9) follows by letting ¢ — 0T suffi-
ciently slowly. Equation (1.10) then follows immediately from [10, Corollary 1.4].
O

Proof of Theorem 4 We extend Hg to a function on R.o by setting Hg(x) :=
limy_,, yeqp Hg(y) for all x ¢ R.o \ Q. By hypothesis Hg (x) is well defined
and it is easy to prove that Hg is continuous on R \ Q. Then, setting ¥ (x) :
Hg(x) — YL 3109(1/x), for x > 0, and ¥ (0) = 0, we have that w(x) is
bounded and contmuous almost everywhere on [0, 1]. Thus, by Lebesgue’s integra-
bility condition, i is Riemann-integrable on [0, 1]. In particular, for all & > 0O there
exist a differentiable function v : [0, 1] — R such that || — ¥¢|l00,0.1] < €.

By definition log Jk o(e(h/k)) — log Ja, o(e(k/h)) = (h/k) 4+ YMKIk
% log(k/h). Thus, proceeding as in the proof of Theorem 3 using this formula instead
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of Theorem 2, we obtain

_ " (Vol(K
log Ja,.0(e (h/k)) = Z ( Ozj(T ) Ve

=1
— e (h/k) + O(e logh),

3
+ 3 log(ve/ve—1) + W(UE—I/U€)>

Ue—1

where

" /Vol(K

3
+ 3 log(ve/ve-1) + lﬁs(W—l/ve))
(=1
Letting T'(x) = {1/x} for x € (0, 1], we note that for 2 < s < r, we have Ui}—;l =
T"—%(h'/k), whereas Z—? = T’_l(h//k) + 1p,=1 (the contribution of 15— being
negligible). We apply [10] (Theorem 1.3 with A = 1, complemented by Theorem 1.2

with y (x) = {1/x}), and obtain that the estimate (1.11) holds with log J4, o(e(h/k))
replaced by ¢, (h/k) and

1 — 1y —log?2 37 24 /1 Ve (1/x)dx
Dk =
0

12/72 Vol(K) | 7Vol(K) 1+x

and with an error term o, (N?). The result then follows by letting ¢ — 0% sufficiently
slowly with respect to N, and making the change of variables & /k — h’/k on the left
hand side of (1.11). O

Proof of Corollary 5 We prove the result in the case where x € [0, 1] \ Q and for
y — x, the other cases being analogous. Let x = [0; b1, by, ...] and let h/k =
[0; by, b2, ..., Doy, X, Y] for some X,Y € N.g. Then, h/k — x~ asn — oo,
uniformly in X > by, and Y. We have k/h = [0; by, ..., bo,, X, Y] (mod 1) and
so by [8, (1.2)-(1.3) and Lemma 4]

2n+1

I - 1 (=D log(ve—1/ve)
o/l = — 3" g + O(n)
b4 Vo—1
=1
uniformly in X, Y, where v; denotes the partial quotient of [0; by, ..., by, X, Y.

Now, let B = 2 4+ maxj<;<2, b;. Then, for £ < 2n, we have vy /vy—1 < B, whereas
V2 /V2n—1 = X + O(1) and v2,41/v2, = Y + O(1). Also, vp, = Xvau—1 + v2n—2
and vy,_2 < vo,—1 < B¥~ 1. 1t follows, that

T _ logY log X log X
T cotk/h) = 0 22 O(nlogB) = — &
h Xvop—1+vu—2 V21 V21

(14 o(1))
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as n, X, Y — oo under the constraint YnB** = o(log X). By (4.8) and [11, Theo-
rem 1] we then have

N log log X
H41(h/k):— (1+0(1))(1+0(1/Y))—|—0<Y—|— )
Von—1 Yvy, 1
and this goes to —oco as n, X, ¥ — oo with YnB™ = o(log X). O
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